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Welcome to Serbia and the XI Balkan Conference on Operational Research 
 
Dear conference participant, 
 
On behalf of the Scientific and Organizing Committee we are pleased to welcome you to BALCOR 
2013 (The IX Balkan Conference on Operational Research). Balkan conferences on operational 
research have being held since 1988 with the general aim to facilitate the exchange of scientific and 
technical information related to Operational research and to promote international cooperation, 
especially among the Balkan countries.  
 

The conference program contains 144 contributions by 309 authors from 25 counties. Invited speakers 
at BALCOR 2013 and at its joint conference SYM-OP-IS 2013 are the following well-known 
scientists: Sally Brailsford, University of Southampton, UK; Emilio Carrizosa, Universidad de Sevilla, 
Spain; Zohar Laslo, SCE – Shamoon College of Engineering, Israel; İlhan OR, Bogaziçi University, 
Turkey; Veljko Milutinović, University of Belgrade, Serbia; Jose Moreno Perez, University of La 
Laguna, Spain; Abraham Duarte, Universidad Rey Juan Carlos, Spain; Bertrand Mareschal, Université 
Libre de Bruxelles, Belgium; Athanasios Migdalas, Aristotle University of Thessaloniki, Greece; 
Moshe Sniedovich, The University of Melbourne, Australia. The conference takes place at two 
locations: in Belgrade and on Zlatibor, a beautiful mountain in western Serbia, about 230 kilometers 
away from Belgrade. 
 

The submitted papers passed the refereeing process and all accepted full papers are published in the 
Conference Proceedings. The Scientific Committee will make a selection of outstanding BALCOR 
2013 papers to be suggested for publishing in one of the following journals: OPTL – Optimization 
Letters (IF 2012=1.654), special issue “Optimization Letters from Balkans (BALCOR-2013)”,guest 
editors: Nenad Mladenović, Panos Pardalos; ComSIS – Computer Science and Information Systems 
(IF 2012=0.549); YUJOR – Yugoslav Journal of Operations Research; Management – Journal for 
Theory and Practise of Management; JAES – Journal of Applied Engineering Science; Info M – 
Journal of Information Technology and Multimedia Systems. 
 

BALCOR 2013 partially overlaps with SYM-OP-IS 2013 (The XL National Symposium of 
Operational Research) and some events of the two conferences will be joint. It is especially the case 
for plenary lectures. We believe the nonempty intersection of BALCOR 2013 and SYM-OP-IS 2013 
will be of mutual benefit. 
 

I hope that you, the participants, will find at BALCOR 2013 an excellent opportunity to follow 
presentations in your field of interest, do participate in discussions and debates and also take your time 
to see Belgrade with its rivers and Zlatibor with its unforgettable scenery. 
 

Welcome and enjoy your stay in Serbia. 
 
 
Nenad Mladenović, 
Conference chair 
 

Gordana Savić 
Orginizing Committe co-chair 
 
 
 



Scientific committee 
 

Mladenović Nenad, University of Belgrade (Serbia), Conference Chair 
Duarte Abraham, Universidad Rey Juan Carlos (Spain) 
Hertz Alan, GERAD - Ecole des HEC (Canada) 
Tsoukias Alexis, Universite Paris Dauphine (France) 
Georgiou Andreas, University of Macedonia (Greece) 
Sifaleras Angelo, University of Macedonia (Greece) 
Migdalas Athanasios, Aristotle University of Thessaloniki (Greece) 
Todosioska Blagorodna, University "Ss. Cyril and Methodius"- Skopje (Macedonia) 
Radenković Božidar, University of Belgrade (Serbia) 
Iyigun Cem, Middle East Technical University (Turkey) 
Oğuz Ceyda, Koç University (Turkey) 
Zopounidis Constantin, Technical University of Crete (Greece) 
Yannacopoulos Dionysius, Technological Educational Institution of Piraeus (Greece) 
Radojević Dragan, Mihajlo Pupin Institute (Serbia, O.R. Society chairman) 
Nace Dritan, Universite de Technologie de Compiegne (France) 
Teodorović Dušan, University of Belgrade (Serbia) 
Speranza Grazia, University of Brescia (Italy) 
Sahin Guvenc, Sabanci University (Turkey) 
Gavranović Haris, International University of Sarajevo (Bosnia and Hercegovina) 
Dzițac Ioan, Aurel Vlaicu University of Arad (Romania) 
Stancu-Minasian, Ioan Romanian Academy (Romania) 
Mierlus Mazilu Ion, Technical University of Civil Engineering (Romania) 
Moreno Perez Jose, University of La Laguna (Spain) 
Figueira Jose Rui, Technical University of Lisbon (Portugal) 
Zadnik-Stirn Lidija, University of Ljubljana (Slovenia) 
Demange Marc, ESSEC Business School in Paris (France) 
Iosifescu Marius, Vice-President of the Romanian Academy (Romania) 
Labbé Martine, Université Libre de Bruxelles (Belgium) 
Martić Milan, University of Belgrade (Serbia) 
Stanojević Milan, University of Belgrade (Serbia) 
Jacimović Milojica, University of Montenegro (Montenegro) 
Vidović Milorad, University of Belgrade (Serbia) 
Čangalović Mirjana, University of Belgrade (Serbia) 
Vujošević Mirko, University of Belgrade (Serbia) 
Matsatsinis Nikolaos, Technical University of Crete (Greece) 
Samaras Nikolaos, University of Macedonia (Greece) 
Pardalos Panagote, University of Florida (USA) 
Slowinski Roman, Poznan University of Technology (Poland) 
Trandafir Romica, Technical University of Civil Engineering (Romania) 
Brailsford Sally, University of Southampton (United Kingdom) 
Sburlan Silviu, Naval Academy Mircea cel Batran Constanta (Romania) 
Stanić Stanko, University of Banja Luka (Republic of Srpska, Bosnia and Herzegovina) 
Bilgiç Taner, Boğaziçi University (Turkey) 
Paschos Vangelis, Universite Paris Dauphine (France) 
Preda Vasile, University of Bucharest (Romania) 
Kovačević-Vujčić Vera, University of Belgrade (Serbia) 
Siskos Yannis, University of Pireaus (Greece) 
Laslo Zohar, SCE - Shamoon College of Engineering (Israel) 
Babić Zoran, University of Split (Croatia) 
 



Honorary scientific committee 
 

Guberinić Slobodan, University of Belgrade (Serbia) 
Manos Basil, Aristotle University of Thessaloniki (Greece) 
Krčevinac Slobodan, University of Belgrade (Serbia) 
Papathanasiou Byron, Aristotle University of Thessaloniki (Greece) 
Papachristos Sotirios, University of Ioannina (Greece) 
Petrović Radivoj, University of Belgrade (Serbia) 
Tsouros Constantin, Aristotle University of Thessaloniki (Greece) 
 
 
Organizing committee 
 

Savić Gordana, University of Belgrade, Faculty of Organizational Sciences, Serbia 
Stanojević Milan, University of Belgrade, Faculty of Organizational Sciences, Serbia 
Makajić-Nikolić Dragana, University of Belgrade, Faculty of Organizational Sciences, Serbia  
Kuzmanović Marija, University of Belgrade, Faculty of Organizational Sciences, Serbia 
Andrić-Gušavac Bisera, University of Belgrade, Faculty of Organizational Sciences, Serbia 
Panić Biljana, University of Belgrade, Faculty of Organizational Sciences, Serbia 
Popović Milena, University of Belgrade, Faculty of Organizational Sciences, Serbia 
Marinović Minja, University of Belgrade, Faculty of Organizational Sciences, Serbia  
Novaković Tihomir, University of Belgrade, Faculty of Organizational Sciences, Serbia 
Jeremić Veljko, University of Belgrade, Faculty of Organizational Sciences, Serbia 
Đoković Aleksandar, University of Belgrade, Faculty of Organizational Sciences, Serbia 
 
 



Contents 
 
 
 

 B1  BANKING & FINANCIAL DECISION MAKING 1 
Ranking of Banks Using Logical Aggregation 3 
Jovana Kostić, Marjana Bakajac, Pavle Milošević, Ana Poledica 
Structure and Performances of the Sectors in Serbian Economic Development 12 
Sandra Jednak, Dragana Makajic Nikolic, Dragana Kragulj, Mirko Vujosevic 

 B2 COMBINATORIAL OPTIMIZATION & INTEGER PROGRAMMING 21 
A Hybrid Evolutionary Algorithm for Solving the Two-Stage Capacitated Facility Location Problem 23 
Stefan Mišković, Zorica Stanimirović 
Using T-Joins to Approximate Solutions for Min Graphic K-Path TSP 33 
Aristotelis Giannakos, Mhand Hifi, Rezika Kheffache, Rachid Ouafi 
The Freedom Degree Optimization Hypercylindric Function 38 
Dusko Letić, Ivana Berković, Biljana Radulović, Dragica Radosav 
Symmetry Properties of Resolving Sets in Hypercubes 48 
Mirjana Čangalović, Nebojša Nikolić, Igor Grujičić 

 B3 CONSTRUCTION PROJECT MANAGEMENT 55 
A Conceptual Grey Analysis Method for Construction Projects Scheduling 57 
Maria Mikela Chatzimichailidou, Stefanos Katsavounis, Dusko Lukac 

 B4 DATA ENVELOPMENT ANALYSIS & PERFORMANCE MEASUREMENT 67 
Measuring and Analysis of the Key Performance Indicators in an Industrial Enterprise Applying Information System 69 
Željko Đurić, Rado Maksimović  
Efficiency Measurement of NBA Players using Data Envelopment Analysis 79 
Sandro Radovanović, Milan Radojičić, Gordana Savić  
Process Management and Six Sigma Methodology the Platform for Increasing the Efficiency of Processes 88 
Ivana Ćirić, Nenad Mirkov, Miodrag Peranović  
Assessing Efficiency of the Tax Administration by DEA and Regression Analysis 97 
Gordana Savić, Aleksandar Dragojlović, Mirko Vujošević, Milojko Arsić, Milan Martić  
An AMPL Optimization Software Library for Data Envelopment Analysis 105 
George Argyrioy, Angelo Sifaleras 

Incorporating User Preferences in DEA with Ordinal Regression 114 
Dimitris Sotiros, Dimitris K. Despotis, Gregory Koronakos,Yiannis G. Smirlis 

The Use of DEA for Determining the Adequacy of Operation of Business Decision-Making Units in Health Care 124 
Srečko Devjak, Jože Benčina, Lan Umek 

 B5 DATA MINING ANALYTICS FOR BUSINESS INTELLIGENCE 131 
Applicability of Linguistic Summaries 133 
Miroslav Huđec  
Evaluating Autoencoder Neural-Networks as a Dimension Reduction Tool for Topic Prediction 141 
Miloš Jovanović 
A Novel Approach to Hierarchical Clustering Based on Logical Measure of Dissimilarity 147 
Aleksandar Rakićević, Ivan Nešić, Dragan Radojević 

 B6 DECISION SUPPORT SYSTEMS 157 
Spatial Multi-Criteria Decision Analysis for Industrial Site Selection: The State of the Art 159 
Aleksandar Rikalović, Đorđe Ćosić, Srđan Popov, Đorđe Lazarević 
Towards a Web Based Decision Support System for Choosing Higher Education Studies 168 
Vassilis Kostoglou, Michael Vassilakopoulos, Nikolaos Ploskas 

A Decision Support System for Parallel Machine Scheduling Using Simulated Annealing  177 
İncİ Sarıçİçek, Gökçe Özden, Mehmet Emre Kuzu  

 B7 E-COMMERCE IN OPERATIONS MANAGEMENT 185 
Introducing M-Health Education Applications in the Health System of Serbia  187 
Marina Jovanović Milenković, Dejan Milenković, Slobodan Ristić  

 B8 GAME THEORY 193 
Nash Equilibrium for Stochastic Differential Games with Incomplete State Information   195 
Dragovan Perišić, Tijana Levajković, Svetlana Čičević 
 



BALCOR 2013 – Conference Proceedings 

 B9 HEURISTICS, METAHEURISTICS & NATURE INSPIRED OPTIMIZATION ALGORITHMS  201 
Combining Mixed Integer Linear Optimization and VNS Approaches for Solving the Aircraft  
Collision Avoidance Problem by Performing Horizontal Maneuvers 203 
F. Javier Martín-Campo, Antonio Alonso-Ayuso, Laureano F. Escudero, Nenad Mladenović 
Delivery Shop Scheduling Problem 209 
Zorica Dražić, Marko Mladenović 
A Metaheuristic Approach to the Dominating Tree Problem 216 
Zorica Dražić, Mirjana Čangalović, Vera Kovačević-Vujčić 
Particle Filter – Improving Resampling Using a Metaheuristic 221 
Marko S. Djogatović, Milorad J. Stanojević, Nenad Mladenović   
A Metaheuristic Approach to Solving a Multiproduct EOQ-Based Inventory Problem with Storage Space Constraints 228 
Slobodan Antić, Lena Đorđević, Mirjana Čangalović, Kostantin Kostić 
An Adaptive ES with a Ranking Based Constraint Handling Strategy 235 
Ali Osman Kusakci, Mehmet Can 
Bee Colony Optimization Algorithm for the Minimum Cost Berth Allocation Problem 245 
Nataša Kovač  

Parameter Calibration in the Bee Colony Optimization Algorithm 256 
Petar Maksimovic, Tatjana Davidovic 
The Effects of Using a Self-Learning Shake Procedure in the Variable Neighborhood Search 265 
Aleksandar Djenić, Zorica Stanimirović, Miroslav Marić 
Computing Graph Separators with Variable Neighborhood Search 274 
David Fernández-López, Jesús Sánchez-Oro, Abraham Duarte 
A New Integer Linear Formulation for a Memory Allocation Problem 284 
Marija Ivanović, Djordje Dugošija, Aleksandar Savić, Dragan Urošević 
A Cooperative Neighborhood Variable Neighborhood Search for the Vehicle Routing Problem with  
Times Windows under Availability Constraints 289 
Amine Dhahri, Kamel Zidi, Khaled Ghedira 
Problem of Exploration of Online Social Networks with Interaction between Resource Nodes 298 
Stefan Mišković 

 B10 LINEAR & NONLINEAR PROGRAMMING 307 
Computational Comparison of Pivoting Rules for the Revised Simplex Algorithm  309 
Nikolaos Ploskas, Nikolaos Samaras  

 B11 LOCATIONAL ANALYSIS 319 
Simple Plant Location Model in Agriculture Aviation in Serbia  321 
Bisera Andrić Gušavac, Dragana Stojanović, Sonja Jakovljević 

 B12 LOGISTICS & SUPPLY CHAIN MANAGEMENT 327 
The Evaluation of Quality Objectives in Food Production Processes 329 
Danijela Tadić, Marija Zahar-Đorđević, Miladin Stefanović, Hrvoje Puškarić 
Modeling a Two-Stage Supply Chain, With (S, s) Replenishment Policy and Exponential Lead Times: The VMI Approach  336 
Vidalis Michail, Geranios Michail  
EOQ Approaches for Stochastic Inventory Systems  341 
Konstantina Skouri , Ioannis Konstantaras, Athanasios G. Lagodimos, Ioannis Ganas 

A First Study of Particle Swarm Optimization on the Dynamic Lot Sizing Problem with Product Returns 348 
Eirini Moustaki, Konstantinos E. Parsopoulos, Ioannis Konstantaras, Konstantina Skouri, Ioannis Ganas 
An Approach to Production Planning for Supply Chain Performance Improvements 357 
Dragana Makajić-Nikolić, Danica Lečić-Cvetković, Nikola Atanasov, Slađan Babarogić 
Using Rough Set Theory for Supply Chain Management Process in Business 367 
Mert Bal, Ayse Demırhan  
Reverse Inventory Routing Problem in Recyclables Collection 375 
Dražen Popović, Branislava Ratković, Milorad Vidović, Nenad Bjelić 
Measuring Energy Efficiency of the Transport System In Serbia 383 
Milan Andrejić, Milorad Kilibarda, Nebojša Bojović 
Planning Logistics Network for Recyclables Collection 390 
Branislava Ratković, Dražen Popović, Gordana Radivojević, Nenad Bjelić 

Usability Measurement Framework for Mobile Touch Screen Devices in Transportation and Logistics 398 
Svetlana Čičević, Slobodan Mitrović, Dragovan Perišić  

 B13 MARKETING & OPERATIONS MANAGEMENT 407 
Evaluating Tourist Offer Attributes Using Conjoint Analysis  409 
Milena Vukić, Marija Kuzmanović, Milica Kostić Stanković  
Improving Performance Measures through Measuring Customer Satisfaction with Product’s Attributes 419 
Laura Južnik Rotar, Mitja Kozar 



BALCOR 2013 – Conference Proceedings 

Determining Consumer Preferences towards Environmental Packaging 424 
Milena Popović, Marina Uček, Marija Kuzmanović, Nataša Petrović 
Assessment of Customer Satisfaction on the Macedonian Mobile Phone Market 431 
Nikolina Palamidovska, Nada Sekulovska, Snezana Ristevska – Jovanovska  

 B14 MATHEMATICAL MODELING & DECISION MAKING 439 
Forecasting Electricity Demand Generation Applying a Grey Analysis Model 441 
Moyses Moyseos, Stefanos Katsavounis, Maria Mikela Chatzimichailidou 

Estimation of Useful Energy for Solar Collectors Based on General Solar Irradiation Trends and Real Project Data 448 
Kristijan Vujicin, Zeljko Stojanov 

Joint Replenishment Policy for Two Substitutable Products with Demand Dependent of Their Inventory Levels 456 
Iris Pandora Krommyda, Konstantina Skouri, Ioannis Konstantaras 
Multi-Criteria Routing Algorithm Based on Interpolative Boolean Algebra  465 
Marina Jeremić, Jovana Kovačević, Aleksandar Rakićević, Ivana Dragović 

Logic-Based Similarity Measures for Consensus 473 
Pavle Milošević, Ana Poledica, Ivana Dragović, Bratislav Petrović, Dragan Radojević 
Truth Functionality Is Consequence of Structural Functionality and Valid Only in Classical Two-Valued Case   482 
Dragan G. Radojević 
Decision Making with Consonant Belief Functions: Discrepancy Resulting with the Probability  
Transformation Method Used  488 
Esma Nur Cinicioglu  

 B15 MATHEMATICAL PROGRAMMING 497 
The Response of a Shear Beam as 1D Medium to Seismic Excitations Dependent on the Boundary Conditions  499 
Aleksandra Risteska, Vlado Gicev, Zoran Zlatev, Vasko Kokalanov  
Parametric Computation of a Membership Function for the Solution of a Fuzzy Linear Fractional Optimization Problem 507 
Bogdana Stanojević, Milan Stanojević 
Optimality and Duality for a Class of Continuous Fractional Programming Problems 514 
Sorina Gramatovici, Vasile Preda 
Locating Undesirable Facilities with Variable Coverage Radius 524 
Branka Dimitrijević, Miloš Nikolić, Ivana Vukićević, Katarina Vukadinović 

Application of Fuzzy Inference Models on the Example of Zinc Ore Flotation Concentration 532 
Igor Miljanović, Slobodan Vujić, Predrag Lazić, Ivana Jovanović, Milena Josipović Pejović, Aleksandar Petrovski 

 B16 MILITARY OPERATIONAL RESEARCH 539 
Fuzzy Logic as a Support Process in Decision Making with Engagement Group for Making Additional Obstacle  541 
Aleksandar Milić, Darko Božanić, Dragan Pamučar  
Capability Based Defence Development Planning - Optimal Option Selection for Capability Development  551 
Mitar Kovac, Dejan Stojkovic, Vlada Mitic 
Capabilities Modeling of NLOS-Missiles in Modular Unit of Guard Forces Battle Team 559 
Momčilo Milinović, Mitar Kovač, Dalibor Petrovic, Olivera Jeremić 
The Use of Matrix Contradictions in Solving Technical Problems 569 
Obrad Čabarkapa, Dalibor Petrović, Siniša Čabarkapa 

 B17 MULTIPLE CRITERIA DECISION ANALYSIS & MULTI-OBJECTIVE OPTIMIZATION 577 
MADM and Time Series 579 
Lucian-Liviu Albu, Daniel Ciuiu 
Measuring Attractiveness of Secondary Education Programs: Evidence from Pisa Survey  589 
Marko Backović, Ivan Anić, Zoran Popović, Mladen Stamenković  
Students' Preferences towards English Medium Instruction: A Conjoint Analysis  597 
Marija Kuzmanović, Maja Vagić, Milena Popović 
Тhe Application of Quantitative Analysis in Financial Leasing Sector in Serbia  607 
Marija Stošić, Marija Stepić, Gordana Savić, Veljko Jeremić, Milica Bulajić  
Solving the Web Service Selection Problem Using Multi-Objective Linear Fractional Programming 617 
Milan Stanojević, Bogdana Stanojević, Nina Turajlić 

Sufficient Efficiency Criteria in Multiobjective Fractional Programming with Generalized ( ,b,φ,ρ,θ)F -Univex  
n-set Functions 623 
Andreea Madalina Stancu, Ioan Stancu-Minasian 
Multi Criteria Analysis Models in Defining Collection Strategies in Banking System  629 
Jasenka Đikanović, Mirko Vujošević 
Multiatribute Approach to Restructuring of the Regional Exploitation of the Technical Rock  638 
Marjan Hudej, Slobodan Vujić  
 
  



BALCOR 2013 – Conference Proceedings 

 B19 OPTIMIZATION SOFTWARE 643 
Software Support for Optimization of Production Cycle Flow 645 
Zoran Nešić, Miroslav Radojičić, Jasmina Vesić Vasović 
SIM-PA: An Open Source-Based Simulation Language 650 
Marko S. Djogatović, Milorad J. Stanojević, Božidar Radenković  

 B20 PARALLEL PROCESSING IN O.R. & GRID COMPUTING 661 
Parallel and Distributed Software Assessment in Multi-Attribute Decision Making Paradigm  663 
Cornel Resteanu, Romica Trandafir, Marin Andreica  

 B21 PROJECT MANAGEMENT & SCHEDULING 673 
Are All Failures in Delivering Projects ‘On Time Within Budget’ Really Inevitable? 675 
Zohar Laslo, Gregory Gurevich 
Selection of the Best Consultant for SAP ERP Project using Combined AHP-IBA Approach  683 
Nataša Martinović, Boris Delibašić 

 B22 RISK ANALYSIS & MANAGEMENT 693 
From Local Robustness to Irresponsible Decision-Making 695 
Moshe Sniedovich 
Qualification of Open Pit Mines Based on External Risks Assessment 705 
Aleksandar Milutinović, Igor Miljanović, Biljana Panić 
The Economics of Moving to the Cloud 710 
Ana Nikolić, Ognjen Pantelić, Ana Pajić 

Conditional Extreme Value Theory Approach in Value-At-Risk Assessment 716 
Selena Totić, Aleksandar Đoković, Nemanja Milenković 
Bases of Modern Systems Concepts of (All-Embracing) Operations Management  724 
Jovo T. Tauzović  
Seismic Risk Assessment Using Mathematical Correlation and Regression 733 
Camelia Slave 
Optimization of Human Resources Devopment Process by Applying Markov’s Chain Dynamic Model 739 
Željko Gajić, Zoran Rajić 
Risk of Burnout Predictor Identification among Students at Faculty of Organizational Sciences 744 
Jelena Anđelković Labrović, Ana Nikodijević, Aleksandar Đoković  

 B23 STATISTICS & STOCHASTICS 751 
Empirical Likelihood Approximation to Neyman-Pearson Tests for Paired Data 753 
Gregory Gurevich 
Educational Development in Europe: Positions of Balkan Countries 759 
Marina Dobrota, Milan Martić  
Econometric Modelling of Unemployment in Serbia 767 
Aleksandra Anić, Zorica Mladenović 
Heavy Traffic Analysis of an M/G/1 Semi-Markov Queue  776 
Mitko Dimitrov   
Qualitative Variables and Their Reduction Possibility. Application to Time Series Models 782 
Daniel Ciuiu 
Scientific Research Publication Productivity in the Areas of Mathematics and Physics in South Eastern Europe  792 
Đuro Kutlača, Lazar Živković, Dijana Štrbac, Dragan Babić, Dušica Semenčenko 

Using of Statistical Methods in the Making Decision Process – Case of Macedonian Companies 800 
Tatjana Atanasova-Pachemska, Evica Dimitrieva, Sanja Pacemska 

Survey of Sales Forecasting: Case of Albanian Companies 807 
Andreas P. Kakouris, Matilda Lopari 
 

AUTHOR INDEX 813 
 



 
 
 
 
 
 
 

Banking & Financial  
Decision Making 

1



 

2



 

RANKING OF BANKS USING LOGICAL AGGREGATION 

JOVANA KOSTIĆ
1
, MARJANA BAKAJAC

1
, PAVLE MILOŠEVIĆ

1
, ANA POLEDICA

1
 

1
 Faculty of Organizational Sciences, Belgrade, jovana010@gmail.com 

 

Abstract: Banks have an effective role in the economical, social and political development of every country. 

Thus, it is of essential importance to evaluate bank performance. The ranking of banks according to their 

performance is important for creditors, investors and stakeholders since it determines bank’s capabilities to 

compete in the sector. The aim of this paper is to rank the largest banks in Serbia using logical aggregation 

(LA) based on interpolative Boolean algebra (IBA). LA has the ability to aggregate mutually dependant 

factors properly as well as to model logical connection among them. To evaluate overall performance in 

more objective and transparent manner, instead of a single criterion, both financial and non-financial 

factors are taken into consideration. Our multi-criteria model enrich the insight into the bank performance 

and provides better ranking and post-ranking analysis.  

Keywords: Bank performance, Ranking, Interpolative Boolean algebra, Logical aggregation. 

1. INTRODUCTION 

As financial institutions and services banks have an effective role in the economical, social and political 

development of every country. Thus, it is of essential importance to evaluate performance of a certain bank. 

A measure of performance is the one of the most valuable indicators to be informed about the status of 

each company and institution (Amile et al. 2013). The term “bank performance” means the adoption of a set 

of criteria which are indicative of the bank’s current status, and the extent of its ability to achieve the desired 

objectives. The ranking of banks according to their performance is important for creditors, investors and 

stakeholders since it determines banks’ capabilities to compete in the sector (Secme et al. 2009).  

Bank performance evaluation has many advantages and some of the benefits are listed below:  

� Available information on bank's financial health; 

� Defining the problematic areas in the organization and providing proposals to solve these problems; 

� Getting feedback from customers about their satisfaction and the quality of banks’ services both 

financially and non-financially; 

� Determining the sections to be improved to meet customers’ needs in more desirable ways (Amile et 

al. 2013). 

However, it is to be noted that the performance of banks cannot be easily measured since many of their 

products and services are of an intangible nature. As all banks provide information and claims of their 

success investors are not always able to make the proper choice. 

The majority of past studies evaluate the performance and rank banks from the aspect of customer. The 

problem was how to choose a bank that would offer the best bank services according to price, speed, access, 

customer service, location, image and reputation, modern facilities, interest rates, opening hours, incentive 

offered, product range, service charge policy, etc. (Wua et al. 2009). On the other hand, the rankings 

periodically published in the financial reports are usually based on a single criterion: number of employees, 

number of branches, total assets, loans, deposits, profits, etc (Garcia et al. 2010, National Bank of Serbia 

2012). The main drawback in these studies is reflected in the fact that the use of a single variable does not 

necessarily give the correct outlook of the overall performance. The aim of a multi-criteria ranking is to 

aggregate information contained in various single-criterion rankings. In the literature, there are many 

different methods used to obtain the multi-criteria performance of banks. Some of them are Data 

Envelopment Analysis (DEA)(Mihailovic et al. 2009), PROMETHEE method(Ginevicius et al. 2010), 

CAMEL model(Doumpos  & Zopounidis 2010), Balance Score Card(Wua et al. 2009), EVA Method(Popa 

et al. 2009), etc. Multi-criteria goal programming technique is used to rank Spanish saving banks where 

rating weights are maximum similarity between the values of the different criteria and the multi-criteria 

performance (Garcia et al. 2010). The weights can be also obtained by experts using Fuzzy Analytic 

Hierarchy Process (FAHP) e.g. the problem of ranking Indian banks (Chatterjee et al. 2010). FAHP method 

is also applied with Technique for Order Performance by Similarity to Ideal Solution (TOPSIS) for ranking 



of banks in Turkey (Secme et al. 2009), and in (Wua et al. 2009) it is combined with the three MCDM 

analytical tools SAW, TOPSIS, and VIKOR.  

Apart from customer perspective banks are also ranked from the aspect of management, creditors, 

employees, investors, regulators, etc. In most studies total performance is based on financial performance of 

a bank and non-financial performance in terms of integrated marketing - 7p (Amile et al. 2013). 

The aim of this paper is to rank the largest banks in Serbia. In fact, their total assets make up 70% of 

Serbian banking sector (National Bank of Serbia 2012). To evaluate overall performance in more objective 

and transparent manner, instead of a single criterion, banks are ranked according to four group of factors: 

financial indicators, capital, corporate structure and brand. In this paper, we applied logical aggregation (LA) 

(Radojevic 2008c) based on interpolative Boolean algebra (IBA) (Radojevic 2008a) to measure overall 

performance. LA has the ability to aggregate mutually dependant factors properly as well as to model logical 

connection among them (Kostic et al. 2012, Poledica et al. 2012, Milosevic et al. 2013). Finally, the ranking 

of ten largest banks in Serbia is carried out based on their collective assessment. 

The paper is structured as follows. First of all, in Section 2 we give a short review methodology used in 

this paper - interpolative Boolean algebra and logical aggregation. Section 3 describes a problem set and 

proposed model used for ranking. In Section 4 we present and discuss results. In the final section we 

conclude our paper. 

2. METHODOLOGY 

In this section we describe methodology applied for bank performance evaluation and ranking. The basic 

concepts of IBA and the LA approach used for aggregation are further presented. 

2.1. Interpolative Boolean algebra 

Interpolative Boolean algebra is [0,1]-realization of Boolean algebra ( )BA Ω  (Radojevic 2008a). IBA is a 

consistent with Boolean frame in the sense that it preserves all the Boolean axioms. It has two levels – 

symbolic and valued. On symbolic level all laws of Boolean algebra are value indifferent and treated 

independently of its realization.  

IBA is technically based on generalized Boolean polynomials (GBP). Any Boolean function can be 

transformed into the corresponding GBP. In other words, GBP uniquely corresponds to any element of 

Boolean algebra. In GBP there are three operators that can be applied: standard +, standard -, and generalized 

product ⊗ (GP). GP is any function [ ] [ ] [ ]: 0,1 0,1 0,1⊗ × →  that satisfies all four conditions of t-norms 

(commutativity, associativity, monotonicity, boundary condition) and additional non-negativity condition 

(Radojevic 2008a). 

Opposed to truth functional principle introduced principle of structural functionality(Radojevic 2008b). 

Logical expressions are calculated based on the structural functionality principle: structure of any IBA 

element can be directly calculated on the basis of structures of its components. This principle is realized 

through the transformation procedure of Boolean functions (atomic/primary { }1
,

n
a a ∈ Ω… or combined 

( ) ( )1 nF a , ,a BA… ∈ ΩΩΩΩ ) into the corresponding GBPs (Radojevic 2008b). 

Once the transformations have been conducted, the valued level is introduced. On this level IBA elements 

are realized in a unit interval, and suitable operator for GP is chosen. It is important to emphasize that 

operator chosen for GP does not have any influence on algebra since algebra is always Boolean. 

Depending on the nature of the BA elements, we can discuss three marginal cases for operator selection. 

The first case refers to elements of the same/similar nature and implies use of min function. 

( )mina b a,b⊗ =  (1) 

The second involves elements of the same/similar nature but negatively correlated where Lukasiewicz 

operator is proposed.  

( )max 1 0a b a b ,⊗ = + −  (2) 

In the case of independent elements that are different by nature standard product is used. 

a b a b⊗ = ⋅  (3) 

 



2.2. Logical aggregation based on IBA 

Aggregation is a procedure of joining the multiple criteria (a feature, variable, criteria, characteristic, etc.) 

values of an object or action into single value, which reflects all of these values in a way relevant for the 

analyzed problem (Radojevic 1999).  

Logical aggregation is consistent and transparent procedure for aggregating different criteria based on 

IBA. The proposed method starts with a description of the problem in form of logical model – logical 

expressions. These logical expressions are used to aggregate primary/combined attributes into a single 

resulting value (Radojevic 2008c). LA has two steps: 

� Normalization of attributes' values to unit [0,1] interval: 

|| ||: [0,1]Ω →i  (4) 

� Aggregation of normalized values into resulting value by a logical/pseudo-logical function as a LA 

operator: 

[0,1] [0,1]n
Aggr →  (5) 

A pseudo-logical aggregation function, called pseudo GBP, is a linear convex combination of generalized 

Boolean polynomials. Logical aggregation depends on choosing: the measure of aggregation (structural 

function of pseudo-logical function) and operator of GP. By choosing suitable measure of aggregation and 

operator of GP, weighted sum, arithmetic mean, discrete and generalized Choquet integral can be obtained as 

special cases of LA (Radojevic 2008c).  

3. AGGREGATION MODEL FOR BANK RANKING 

In this section we propose LA-based approach for problem of ranking banks in Serbia. First the relevant 

factors for bank performance evaluation are identified and their hierarchical structure is presented. Further, 

they are used as inputs to our aggregation model thoroughly described in subsection 3.2. 

3.1. Problem setup 

In this study we deal with a problem of ranking the ten largest banks in Serbia selected on the value of total 

assets.  According to the Report of the National Bank of Serbia (NBS) for the year 2012 (National Bank of 

Serbia 2012), the 10 largest banks are: 

� Banca Intesa 

� Komercijalna banka 

� Unicredit Bank 

� Societe Generale banka 

� Raiffeisen banka 

� Eurobank EFG 

� Hypo Alpe-Adria-Bank 

� AIK banka  

� Vojvođanska banka 

� Alpha Bank 

One of the most important steps in the ranking procedure is the selection of significant factors. The bank 

performance evaluation may have a narrower and a broader approach (Jaksic et al. 2011). The narrower 

approach refers to examination and evaluation of bank financial performance, while the broader approach 

includes all other aspects of bank's operations. In this paper, both financial and non-financial factors are 

taken into consideration. According to the Standard & Poor's (Standard & Poor’s 2011), there are eight 

groups of factors used for rating. In the quarterly reports (National Bank of Serbia 2012), the NBS employs 

several single-criterion ratings of the banks in Serbia. Taking that into account, we identified the following 

groups of factors: 

� Financial indicators 

� Capital 

� Corporate network 

� Brand 

Financial analysis refers to examination and evaluation of bank financial performance based on the 

official financial reports (balance sheet and income statement).  Financial ratios are categorized according to 



the financial aspect of the business that the ratio aims to measure. In this study, we applied several financial 

ratios to measure bank’s profitability and liquidity as the first group of rating factors. 

Return on assets (ROA), return on equity (ROE) and return on invested capital (ROIC) are used to 

determine the company returns.  To show overall profitability of  a company no single ratio should be used 

as a clear indicator since they are all valuable. 

Liquidity ratio expresses a company's ability to repay short-term creditors out of its total cash, so it is 

used to measure bank's liquidity. In other words, it is the calculation of a company's available cash and 

marketable securities against outstanding debt. 

Capital, the second group, measures a bank's ability to absorb losses. In order to present capital, total 

assets and capital adequacy ratio (CAR) are used. Total assets represent resources with economic value that a 

corporation owns or controls with the expectation that it will provide future benefit. CAR refers to an amount 

of money which a bank has to hold in the form of stockholders' equity, shown as a proportion of its risk-

weighted assets. 

Further, we used two variables to evaluate the bank network: branches (number of full-service banking 

offices) and employees (number of bank’s employees) as in (Jaffee & Levonian 2009).  

Brand is an important indicator of bank's reputation. There are four aspects of brand: awareness, 

satisfaction, differentiation and leadership (Aaker 1996).  

The overall hierarchy of rating groups, factors and sub factors is given in Figure 1.  

 

 
Figure 1: The hierarchy model of ranking factors 

 

After identifying the most important factors for bank performance evaluation, it is necessary to aggregate 

their values into single representative assessment.  

 

 

 

 



3.2. Aggregation model 

For purpose of aggregation of rating factors we apply LA since the factors are mutually dependent e.g. 

profitability indicators. LA also allows us to model logical connection e.g. corporate network. 

 

Financial indicators (A) 

Profitability (A1): There are three financial ratios used to measure profitability. ROIC (a3) tells an analyst 

how efficient a company was in investing capital in profitable investments, and it is more informative than 

ROA (a1) and ROE (a2). This is why profitability assessment should be primarily based on this ratio. Or in 

case its value isn’t satisfying, ROE and ROA should be taken into consideration. This statement can be 

described by the following logical expression and its corresponding GBP: 

( )1 3 3 1 2 3 1 2 1 2 3A a a a a a a a a a a= ∨ ¬ ∧ ∧ = + ⊗ − ⊗ ⊗  (6) 

The operator of generalized product ⊗  is min function ( : min⊗ = ). 

 

Liquidity (A2): For liquidity estimation we chose only liquidity ratio. 

 

Profitability (A1) and liquidity (A2) are constituent parts of a company performance so they both must be 

included in final value: 

1 2 1 2A A A A A= ∧ = ⊗  (7) 

The operator of generalized product ⊗  is standard product ( :⊗ = ∗ ). 

 

Capital (B) 

To determine the value of bank’s capital, data for total assets (B1) and value of CAR (B2) are used for 

calculation: 

1 2 1 2B B B B B= ∧ = ⊗  (8) 

The operator of generalized product ⊗  is standard product ( :⊗ = ∗ ). 

 

Corporate network (C) 

Larger number of branches (C1) contribute to bank operations efficiency. In case a bank doesn’t have 

enough branches, we expect that number of employees (C2) may compensate for meeting client's needs. The 

following logical expression and its corresponding GBP are used to describe bank network: 

( )1 1 2 1 2 1 2C C C C C C C C= ∨ ¬ ∧ = + − ⊗  (9) 

The operator of generalized product ⊗  is standard product ( :⊗ = ∗ ). 

 

Brand (D) 

The four aspects of brand awareness (D1), satisfaction (D2), differentiation (D3) and leadership (D4) are 

important for brand evaluation. Not all of them are necessarily parts of a good brand in developing markets 

such as Serbian. One can compensate for another e.g. brand can be good assessed even though it does not 

differentiate from other banks in the market. Bearing this in mind they are aggregated as simple average: 

1 2 3 4

4

D D D D
D

+ + +
=  (10) 

Final score: Bank performance (P) 

The previously explained rating factors are aggregated into final score that measures overall bank 

performance. All of them are equally important for evaluation and no factor can be a substitute in the total 

value: 

P A B C D A B C D= ∧ ∧ ∧ = ⊗ ⊗ ⊗  (11) 

The operator of generalized product ⊗  is standard product ( :⊗ = ∗ ). 

 

 



4. RESULTS AND DISSCUSION 

In this section input data and results from the proposed bank ranking model are provided. 

The values of profitability and liquidity ratios are given in the Table 1. 

Table 1: Financial indicators for ten largest banks in Serbia 

Bank ROA ROE ROIC Liquidity ratio  

Banca Intesa 2.30% 24.68% 10.54% 1.97 

Komercijalna banka 1.27% 11.42% 6.88% 2.76 

Unicredit Bank 1.80% 20.36% 9.59% 1.92 

Societe Generale banka 0.00% 0.49% 0.00% 1.7 

Raiffeisen banka 2.90% 22.30% 10.42% 1.51 

Eurobank EFG 0.76% 3.40% 2.81% 3.02 

Hypo Alpe-Adria-Bank 0.94% 5.28% 4.76% 2.24 

AIK banka 2.36% 15.12% 7.25% 3.71 

Vojvođanska banka -1.82% -11.40% -10.54% 1.76 

Alpha Bank -3.15% -11.80% -21.86% 6.93 

 

The value of ROA between 1% and 2%, and ROE between 15% and 20% is generally considered good 

(Jaksic et al. 2011). Return on invested capital is useful because it's meaningful regardless of the business. A 

good ROIC is over 25%. In banking sector in Serbia, average values for ROA and ROE are 1.2% and 5.9% 

respectively (National Bank of Serbia 2012). In general, the higher the profitability ratios the better. 

According to the values in Table 1, Alpha Bank and Vojvođanska banka are not profitable by any indicator. 

Banca Intesa, Komercijalna banka, Raiffeisen banka, Unicredit bank and AIK banka have good values for 

ROA and ROE indicator, but none of the ten banks have satisfying value of ROIC. 

Level of bank’s liquidity is shown by its liquidity ratio. The National Bank of Serbia defined level of this 

indicator to be more than 1. All banks meet this requirement. The average liquidity ratio for the banking 

sector in Serbia is 2.10. 

The values of total assets and CAR are presented in the Table 2. 

Table 2: Capital for ten largest banks in Serbia 

Bank Total assets  CAR 

Banca Intesa 413,329,589 19.79% 

Komercijalna banka 324,187,773 15.50% 

Unicredit Bank 243,553,784 18.51% 

Societe Generale banka 202,925,235 18.67% 

Raiffeisen banka 199,590,198 29.87% 

Eurobank EFG 168,927,504 22.66% 

Hypo Alpe-Adria-Bank 168,480,146 17.14% 

AIK banka Nis 154,352,341 16.40% 

Vojvođanska banka 104,063,825 17.05% 

Alpha Bank 91,235,983 23.63% 

 

With total assets of over 413 billion and share of 14.9% of the total banking sector, Banca Intesa is the 

largest bank in Serbia. It is followed by Komercijalna banka with 308 billion of assets and share of 10.8% 

(National Bank of Serbia 2012).  

Capital adequacy ratio of the banking sector at the end of the third quarter was 16.40%. The banking 

sector of Serbia can be considered satisfactory capitalized according to the relatively high average level of 

capital adequacy. While the Basel agreement states that the value of this indicator is at least 8%, the National 

Bank of Serbia does not allow this indicator to be less than 12% (Jaksic et al. 2011). All of the ten largest 

banks meet this requirement. 

Table 3. provides data on the number of branches and number of employees for each bank. 

 

 

 



Table 3: Bank network for ten largest banks in Serbia 

Bank Number of branches Number of employees 

Banca Intesa 208 3,208 

Komercijalna banka 252 3,009 

Unicredit Bank 69 999 

Societe Generale banka 87 1,361 

Raiffeisen banka 96 1,839 

Eurobank EFG 117 1,533 

Hypo Alpe-Adria-Bank 41 842 

AIK banka 68 507 

Vojvođanska banka 136 1,179 

Alpha Bank 161 1,459 

 

To provide data for brand estimation a survey was conducted. There were 92 respondents in the survey, 

and the final results are presented in the Table 4. 

Table 4: Brand for ten largest banks in Serbia 

Bank Awareness Satisfaction Differentiation Leadership 

Banca Intesa 3.92 3.44 3.24 4.30 

Komercijalna banka 3.77 3.30 2.74 3.94 

Unicredit Bank 3.05 2.94 1.83 2.76 

Societe Generale banka 3.10 2.78 1.98 2.89 

Raiffeisen banka 3.35 2.93 2.44 3.53 

Eurobank EFG 2.99 2.83 1.76 2.47 

Hypo Alpe-Adria-Bank 2.89 2.72 1.65 2.34 

AIK banka 2.74 2.76 1.80 2.25 

Vojvođanska banka 3.08 2.89 1.72 2.43 

Alpha Bank 2.87 2.72 1.83 2.45 

 

In order to get the final scores, the values of each factor are normalized. These values are used in the 

proposed model to obtained aggregation scores for Profitability (Eq. 6), Financial indicators (Eq. 7), Capital 

(Eq. 8), Corporate network (Eq. 9), Brand (Eq. 10) and overall Bank performance (Eq. 11) (Table 5). 

Table 5: Aggregation scores on different hierarchy levels 

Bank Profitability  Financial 

indicators 

Capital Corporate 

network  

Brand  Bank 

performance  

Banca Intesa 0.960 0.440 0.499 0.994 0.681 0.14862 

Komercijalna banka 0.862 0.553 0.306 0.997 0.610 0.10308 

Unicredit Bank 0.935 0.417 0.275 0.488 0.411 0.02300 

Societe Generale banka 0.676 0.267 0.231 0.609 0.422 0.01585 

Raiffeisen banka 0.957 0.336 0.364 0.721 0.515 0.04539 

Eurobank EFG 0.752 0.528 0.233 0.706 0.378 0.03286 

Hypo Alpe-Adria-Bank 0.804 0.419 0.176 0.373 0.350 0.00962 

AIK banka 0.872 0.752 0.154 0.375 0.347 0.01513 

Vojvođanska banka 0.391 0.160 0.108 0.693 0.382 0.00458 

Alpha Bank 0.085 0.085 0.131 0.788 0.366 0.00322 

 

Using our LA-based approach, the final values for bank performance and appropriate rankings are given 

in Table 6. 

Obviously, Banca Intesa is the best which was expected because of the good values of all rating factors. 

The second best, Komercijalna banka is also highly valued. The main difference between the first two banks 

occurs due to Capital factor. In fact, Komercijalna banka has the lowest value for CAR among the top ten 

banks. On contrary, the worst rated banks are Vojvođanska banka and Alpha Bank. Despite changes in their 

ownership history, these banks are present in the market for a long time so their corporate netwotk is well 



developed. Nevertheless it did not contribute much to profitibality ratios as the both banks have negative 

returns. 

 

Table 6: Final ranking of the banks in Serbia 

Bank Bank performance Rank 

Banca Intesa 0.14862 1 

Komercijalna banka 0.10308 2 

Unicredit Bank 0.02300 5 

Societe Generale banka 0.01585 6 

Raiffeisen banka 0.04539 3 

Eurobank EFG 0.03286 4 

Hypo Alpe-Adria-Bank 0.00962 8 

AIK banka 0.01513 7 

Vojvođanska banka 0.00458 9 

Alpha Bank 0.00322 10 

 

It should be noted that the best and worst ranked banks from our model are the same as in the official 

NBS reports (National Bank of Serbia 2012) based on single-criterion (Total assets). However, the rest of the 

ratings do not match and will be further discussed.  

Although Unicredit bank and Societe Generale banka are considered as large banks in Total assets, they 

are not ranked accordingly e.g. they have lower values for CAR.  Raiffeisen banka and Eurobank EFG have 

greater profitability ratios and better network, so they have better rankings than the previous two. Raiffeisen 

banka is ranked as the third owing to its brand that is highly appreciated by customers.  

Even though AIK banka has the best value of Financial indicators, other factors cause its lower rating. 

AIK banka and Societe Generale banka have similar performance values, but are significantly different in 

Total assets. All the above support the fact that only one aspect is not enough for bank ranking as it cannot 

encounter for all relevant factors of bank performance.  

As noted in discussion, our multi-criteria model enrich the insight into the bank performance and provides 

better ranking and post-ranking analysis.  

5. CONSLUSION 

Performance indicator is one of the most important measures of bank operations. To evaluate overall 

performance, instead of a single criterion, banks are ranked according to four group of factors: financial 

indicators, capital, corporate structure and brand. Due to its ability to aggregate mutually dependant factors, 

LA based on interpolative Boolean algebra was applied for ranking banks in Serbia. 

The several logical expressions as aggregation functions were applied in accordance with our hierarchy 

model of ranking factors. These logical expressions provide a way to incorporate knowledge from the 

banking practice into the bank estimation.  

Since Serbia being a developing economy, single-criteria models are not suitable for bank ranking. The 

proposed bank ranking model provides more information and allows one to identify even the subtle 

differences between banks. These may be crucial for a bank evaluation in such economies.  

The obtained results prove that LA-based model may be used as a suitable tool for both ranking and post 

ranking analysis.  

For further research we aim to compare the results of our model to other approaches for bank ranking in 

Serbia. 
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Abstract: Economic growth and development can be based on different sectors. Depending on the available 

resources, each country tries to invest in the sectors that will push forward its economic activity. The paper 

analyses Serbian economy, i.e. its structure and performance of industry sectors. Optimization model has 

been used to show the sectors (activities) to invest in for achieving better economic performances. The 

results show that the sectors important for achieving economic progress are information and 

communication, professional, scientific and technical activities, financial and insurance activities, and 

transportation and storage.   

Keywords: economic development, industry sectors, Serbia, optimization  

1. INTRODUCTION 

Many international institutions and economies undergo certain economic, social, political and other reforms 

in order to increase economic growth and the level of economic development. In order to fulfil the set goals, 

governments use economic, social, political and institutional mechanisms to bring about significant structural 

and institutional changes. The role of government is to coordinate and make economic decisions for the 

economy transformation and achieve the best possible economic performances. 

Economic growth and development demands the growth in production, employment and income in each 

economy. Productivity increase and better distribution of natural resources and physical and human capital, 

contribute fastest to achieving economic growth and development (Cypher and Dietz, 2009).
 

Most 

developing countries try to find ways and means to achieve their goals. Due to different levels of 

development and complexity of economic growth and development processes, different economies should 

choose and try to combine various relevant concepts and theories of the traditional economic analysis with 

the new models that provide wider and multidisciplinary approaches. Moreover, depending on the available 

resources, the government has to invest in the sectors i.e. activities that contribute to the increase of the gross 

domestic product.  

The aim of this paper is to analyse the impact of structure and performance of different sectors i.e. 

activities on the economic development of Serbia. The purpose of this paper is the analysis and optimization 

of investment into certain sectors (activities) that contribute most to achieving economic growth and 

development. Investment problem is formulated as a portfolio optimization problem based on Markowitz’ 

theory of mean-variance optimization. The rest of this paper is structured as follows: characteristics of 

changes in sectors’ structure during economic development are presented in Section 2. The structure and 

performances of the sectors in Serbia are given in Section 3. In Section 4, a methodology based on portfolio 

optimization is introduced. Section 5 illustrates the application of the proposed approach on the real data for 

the period after the economic crisis. Finally, concluding remarks are presented in Section 6. 

2. CHANGES IN SECTORS’ STRUCTURE DURING ECONOMIC DEVELOPMENT  

The existence of different sectors enables economic development. Investment into different economic 

activities provides a wider basis for income increase. Investment, enhanced productivity and competitiveness 

improve the standard of living. Depending on the available resources, certain sectors are being developed 

that represent a driving force for economic growth. Developing countries base their economic growth upon 

the development of private sector. In addition, different countries apply different growth models. Many 

economic models of growth and development are based on the analyses of efficient allocations of the 

existing resources in the given economy, along with the change of social and institutional structures. 

Structural changes that are important and necessary for achieving growth and development are: increase in 

industrialisation, decreased share of agriculture in total production, changes in export structure, increased 
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level of human capital and knowledge application and undergoing fundamental institutional changes. When 

transitional countries are observed, the structural change that occurred in production patterns is the 

reallocation of physical capital from inefficient to efficient sectors and the emergence of a new, competitive 

economic system (Pintea,). 

Developing countries and transitional countries alike base production upon their natural resources. Since they 

are at the lower level of development, agriculture is the dominant sector. However, along with economic growth 

come the changes in the structure of those sectors that economic growth is based upon.  Economic progress is 

related to increasing the share of industrial sector, and decreasing the share of agriculture in GDP. Thus the 

development of industrial sector influences the service sector to gain more and more importance. Owing to greater 

usage of technology, the industrial sector becomes more profitable than agriculture. The usage of technologies, 

knowledge, human and physical capital helps establishing new, more efficient ways of business in industrial 

sector that increase the level of production. Workers in this sector are better paid, which is the reason why the 

number of the employees in the agriculture is decreasing. Technological progress and productivity are lower in the 

primary sectors (agriculture, mining). The share of labour force in the agriculture is decreasing, since the 

employees in the agriculture, which is a less productive sector, are moving to the highly productive industrial 

sector. 

The development of industrial sector causes changes in the export structure. Less developed countries, where 

the share of agricultural production in total production is the greatest, mostly export agricultural products. 

Development of production and industry enables export of industrial, knowledge and technology supported 

products, which gain better price on the global market. The increase in productivity results in higher salaries and 

living standard. Work productivity increases due to a higher degree of competence and education of labour force. 

The usage of new technologies, knowledge and physical capital results in greater productivity. Yet, for achieving 

a higher level of development, institutional changes are necessary. New institutions and organisations, but 

building the infrastructure as well, lead towards modernisation and economy development. Some economies 

apply traditional ways of achieving economic growth and development (capital, work), while the others manage 

their development by applying and implementing new factors, such as knowledge, new technologies and 

innovations. In order to speed up development of an economy, there is a need for synergy, cooperation, and 

coordination of knowledge, innovation, and advanced technologies. New knowledge creates innovation, 

which has its applications in manufacturing and services industry sectors (Jednak, 2012). Nowadays, the 

most developed countries and countries with high competitiveness have their economic growth and 

development based on the knowledge-based industries - telecommunication, software, research and certain 

public sector activities (health care, social work activities, and education). Due to this fact, some of the 

transitional economies invest and enhance growth in those industries (Jednak and Mijatovic, 2012). 

Developing and transitional countries are carrying out economic reforms trying to find the best way to achieve 

higher rates of economic growth. Economic reforms are based on the available resources and help of international 

institutions. Furthermore, governments help attracting foreign capital that will be invested into the sectors that 

could be the key driving sectors for production increase. Structural changes of sectors during the implementation 

of economic reforms, and the question of which sectors should serve as a basis for economic growth are explained 

in this paper by applying the optimization model on the example of Serbia.  

3. STRUCTURE AND PERFORMANCES OF THE SECTORS IN SERBIA 

3.1. Overview of Serbia 

Serbia is a country with 88,361km
2 
of area and 7.2 million of population. Serbia is situated at the intersection 

of Pan European Corridors No.10 and No. 7 linking Europe and Asia. The river Danube runs through Serbia 

(588 km). Furthermore, Serbia disposes with significant deposit of natural resources especially minerals and 

agriculture land that is fertile and arable. Serbia’s infrastructure is still in need of repair and modernisation. 

Serbia is the centre of the South East Europe Free Trade Zone. This area of free market counts 60 million 

inhabitants. Serbia is the only country outside the Commonwealth of Independent States with the FTA with 

the Russian Federation. It has signed CEFTA agreement. Serbia has good potential and geographic position 

but it needs to make improvements in all fields of economy in order to get the best results from its 

advantages. 

Year 2000 is taken as the real start of transition in Serbia. At the beginning of transition there is usually a 

decrease in production, but in the case of Serbian economy, there was the economic growth. Fall of 

production is usually caused by elimination of non-competitive companies and by stopping function of old 

coordination mechanism and by the time needed for building a new one. In Serbia production growth has 

been explained by following factors: a) before 2000 Serbia already had a market-based economy, b) there 
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was macroeconomic stability which improved business environment and obtained economic growth, c) 

inflows of foreign support and donations (at the end of October 2000), and d) disestablished the UN 

sanctions (Begovic et al., 2005).  

3.2. Models of economic growth and development in Serbia 

Depending on the factors crucial for achieving growth and development, there are different growth and 

development theories and models – from 1) the theory where natural resources, population, the usage of 

capital and work increase income per capita, and 2) the theory where GDP growth per capita depends on 

technological changes influencing austerity and investments that increase capital per employee, to 3) the 

theory based on innovation and knowledge. The role of the government is to coordinate and make economic 

decisions in order to transform the economy and achieve the best economic performance possible. Achieving 

economic growth and development depends on the source of financing. The basic sources of financing are – 

borrowing, EU help and funding, own or foreign capital, especially foreign direct investments.   

The government can increase GDP very fast if it uses all the available resources most efficiently. The 

consequence of conducting such a policy can be leaving the future generations without necessary resources. 

To avoid these negative consequences, the government should do the analysis of all the available capital 

resources and provide a long-term economic growth and development by carrying out the appropriate 

economic policy (Stigliz, 2006). On the level of short-term needs, the economy can borrow or create the 

environment that would attract foreign investments in order to achieve a high growth rate, i.e. increase GDP 

in a very short time. A country debt is usually considered to be foreign capital influx, mostly provided by 

international institutions. On one hand, capital influx can also influence export funding, customer loyalty 

increase, inflation decrease and appreciation of exchange rate, while on the other it can increase the risk of 

the future decrease in capital influx due to variations in exchange and interest rates. As for the Serbian 

economy, besides borrowing, foreign direct investments are considered to be the crucial means, condition 

and source of economic growth and development. However, today it is hard to attract foreign investments 

that would initiate investment activities. Underdeveloped financial market, unfavourable economic situation 

and economic performances make it harder and slower. The influence of global economic crisis has had 

impact even on the economic activity of Serbia. On one hand, there has been a drop in demand, and on the 

other the investments declined. The drop in foreign capital influx from 14.3% to 5.6% GDP (in 2009) and the 

slower pace of credit activities have resulted in drop of production, income, personal consumption, and 

consequently in drop of domestic demand (about 7%). For all these reasons, the Government of Serbia has 

changed its strategies for economic growth and development.  

Economic growth and development of Serbia rested on a large-scale domestic demand, import and the 

need for foreign funds. In the period 2001-2008 the economic growth was achieved (annual average of 4.9%)  

( Izvestaj o razvoju Srbije, 2010) as a consequence of the undergone institutional reforms, economic and 

social policy and permissive environment in the international capital market (Djordjevic and Veselinovic, 

2010). At the time, Serbia was following the strategy of economic growth and development (2001-2008) that 

rested on the investment in the following sectors: 1) traffic, storage and connections, 2) trade and 3) financial 

brokerage. These sectors were the basic components of the economic growth and amounted to 30% GDP. In 

year 2001, three basic sectors – agriculture, hunting, forestry, fishery and manufacturing comprised 32 % 

GDP, but their share decreased in 2008 to 24% GDP (Postkrizni model ekonomskog rasta i razvoja Srbije 

2011-2020).
 
The influence of the economic crisis was reflected on the sectors as well. Production growth in 

manufacturing achieved for the period 2001-2009 (18.6%) was annulled by the production drop of 8.7% in 

2009. The number of employees decreased 4.7%. However, in 2010 the manufacturing achieved growth of 

3.9%, while the export of goods achieved growth of 24% and investments 5% (Izvestaj o razvoju Srbije, 

2010). 

However, when “Europe 2020” strategy was adopted, Serbia worked out a new model of growth for 

Serbia 2020. The new growth model was changed from consumer-oriented to pro-investment and export-

oriented economic growth. The growth of this new strategy is based on the reform of the public sector, 

economy restructuring and infrastructure development. The main objectives of this model are – increase in 

the number of employees, human capital improvement, investing in knowledge and technology, export-based 

growth, rational energy use and poverty decrease. Accomplishing such objectives depends on – fixed 

investment increase, reducing the share of public consumption in GDP, raising the share of export in GDP 

and decreasing deficit of the current account. 

Furthermore, according to EBRD, Serbian strategic priorities are corporate and financial sectors and 

infrastructure. In the corporate sector, financing will be provided for privatisation and post-privatisation 

restructuring to both local and foreign corporate, while in supporting the financial sector, it will looking for 
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opportunities to develop new products. EBRD together with its partner IFIs has a role in developing 

transport, energy and infrastructure.  

The fiscal policy of Serbia for 2013, with projections for 2014 and 2015 (Nacrt fiskalne strategije za 

2013. godinu sa projekcijama za 2014. i 2015.godinu), envisages the following sectors to be the basic ones 

for economic growth and development: agriculture, mining and power industry, transport, 

telecommunications, tourism, health care, education and science.  

Statistical Office of the Republic of Serbia has presented economic activity of Serbia for 2012. According 

to their report, the greatest growth of GDP was recorded for the following sectors: information and 

communication, professional, scientific, innovation, technical, administrative and service industries. On the 

other hand, the greatest production drop was in the sectors of agriculture, forestry and fishery, other service 

industries and in the sector of accommodation and food services. The drop in industrial production was 

3.4%. This drop was mostly influenced by the drop of production in the sectors of power, gas and steam. 

Agricultural production also dropped 17.5%. Furthermore, there was a drop in construction, retail, transport 

and storage activities, while the telecommunication and wholesale activities recorded growth.  

4. METODOLOGY 

The mean–variance model, proposed by Markowitz (1952), represents the basis for modern financial 

portfolio theory. It is based on two conflicting criteria: the risk of a portfolio which should be minimised and 

the expected return of the portfolio which should be maximised. Return represents the performance of an 

investment while the risk of a portfolio is measured by the variance of return (Cornuejols, 2011).  

The basic portfolio optimization model considers initial sum for investment and n securities with random 

returns. The goal is to determine an investment proportion vector x = (x1,…, xn), also called a portfolio, 

which specifies the proportions of the initial sum to be invested in the n securities. Natural condition relating 

to x is: 

1
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We can now introduce S, the set of all feasible investment proportion vectors: 
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where the αi and ωi  are lower and upper bounds on the xi.  

Let vector µµµµ = (µ1,…, µn) specify the expected returns of the n securities to be realised at the end of the 

observing period. Portfolio return can be expressed as: 
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The overall risk of the portfolio is then defined as a quadratic combination of the covariance of the 

securities included in it: 
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Two optimization models can be formulated: the maximum return for a given level of risk (5), or the 

minimum risk for a given level of return (6). 
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where σ and R are the target value for the variance and expected portfolio return. 

Many authors observe the portfolio selection as the bi-criteria problem with the return (3) and risk (4) as 

objectives and subject to (2). (Ehrgott et al., 2004) However, incorporation of additional criteria and/or 

constraints into model can be rarely found in literature. Anagnostopoulos and Mamanis (2010) formulated 

the portfolio selection as a tri-objective optimization problem with risk, return and the number of securities 

included in the portfolio as objectives. Steuer et al. (2006) give the example consisting of five different 

objectives (dividends, growth in sales, amount invested in R&D, social responsibility and liquidity) and even 

twelve in (Steuer et al., 2005) which can be appended to portfolio return. 

In this paper, we investigate the problem of investment in different activities i.e. industry sectors, taking 

into account two increases: employment and GDP. For this purpose we introduce the following notation: 
e

iµ  - expected increase of employment of the i-th activity, i=1,...,n; 
g

iµ  - expected increase of GDP of the i-th activity, i=1,...,n. 

Based on the given increases, the corresponding covariance e

ijσ  and g

ijσ  (i, j=1,...,n ) can be obtained. The 

mathematical model for Serbian activities portfolio optimization: 
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Since greater importance is given to the GDP increasing, the objective function in model (7) is the 

expected GDP growth, which should be maximised. The first constraint refers to the expected employment 

increase, which should be at least R
e
. Parameter R

e
 can be estimated based on optimal value of model (5) for 

portfolio optimization based only on employment increase. The second and third constraints are related to 

risk of GDP and employment increase, respectively. Set S is as defined in (2). The values of lower and upper 

bounds on the xi will be as follows. Let , , 1,...,g e

i ix x i n=  be the optimal values of xi in model (5) based on 

GDP and employment increase, respectively. Then, the lower bound of on the xi in model (7) will be 

[0, ], 1,...,i ia i nα ∈ = , where min{ , }g e

i i ia x x= . Analogously, the upper bound of on the xi in model (7) will 

be [ ,1], 1,...,i ic i nω ∈ = , where max{ , }g e

i i ib x x= . 

5. RESULTS AND DISCUSSION  

Data are used from Statistical Yearbook of Serbia for 2012. The data presented here are given at the level of 

the macroeconomic indicators (employment and GDP) for the period after the economic crisis (2008-2011), 

and by the new Classification of Activities. Classification of Activities can be viewed as industry sectors. 

Table 1 shows GDP in current prices in mill RSD, while Table 2 represents employment in different 

activities of Serbian economy. Based on GDPs in Table 1, GDP rate for each economic activities and each 

year is determined, and the expected GDP growth rate µ
g
  is calculated as its average.  
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Table 1: GDP in different activities of Serbian economy 

Activities  

GDP , mill RSD in current prices 
µ

g
 

2008 2009 2010 2011 

Agriculture, forestry and fishery 212327,9 239272,9 217094,1 247342,9 0,433 

Manufacturing 323701,4 314474,1 373515,7 392430,7 -4,767 

Electricity, gas, steam and air conditioning supply 61986,7 69850,5 82587,2 98876,1 2,033 

Water supply; sewerage, waste management and  

remediation activities 26207,3 27657,9 282228,4 33934,3 0,567 

Construction 103847,7 100939 103860,6 126378,7 -5,467 

Wholesale and retail trade; 245668,2 256832,2 262914,2 250526,6 -4,100 

Transportation and storage  105061,7 110271,4 137012,4 136478,5 0,367 

Accommodation and food service activities 24122,5 23039,8 27233,7 28092,2 -3,200 

Information and communication 94645,2 116793,2 120581,4 137022,6 8,700 

Financial and insurance activities 71343,3 82210,1 91222,3 94751,6 4,200 

Professional, scientific and technical activities 101754,6 120795,2 100960 100103,5 4,400 

Public administration and defence; compulsory social 

security 92525,3 93981,4 88770,3 100971,5 0,500 

Education 95274,8 114896,9 117905,4 118064,6 -1,333 

Human health and social work activities 124730,6 145262,5 151189,9 149599,7 0,167 

 

Analogously to the previous case, based on number of employers in Table 2, employment rate for each 

sector (activity) and each year is determined, and the expected employment growth rate µ
e
 is calculated as its 

average. 

First, mathematical model (5) for GDP increase is solved. The obtained optimal values are given in the 

column „GDP (5)“ in Table 3. This solution implies that 87.28% of investment funds should be invested in 

information and communication, 7.24% should be invested in financial and insurance activities, and 5.47% 

in transportation and storage. The expected GDP increase in these sectors is 8.5%. Then, mathematical 

model (5) for employment increase is solved, whose optimal values are given in the column „Employment 

(5)“ in Table 3. If employment is the only criterion for investment, optimal portfolio includes 85.05% 

investment in professional, scientific and technical activities and 14.95% in information and communication. 

The expected employment increasing in these activities is 0.018%.  
 

Table 2: Employment in different activities of Serbian economy 

Activities 

Employment 
µ

e
 

2009 2010 2011 

Agriculture, forestry and fishery 40238 37392 34815 -0,0698 

Manufacturing 329491 301452 295363 -0,0526 

Electricity, gas, steam and air conditioning supply 28099 27854 27996 -0,0018 

Water supply; sewerage, waste management and remediation activities 32279 32240 32427 0,0023 

Construction 82032 74506 72405 -0,0600 

Wholesale and retail trade 190689 186748 183326 -0,0195 

Transportation and storage  91223 89003 86265 -0,0275 

Accommodation and food service activities 22520 20863 20392 -0,0481 

Information and communication 36646 36504 37738 0,0150 

Financial and insurance activities 38812 39305 39025 0,0028 

Professional, scientific and technical activities 50415 51758 52251 0,0181 

Public administration and defence; compulsory social security 71222 69897 70479 -0,0051 

Education 134795 136179 138391 0,0133 

Human health and social work activities 158740 159449 161016 0,0071 
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Finally, model (7), which includes the entire observed problem, is solved. Parameter R
e
 in the first 

constraint is set to 80% of the optimal value obtained by solving mathematical model “Employment (5)”. 

The risk levels expressed by g
σ  and e

σ  have the same values as in corresponding models (5). The optimal 

solution of the mathematical model (7) is given in the column „ Optimal portfolio (7) “ in Table 3. Optimal 

portfolio suggests the following investment plan: 47.29% of investment funds should be invested in 

information and communication, 42.50% in professional, scientific and technical activities, 7.06% in financial and 

insurance activities, and 3.14% in transportation and storage. The expected GDP increase in these sectors is 

7.12% while the expected increase in employment is 0.014%. 

 

Table 3 Optimization results 

Activities GDP (5) Employment (5) 

Optimal 

portfolio (7) 

Agriculture, forestry and fishery 0 0 0 

Manufacturing 0 0 0 

Electricity, gas, steam and air conditioning supply 0 0 0 

Water supply; sewerage, waste management and remediation 

activities 0 0 0 

Construction 0 0 0 

Wholesale and retail trade; 0 0 0 

Transportation and storage  0,0547 0 0,0314 

Accommodation and food service activities 0 0 0 

Information and communication 0,8728 0,1495 0,4729 

Financial and insurance activities 0,0724 0 0,0706 

Professional, scientific and technical activities 0 0,8505 0,4250 

Public administration and defence; compulsory social security 0 0 0 

Education 0 0 0 

Human health and social work activities 0 0 0 

 

Both local and foreign organisations mention in their reports and development strategies Serbian 

economy that economic growth can be achieved by investing in infrastructure, power sector, ICT sector, 

education, financial sector and agricultural sector. The results achieved by analysis of the selected economic 

activities and indicators for the observed period of time show that investments should be directed towards the 

sectors of knowledge and services, because they can generate economic progress.  

6. CONCLUSION  

It is necessary to carry out an appropriate economic policy in order to invest in the sectors that could be 

crucial for production increase and social welfare. The process of choosing a model of economic growth 

and development for attaining this goal is neither simple, nor easy. An optimal solution should be found 

for investing in certain sectors. Priority should be given to the sectors that contribute most to economic 

growth. However, the results of investing in certain sectors are not the same, or visible after the same 

period of time. The growth in some sectors can be achieved fast (manufacturing – food, chemical and 

textile), while in some other sectors it is slower (power, automotive and construction industry). Without 

adequate economic policies, development strategies and active role of the state, there is little chance to 

respond to the growing economic and technological complexity of social welfare increase. Economic 

policies should be improved in order to maintain business activities and profitable economic processes. 

Employment should be increased, as well as the level of knowledge, which should further stimulate the 

development of new products and processes, thereby increasing productivity, production and the level of 

social welfare (Plostajner and Briski). The model has been applied to the existing data for the period after 

the economic crisis. The ensuing results show that the sectors (activities) that could influence Serbian 

economy growth are information and communication, professional, scientific and technical activities, 

financial and insurance activities, and transportation and storage. These sectors are set forth as the key 

driving ones in different growth strategies for Serbia.  
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Abstract:
The goal of the Two-Stage Capacitated Facility Location Problem (TSCFLP) is to choose locations for

opening depots and plants, each with associated installation cost and capacity limit, and to design distribution
plan to a given set of customers, such that total distribution and installation costs are minimized. We propose
a hybrid metaheuristic method (HEA), which represents a combination of an evolutionary algorithm and
two local-search heuristics for solving the TSCFLP. The proposed algorithm uses the CPLEX 12.1 solver
incorporated in the HEA frame for efficient calculation of the fitness function. The described HEA approach is
tested on modified data set from the literature and on a newly generated set of the TSCFLP instances with up
to 2000 users, 200 potential locations for establishing depots and 50 potential sites for opening plants. The
results of computational experiments show that the proposed HEA method quickly reaches all known optimal
solutions, and also provides solutions on large-scale instances that could not be solved to optimality. Regarding
the quality of HEA’s solutions and short running times, we may conclude that the proposed HEA represents a
promising metaheuristic method for solving the TSCFLP and other similar facility location problems.

Keywords: Two-Level Facility Location, Evolutionary Algorithm, Local Search, Combinatorial Optimization

1. INTRODUCTION

Two-stage location problems have received a considerable attention in the literature, due to their numerous
applications in different areas, such as: supply chain networks, production-distribution systems, telecommu-
nication sector, health care, emergency network systems, etc. These problems usually involve a given set of
customers, a set of potential locations for building plants and a set of potential sites for installing depots. In the
first stage, the products are transported from the open production plants to certain depots or distribution centers,
which are previously installed. In the second stage, the products are distributed from the installed depots to
the customers. In some variants of two-stage facility location problems, locations of plants or depots may be
fixed in advance. The capacities of plants or depots may be finite or unlimited. The goal is to design an optimal
distribution plan that takes into account the installation costs of plants and depots, and the transportation costs
associated with both stages. Any variation, such as additional constraints or costs involved, leads to a different
variant of the two-stage facility location problem. Some of these variants have been studied in the literature
and adequate solution procedures have been proposed. An usual solution approach involves a mixed integer
problem formulation and the design of a specific algorithms for the considered problem variant, in order to fit
either approximate or exact solutions.

There is a meaningful number of papers in the literature devoted to the Two-Stage Uncapacitated Facility
Location Problem (TSUFLP) and its variants. Chardaire et al. in [4] proposed two integer formulations of the
TSUFLP. They also developed a combination of Lagrangian relaxation and a simulated annealing algorithm for
solving the problem [4]. Landete and Marin [11] formulated the TSUFLP as a set packing problem, and used
its characteristics to develop new facets for the associated polyhedron. Pirkul and Nagarajan [18] considered
the minimal spanning tree structure of a backbone supply network and develop solution methods inspired by
Lagrangean relaxation. Chung et al. [6] studied the case of a fully connected backbone network. The same case
was further considered by Current and Pirkul in [7], who proposed two heuristic methods based on Lagrangean
relaxation. Matheus et al. [12] imposed a limit on the number of plants/depots to be installed, and proposed a
solution technique based on simulated annealing. Helm and Magnanti in [9] assumed that plants/depots are
assigned to a central unit, which implies additional costs for establishing the network.

In this paper, we introduce a capacitated variant of the TSUFLP, named the Two-Stage Capacitated Facility
Location Problem (TSCFLP). A set of customers, a set of potential locations for building plants and a set of
potential sites for installing depots are given. The goal of the TSCFLP is to decide on which locations plants
and depots should be installed, and to design the distribution plan of products from the open plants to customers,
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via installed depots. The objective is to minimize the total installation and transportation costs, under given
production limits of plants and capacity constraints on depots, such that the demands of all customers are
satisfied. The problem involves a multiple allocation scheme, which means that each customer may be supplied
from more than one, previously established depots. Each depot may store products from more than one factory
as well. To our knowledge, this variant of the TSCFLP has not been considered up to know.

However, one can find several studies on similar variants of the TSCFLP in the literature,. For example,
Marin and Pelegrin in [15] imposed capacity conditions on depots only. By using Lagrangian relaxation, lower
bounds and heuristic solutions were obtained for two variants of the capacitated two-stage location problem
[15]. Another variant of the TSCFLP was studied by Wildbore in paper [22]. Wildbore proposed a combination
of Lagrangean relaxation and branch-and-bound technique as a solution method to the considered problem [22].
A capacitated model of a two-level freight distribution system was studied by Bocca et al. in [2]. The initial
problem was decomposed in several sub-problems and a tabu-search heuristic was efficiently applied to the
composing subproblems.

In this paper, we propose a hybrid evolutionary-based algorithm (HEA) for solving the considered variant of
the TSCFLP. The proposed HEA uses binary representation of solutions and appropriate evolutionary operators.
The CPLEX solver, version 12.1, is employed in the HEA in order to calculate the fitness function of each
potential solution in an efficient manner. Two local search heuristics are incorporated in the HEA frame,
directing the algorithm to promising search regions. The HEA is also enriched with several strategies, which
preserve the diversity of solutions in the population and prevent a premature convergence of the algorithm. The
algorithm is benchmarked on a modified test data set from the literature and newly generated TSCFLP instances
with up to 2000 users, 200 potential locations for plants and 50 potential sites for depots. The HEA’s best
solutions are compared with optimal solutions that were previously obtained by CPLEX 12.1 solver. Presented
computational results clearly indicate the robustness and efficiency of the proposed hybrid metaheuristic method
for solving the TSCFLP.

2. MATHEMATICAL FORMULATION

The mathematical formulation of the TSCFLP uses the following notation:
M is set of locations of clients;
N denotes a set of possible locations for installing depots;
K represents a set of possible sites for building plants;
si is the demand of a client i ∈M;
c j is the storage capacity of a depot at location j ∈ N;
dk denotes the production capacity of a plant at location k ∈ K;
B jk is the transportation cost from a plant at k ∈ K to a depot at j ∈ N (per unit of flow);
Ai j is the cost of distributing the demand of a client at i ∈M from a depot installed at j ∈ N;
f j denotes the costs of installing a depot at site j ∈ N;
gk represents the costs of building a plant at location k ∈ K.

Variable xi j ∈ [0,1], i ∈M, j ∈ N represents the fraction of demand of a client i ∈M that is distributed from
a depot installed at location j ∈ N. Non-negative variable w jk ≥ 0, j ∈ N,k ∈ K denotes the quantity of products
originating from a plant established at k ∈ K and stored in a depot opened at location j ∈ N. Binary variable y j,
j ∈ J is equal to 1 if a depot is installed at j ∈ N, and 0 otherwise. Binary variable zk, k ∈ K takes the value of 1
if a plant is built at location k ∈ K, and 0 otherwise.

Using the above notation, the TSCFLP may be formulated as a mixed integer linear programming problem
(MILP) in the following way:

min
i, j,k

∑
i∈M

∑
j∈N

Ai jxi j + ∑
j∈N

∑
k∈K

B jkw jk + ∑
j∈N

f jy j + ∑
k∈K

gkzk (1)

subject to:

∑
i∈M

sixi j ≤ c jy j ∀ j ∈ N, (2)

∑
i∈M

sixi j = ∑
k∈K

w jk ∀ j ∈ N, (3)
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∑
j∈N

w jk ≤ dkzk ∀k ∈ K, (4)

∑
j∈N

xi j = 1 ∀i ∈M, (5)

xi j ∈ [0,1] ∀i ∈M ∀ j ∈ N, (6)

w jk ≥ 0 ∀ j ∈ N ∀k ∈ K, (7)

y j ∈ {0,1} ∀ j ∈ N, (8)

zk ∈ {0,1} ∀k ∈ K. (9)

Objective function (1) minimizes the total transportation and installation costs in the established network.
Products may be distributed only from installed depots to clients, respecting the demands of clients and the
capacities of depots (2). Constraints (3) ensure the preservation of flow in the network. Depots store the products
that originate from open plants only, respecting the given production limits of plants (4). By constraints (5), we
ensure that clients’ demands are satisfied. Constraints (6) – (9) reflect the nature of variables xi j, w jk, y j, and zk,
respectively.

Note that the TSCFLP is an NP-hard optimization problem, since it represents a generalization of the
well-known Simple Plant Location Problem, which is proved to be NP-hard in [10].

3. THE PROPOSED OPTIMIZATION METHOD FOR SOLVING THE TSCFLP

In the literature, one can find numerous examples of combining a pure evolutionary algorithm (EA) with other
approaches, in order to improve the EA’s search capabilities. For example, a pure EA may be hybridized with
particle swarm optimization [3], extremal optimization [5], Lagrangian decomposition [19], neural networks
and constraint programming [20], variable neighborhood search [13], etc.

In this paper, we propose a hybrid evolutionary approach (HEA) for solving the TSCFLP in an efficient
manner, especially the problem instances of larger dimensions. The efficiency of the proposed HEA is achieved
by exploiting the exploration abilities of the evolutionary algorithm and the solution improvements achieved by
two implemented local search procedures. Since the evaluation of potential solution is the most time-consuming
part of the algorithm, we have designed an efficient procedure for calculating fitness function of each potential
solution, which additionally reduces the overall HEA running times.

The basic concept of hybrid evolutionary algorithm HEA for the TSCFLP is shown in Algorithm 1.

Algorithm 1 The basic structure of the algorithm

1: Read_Input()
2: Generate_Initial_Population()
3: while not termination do
4: Fitness_Function()
5: Selection()
6: Crossover()
7: Mutation()
8: for all ind ∈ Population do
9: Inversion(ind)

10: Transposition(ind)
11: end for
12: end while
13: Write_Out put()
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After an initial population is generated, in each generation of the HEA we calculate the fitness function of
each candidate solution. Selection operator is performed in order to choose pairs of parental solutions for mating.
New candidate solutions are created by recombining parental solutions and mutating the obtained offspring with
a certain probability. On each newly created individual we apply two local search procedures, Inversion and
Transposition, which direct the algorithm to promising regions of the search space. In the following subsections,
all aspects of the proposed HEA will be described in details.

3.1. Representation of solutions

In the proposed HEA implementation, we use binary encoding of individuals, each representing a potential
solution to the problem. An individual is represented by a two-segment binary string (chromosome) of length
|N|+ |K|. The first segment in the chromosome has exactly |N| bits, where each bit represents a potential
location for installing a depot. If the bit on the j-th position, 1≤ j ≤ |N|, in the chromosome has the value of 1,
it means that a depot installed at location j, and 0 otherwise. The second segment is of length |K| and it encodes
potential locations for opening a plant. The bit on the k-th position, 1≤ k ≤ |K|, in the second segment with the
value of 1 denotes that a plant is built at location k, and 0 otherwise.

For example, from a chromosome |100011|0101| of length |N|+ |K|= 10, we obtain locations of installed
depots and plants, respectively. Bit values in the first segment of the chromosome imply that depots are
established at locations 1, 5 and 6 from the set N. From the second segment, we conclude that plants at locations
2 and 4 from the set K are opened. This further gives us the values of corresponding variables y j, j ∈ N and zk,
k ∈ K: y1 = y5 = y6 = 1 and z2 = z4 = 1, while others take the value of 0.

3.2. Fitness function calculation

From an individual’s chromosome, we obtain the locations of established depots and factories, and therefore, the
values of corresponding variables y j, j ∈ N and zk, k ∈ K. Once the values of variables y j, j ∈ N and zk, k ∈ K
are known, the initial mixed integer linear programming problem (1) – (8) reduces to a linear programming
(LP) subproblem that involves only continuous variables xi j ∈ [0,1], i ∈M, j ∈ N, and w jk ≥ 0, j ∈ N, k ∈ K.
Let us denote by N ′ the set of locations j ∈ N with installed depots, i.e. N ′ = { j ∈ N : y j = 1}. Let K′ be the
set of locations k ∈ K where the plants are built, i.e. K′ = { j ∈ K : zk = 1}. By using this notation, the linear
programming subproblem of the TSCFLP may be formulated as:

min
i, j,k

∑
i∈M

∑
j∈N ′

Ai jxi j + ∑
j∈N ′

∑
k∈K′

B jkw jk + ∑
j∈N ′

f j + ∑
k∈K′

gk (10)

subject to:

∑
i∈M

sixi j ≤ c j ∀ j ∈ N ′, (11)

∑
i∈M

sixi j = ∑
k∈K′

w jk ∀ j ∈ N ′, (12)

∑
j∈N ′

w jk ≤ dk ∀k ∈ K′, (13)

∑
j∈N ′

xi j = 1 ∀i ∈M, (14)

xi j ∈ [0,1] ∀i ∈M ∀ j ∈ N ′, (15)

w jk ≥ 0 ∀ j ∈ N ′ ∀k ∈ K′. (16)
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The objective (10) and constraints (11) – (16) have similar meaning as in the formulation of the initial
problem (1) – (9), presented in Section 2. Note that the obtained LP subproblem is polynomial, and it may be
easily solved by CPLEX 12.1. By employing CPLEX solver, we may obtain the values of variables xi j and w jk,
and further calculate the objective function value. Note that the fitness function of the considered individual is
equal to the calculated objective function value (9) of the LP subproblem (10) – (16).

Since the sets of opened depots and factories are fixed, it may happen that the solution of the LP subproblem
does not exist. In order to avoid unnecessary CPLEX calculations, before calling the CPLEX routine, we check
whether or not feasibility conditions can be satisfied for the fixed values of variables y j, j ∈ J and zk, k ∈ K. Let
S = ∑i∈M si, C = ∑ j∈N ′ c j and D = ∑k∈K′ dk. If at least one of inequalities S >C and S > D holds, the capacity
constraints are violated, and the considered individual is infeasible. In this case, we prevent the algorithm from
entering CPLEX in cases when no feasible solution of the LP subproblem exists.

3.3. Evolutionary part of the HEA

Initial population of the HEA is generated in a pseudo-random way. In order to ensure better quality of potential
solutions in the initial population, the probability of generating bits with the value of 1 in the first segment of an
individual’s chromosome is set to 0.25. The bits in the second segment take the value of 1 with the probability
of 0.15. After individuals in the population are evaluated by calculating their fitness function values, the 2/3 of
the best fitted individuals are kept as elite ones. Elite individuals are directly passing in the next generation,
preserving high-quality genetic material. The remaining 1/3 of population, i.e. non-elite individuals, are subject
to evolutionary operators: selection, crossover and mutation.

The HEA implementation uses a fine-grained tournament selection (FGTS). Instead of having an integer
tournament size, as in the classic tournament selection, the FGTS performs tournaments of different sizes [8].
The value of parameter Ftour, representing average tournament size, is set to 5.4 and used in our HEA.

A two-segment crossover operator is applied on selected pair of parents producing two offspring. This
operator is adapted to HEA’s representation scheme used for solving the considered TSCFLP. For each pair
of parent-individuals, the modified crossover randomly generates two crossover points: t1 ∈ {1,2, . . . , |N|} in
the first segment and t2 ∈ {|N|+1,n+2, . . . , |N|+ |K|} i the second segment. Parent-individuals exchange the
parts of their codes, starting from the position t1 to the position |N| in the first segment, and from the position
t2 to the position |N|+ |K| in the second segment of parent-chromosomes. In our HEA implementation, the
probability that a chosen pair of parent-individuals will exchange their bits and create offspring is set to 0.85.
Otherwise, if no bit exchange occurs, the offspring-chromosomes remain identical to their parents.

Offspring generated by modified two-segment crossover are subject to a two-segment mutation operator.
Mutation is performed by changing a randomly selected bit in the individual’s genetic code (0 to 1, 1 to 0),
while mutation rates differ for the first and second part of a chromosome. In our implementation, bits in the first
segment of a chromosome are inverted with the probability of 0.02, while the bits in the second segment are
inverted with the probability of 0.01. These mutation rates are constant through all generations of the HEA.

The algorithm stops if the maximal number of 2000 HEA iterations is reached, or if the the best solution has
not been improved within 300 successive HEA generations.

3.4. Local search procedures

Hybridization of evolutionary algorithms and local search procedures showed to be very successful for many
optimization problems, see [14, 17, 21]. The role of the evolutionary part in our HEA is to focus the search on
promising regions of the search space. Once the promising areas that probably contain high quality solutions
have been identified, two local search methods are applied in order to determine the best solutions in these areas.
Local search procedures, named Inversion and Transposition, are applied on newly generated individuals that
are candidates for entering a new generation. Individuals improved by the applied local search procedures will
enter a new generation if they are good enough to enter the set of elite individuals.

The implemented Inversion procedure inverts a single bit value (0 to 1, 1 to 0) at randomly chosen position i,
i ∈ {1,2, . . . , |N|+ |K|} in an individual’s chromosome. This corresponds to opening or closing the depot/plant
at location i. If the new chromosome is valid and its fitness value is lower than the fitness of the initial individual,
multiplied by a constant c1 > 1, the initial chromosome is replaced with the new, improved one. The pseudocode
of the Inversion procedure is shown in Algorithm 2.
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Algorithm 2 Invertion
1: while true do
2: Choose random j ∈ {1,2, . . . , |N|+ |K|}
3: value← f itness
4: gene[ j]← 1−gene[ j]
5: f itness← Fitness_Function()
6: if f itness > c1 · value then
7: Restore_Values()
8: return
9: end if

10: end while

The Transposition procedure exchanges two bits with different values on randomly chosen positions from
the same segment of an individual’s chromosome. The exchange of two bits with different values, selected from
the first/second segment of the chromosome, indicates that an installed depot/factory is closed, and the new one
is opened at selected locations. As in the case of the Inversion procedure, if the new individual, obtained by
transposition of bits, has the fitness value that is lower than the fitness of the initial individual, multiplied by a
constant c2 > 1, the improved individual replaces the initial one. The concept of the Transposition procedure is
presented in Algorithm 3.

The described local search procedures, Inversion and Transposition, are repeated on an individual until
no further improvement is achieved. No time limits are imposed when applying local search procedures on
an individual. In our HEA implementation, we have used the values of c1 = 1.01 i c2 = 1.005, which were
determined through the set of preliminary computational experiments.

Algorithm 3 Transposition
1: while true do
2: Choose random j1 ∈ J = {1,2, . . . , |N|+ |K|}
3: Choose random j2 ∈ J such that j1, j2 ≤ |N| or j1, j2 > |N| and j1 + j2 = 1
4: value← f itness
5: gene[ j1]← 1−gene[ j1]
6: gene[ j2]← 1−gene[ j2]
7: f itness← Fitness_Function()
8: if f itness > c2 · value then
9: Restore_Values()

10: return
11: end if
12: end while

4. COMPUTATIONAL RESULTS

All experiments were carried out on an Intel Core i5-3430M processor on 2.4 GHz with 8Gb RAM, under
Windows 7 operating system. The HEA implementation was coded in C++ programming language. In order
to verify the quality of the HEA solutions, the optimization package CPLEX, version 12.1, was used to
solve considered instances to optimality (if possible). The CPLEX 12.1 was run in the same computational
environment as the proposed HEA. On each instance from the considered data set, the HEA was run 15 times
with different random seeds.

The proposed HEA was first tested on the set of problem instances, obtained by modifying ORLIB instances
[1] that were initially generated for the Capacitated Facility Location Problem (CFLP) [16]. These instances,
available at http://people.brunel.ac.uk/ mastjjb/jeb/orlib/capinfo.html, are adapted to the considered TSCFLP in
the following way. Let M1 and N1 denote the set of clients and potential locations for establishing facilities in
the CFLP, respectively. The demands of clients are s′i, i ∈M1, while c′j, j ∈ N1 denote the capacities of potential
facility locations. The transportation cost from a factory at location j ∈ N1 to a client at i ∈M1 is equal to A′i j.
Let f ′j be opening costs of a plant at location j ∈ N1. In order to obtain a TSCFLP instance from an CFLP
instance, we take the same set of users, i.e. M = M1, while the set of potential facilities N1 is divided into two
subsets N and K, such that |N1|= |N|+ |K| holds and the ratios |M|/|N| and |N|/|K| are as close as possible.
Once the adequate values of |N| and |K| are chosen, the first |N| elements of the set N1 are taken as possible
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Table 1: Results on modified ORLIB data set

Instance CPLEX 12.1 HEA
Name |M| |N| |K| Opt.Sol. Best.Sol. t(s) agap(%) σ(%)

tscap41 50 13 3 1149196436.650 Opt 0.016 0.000 0.000
tscap42 50 13 3 1149271436.650 Opt 0.022 0.000 0.000
tscap43 50 13 3 1149346436.650 Opt 0.021 0.000 0.000
tscap44 50 13 3 1149458936.650 Opt 0.046 0.000 0.000
tscap51 50 13 3 176099030.750 Opt 0.034 0.000 0.000
tscap61 50 13 3 93211553.000 Opt 0.029 0.000 0.000
tscap62 50 13 3 93236553.000 Opt 0.041 0.000 0.000
tscap63 50 13 3 93261553.000 Opt 0.032 0.000 0.000
tscap64 50 13 3 93299053.000 Opt 0.028 0.000 0.000
tscap71 50 13 3 69630376.200 Opt 0.016 0.000 0.000
tscap72 50 13 3 69640376.200 Opt 0.023 0.000 0.000
tscap73 50 13 3 69650376.200 Opt 0.039 0.000 0.000
tscap74 50 13 3 69665376.200 Opt 0.031 0.000 0.000
tscap81 50 18 7 336494175.450 Opt 1.312 0.000 0.000
tscap82 50 18 7 336579175.450 Opt 1.856 0.000 0.000
tscap83 50 18 7 336664175.450 Opt 1.114 0.000 0.000
tscap84 50 18 7 336791675.450 Opt 0.933 0.000 0.000
tscap91 50 18 7 70231446.050 Opt 1.022 0.000 0.000
tscap92 50 18 7 70266446.050 Opt 0.973 0.000 0.000
tscap93 50 18 7 70301446.050 Opt 1.546 0.000 0.000
tscap94 50 18 7 70353946.050 Opt 1.449 0.000 0.000
tscap101 50 18 7 51427453.000 Opt 1.817 0.000 0.000
tscap102 50 18 7 51437453.000 Opt 1.741 0.000 0.000
tscap103 50 18 7 51447453.000 Opt 1.473 0.000 0.000
tscap104 50 18 7 51462453.000 Opt 1.553 0.000 0.000
tscap111 50 31 19 130568101.400 Opt 2.713 0.000 0.000
tscap112 50 31 19 130668101.400 Opt 2.647 0.000 0.000
tscap113 50 31 19 130768101.400 Opt 2.143 0.000 0.000
tscap114 50 31 19 130918101.400 Opt 4.019 0.000 0.000
tscap121 50 31 19 48213359.025 Opt 3.023 0.000 0.000
tscap122 50 31 19 48248359.025 Opt 3.114 0.000 0.000
tscap123 50 31 19 48283359.025 Opt 2.148 0.000 0.000
tscap124 50 31 19 48335859.025 Opt 2.887 0.000 0.000
tscap131 50 31 19 31987356.050 Opt 2.145 0.000 0.000
tscap132 50 31 19 31997356.050 Opt 3.214 0.000 0.000
tscap133 50 31 19 32007356.050 Opt 2.943 0.000 0.000
tscap134 50 31 19 32022356.050 Opt 3.071 0.000 0.000
tscapa1 1000 92 8 64717986.374 Opt 50.281 0.132 0.223
tscapa2 1000 92 8 58359465.029 Opt 47.988 0.034 0.110
tscapa3 1000 92 8 55120632.116 Opt 56.007 0.253 0.344
tscapa4 1000 92 8 51833673.854 Opt 49.670 0.141 0.217
tscapb1 1000 92 8 40292566.056 Opt 62.463 0.713 0.653
tscapb2 1000 92 8 36261810.349 Opt 64.397 0.119 0.297
tscapb3 1000 92 8 34118119.383 Opt 55.907 0.312 0.431
tscapb4 1000 92 8 32404569.083 Opt 57.020 0.413 0.557
tscapc1 1000 92 8 102913623.437 Opt 49.533 0.512 0.607
tscapc2 1000 92 8 92208659.483 Opt 53.378 0.734 0.644
tscapc3 1000 92 8 85567518.370 Opt 58.836 1.006 0.993
tscapc4 1000 92 8 82247463.062 Opt 60.351 0.623 0.818

Average: 14.634 0.102 0.120
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Table 2: Results on newly generated TSCFLP data set

Instance CPLEX 12.1 HEA
Name |M| |N| |K| Opt.Sol. Best.Sol. t(s) agap(%) σ(%)

rand1 100 10 4 114.875 Opt 1.112 0.000 0.000
rand2 100 10 5 55.765 Opt 0.879 0.000 0.000
rand3 100 20 5 44.999 Opt 1.324 0.000 0.000
rand4 100 20 6 44.652 Opt 1.233 0.000 0.000
rand5 100 20 7 55.435 Opt 1.566 0.000 0.000
rand6 200 10 5 125.962 Opt 5.673 0.000 0.000
rand7 200 15 7 69.634 Opt 7.708 0.000 0.000
rand8 200 20 8 63.286 Opt 6.110 0.000 0.000
rand9 200 20 9 89.422 Opt 8.009 0.000 0.000
rand10 200 30 10 59.412 Opt 7.092 0.000 0.000
rand11 300 20 8 62.646 Opt 5.603 0.000 0.000
rand12 300 20 9 93.001 Opt 6.227 0.000 0.000
rand13 300 30 10 87.264 Opt 7.015 0.000 0.000
rand14 300 30 12 93.457 Opt 9.422 0.000 0.000
rand15 300 30 14 88.160 Opt 10.180 0.000 0.000
rand16 500 30 10 105.943 Opt 20.827 0.000 0.000
rand17 500 30 10 188.995 Opt 18.249 0.016 0.023
rand18 500 45 10 104.109 Opt 16.310 0.000 0.000
rand19 500 45 15 108.326 Opt 23.937 0.000 0.000
rand20 500 50 15 128.303 Opt 26.806 0.034 0.032
rand21 1000 50 10 – 194.432 43.090 0.817 0.979
rand22 1000 50 10 – 174.260 47.197 0.663 0.514
rand23 1000 100 10 – 152.069 73.046 0.214 0.331
rand24 1000 100 20 – 176.746 98.005 0.123 0.204
rand25 1000 100 25 – 134.428 114.323 0.773 0.902
rand26 2000 50 15 – 259.056 196.024 1.052 1.216
rand27 2000 100 20 – 195.267 286.055 1.632 1.864
rand28 2000 100 25 – 203.416 322.904 1.936 2.179
rand29 2000 200 40 – 164.217 533.041 2.355 2.066
rand30 2000 200 50 – 187.344 470.302 2.730 3.013

Average: 78.976 0.412 0.444

location for installing depots, while the remaining |K|= |N1|− |N| elements of N1 represent potential sites for
opening plants. We further take s′i = si, c j = |N1|/|N| · c′j, Ai j = A′i j and f j = f ′j, for all i ∈M, j ∈ N. Also, we
set dk = |N1|/|K| · c′|N|+k, B jk = B′jk and gk = f ′|N|+k, for all j ∈ N, k ∈ K.

The results in Table 1 are presented as follows:

• The name of original ORLIB instance from [1] used for generating the TSFULP instance preceded by ts;
• Instance’s parameters: the number of terminal nodes – |M|, the number of potential locations for opening

depots |N| and the number of potential locations for building plants – |K|;
• Optimal solution of the current instance – Opt.Sol. obtained by CPLEX 12.1 solver. If CPLEX 12.1

produced no solution, due to memory or time limit of 3 hours, a dash is written;
• The best solution value of the HEA method – Best.Sol., with mark Opt in cases when the HEA reached

optimal solution;
• Average running time in which the HEA reaches Best.Sol. – t (in seconds);
• Average percentage gap – agap(%) of the HEA solution from the Opt.Sol. or Best.Sol. (if optimal

solution is not known);
• Standard deviation – σ(%) of the HEA solution from the Opt.Sol. or Best.Sol.(if optimal solution is not

known).

From the results presented in Table 1, it can be seen that the proposed HEA method quickly reached all
optimal solutions on modified ORLIB instances. The maximal running time was around one minute (in the case
of instances with |M|= 1000 clients), while small-size instances with |M|= 50 clients were solved in up to 4
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seconds of CPU time. In average, the HEA’s running time on the modified ORLIB data set was 14.634 seconds.
Standard deviation and average gap were in most cases 0.0%, which indicates good stability of the proposed
HEA. In average, we have agap = 0.102% and σ = 0.120% through all HEA runs on this data set.

In order to evaluate the HEA’s performance for larger problem dimensions, we have generated a set of
TSCFLP instances with up to |M|= 2000 user nodes, |N|= 200 potential sites for depots and |K|= 50 locations
for opening plants. The values of Ai j, B jk and si are randomly chosen from the interval [0,1], for every i ∈M,
j ∈ N, k ∈ K The costs of opening depots are chosen by uniform distribution from [1,10], i.e. f j ∈U [1,10],
j ∈ N, while the costs for establishing factories satisfy gk ∈U [1,100], k ∈ K. For randomly chosen constant
r j ∈ [1,10], we impose condition c j = r j · |M|/|N| for every j ∈ N. Similarly, for randomly chosen rk ∈ [1,10],
we impose dk = rk · |N|/|K|, for every k ∈ K. The results of the HEA on this newly generated TSCFLP data set
are presented in Table 2, in the same way as in Table 1.

The results presented in Table 2 indicate the efficiency of the proposed HEA approach when solving newly
generated TSCFLP instances, even the ones of large scale problem dimensions. The average HEA running time
was 78.976 seconds on this data set through all HEA runs. Low values of average gap (0.412%) and standard
deviation (0.444%) indicate the stability of the HEA method when solving these problem instances. Although
the optimality of the best HEA solutions on large-scale problem instances can not be proven, we believe that in
these cases the proposed HEA produced high quality solutions.

5. CONCLUSION

In this study, we present a hybrid evolutionary-based algorithm HEA for solving one variant of the Two-Stage
Capacitated Facility Location Problem. Two efficient local search procedures are incorporated into evolutionary
algorithm frame in order to improve solutions’ quality. The first local-search is based on inversion procedure,
while the second one performs transposition of randomly chosen bits in an individual’s genetic code. Several
strategies are additionally applied in order to improve the algorithm’s performance.

The results of computational experiments show that the proposed HEA reached all known optimal solutions
for all considered TSCFLP instances, previously obtained by the CPLEX 12.1 solver. On large-scale problem
instances, that could not be solved exactly, the HEA provided solutions in relatively short CPU times. Average
gap and standard deviation through all HEA runs were quite small, which indicates its reliability in producing
optimal or best solutions.

Future work may be directed in hybridizing the proposed HEA with some exact method for the TSCFLP,
in order to obtain optimal solutions on larger problem instances and to give some quality guarantees of the
obtained solutions. There is also possibility to modify the proposed HEA for solving the multi-level variant of
the considered problem, which is another direction for future work.
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Abstract: We consider a generalized Path Traveling Salesman Problem where the distances are defined by
a 2-edge-connected graph metric and a constant number of salesmen have to cover all the destinations by
traveling along paths of minimum total length. We show that for this problem there is a polynomial algorithm
with asymptotic approximation ratio of 3

2 .

Keywords: Combinatorial Optimization, Polynomial Approximation, T-joins, Graphic TSP, Depots

1. INTRODUCTION

The Traveling Salesman Problem is a paradigmatic, extensively studied difficult problem in combinatorial
optimization. In its classic and most general formulation, we are given a complete bidirected graph with a
non-negative integer cost ci j associated to each arc i j, and we seek for a Hamiltonian circuit (or a Hamiltonian
path, in the path version) in the graph, such that the sum of cost of its edges is minimum. Both versions (circuit
and path, denoted MIN TSP and MIN PTSP, respectively) are NP-hard and hard to approximate within constant
ratio (under usual complexity class hypotheses), even if the costs are symmetric [9, 12].

A natural variant of MIN TSP (resp., MIN PTSP ) occurs when the costs induce a metric, ie in the case that,
apart from being symmetric, they satisfy the triangular inequality: ∀i ̸= j ̸= k ̸= i, ci j + c jk ≥ cik.

This problem, denoted MIN ∆TSP (resp., MIN ∆PTSP) remains NP-hard and it is not approximable within
a ratio better than 220/219 unless P = NP [16], while the best approximation ratio known to this day is still 3

2 ,
obtained by the simple algorithm shown in 1976 by N. Christofides[4].

For MIN ∆PTSP Hoogeveen[10] showed in 1991 polynomial approximation algorithms of ratios 3
2 when

there is at most one prespecified path endpoint and 5
3 if both endpoints are given, respectively.

In the last years, the exploration of MIN ∆TSP and its path variant gained anew high interest thanks to some
ground-breaking results for the special case of MIN G TSP ie when the metric is defined through a graph G
(every ci j being defined respectively as the shortest path length between i and j in the graph). In this vein,
Gamarnik et al. [6] have managed to provide a slightly better than Christofides’ ratio ( 3

2 −
5

389 ) for the case
of MIN G TSP on 3edge-connected cubic graphs; their result has been improved to 4

3 and generalized to all
cubic or subcubic (with better ratio of 7

5 ) graphs by Boyd et al. [2]. Mömke and Svensson have revisited the
“spanning tree+parities correcting minimum matching” idea of Christofides, by redesigning in an ingenious
way the matching step, so that the parity of odd degree vertices in the spanning tree can be corrected also by
edge deletions; thus they obtained a ratio of 14(

√
2−1)

12
√

2−13
≈ 1,461 for MIN G TSP and 3−

√
2+ ε ≤ 1,587 for the

path version (with prespecified endpoints) [14]. Mucha gave a refined analysis of their algorithm and showed
that actually it guarantees a ratio of 13

9 [15].
Quite recently, An et al. have improved upon the 5

3 ratio for the path MIN ∆TSP problem where both
endpoints are given; they used randomized rounding of LP values techniques to obtain a ratio of 1+

√
5

2 ≈ 1,625
[1]. Finally, Sebő and Vygen [19] have proved a new approximation algorithm for MIN GTSP (resp., MIN
G PTSP ) on 2-edge connected graphs, with ratio 7

5 (resp., 3
2 ). Their algorithm make use of the techniques

developed by Mömke and Svensson, but they start from a different spanning graph found by an appropriate ear
decomposition of the graph.
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Generalizations to multiple salesmen

MIN k-TSP is a generalization of MIN TSP , in which a minimum cost covering of the graph by k cycles is
sought. Several variants of MIN k-TSP have been studied, though less extensively than the original MIN TSP
problem; see for example [3, 20, 11]. We give below a succinct survey of results related to this topic.

Frieze [5] has been among the first to study a version of MIN k-TSP, in the metric case (denoted MIN
k-∆TSP). He has shown a 3

2 -approximation algorithm for a variant where the objective is to span all vertices by
k non-trivial simple cycles having in common one given vertex, in such a way that the total cost of the cycles
is minimum.

Recently, Xu et al [20] have developed a novel 3
2 -approximation algorithm for the variant of MIN k-∆TSP

where k vertices are given and the objective is to span all vertices by by k non-trivial simple cycles of minimum
total cost, such that every cycle cycle contains one prespecified vertex.

Less is known for the path versions of MIN k-∆TSP (denoted in a similar way by MIN k-∆PTSP ): for the
path version of the Frieze’s problem, ie when all paths have a common prespecified endpoint, Rathinam and
Sengupta [3] have shown a 5

3 -approximation algorithm. For the case where for each of the sought k paths one
endpoint is given, no polynomial approximation algorithm of ratio better than 2 is known: a straightforward
2-approximate algorithm is proved by Rathinam et al. [17]; in the same paper they present a 3

2 approximation
for the special case of k = 2.

In this paper, we study the multiple salesmen path problem when the distances are defined by a graph metric
and no path endpoints are specified; the problem is formally defined in Section 2.. We show that the construction
of a connected T -join by Sebő et Vygen [19] yields directly a 3

2 + o(1)-approximation algorithm for this
problem. The aforementioned result is established especially when the graph is 2-edge-connected.

2. DEFINITIONS AND PRELIMINARIES

This paper deals with indirected simple graphs and multigraphs. As usually, such a graph G will be defined
as an ordered pair (V,E) of its vertex set V and edge set E, respectively; when necessary multigraphs will be
defined accordingly, by the ordered pair of their vertex set and edge list. In particular, the multigraph obtained
by doubling the edges of another simple graph or multigraph G, will be denoted by 2G. |V |, will be denoted
by n if there is no risk of confusion. The size of a path is considered to be the number of edges in it. Let
V ′ ⊆ V (E ′ ⊆ E, respectively). The induced subgraph of G on V ′ (on E ′, respectively)), denoted by G[V ′]
(G[E’], respectively) is (V ′,{{v,u} ∈ E|v,u ∈ V ′}) (({v ∈ V |∃{v,u} ∈ E ′},E ′), respectively). Let G = (V,E)
be a graph (simple or not) and E ′ a part of E. The degree of v ∈V with respect to E ′, denoted by δE ′(v) (when
E ′ = E, simply by δ(v)) is the number of edges in E ′ having v as extremity. A graph G is connected if for any
pair of its vertices v,u there is a path in the graph connecting v et u. G = (V,E) is 2-edge connected if for any
of its edges e, G(V,E r e) remains connected.

T-joins

Let G = (V,E) be a multigraph and T ⊆V . A T -join is a list of edges J contained in E such that ∀v ∈ T, δJ(v)
is odd and ∀v ∈V rT, δJ(v) is pair. The size of a T -join is |J|. Clearly, there can be no T -joins with |T | impair.

It is also clear, that for any T ⊆V of pair size there is a minimum T -join in 2G; moreover it can be computed
in polynomial time [19]. In a similar manner, it is easy to see that if G is connected, for any T ⊆V of pair size
there is a minimum connected T -join in 2G; however finding it is not easy: notice that a minimum connected
/0-join of size n is a Hamiltonian cycle, while an {s, t}-connected join, for some s, t ∈ V , of size n− 1 is a
Hamiltonian s-t path.

In [19], Sebő et al. prove a polynomial algorithm for finding connected T -joins in 2G, where G is 2-edge-
connected, with approximation ratio 3

2 . Their algorithm makes use of ear decomposition techniques and for
the special cases of T = /0, |T | = 2, its ratio becomes 7

5 and 3
2 , respectively, thus yielding the best ratios for a

vast family of instances of MIN G TSP and MIN G PTSP .
As already mentioned, in what follows we rely upon their approach to show approximation ratios for the

k-path MIN ∆TSP problem for metrics given by 2-edge-connected graphs, which is formally defined below.

The problem

The multiple salesmen path problem when the distances are defined by a graph metric (without prespecified
path endpoints), denoted by MIN k-G PTSP is formally defined as follows:
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I Definition 1. [MIN k-G PTSP] Let G = (V,E) be a connected graph. Find k paths spanning all vertices of G
with the least possible total number of edges.

Notice that, since paths need not to be simple, there is always a solution of size ≤ 2(n− k), that can be
found for example by cutting into k paths an Eulerian cycle in a partial multi-graph of 2G.

Rigorously speaking, MIN k-G PTSP is rather a family of problems, as k is a positive integer constant
independent of the input, but we will slightly abuse terms, referring to it as a single problem whenever there is
no risk of confusion. It is easy to see that MIN k-GPTSP is NP-hard.

Indeed, for any G and k, we can decide HAMILTONIAN PATH(G), simply by checking whether MIN
k-G PTSP(G′) for the given k has a solution of size nk+k+1, for a suitably defined, G-dependent G′ which is
built in polynomial time as follows:

- Take k copies of G, denoted G1, . . . ,Gk, respectively;
- add to each Gi vertices si,xi,ui, ti and the edges {si,xi},{yi, ti},

{{xi,v},{yi,v}|v ∈V (Gi)}
- add a hub vertex h and the edges {{si,h},{ti,h}|1 ≤ i ≤ k}

It is straightforward to see that if G is Hamiltonian, then MIN k-G PTSP(G′) for k paths has a solution of
size nk+ k+ 1, consisting of the Hamiltonian path on each Gi extended from each endpoint to cover si and ti
and for G1 extended further from, say s1 to h. The inverse direction also holds: if there is a solution P1, . . . ,Pk
of size nk+ k+ 1 for MIN k-G PTSP(G′), then the Pis have to be simple and disjoint since they have to span
nk+2k+1 vertices in total. Call a path P exclusive if ∃i : V (P)⊆V (Gi)∪{si, ti}. By the construction a non-
exclusive path must contain h, hence there will be exactly one such path; if it does not cover entirely any Gi,
then k−1 exclusive paths have to cover V (G1), . . . ,V (Gk), which is impossible by the pigeonhole principle.

Thus the following proposition holds:
I Proposition 1. MIN k-G PTSP is NP-hard.

Up to slight modifications of the construction of G′, the above proof can also be used to show the NP-
hardness of MIN k-G PTSP even in the case where the sought paths have one or both of their endpoints fixed.

3. THE ALGORITHM

I Lemma 1. Let opt(G) be an optimal solution of MIN k-G PTSP for some connected G. Then there is a
connected T -join in 2G of size ≤ |opt(G)|+2(k−1)

Proof. Let opt(G) = {P1,P2, ...,Pk}. Let us consider the multigraph P = P1 +P2 + ...+Pk with vertex set the
union of the vertex sets of the Pis and edge list the concatenation of their respective edge lists. Let C1,C2, ...,Pl
(l ≤ k) be the connected components of P.

The connectedness of G implies that there are l-1 edges e1,e2, ...,el−1 in E that make P1+P2+ ...+Pk+e1+
e2, ...+el connected. Apart from being connected, in the multigraph G′ =P1+P2+ ...+Pk+2e1+2e2+ ..+2el
where 2ei is a duplicate copy of ei every vertex has the same degree parity as in P. It is also easy to see that in
P (hence, in G′) there are at most 2k vertices of odd degree: it is

∀v ∈V (G), δE(P)(v) =
k

∑
1

δE(Pi)(v)⇒

δE(P)(v) mod 2 =
k

∑
1

{
δE(Pi)(v) mod 2

}
mod 2 ≤

k

∑
1

{
δE(Pi)(v) mod 2

}
⇒

∑
v∈V

{
δE(P)(v) mod 2

}
≤ ∑

v∈V

(
k

∑
1

{
δE(Pi)(v) mod 2

})
= 2k

Let now G
′′

be a partial subgraph of G’ obtained in the following manner:
for each multiedge of odd arity, leave a single copy and for each edge of even arity leave 2 copies. Then

G
′′
= (V,J) is a connected partial multigraph of 2G and at most |

∪k
i=1{si, ti}| are of impair degree with respect

to J. It is straightforward to see that this edge-copies merging cannot alter the degree parities of the vertices in
G

′′
with respect to the ones in G′. Hence G

′′
is a connected T -join in 2G for some T with |T | ≤ 2k and its size

is ≤ |opt(G)|+2l ≤ |opt(G)|+2(k−1) J

The algorithm consists of the following steps:
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1. Compute, using ear decomposition of G and edge completion as described in [19], a 3
2 -approximation of

a minimum cost connected T -join for all
(

n
0

)
,

(
n
2

)
, . . . ,

(
n
2k

)
possible T ⊂V .

2. Find an eulerian k path-traversal for each T -join (this can be done simply, for example by adding a hub
vertex connected to all vertices of T and by computing an Eulerian tour in the resulting graph; removing
the occurences of the hub and further cutting if necessary, will give a solution of k paths corresponding
to each join).

3. Return the best solution among the ones computed in Step 2.
k being a constant, this can be done in polynomial time. Moreover, the following theorem holds:

I Theorem 2. [19] Given a 2-edge-connected graph T ⊆ V, |T | = 2k with k constant, a connected T -join of
cost 3

2 of the optimal can be found in 2G in polynomial time.

Thus, we can prove the following:

I Theorem 3. There is a polynomial 3
2 +o(1)-approximation algorithm for MIN k-G PTSP on 2-edge-connected

graphs.

Proof. Let τ(T,G) be the size of a T -join computed by the algorithm as in [19]. By Lemma 1, there is a
T ∗, |T ∗| ≤ 2k such that there is a connected T ∗-join of size σ(T ∗,G)≤ opt(G)+2(k−1). By the construction,
the above algorithm will always return a solution s of total cost less than or equal to τ(T ∗,G) which by Theorem
2 is less than or equal to 3

2 σ(T ∗,G). Thus, cost(s)≤ 3
2 σ(T ∗,G)≤ 3

2 (opt(G)+2(k−1))⇒ cost(s)≤ 3
2 opt(G)+

O(1). J

4. DISCUSSION

We conjecture that a similar result can be established for the case where the paths have to start from given
vertices. The problem where both endpoints are prespecified for each path seems to be even more difficult.
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Abstract: We present the results of theoretical research of the generalized Hypercylindrical function HY) by 
generalizing two known functions related to the sphere hypersurface and hypervolume and the recurrent 
relation between them. By introducing two-dimensional degrees of freedom k  and n  (and the third, radius 
r ), we develop the derivative functions for all three arguments, and the possibilities of their use. The 
symbolical evolution, numerical experiment and graphical presentation of functions are realized using the 
Mathcad Professional and Mathematica softwares. 

Keywords: Optimization, geometric hypercylindric function, special functions. 

1. INTRODUCTION 
The hypercylindrical function (HY) is a hypothetical function related to multidimensional space and 
generalization of the cylinder geometry. This function is primarily formed on the basis of the interpolating 
power of the gamma function. It belongs to the group of special functions, so its testing, besides gamma, is 
performed on the basis of the related functions, such as Γ -gamma, ψ -psi, B -beta, erf, and so forth. Its most 
significant value is in its generalizing from discrete to continuous Hocking and Young 1988. In addition, we 
move from the field of natural integers of the geometry sphere dimensions-degrees of freedom, to the set of 
real and nonintegral values, thus we obtain the prerequisites for a more concise analysis of this function. In 
this paper the analysis is focused on the infinitesimal calculus application of the hypercylindrical function 
that is given in its generalized form. For the development of hypercylindrical and other functions of the 
multidimensional objects, see: Neville (1921), Sloane (), Sommerville (1958), Rucker (1984), Weels (1986), 
Conway (1993), Hinton (1993), Zafindratafa (1996), Maunder (1997), Collins (2004), Lee and Kim (2007), 
Letić et al. (2007), Sun and Bowman (2009), Cakić et al. (2010), Letić et al. (2010), Manning (2010), Letić 
et al. (2011) and others.  
 
2. THE HYPERCYLINDRICAL FUNCTIONS OF A DERIVATIVE 
 
2.1. The hypercylindrical functional matrix            
 
The former results, as it is known (Letić and Davidović, 2011), give the functions of the hypercylindrical 
surface ( 2=n ), and volume ( 3=n ) therefore, we have 
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In general, we have 
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Thus, we give the definition (1) of the hypercylindrical function (Letić, 2010). 
 

Definition 1. The hypercylindrical function with two degrees of freedom k  and n  is defined as 
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This is a function of three variables and two degrees of freedom k  and n  and the radius of the 
hypercylinder r . In real cylinder entities (Figure 1) such as, size or surface of the square; then,  surface and 
volume of the cylinder, only the variable r  exists. By keeping the property that the derivatives on the radius 
r generate new functions (the HY matrix columns), we perform “movements” to lower or higher degrees of 
freedom, from the starting nth, on the basis of the following recurrent relations: 
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This property is fundamental and hypothetically also holds also for objects out of this submatrix of six 
elements (Figures 1 and 2). The derivation example (right) shows that, we have obtained the zeroth ( 0=n ) 
degree of freedom, if we perform the derivation of the nth degree. With the defined value of the derivative, 
the HY function is also valid in the complex domain of the hypercylindrical matrix. Namely, the following 
expressions hold: 

),0,(),,( rkHYrnkHY
r n

n

=
∂
∂          or        ),,(),,(2

2

rnkHYrnkHY
r n

n

−=
∂
∂ .      (2.5) 

 
operations solid column

n

k

3=k

2=k

1=k

3=n2=n

surf column

2

24r
dr

d
⇐

32 r
dr

d π⇐

r
dr

d 2⇐

r2

r8 24r

32 rπ26 rπ

 
Figure 1: Moving through the vector of real surfaces left: by deducting one degree of freedom k of the 

surface cylinder, we obtain square size, and for two (degrees) we obtain the point 2. Moving through the 
vector of real solids (right column), that is, by deduction of one degree of freedom k from the solid cylinder, 

we get full square, and for two (degrees), we get the line segment or diameter.  
 

On the basis of the general hypercylindrical function we obtain the appropriate matrix kxnM  ( ℜ∈nk, ), 
where we also give the concrete values for the selected submatrix 9x9.  
For example if 3=n  and Nk ∈ , we obtain the following relation (for 4,0=k ) 
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The matrix [ ] kxnM  has the property that every vector of the nth column is a derivative with respect to the 
radius of the next vector in the sequence according to Figure 2. This recursion property originates from the 
starting assumptions (2.1). Therefore, we have the following theorem. 
 
Theorem 1. For the columns of the matrix kxnM ][ , the following equality holds: 
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For example, for two adjacent columns of the matrix [ ] >−< 1nM  and [ ] ><nM , one obtains the recurrent vectors 
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We obtain interesting results on the basis of horizontal ( n ) or vertical ( k ) degrees of freedom. Therefore, 
we obtain the following: 
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Consequently, this property is fundamental, because it leads to the same result on the basis of two special 
formulas, or using only one general. 

2.2. The analysis of the recurrent potential function of the type zυ  

The hypercylindrical function, besides the gamma functions also contains the potential component 3−+nkr . 
The generalized equation of the hth derivative of the graded expression υz  is: 
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Namely, it is known that the exponent with the basis of the HY function radius is 3−+= nkυ . Now the m-
th derivative of the hypercylindrical function with respect to the radius is defined by the relation 
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Figure 2: The submatrix ),,( rnkHY  of the function for 4,3,4 K−−∈k  and 7,0,1 K−∈n  with six 
highlighted characteristic functions (undef. are undefined values, predominately singular ∞±  of this 

function value)  
 

Therefore, using (2.10), the partial derivative in that case is 
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After some transforming, we obtain the form: 
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Using the know )()1( zzz Γ=+Γ , we have the following theorem. 
 

Theorem 2. The m-th derivative of the hypercylindrical function with respect to the radius r  is 
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The above equation (2.14) is recurrent by nature, and with it we obtain every derivative (for m+ ) and 
integral (for m− ), depending on what position ( n ) we want to perform these operations. That way we can 
define and, in appropriate cases, use a unique operator that unites the operations of differentiating and 
integrating with respect the radius of the HY function. 
 
Definition 2. The unique operator that unites the operations of differentiating and integrating with respect to 
the radius of the hypercylindrical function is given by: 
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where Dr ≡∂∂ / . Symbolically, the integrating (more exactly, the operator mm r −− ∂∂ / ) can be written in the 
form 
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Because of the known characteristics of the gamma function, the value of the differential or integral 
degree m, does not have to be an integer, as e.g. with classical differentiating (integrating). 

2.3. The gradient of the hypercylindrical function 
Taking into consideration its differentiability and multidimensionality, we can apply the gradient on the 
hypercylindrical function. As this function has three variables k , n  and r , we obtain the solution of 
gradient functions rnk ,,∇   in the following form: 
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where )(ln)/()(0 zdzdz Γ=ψ  is digamma function. This function has a special use in determining the 
extreme values of the contour HY functions. 
 
 
2.4. The contour graphics of the derivatives of the hypercylindrical functions 
 
The derivative functions { }HYdkdHYhy k∇== /1  and { }HYdndHYyh n∇== /1 , also belong to the family 
of the hypercylindrical functions. According to the degrees of freedom k  and n , we can split them into two 
groups of functions. 

 
Definition 3. The function of the first derivative with respect to the degree of freedom k  is 
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The functions ),,(1 rnkhy  has a special use in determining the maximum of the hypercylindrical functions, 
for example, for a unit radius and the domain ℜ∈k  (Figure 3). Here, on the basis of the known criteria, for 
each member of the derivative functions family we determine the maximum of the HY function by equaling 
its derivative with zero. Other than the maximum, there is the “optimal“ value 0k . Consequently: 
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Figure 3: The parallel presentation of the original hypercylindrical functions (for 2=n  and 3=n ) of the 
unit radius, and corresponding functions of their first derivatives for 2525 ≤≤− k  

 
Example 1. For the volume hypercylindrical function with the radius 1=r , the derivative function is after 
transforming: 
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where kH  and 2/kH  are harmonious numbers, and γ -Euler-Mascheroni constant. These numbers are 
formed in view of the sums (Letić et al. 2010). 

The graphical representation of the original )1,3,(kHY  and its derivative are given in Figure 4. 
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Figure 4: The contour function of the hypercylindrical solid )1,,3( nHY  with the maximum value 
HYmax  and optimal degree of freedom 0k  (for 255 ≤≤− k ) 
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2.5. The extreme values of the hy function from the degree of freedom k point of view 
  
On the basis of the above expressions, we define the greatest volume for the “optimal“ dimension 0k . We 
find that 55553.100 ≈k , and the corresponding volume is 25694.6)1,3,()1,3,(max 0 ≈= kHYkHY . For other 
hypercylindrical functions we can also determine the maximum values on the numerical bases (Table 1). 
However, for the degrees of freedom 6≥n , the maximum is a function of its factorial. 
 
Table 1: Dimensions and maximum values  

Dimension n  Dimension 0k  HYmax  Error ε 

0 11.286276202249482 5064.6631778820665 ~ 0 

1 9.700421168630697 595.7111414922674 ~ 0 

2 8.037756834625563 75.60043249931557 ~ 0 

3 6.256946404860574 10.555536042226773 –4.688.10–15 

4 4.256946404860574 1.679965738105055 ~ 0 

5 1.506537984190258 0.335729004748375 ~ 0 

6 0 1/3π 0 

M  M  M  M  

n  0 )!3(/2 −nπ  0 

 
On the following surface 3D graphic )1,,( nkHY  (Figure 5) we notice the extreme, that is, the maximum 

value of this function with the 0th  freedom degree 0=n , which is a global maximum in the domain 
Nnk ∈,  as well. 

 

HY

)1,,(max nkHY

),( 00 nk

 
Figure 5: The graphic of the hypercylindrical function with the constant radius 1=r  and for the degrees 

of freedom 60 ≤< n  and 250 ≤< k (Letić et al. 2007). 
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2.6. The extreme values of the HY function from the degree of freedom n point of view 
 
Definition 4. The function of the first derivate with respect to the degree of freedom n , is 
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rnkyh ψ .                                (2.21) 

The function ),,(1 rnkyh  is in fact the general solution of the HY function of the degree of freedom n . On 
the basis of the known differentiating procedure, besides the local maximum of the contour HY functions, we 
obtain the corresponding optimal values 0n  as well. Consequently 
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 ),,(),,(max 0 rnkHYrnkHY =⇒   0n∧ .                (2.22)  

These functions can have a significant role with further research of hypercylindrical functions. By 
calculating the extreme and optimal values of the HY function, we obtain Table 2. 
 
Table 2: Optimal and maximum values 

Dimension k  Optimal dimension n  maxHY Error ε 

0 3.46163214496833 0.718854421918682 2.362.10–14 

1 2.46163214496833 2.258347770900287 6.816.10–14 

2 1.46163214496833 9.033391083601138 1.786.10–14 

3 0.46163214496833 42.56885259786723 1.191.10–14 

4 0 06192983.20164 ≈π   0 

M  M  M  M  

11 0 95049.32479
2

33 5 ≈π  0 

12 0 14974.03424
63

1024 5 ≈π  0 

13 0 274582.62182
30

143 6 ≈π  0 

M  M  M  M  

∞  0 0)1,0,(lim =
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kHY
k

 0 

 
We can conclude that the following optimal degrees of freedom 0n  and 0k  
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generate a global value maximum of the hypercylindrical function, taking only the domain of the natural 
numbers ( Nnk ∈, ). 

As in the previous analysis we determine the value of 0k , the optimal vector is (Figure 5) 
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The graphical representation of the original )1,,3( nHY  and its derivate are given Figure 6. 
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Figure 6: The contour function of the hypersolid )1,,3( nHY  with the local maximum 
42.56885max ≈HY  and the optimal degree of freedom 4616.00 ≈n , for Nk ∈  

 

3. CONCLUSION 
Generally, the hypercylindricall function of the m-th derivative on the argument n can be defined on the basis 
of the product for poligamma (psi) of the polynominal of the m-th  degree and the hypercylinder function. 
The considered analysis of the multidimensional object-cylinder and the formula of this geometry leads to 
the conclusion of its complexity and the connection with special functions and the other geometry fields. 
Particular questions for which have not been given the answers in the paper, relate to the rational and general 
forms of the derivative on two freedom degrees. Today the researches of the hypercylindrical function are 
represented both in Euclid’s and Riemann’s geometry: molecular dynamics, neural networks, 
hypercylindrical black holes, etc. 
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Abstract:  In this paper we consider some special characteristics of distances between vertices in the n-
dimensional hypercube graph nQ  and, as a consequence, the corresponding symmetry properties of its 
resolving sets. It is illustrated how these properties can be implemented within a simple greedy heuristic in 
order to find efficiently an upper bound of the so called metric dimension ( )nQβ  of nQ , i.e. the minimal 

cardinality of a resolving set in nQ . This heuristic was applied to generate upper bounds of ( )nQβ  for n up 

to 22, which are for 18n ≥  better than the existing ones. 

Keywords: Graph theory, metric dimension, hypercubes. 

1. INTRODUCTION 
A resolving set of a simple connected undirected graph ( , )G V E=  can be formally defined in the following 
way: Let ( , )d u v  be the distance between vertices u and v in G, i.e. the number of edges in a shortest u-v 

path. A vertex x of G resolves two vertices u and v of G if ( , ) ( , )d x u d x v≠ . An ordered set 

{ }1 2, ,..., kS s s s V= ⊆  is a resolving set of graph G if every two distinct vertices of G are resolved by some 

vertex from S. For a given vertex t, the k-tuple ( )1 2( , ) ( , , ( , ),..., ( , ))kd t S d t s d t s d t s=  is called the vector of 

metric coordinates of t with respect to S. Obviously, S is a resolving set of G if and only if for every two 
distinct vertices u and v of G ( , ) ( , )d u S d v S≠ . The metric basis of G is a resolving set of G with the 
minimal cardinality, while the metric dimension ( )Gβ  of G is the cardinality of its metric basis. 

The problem of finding the metric dimension of a graph (denoted by MDP) is introduced independently 
by Slater (1975) and Harary and Melter (1976), and it was proved that for an arbitrary graph the problem is 
NP-hard (Khuller et al., 1996). A large number of papers has been devoted to the MDP - most of them 
investigate theoretical properties of the metric dimension (a recent survey can be found in (Bailey& 
Cameron, 2011) and (Mladenović et al., 2012)), and only few papers develop metaheuristic approaches to 
find its upper bounds (genetic algorithms (Kratica et al., 2009), variable neighbourhood search algorithm 
(Mladenović et al., 2012)). The MDP can be applied to many real-life problems arise in diverse areas, such 
as telecommunication, the robot navigation, chemistry (see short survey in (Mladenović et al., 2012)). 

For some simple classes of graph G its metric dimension ( )Gβ  can be easily determined explicitly. For 
example, path has ( ) 1Gβ = , cycle has ( ) 2Gβ = , the complete graph with n vertices has ( ) 1G nβ = − . 
But, there are some important classes of graphs, such as hypercubes, Hamming graphs or general Petersen 
graphs, where finding the metric dimension is still an open problem.  

In this paper we consider the class of hypercubes which can be defined as follows: The n-dimensional 
hypercube ,nQ n N∈ , is the graph whose vertices are all n-dimensional binary vectors and two vertices are 
adjacent if they differ in exactly one coordinate (see Figure 1). The distance between two vertices in 

nQ represents the total number of coordinates in which these vertices differ. Hypercube nQ  has 2n  
vertices and 12nn −⋅  edges. For example, hypercube 4Q  has 16 vertices (0,0,…,0), (0,0,0,1), (0,0,1,0),…, 
(1,1,1,1) (see Figure 3). Vertex (0,1,1,0) is adjacent to vertices (1,1,1,0), (0,1,1,1), (0,0,1,0) and (0,1,0,0). 
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Figure 1: Hypercubes 1Q , 2Q and 3Q  

 
The problem of finding the metric dimension of nQ  is still open, even for small values of n. Namely, 

exact values of ( )nQβ  are only known for 8n ≤  and they have been determined by an exhaustive computer 
search in (Caceres et al., 2007): 2( ) 2Qβ = , 3( ) 3Qβ = , 4( ) 4Qβ = , 5( ) 4Qβ = , 6( ) 5Qβ = , 7( ) 6Qβ = , 

8( ) 6Qβ = . 
Also, several theoretical upper bounds of ( )nQβ  have been proven until now:  

( ) 5nQ nβ ≤ −  for  15n ≥  (Caceres et al., 2007) (1) 

( ) 6nQ nβ ≤ −  for  15n ≥  (Mladenović et al., 2012) (2) 

12( ) 2k

k

k
Qβ −⋅

≤  for  1k ≥  (Kabatianski et al., 2000) (3) 

 Let us mention that the upper bound (3) was theoretically derived from the fact that for 12kn k −= ⋅  the 
problem of finding the metric dimension of hypercubes 12kk

Q −⋅
 can be connected with the coin weighing 

problem.  
The best known upper bounds of ( )nQβ  for 9 17n≤ ≤  (see (Caceres et al., 2007), (Kratica et al., 2009), 

(Mladenović et al., 2012)) have the following values: 

 9( ) 7Qβ ≤ , 10( ) 7Qβ ≤ , 11( ) 8Qβ ≤ , 12( ) 8Qβ ≤ , 13( ) 8Qβ ≤ , 

14( ) 9Qβ ≤ , 15( ) 9Qβ ≤ , 16( ) 10Qβ ≤ , 17( ) 10Qβ ≤ . (4) 

All these values have been generated by the Variable neighbourhood search (VNS) algorithm from 
(Mladenović et al., 2012), while the Genetic algorithm (GA) from (Kratica et al., 2009) have reached only 
values for 11,12,14n = . Although both VNS and GA algorithms have used the special structure of 
hypercubes, the maximal hypercube dimension to which they were applied was 17n = . Namely, for larger 
dimensions the algorithms could not overcome the memory space problems caused by the enormous number 
of vertices in hypercubes (for example, hypercube 18Q  has 262144 vertices!).  

However, in (Kratica et al., 2009b) upper bounds of ( )nQβ  for 18 90n≤ ≤  were calculated, not directly, 
but within a dynamic programming procedure which starts from exact values ( )nQβ  for 1 8n≤ ≤  , and uses 
some theoretical upper bounds based on the so called minimal doubly resolving sets of graphs. For example, 
the best known upper bounds of ( )nQβ  for 18 22n≤ ≤  are:  

18( ) 12Qβ ≤ , 19( ) 13Qβ ≤ , 20( ) 13Qβ ≤ , 21( ) 14Qβ ≤ , 22( ) 15Qβ ≤ . (5) 

The paper is organized as follows: In Section 2 we theoretically prove some symmetry properties of 
resolving sets in hypercubes, while Section 3 explains how these properties can be applied to MDP on 
hypercubes in order to reduce both the size of the feasible solution set and the process of checking the 
resolving condition. A simple greedy heuristic, based on these reductions, is described in Section 4. It 
succeeded to overcome the memory space problems and to find upper bounds for ( )nQβ , 18 22n≤ ≤  , 
which are better than (5). 
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2. SYMMETRY PROPERTIES OF RESOLVING SETS IN HYPERCUBES 

Let x be a vertex from ( )nV Q  and let x* denote the opposite vertex, i.e. such a vertex from ( )nV Q  for 
which ( , *)d x x n= , i.e. vertices x and x* differ in all coordinates. For example, for (0,1,1,0,1)x =  the 
opposite vertex has the form * (1,0,0,1,0)x = .  

Distances between vertices in ( ( ), ( ))n n nQ V Q E Q=  have the following two simple characteristics: 

( , *)d x x n=   (6) 

( , ) ( *, )d x u d x u n+ =   (7) 

Now we prove several symmetry properties of resolving sets in nQ . 
 

Lemma 1:  If vertex x resolves vertices u and v from ( )nV Q , then x* also resolves vertices u and v. 
 
Proof: From (7) follows: ( *, ) ( , ) ( , ) ( *, )d x u n d x u n d x v d x v= − ≠ − = .   
 

Lemma 2:  If S is a metric basis of nQ  and x S∈ , then *x S∉ . 
 

Proof: Let , *x x S∈ . According to Lemma 1, x* resolve the same pairs of vertices as vertex x, and then 
{ }\ *S x  would be also a resolving set. But it is not possible as S is a resolving set with the minimal 

cardinality.   
 

Lemma 3:  If S is a resolving set of nQ  and x S∈ , then { } { }\ *S x xU  is also a resolving set of nQ . 
 

Proof: It follows from Lemma 1 according to which x and x* resolve the same pairs of vertices.   
 

The following theorems are consequences of Lemmas 1-3. 
 

Theorem 1:  If { }1,2,...,i n∈  is an arbitrary position, then there is a metric basis S of nQ  such that all 
vertices from S have zero at position i. 
 

Proof: Let 'S  be a metric basis of nQ  in which exist vertices x that have one at position i. Vertices x* have 
zero at position i and, according to Lemma 2, * 'x S∉ , while, due to Lemma 3, set { } { }\ *S x xU  is also a 
metric basis in nQ . Therefore, if we replace all such vertices x with x* in 'S , we obtain a metric basis S 
where all vertices have zero at position i.   
 

Let iV  , 0,1,...,i n= , denote the set of all vertices from nQ  with the number of ones equal to i.  
 

Theorem 2:  There is a metric basis S of nQ  such that 
[ / 2]

0

n

i
i

S V
=

⊆ U . 

Proof: Let 'S  be a metric basis of nQ  in which exists a vertex x such that 
[ / 2]

0

n

i
i

x V
=

∉ U , i.e. there is a number 

j , [ / 2]n j n< ≤ , for which jx V∈ . Then, obviously 
[ / 2]

0

*
n

n j i
i

x V V−
=

∈ ⊂ U  and, according to Lemma 2, * 'x S∉ . 

Therefore, due to Lemma 3, set { } { }\ *S x xU  is also a metric basis in nQ . It means that we can replace all 

vertices x from 'S  which are not in set 
[ / 2]

0

n

i
i

V
=
U  with the corresponding vertices x* from this set and find in 

that way a metric basis 
[ / 2]

0

n

i
i

S V
=

⊆ U .   
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Remark 1: In the case when n is even, for every / 2nx V∈  vertex x* also belongs to / 2nV  and, according to 
Lemma 2, only one of these two vertices can belong to a metric basis S from Theorem 2. Therefore, set 

/ 2

0

n

i
i

V
=
U  can be reduced by removing one of vertices for each pair / 2, * nx x V∈ . 

 

 Let x be a vertex from ( )nV Q , { }1,2,...,I n⊆ , and let Ix  denote a vertex from ( )nV Q  obtained from x 

by changing its coordinates at all positions from I. For example, for (0,1,1,0,1)x =  and { }1,3I =  we have 
(1,1,0,0,1)Ix = . It is obvious that ( )I Ix x= .  

 Distances between vertices in ( ( ), ( ))n n nQ V Q E Q=  have the following simple characteristic: 

( , ) ( , )I Id x y d x y=  (8) 

Lemma 4:  If vertex x resolves vertices u and v from ( )nV Q , then Ix  resolves vertices Iu  and Iv . 
 

Proof: From (8) follows: ( , ) ( , ) ( , ) ( , )I I I Id x u d x u d x v d x v= ≠ = .   
 

Lemma 5:  If S is a resolving set of nQ  and { }1,2,...,I n⊆  then set { }I IS x x S= ∈  is also a resolving set 

of nQ . 
  

Proof: As S is a resolving set, then for each pair , ( )nu v V Q∈  there exists an x S∈  which resolves Iu  and 

Iv . But then, according to Lemma 4, I Ix S∈  resolves u  and v  and, therefore, IS  is also a resolving set.   
 

The following theorem are consequences of Lemma 5. 
 

Theorem 3:  There is a metric basis S of nQ  such that (0,0,...,0) S∈ . 
 

Proof: Let T  be a metric basis of nQ  which does not contain (0,0,…,0), x  be a vertex from T  and I be the 
set of all positions where x has the coordinate one. Then, according to Lemma 5, set IS T=  is also a metric 
basis of nQ . As, obviously, (0,0,...,0)Ix =  and Ix S∈ , the theorem is proved.   
 

Finally, the next theorem defines some sufficient conditions for the resolving set property. 
 

Theorem 4:  If S is a subset of ( )nV Q  such that (0,0,...,0) S∈ , then S is a resolving set of nQ  if and only 
if S resolves every two distinct vertices [ / 2], nu v V∈ . 
 
Proof: We give the proof for the nontrivial direction: if (0,0,...,0) S∈  and S resolves every two distinct 
vertices [ / 2], nu v V∈ , then S is a resolving set of nQ . As set S contains (0,0,…,0), then this vertex resolves all 

pairs , ( )nu v V Q∈ , where , ,i ju V v V i j∈ ∈ ≠ . Therefore, it is enough to show that for every pair 
, , , 0iu v V u v i n∈ ≠ < < , there exists a vertex x S∈  which resolves u and v. Under the assumption, for 

[ / 2]i n=  such a vertex always exists. For [ / 2]i n≠ , we recognise the following two cases: 
Case 1: 0 [ / 2]i n< < . Let { }1,2,...,P n⊂  be a set of all positions where both vertices u and v have the 

coordinate zero. Obviously, 2 [ / 2] [ / 2]P n i n n i n i≥ − > − − ≥ − . Therefore, for a subset I P⊂  of any 
[ / 2]n i−  positions from P, we consider vertices [ / 2],I I nu v V∈  (which are obtained when in vertices u and v 
we change zeros to ones at all positions from I ). By assumption, there is a vertex x S∈  which resolves Iu  
and Iv . If 1n  and 0n  denote the total number of ones and zeros in x at positions from I , then 

1 0( , ) ( , ) ( , ) ( , )I Id x u d x u d x v d x v n n− = − = − , which implies ( , ) ( , ) ( , ) ( , ) 0I Id x u d x v d x u d x v− = − ≠ . It 
follows that x also resolves vertices u and v. 
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Case 2: [ / 2]n i n< < . For , iu v V∈  we have *, * n iu v V −∈ , where [ / 2]n i n− ≤ . According to assumption 
and Case 1, there is a vertex x S∈  which resolves u* and v*. From (7), it follows 

( , ) ( , *) ( , *) ( , )d x u n d x u n d x v d x v= − ≠ − =  and x also resolves vertices u and v.   

3. REDUCTIONS IN THE METRIC DIMENSION PROBLEM 
The symmetry properties, proved in Section 2, could be used to reduce both the size of the feasible solution 
set and the complexity of the resolving condition checking in a procedure for finding the metric dimension of 
hypercubes.  
 Namely, during the search process such a procedure could generate only resolving sets of nQ  which 

contain vertex (0,0,…,0) (Theorem 3), and whose all vertices belong to set 
[ / 2]

0

n

i
i

V
=
U  (Theorem 2). It is easy to 

see that, in this way, the total number of vertex candidates for a metric basis of nQ  would be reduced two 

times. Really, for odd n the cardinality of set 
[ / 2]

0

n

i
i

V
=
U  is obviously equal to 12n−

 (see 3Q  on Figure 2). If n is 

even, then the cardinality of this set is 1 12 / 22
n n

n
− ⎛ ⎞+ ⋅ ⎜ ⎟

⎝ ⎠
. But, according to Remark 1, 

1
/ 22
n

n
⎛ ⎞⋅ ⎜ ⎟
⎝ ⎠

 vertices 

can be removed from / 2nV , for example all vertices which have zero as the first coordinate (see vertices of 

4Q  on Figure 3), and the number of vertex candidates for a metric basis is again reduced to 12n− . 

 
Figure 2: Vertex candidates for a metric basis of 3Q  

 

 
Figure 3: Vertex candidates for a metric basis of 4Q  
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 According to Theorem 1, a procedure for finding the metric dimension of nQ  could alternatively generate 
resolving sets containing (0,0,…,0), whose all vertices have zero at a certain position. In this case the total 
number of vertex candidates for a metric basis would be also 12n− . 
 Theorem 4 could reduce the complexity of checking whether a set S of vertices is a resolving set or not. 
Namely, in order to prove it, it is sufficient to consider only pairs of vertices from [ / 2]nV  and try to find 
vertices from S which resolve them. 

4. SPECIAL HEURISTIC 
In order to investigate the efficiency of reductions, described in Section 3, we implement them within a 
simple constructive “greedy” heuristic for finding an upper bound of the metric dimension ( )nQβ  of nQ . 
The heuristic generates only one resolving set S whose all vertices belong to the set V* of vertex candidates 
for a metric basis, defined by either Theorem 1 or Theorem 2 and Remark 1. The heuristic has the following 
steps: 
 
Input:  ( , 2)n n n∈ ≥ ; 
Initialization step:  { }(0,0,...,0)S = , * \{(0,0,...,0)}X V= ; 
 

Iteration step („greedy“ approach):  In the set X find a vertex x which resolves the maximal number of such 
pairs of vertices from [ / 2]nV  which are not resolved by vertices from S ; { }S S x= U , { }\X X x= ; 

Stopping criterion:  All pairs of vertices from [ / 2]nV  are resolved by vertices from S.  

Output:  S is an resolving set of nQ  and number S  is an upper bound of ( )nQβ . 
 
 The appropriate program have been written in C++ and applied to nQ  for n up to 22. All numerical 
experiments were performed on a Intel(R) Core(TM)2 Duo CPU E8400 @ 3.00 GHz with 4 GB of RAM. 
The obtained upper bounds of ( )nQβ  are presented in Table 1, together with values of the best existing 
upper bounds. 
 
Table 1: The upper bounds for ( )nQβ  

n 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 
Heuristic 2 3 4 4 5 6 6 7 7 8 8 8 9 10 10 10 11 11 12 12 13 
The best 2 3 4 4 5 6 6 7 7 8 8 8 9 9 10 10 12 13 13 14 15 

 
 For 2 8n≤ ≤  the heuristic generated already known exact values of ( )nQβ , while for 9 17n≤ ≤  
generated upper bounds are equal to the best existing ones (obtained by the VNS algorithm), except in the 
case 15n = . For 18 22n≤ ≤  the heuristic succeeded to overcome the memory space requirements (which 
VNS and GA algorithms have not overcome) and to find upper bounds better than the best existing ones 
(obtained by the dynamic programming approach). For n greater than 22, the heuristic failed because of the 
memory space problems. 

5. CONCLUSION  

In this paper we proved some symmetry properties of resolving sets in hypercube nQ  and illustrated how 
they can be used to reduce the complexity of a procedure for finding its metric dimension ( )nQβ . Such a 
reduction was implemented within a simple constructive greedy heuristic which succeeded to find upper 
bounds of ( )nQβ  for higher values of dimension n, for which VNS and GA algorithms, developed for an 
arbitrary graph, failed. 
 A future research could include further investigations how proved symmetry properties can be applied 
within metaheuristics designed especially for the metric dimension problem on hypercubes, as well as within 
mathematical programming models used to find exact solutions of this problem on smaller dimensional 
hypercubes. 
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Abstract: Concerning engineers, project management is a crucial field of research and development. Projects
of high uncertainty and scale are characterized by risk, primarily related to their completion time. Thus,
safe duration estimations, throughout the planning of project management schedules is a key objective for
project managers. However, traditional linear approaches fail to include and sufficiently serve the dynamic
nature of activities’ duration. On this ground, attention should be paid on designing and implementing
methodologies that approximate the duration of the activities during the phase of planning and scheduling too.
Grey analysis mathematical modeling seems to gain ground, since it gradually becomes a well-adapted and
up-to-date technique for numerous scientific sectors. This paper examines the contribution of the logic behind
the aforementioned analysis, aiming to predict possible future divergences of task durations in construction
projects. Based on time observations of critical instances, a conceptual method is developed, for making
duration estimations and communicating deviations from the original schedule, in a way that approximations
will fit reality better. The whole procedure endeavors to investigate the decrease of uncertainty, regarding project
completion time and reduce, up to a scale, a possibe inaccurate estimation of a project manager. The utmost
effort is about exploiting gained experience and eliminating the "hedgehog syndrome". This is attainable by
designing a reliable, easily updated and readable information system. An enlightening example is to be found in
the last section.

Keywords: Grey Analysis, Information System, Project Management, Technical Constructions, Uncertainty

1. INTRODUCTION

It is apparent that project management is the core business process and competency, for which project managers
(PM) create and monitor project schedules. Probabilistic approaches were primarily used to bridge the gap
between conflicting issues, such as cost, time and uncertainty, whilst the newly introduced systems thinking
suggests a more holistic view, under which the analyst should take into account many phenomena of project’s
internal and external environment [1].

Probability and statistics, fuzzy mathematics and grey systems theory are the three known research methods
employed for the investigation of uncertain systems. Probability and statistics study the phenomena of stochastic
uncertainty with the emphasis placed on revealing the historical statistical laws. They also investigate the
chance for each possible outcome of the stochastic uncertain phenomenon to occur. Their starting point is
the availability of large samples that are required to satisfy a certain typical form of distribution. PERT, the
most traditionally used statistical tool in project management, is a method to analyze the involved tasks in
completing a given project, especially the time needed to complete each task, and to identify the estimated
minimum time, needed to complete the total project [1]. PERT technique is a specific type of the three point
estimation technique. The difference between them lies in the weights that PERT introduces in the formula of
mean task durations. This weighting technique of PERT is known as weighted average. PERT ’s drawbacks are
probability approximations and lack of critical resources. To our view, one of its significant disadvantages is the
fact that it is a precondition for all tasks, to be invariably described by using the same shape and scale parameters
of beta probability distribution that "works behind" PERT. It is apparent that PERT is insufficient in case of
dynamic scheduling and projects with randomly distributed duration data [1]. There is indeed a necessity for
tasks, not only the critical ones, to be systematically and carefully reconsidered, either in planning or execution
phase.

In the literature, as regards of the uncertainty of task duration in large-scale technical projects, there is little
evidence of approaches that involve stochastic activity durations. An amount of most cited references, e.g., [2],
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[3], refers to the parallel examination of time and cost, in a manner that cost affects duration and vice versa.
There is also a group of research papers, e.g., [4], where duration is correlated with resource sufficiency and
other significant and sophisticated research topics, such as the RCMPSP problem, however such problems
exceed the scope of this paper, although they have been examined by the authors in the near past [5]. The aim
of the present paper is not to question other proposed techniques in a general framework, but the contribution
is located at the use of the gained experience through the use of data, which comes of past analogous large
projects.

Apart from conventional methods, which are commonly used in project management, there is a need for a
new perspective on the estimation of activity durations, based apparently on actual task durations. This data has
to be taken into account not only during the planning phase of a project, by gathering information on similar
situations in the past, but also in the execution phase. This can be achieved by utilizing any data of current
projects. To this extent grey analysis, as a group of mathematical models, is examined aiming to introduce
a different point of view. Grey systems and fuzzy logic models are preceded by the same principle and they
investigate situations with no crisp values but fuzzy ones. Grey analysis is still in an infantile state, it is very
popular in environmental matters though, once they do show great endogenous complexity. Grey models is a
practical tool in case of having sequences of data, something very common in activity durations. Complied
with this rule and by utilizing previous time data, the present work focuses on grounding a data base and an
information system thereupon.

This need accrued after reviewing a conference paper of ours [1], which was about grey models in project
management. After the paper has been accepted by the conference editor, the co-authors realized that there is
a pool with latent knowledge that must be definitely utilized. This pool is the experience of decision makers
and project managers. As been mentioned before, there does exist the so called "hedgehog syndrome". This
phenomenon refers to the inability of project contributors to learn from experiences and materialize their
knowledge in a beneficial, for the upcoming project, phase [6]. It is just like hedgehogs killed on the road,
although the risk is already known by them. But why don’t they learn? The answer is often hidden in plain
sight but people can be blind to it. It is feedback loops that render knowledge more concrete and transformable.
There can be no gain by repeating the same mistakes and problematic processes, structured and standardized
knowledge backups are promising though.

2. GREY ANALYSIS

Many social, economic, agricultural, industrial, ecological, biological, etc., systems are named by considering
the features of classes of the research objects, while grey systems are labeled using the color of the systems of
concern. In the theory of control, people often make use of colors to describe the degree of clearness of the
available information. Objects with unknown internal information are black boxes, where "black" indicates
unknown information, hence "white" the completely known information, and "grey" the partially known and
partially unknown information.

The research objects of grey systems theory consist of uncertain systems that are known only partially with
small samples and poor information. Theory focuses on the generation and excavation of the partially known
information, to materialize the accurate description and understanding of material world. Incomplete system
information may arise either from the behavior of the system or by its structure, boundaries and elements.
Incompleteness in information is the fundamental meaning of being "grey".

It is apparent that such a general framework includes many interrelated fields. Grey analysis (GA) main
contents are [7]: grey algebraic system, grey sequences, grey cluster evaluation and analysis. Moreover GM(1,1)
is the precondition for any estimation or prediction model and decision-making models are represented by
multi-attribute intelligent grey target decision models. The system of grey combined models is innovatively
developed for producing new and practically useful results and the optimization model, consists mainly of grey
programming, grey input-output analysis, grey game theory and grey control.

2.1. GM(1,1) and Other Relative Models

GM(1,1) model is the most well-known grey forecasting model, exceedingly applicable in the field of industry,
agriculture, society and economy and it is indispensable among a row of other models such as GM(n, m),
Verhulst model, grey econometric model, grey Markov, grey neural network model [7].

The contribution of this model is the fact that there is no need of moderating data, but using it as raw
information. It is also an estimation and prediction model too, suitable in case of low amount of data, where
decision makers should be objective and efficient. It also belongs to the broader family of GM(n, m) models,
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where n indicates the degree derivative and m is about the number of values consisting the input of the model.
Hence, GM(1,1) is the grey model of first order and of one variable.

In order to smooth the randomness, the primitive data obtained from the system to form the GM(1,1) is
subjected to an operator, named accumulating generation operator (AGO). The differential equation of the
GM(1,1) model is solved to obtain the k-step ahead predicted value of the system. Finally, using the predicted
value, the inverse accumulating generation operator (IAGO) is applied, to find the predicted values of original
data [8].

3. INFORMATION SYSTEM DESIGN

The main contribution of the present paper is focused on the fact that there is no attempt, until now, that
correlates grey analysis to project management. Some challenges to be overcome are the following:

Ch.1 How task durations are estimated?
Ch.2 Is this a part of the responsibility of project managers only? Do they use their experience?
Ch.3 Is there any documentation concerning previous similar projects?
Ch.4 Is there any comparative data between real/ observed and estimated durations?
Ch.5 Is data enough and carefully selected, so as to represent the duration of a task in crucial time points,
i.e., 30%, 50%, 70% task completion, according to S curves?
Ch.6 Will it be helpful to make measurement systematically for each task of a given project?

These challenges were those encountered during our efforts, to come up with an algorithmic procedure, so as to
achieve the best information flow and utilization. The information systems (IS) should cover both planning and
execution phases, so that it will be realistic and effective.

Information systems are the basic tool that contributes to bring out and reinforce information flow and
display. Above all stands a data base (DB), which is associated with information and records, stemming from
previous projects. Proceeding from this necessity, we collocate the following list of necessary elements, which
finally construct the information system:

ID: Task ID is a unique number assigned to each new registration in the DB.
Description: It simply refers to the name of the task, with the purpose that the PM will know, which the
examined task is.
Type_ID: It is suggested to divide the tasks into categories, so as to shape groups of tasks that have
suchlike attitude. These types are not random, they are carefully chosen instead, based on the deep
knowledge of technical elements, e.g., foundation, scaffold etc., concerning tasks and the project as a
whole. It is apparent though that according to the type of the project, e.g., construction, IT, research,
manufacturing, there is a different way of dispensing tasks to types, there are thus different types of tasks
also. It is interesting the fact that, due to singularity characteristics, there may exists only one task for a
kind of type.
Type_Name: This information is coupled with the "Type_ID", because it describes the type, to which a
task may belongs.
Status: The status evidently depicts the phase, in which a task evolves. There are four values referring
to status: "Zero" (0) value is for tasks totally executed (100%) and belongs to normal duration, whereas
number "one" (1) is for crashing duration, i.e., "compressed" task duration. Tasks with execution
percentage <100%, i.e., semi-executed, are given the number "two" (2) for normal duration and number
"three" (3) for the crashing one.
Number: In respect of calculations, mostly referring to GA models and models that utilize sequences of
data, we need to refer to the number of time-points consisting time-series. With a quantitative means of
interpreting the physical significance of these points, it is clear that we know the exact number of audits
been done and the observation data during these audits. It is of high significance to hold this kind of
information, since it constitutes the input data for any sequence-based model, such as GM(1,1).
%Complete: This percentage represents the completion rate of each task of a project and the value entry
is done manually. In this way the PM is always informed about the course of events and can decide how
and to what extent he will take advantage of the available information. Some possible scenarios may
concern the following: (a) If a task is 100% complete, then he/ she can use this information as gained
experience to another project. (b) If, on the contrary, the task is incomplete, i.e., <100%, then the PM
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Figure 1 IS matrices and types of relations

uses the known time-point to predict the recessive part of the incomplete task. It is here the point, where
"Number" information is indispensable, because of the prediction regarding the remaining time for the
task, to be completed.
Project_code: This information refers to the project, where the examined task belongs and it is useful
for one key reason: In case the PM needs to ponder the behavior of the task within the project context
and consider its influence on the project, he/ she also needs to perceive the project as a whole, i.e., the
interaction between the tasks.
Project_date: In construction projects where technology develops at a very rapid pace, it is vital to
base our decision and gained experience from projects belonging to the near past. Project date may be
considered as being a practical filter, for avoiding obsolete data.
Observed_total_duration: It corresponds to the total duration of tasks already completed, i.e., 100%.
The tasks may belong either to a previous project or to the ongoing. It is the one of the most important
registrations, because the PM can select, from the DB, the task or tasks that have a total observed duration
very close to the one pursued.
Observed_Values: At this point, the DB displays the time-points of a sequence of data, which refer to
the points where "informal" checks, i.e., not project milestones but task checks, took place during the
execution of a task. The points are input data for the GM(1,1) model, so that to estimate or predict task
and project durations.
Estimated_total_duration: It is the outcome of the GM(1,1), or any time-series model. Every estimated
value, i.e., estimated total duration, corresponds to a single value of "Observed_Values" and it is the
model estimation having to do with the observed values.
Estimated_values: It is the same as "Observed_Values", with the only difference being that here does
exist estimated data, whilst in the other case they are factual, observed data.
Relative_error: The deviation between the "Observed_total_duration" and the "Estimated_total_
duration" conveys in practice the error between the two values. Mainly for practical reasons, percent
error is preferable and it is also by far easier to compare such type of error.
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4. THE CONCEPTUAL MODEL

Aiming to reclaim and use the hidden information codified through the aforementioned classification, a
conceptual model, describing the fundamental decision and action steps, is of high significance and need. In the
following two cases we examine normal duration in planning and execution phases preparatively. We can then
perform a procedure, both estimation and prediction, for crashing durations, which bears great resemblance to
the normal duration procedure. For space saving reasons the flow charts concerning crashing durations are not
included in this piece of work.

Before elaborating on the method, it is useful to point out that in the proposed model we do not take directly
into account resources, since GM(1,1) model only uses time-series data. Under this consideration, the PM has to
determine and exercise possible resource deficiency on his/ her own. Input data and estimations will be affected
by this assumption.

4.1. Planning Phase

The conceptual model, i.e., the algorithmic steps, constitute the core of the suggested procedure. The planning
phase includes a sub-process, which is named "preprocessing" phase and it is the time period, during which the
PM should make some crucial and subjective decisions for the project as a whole.

+ PLANNING
-Start Preprocessing-

Step 1: Create the first project sheet in any project management software, where the PM will enter only his
subjective estimations, about each activity of the project. He/ she should namely decide on the following:

The tasks of the project
The task relationships: finish-to-start (FS), start-to-start (SS), finish-to-finish (FF), start-to-finish (SF)
The sequencing constraints, e.g., "not earlier than"
Time estimations for each task made by the PM

The step that follows is the critical path calculation, which will draw a first picture regarding the project duration.
After this, the PM can save the first baseline file of the project. That baseline will be updated in the next steps of
the planning phase.

-Finish Preprocessing-
Using DB to update PM’ s estimations: For each of the tasks, the PM should trace back to the DB, so as to
assign one or more (one-to-many relationship, 1→ ∞) "older" tasks to the one currently examined.

Step 2: Search in the DB for tasks having Status=0, i.e., tasks already executed, and with the same Type_ID,
since we look for tasks belonging to the same category or for those with analogous behavior.

Step 3: In this step, the PM should definitely consider the maximum deviation amplitude between his
estimation and the DB entry. If this amplitude constraint is not covered by at least one registration, the PM
should then proceed to the closest one.

Step 4: So, after the filtering technique, there are three possible scenarios for the DB entries:
1. More than one tasks have "passed through the filters"
2. No tasks have "passed through the filters"
3. Only one task has "passed through the filters"

Scenario 4.1: In this case we put on more filter referring to "Relative_error" into action. The accepted
values should lay down this threshold. In case of tie, "Project_date" the filter is activated. New ties are
broken arbitrarily by the PM.

If the DB entry-task has the same duration with the PM’ s estimation, then (1) either we keep
the sequence of data as the one in the DB, (2) or we change the sequence in such a way that the
sum of the time-points is equal to the initial. Then we make an estimation of the duration, based on
GM(1,1).
If the two duration estimations disagree, we should inevitably change the sequence, in such a way
that the sum of the time-points is equal to the PM’ s initial estimation. If for example the PM makes
an estimation, which is grater or lesser than the DB observed value, we change the sequence slightly,
in order to reach PM’ s estimation. After any of the two cases the GM(1,1) estimation model is
applied.

Scenario 4.2: If no entry is compatible, then the PM leans on his own subjective estimation.
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Figure 2 Algorithmic steps in the planning phase

Scenario 4.3: In this case we do the same procedure, as the one mentioned in Scenario 4.1.

Step 5: We, as project managers, do the same actions for all the tasks of the project and we also calculate
the GM(1,1) estimations. We then have to update the baseline file and save it as BASELINE 0. This is the
project plan that will be used in the execution phase. Fig.2 is a graphical representation of the aforementioned
procedure regarding normal duration in planning phase.

4.2. Execution Phase

In this phase the objective is to approximate and voice reality. It is of high importance to collect as much
information as possible and translate it to time-points, which shape sequences of data, i.e., the input of sequence-
based models. We need to achieve, to an extent, a safe prediction having low uncertainty. In the case of
construction projects, we define the lowest number of time-points in a sequence of data. This number is equal
to 5 and this means that, we need at least 3 time-points to predict the other two, in case of an unfinished task.
This number depends on the total duration of the task and of some technical and practical manners, such as
cost, available human resources to perform control actions and avoidance of destruction of course. By this we
mean that frequent and informal checks, apart from predefined project milestones, aim to facilitate information
management and flow and not to fetch process stiffness. If there is a task that lasts long, then a relatively
satisfying number of time-points, constituting a time-series, is ten. In order to predict such an incomplete task,
we need to have 6 out of 10 time-points for the same reasons argued before.

+ EXECUTION
Step 1: We should first specify the dates of the milestones. A milestone is an event that receives special

attention. In our case we allocate milestones verging on 30%, 50% and 70%, where projects tend to alter their
behavior and performance. Check dates should be posterior of the preceding ones and definitely posterior to
project start date.

Step 2: For each and every task that has already started before the check dates, there are the following
options:

1. The task or tasks have finished, i.e., 100% completion, before the check date. In this case, the PM should
enter to the project management software the observed-actual start and end dates, which may differ from

62



Figure 3 Algorithmic steps in the execution phase

the planned ones. As for the "%Complete" it is registered as equal to 100%. The sequence of data is also
registered to the DB and the "Status" is "0" or "1", since it refers to normal durations.

2. There is a case, where the starting date of a task precedes check dates, but this according to the planning. If
during the execution this task delays for some reason, then the PM should enter 0% to the "%Complete"
DB element.

3. If the task has already started and it is still ongoing, then we recognize the following possibilities:
If there is insufficient number of known time-points, i.e., if the unofficial checks are not enough
or the task is in a premature stage, then the PM is better to avoid any prediction sequence-based
model. He/ she could enter the precise and observed value of "%Complete" and the new starting
date if this has changed due to delays or accelerations.
If there is sufficient number of known time-points, GM(1,1) forecasting model takes these points
as an input and predicts the rest of task duration. The predicted values are registered in the PM
software, so as to predict the new total project duration.

Step 3: The last step is to update the project schedule and save the new baseline file, i.e., BASELINE 1.
This procedure is repeated for every milestone of the project. After the last check date, i.e., milestone, the

project management software displays the most recent prediction, referring to the updated project duration and
end date. Fig.3 illustrates the execution process.

5. COMPREHENSIVE NUMERICAL EXAMPLE

The numerical example is the one presented by Chatzimichailidou et al. in [1]. We intentionally chose to present
the same example, which was our incentive to design the aforementioned rudimentary IS and DB. By using the
same example and aiming to clear the mist, we verified at the same time that the suggested DB works in practice
and can be further developed and enforced, to better cover real needs. But before investigating the possible pros
and cons of the procedure, lets first refer to the substantial moves.

5.1. Planning Phase

Fig.4 [1] refers to task durations according to PM’ s estimations. In particular it displays durations and thirteen
simply enumerated tasks, since bridges consist of specialized tasks, which are generally difficult to understand.
We came up with the critical tasks, whilst the durations included in the table are those determined, during the
phase of planning, by the project management team (project managers) and regarding their experience in bridge
constructions. According to planning calculations the project is going to last 101 days due to critical path total
duration. So this is the point where planning phase starts.

After having decided the project tasks, we then search for appropriate registrations in the DB. We first apply
the "%Complete" filter for the first task, i.e., task A. We also apply Status and Type_ID filters. This is because
Task A refers to "foundation" type of tasks and the status is "0" for tasks totally executed in normal duration.
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Figure 4 Basic information about the bridge construction project with PM ’s estimations

Figure 5 Data base with activated Type_ID and Status filters

Thus, compatible entries are depicted on in Fig.5. We then check the amplitude of the task durations, so as to
further reduce the DB registrations. According to Fig.5 and having a defined amplitude of ± 2, the entry, which
has 30 days total observed duration, satisfies the following filters: amplitude, error, date. To sum up, we have
the following:

- PM ’s estimation: 28d
- DB entry: 30d - the given sequence of data (see Fig.5) is (2,4,1,7,2,2,3,2,3,4), which means that the

time-points were time snapshots, where unofficial milestones should take place because of critical sub-tasks.
We slightly change it, i.e., we reduce the sequence by two units, so as to have a sum=28 and the new sequence
of data is (2,4,1,5,2,2,3,2,3,4), which represents the input to GM(1,1) estimation model.

- GM(1,1) estimation: 27.99d (27d and 99/100*24h=27d and 23h)
Under the same notion we conclude to a summary, Fig.6 [1], aided by GM (1,1) estimations for all the other

tasks. As far as anyone can notice, there are tasks that have a big amplitude respecting PM’ s and GM(1,1)
estimations and others do not. Lets take, for example, task H. According to Fig.6, this task was estimated to last
8 days and it finally takes 7.16 days to be completed. This shows a great gain of time, while on the contrary
there are tasks, e.g., task A, which has low fluctuation concerning its estimated durations. This could stem from
the distribution of time-points during the checks and shows that PM’ s prediction is very close to the model
output. In a complex and vastly expensive project, such as construction projects, even hours can affect the
whole project’ s outcome, if we attempt to accumulate them. Increased sensitivity is one of the most meaningful
advantages of the proposed method and it is the first one, presented on the literature.

So, the model estimates that the project will be completed a day earlier (100d & 15h) than the initial PM’ s
estimation (101d). The amount of 101 days belongs to PM ’s initial estimations and 100d & 15h to the first
baseline file, i.e., BASELINE 0. This is the point, where the planning phase finishes and the rescheduling, due

Figure 6 The PM’ s and GM(1,1) estimations in the phase of planning
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Figure 7 Delayed and forwarded tasks during the first check

Figure 8 The PM’ s and GM(1,1) estimations in the phase of scheduling and execution by focusing on tasks

to execution updates, starts.

5.2. Execution Phase

In the phase of execution, task-progress data is measured by the staff, which monitors the tasks and subtasks.
By using this data, we shape the input data of the GM(1,1) prediction model and we then calculate the new
estimated duration of the unfinished task. This input data of the GM(1,1) prediction model is a sequence, which
belongs to the already executed project or part of the project. Each sequence has a one-to-one relation with the
project tasks and each point of this row of data represents the amount of days needed to partially execute the
task being considered at that time. The days corresponding to the points of one sequence, are those observed
during milestone controls. i.e., unofficial inspections by the staff. Along these lines, the number of the tasks
concurs with the number of sequences. The number of time-points, consisting a sequence of data, depends on, if
the task is about to last long or not and it can be subjectively determined [1].

At this stage the PM has to choose some milestones, i.e., official inspections, to monitor and possibly update
the project schedule. These milestones are usually imposed by S-curves, to the degree that each project shows
change in its behavior near 30%, 50% and 70% of its total duration [9]. In the examined project, the first check
takes place at 35% [1] (36d of the project gone by), because we needed to let the project run and relatively
proceeded, in order to have enough data for the forecasting process.

Tasks A and C are already executed, whilst B, D and E are still under construction. Keeping in mind that we
have data concerning these unfinished tasks, we are going to use GM(1,1) prediction model, to approximate the
new execution durations of B, D and E [1]. So, we have (2,5,4,-,-) sequence of data for task B, which means
that eleven days of work gone by and the use of "-" symbol conveys that two milestones remain to be checked
and forecasted by GM(1,1). Similarly, for D is: (3,2,5,-,-) and for E (2,4,3,-,-). Concerning B, D and E tasks, we
finally conclude to Fig.7 [1].

The last step is to calculate the new total project duration, after the delay of B and the unexpected progress
of D and E. However, after the rescheduling we do not have any change because B is not a critical task, so the
project is going to be executed in 100 days. We now save the new version of baseline, BASELINE 1.

We do the same procedure for the 50% (BASELINE 2) of the project duration (54d of the project gone by),
where F is unfinished and then for the 70% (BASELINE 3) (68d of the project gone by). At this last check, H
is unfinished, and there are no sufficient data to calculate its duration via GM(1,1), explaining the question mark
in Fig.8 [1]. A task with a very short duration, e.g., 3d, is not appropriate to be divided into time-points, i.e.,
unofficial milestones. We summarize the durations of each task and we use "Ex." to represent the executed tasks
at every check point, while "-" represents the tasks that have not started yet.

Fig.9 [1] refers to the project as a whole and takes into account all these changes that took place in the
previous Fig.8. Because there is high possibility for the critical activities to change, when durations change,
they have to be reconsidered. A typical case in complex projects, is the existence of multiple critical paths. Is
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Figure 9 The different durations in planning and execution phases

must be feasible for multiple critical paths to be detected and examined, even though known software packages
present only one of them each time. The problems is detected in the choice of algorithmic criteria, thus a
suitable algorithmic process could be used to create all the possible critical paths, assisting PMs to find the most
appropriate schedule solution.

6. CONCLUSION

Fluent duration of large-scale complex projects implicates mismatches and failures, affected by the involved
uncertainty. Combination of data and information of traditional project reports, concerning current and previous
projects, give the possibility to organize a suitable DB, so as to retrieve helpful information when needed.

PM’ s experience about time uncertainty can be effectively transformed and used to predict the duration
for the overall project. An easily implemented IS can be developed as a suitable tool for the proposed GA
conceptual model.

The efficiency of the proposed method can be further tested by using the crashing mode for each of the
project’ s activities. Since crashing becomes relevant only during execution and by doing corrective movements,
the PM has to take into account the possibility parameters of the crashing durations, to schedule realistic
emergency plans and to avoid serious cost overruns, due to underestimated time delays. Technical reports of
activities that are not yet completed, have to be considered carefully, because of their importance to the overall
project duration.

The limited space prevented us from demonstrating both normal and crashing durations. However, the
presented analytical process covers, to an extent, both normal and crashing steps, including the rudimentary
steps and the basic concept regarding crashing procedure.

Future research aims to elaborate on the crashing of the tasks, by integrating the proposed conceptual model
with all the available normal and crashing duration data. By testing and validating the proposed method, we
may also offer to the researchers the incentive to exercise and even to doubt it, too.
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Abstract: The paper presents the results of measuring and analyzing of the key performance indicators 
(KPI’s) in a complex industrial company, applying the model of the specially developed client application 
for managing of the performance in the industrial company. The aim of this study was to demonstrate that 
the general approach and principles of organization and management of an industrial enterprise - based on 
the integration of its functions are universally valid and that it is possible to establish a standardized system 
of criteria - parameters (performances) of the process, which in required and sufficient measure reflect the 
effectiveness of the overall success of the industrial enterprise. Research results, also, indicate that applying 
of the particular model for the measurement of KPI’s in the industrial company, supported by company’s 
information system, completely legitimating stated needs, that company informacion system, beside its basic 
role related to automation of the business process, to be extended on the elements that can provide process 
of analysis. 

Keywords: Process quality Industrial company, Key performance indicators (KPI’s), Control, IT. 

1. INTRODUCTION 
Previous research related to contemporary performance measurement models are primarily based on partial, 
individual performance measurement models, whose concept did not give insight into the basic factors of the 
business results achieved, and no insight into aspects of the business to improve and in the future affect the 
key performance of the company.  

Most contemporary studies in the field of management are focused on the implementation of existing and 
developing of new models that will achieve business excellence. Control of the strategic goals is done 
through inter-organizational measurements and their comparison with historical data from the company 
database (List et al., 2005). According to this, the present-day researches deal with the problems of 
establishing a program of measuring processes in the company. This refers to the process of establishing a 
measurement process, establishing a database, selecting the appropriate optimal cluster of indicators, 
extracting the data on measuring sizes, and the application of various statistical models of data analysis to 
improve performance.  

Various researchers have been trying to determine a set of quantitative measures to be used for advanced 
control of software product development processes towards designing of improvement programs. (Wang et 
al, 2006) proposed a set of measures developed on a case study from industry. 

(Abran et al, 2004) give an example of how modern methods for measuring the performance of the 
company with a proposal for the effective processes management to achieve business excellence. 
Management based on quantitative data is one of the conditions of a higher level of maturity in the 
organization and the management model based on the International Standards Organization (ISO), stresses 
the importance of quantitative measurement and management processes. A piece of evidence for the 
importance of quantitative measurements, for example, in developing software programs is the fact that 
Software Engineering Body of Knowledge, SWEBOK (as one of the standard references for software 
engineering), plans to introduce a special area of knowledge dedicated only to measurements. 

New starting point in developing models for measuring key performance indicators of the company is a 
concept given by (Kaplan and Norton, 2001), which stems from the vision and strategy of the company, and 
which is essentially a balanced model of corporate governance, target performance and their criteria, based 
on financial and nonfinancial "perspectives". 

The basic starting point in developing a model for measuring key performance indicators of industrial 
enterprises was the criteria of performance, in accordance with the concept of Balanced Scorecard (Kaplan 
and Norton, 1999, 2001). 
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1.1. Procedure to analyze process performance 
Key performance indicators (KPI´s) are quantified performance measures of the organization - its goals. The 
process of processes performance analysis, in general, consists of actions shown in Figure 1. 

 
Figure 1: Process flow diagram of process performance analysis 

 
Automation of process of necessary data and information collection and processing enables more efficient 

analysis of collected data and information as well as keeping up to date records. 
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By developing a specific client application Portal for business processes performance management the 
industrial company’s – the sample goal is to improve its information system for more efficient and effective 
planning, organizing, implementation and control of business processes. Supervision of the processes 
performance will be used as an incentive for continuous processes improvement. 

1.2. Application of key performance model in an industrial company 
Model for the measurement of key performance indicators is applied on the real example of a complex 
industrial company with different areas of activity for a period of one year (Đurić et al., 2010). 

Structure of the identified processes in the analyzed complex industrial company is shown in Table 1 and 
in Figure 1: 

Table 1: Processes in a given complex company 

 Process of Planning and analysis (110); 

 Process of Human Resource Management (120); 

 Process of business legal regulation (130); 

 Process of quality insurance (200); 

 Process of marketing (310); 

 Process of sales (320); 

 Process of supply (330); 

 Process of finance and accounting (340); 

 Process of developing products and services (410); 

 Process of applying IT (420); 

 Process of production of bauxite (510); 

 Process of production of non-metals (520); 

 Process of production of construction materials (530); 

 Process of machine production (540); 

 Process of processing of agricultural products (550); 

 Process of freight traffic (610); 

 Process of long-distance traffic (620); 

 Process of passenger traffic (630); 

 Process of construction services (640); 

 Process of catering services (650); 

 Process of storing (710); 

 Process of maintenance (720); 

 Process of managing measuring equipment (730); 

 Process of employees safety (740); 

 Process of securing buildings and property (750) 

The structure of the identified processes and their interconnections are shown by the process model using 
an example of a complex industrial enterprise (Figure 2), which consists of the following groups of 
processes: 
 Management processes 
 Realization processes 
 Support processes 
 Measuring and improvement processes 
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Figure 2: A model process in real complex enterprise (Đurić et al., 2010) 
 
In the above example of a complex industrial enterprise, each functional activity has its own specific 

work processes that are managed in a manner that providing stable mutual linkages, whose goal is to work 
effectively within the whole. 

1.3. Balance Scorecard in a complex industrial enterprise 
Practical implementation of Balanced Scorecard concept, suggests the need to adjust to the nature and 
characteristics of the case (the area of business, size of company etc.), as shown in Figure 3. 

In the practical implementation of the application of Balanced Scorecard concept is necessary to identify 
key performance indicators for companies in all four areas of observation, with clearly outlined need that 
measures of these areas of observation are standardized to a level that ensures the needs of company - 
without "burdening" with the concepts of financial, technical or nonfinancial. 

In this industrial company a system of managing performance and goals is established, i.e. a system for 
making, measuring and control of achieving the goals. 

Access to concretization of key performances of the process in case of joint-stock company (Figure 4) 
(Đurić et al., 2010), is based on experiences in the application of process approach according to ISO 9000 
standards. 
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Figure 3: Development of the balanced scorecard concept - adapted from: (Kaplan and Norton, 1999, 2001) 
 
 

 
 

Figure 4: The balanced scorecard concept adapted to the joint-stock company (Đurić et al., 2010) 
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1.4. Key performance indicators in the joint-stock company 
For this reserch is applied the highly accepted in the literature, technique - "mapping process". In this sense, 
the map of key performances of process (Đurić et al., 2010) was used for conducting the process analysis, 
checking developed model for measuring of the key performance indicators of the company, in this case, for 
all internal process. In continuation of this work presented are developed map of the key performances for 
the procurement process (330) selected as an example, shown at Figure 5. For selected process in the 
company the following key performance indicators of the processes were defined: 

 IQN - Index of quality of supply;  
 IZP - Index of submission of requests for offer; 
 IPO - Index of submission of supplier’s offer; 
 IZN - Index of supply delays. 

 

 
Figure 5: Map of key performance of process 330 – Supply 

 
Information system provides an overview of the process KPI´s in a defined time period (month, quarter, 

year), including the possibility of obtaining review of the process, organizational units, employee and 
business partner. The system limit the reviewing of information in accordance with the authorization of a 
system user, through the personalization of content. The system use data from an existing integrated 
information system (ERP) and other records necessary to calculate the KPI´s of business processes. The 
system is implemented as a SOA solution, in accordance with the SOA methodology and the use of 
Silverlight technology. A Web portal is created for the interaction between user and system. 

The user accesses the system, the system performs its identification, records user’s activity, and then 
takes the appropriate data from the business processes records based on them calculates KPI´s for the 
corresponding processes. Finally, the system displays the process performance to the user. All the basic and 
alternative steps for interactive work are defined. 

Detailed instructions for measuring KPI´s of supply. which are applied in the private methods 
individually for each defined KPI´s, given in (Schmitz et al, 2004), (Busi, 2005) and (Rodriguez et al, 2009). 

Silverlight Web portal was developed in Visual Studio 2010 SP1 environment, using C# programming 
language for programming "code-behind" classes and Silverlight technologies. Applied is the Form-based 
user login to the portal is implemented using the Login control. 

Finally, Silverlight Web portal allows the user different views of graphs and tables with KPI´s ratings of 
supply and sales processes. By calling Prikazi (DISPLAY) the service Performance is called, which 
calculates and returns the process performance data to Web portal, in accordance with defined parameters, 
and results are presented in tables and graphs. Both displays are updating by selecting Information or 
Ratings. 
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Four reviews of the obtained processes performance are possible: review of KPI´s during the specified 
time period and by months, review of processes ratings during the specified time period and in parallel by 
months, including the possibility of obtaining these views for individual organizational units, employee and 
partner, who were involved in implementation of business processes. It is also possible to view KPI´s only 
one process or the review of only one particular KPI´s. 

2. ANALYSIS OF RESULTS OF APPLICATION OF THE KEY PERFORMANCES OF THE 
JOINT-STOCK COMPANY 
Detailed check of applying an elaborated model of key performances of the sample joint-stock company was 
carried out in accordance with the analysis of results of applying the model for measuring key performance 
indicators of the procurement process for a period of one year. 

In figures 6-11 are shown the obtained key performance indicators of supply processes for industrial 
company, the sample in year 2012. 

 
Figure 6: Valuation of the procurement process for the year 2012. 

 

 
Figure 7: Data of KPI´s procurement process for the year 2012. 

 

 
Figure 8: Valuation of KPI´s procurement for the year 2012. 
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Figure 9: Valuation of the procurement process for period from January – December 2012. 

 

 
Figure 10: Data for KPI´s procurement process for the period January – December 2012. 
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Figure 11: Valuation of the KPI´s procurement process for the period from January – December 2012. 
 
Analyses of the presented results of measuring the procurement process goals in the sample industrial 

company indicate the state of performances of individual processes, and they are used as input for the 
process of reviewing the company effectiveness by the management, which secures information for 
improving the performances of the company as a whole. Practically, the analysis of measurement the process 
goals allows the identification of "critical points" in each process based on lower of key performance 
indicators of the process, and then it allows comparing to the planned and the performance of competing 
companies, so as to thereby identify areas for process improvement. Analysis of the results provides 
possibility to establish the root causes of existing or potential problems, and thus represents a source for 
initiating corrective and preventive measures. 

Availability of information indicating the status of the process directly or indirectly,as already noted, is 
the requirement for taking action to improve process performance. 

3. CONCLUSION 
The survey, whose results are presented in this paper, represents a concrete contribution to the application of 
management methods intended for measuring the business success of complex industrial enterprise. 

An important component of the developed model, which measures the success of the business by reaching 
the strategic goals, are the quality characteristics of processes and key performance indicators of process, 
which are again base for an industrial company to learn and implement changes according to the experience 
from the past. 

Starting from the findings that have been reached in this study, it is possible to draw conclusions that 
point to such a solution which should ensure a way of settling problems that occur in the system of 
establishing and managing key performance indicators used to measure, monitor and manage business 
performance in the industrial company, in other words, determining the actual level of interdependence 
between the achieved quality of individual processes and indicators of effectiveness of the entire business 
enterprise. Achieving the integrity of certain perspectives or areas of the model of key performance of the 
industrial enterprise processes makes it possible to get insight into the important indicators of actual business 
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results of enterprise, and determine which business processes should be improved and how to impact on their 
future design. 

Also, research in the framework of this study have shown that it is possible to establish a standardized 
system of criteria - parameters (performance) of the process, which in required and sufficient measure reflect 
the process effectiveness and the overall success of the industrial enterprise. A general model of key process 
performance is developed as a suitable tool for measuring and analysis of key performance indicators of 
work processes in industrial enterprise. 

Automating the collection and processing of necessary data and information in the company provides 
more accurate, more complete and more up to date information related to the manner of keeping records on 
the processes implementation, especially when these records are governed by appropriate procedures. Thus, 
performance measurement process focuses to the short period of time, it enables analysis on time and 
efficient way to resolve inconsistencies with the goals of process improvement, products / services and 
overall company results. 

Applied solutions presented in this paper directly link IT resources with business goals of the 
organization, helping the organization to build connections with customers and suppliers, and internal links 
of organizational units, allowing more accurate, more complete and more accurate information, crucial for 
making quality decisions, and at the same time supporting key business processes through the increased 
availability of information which significantly influence increasing the total effectiveness of the company. 
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Abstract: One of the most complex calculations in every business is efficiency assessment. As sports are one 
of the biggest industries, efficiency analysis is crucial for decision making. In order to evaluate NBA player 
efficiency, which is based on multiple inputs and outputs data envelopment analysis is used. In this paper 26 
NBA player were evaluated. This analysis provides efficiency and rank of each player, not only obtained by 
DEA, but with NBA efficiency evaluation methods. Furthermore, NBA efficiency evaluation methods are 
compared with DEA. 

Keywords:  Data envelopment analysis; efficiency analysis; basketball players 

1. INTRODUCTION 
Contemporary sports have a huge impact on the world economy, so more and more attention is paid to the 
analysis of sports teams and athletes. Because of that it is necessarily to determine their impact, not only on 
the field, but also on the economy and society as a whole. In the field of sports analytics sports clubs from 
the United States of America (like the Boston Red Sox) and clubs from Europe (like AC Milan) are making 
biggest progress. 

Sports analytics is considered primarily of statistical analysis (t-test, χ2 test, ANOVA, descriptive 
statistics), analysis of efficiency and more recently sports data mining. Usually, events on field, like number 
of shots on goal, number of corners in 90 minutes of football game or number of homeruns in baseball, are 
being analyzed in order to improve team results and identifying weaknesses of opponents. However, with the 
growth in popularity and the amount of capital invested in sport, sports analytics is more and more oriented 
on the events off the pitch. As seen in  (Schumaker et al. 2010), forerunner of this analysis is Anatoly 
Zelentsov, who, in the mid 70's, in football club Dynamo Kiev, made a computer application which tests 
mental stability, durability, memory, reaction time and coordination. That application was used to test young 
players, in order to determine whether these players are able to play for the first team. The results were 
surprisingly good, so that the Dynamo Kiev managed to win UEFA Cup Winners' Cup in 1975 and 1986. 
Efficiency analysis began with work by (Scully 1974) on baseball and (Zak et al. 1979) on basketball. After 
success in quantify the relationship between sporting inputs and sporting success by aforementioned authors’ 
efficiency analysis founded their application not only in basketball (Lee & Worthington 2012, Moreno & 
Lozano 2012, Hill & Jolly 2012), but in many other sports like football (Ribeiro & Lima 2012,  Fernandez et 
al. 2012), baseball (Jane 2012, Regan 2012) or chess (Jeremic & Radojicic 2010). 

Inspired by these and other works, the purpose of this paper is to provide a comprehensive assessment of 
National Basketball Association (NBA) players’ efficiency. Fortunately, research in sports analytics and 
sports economics has recently embraced statistical and mathematical methods for the assessment of sporting 
efficiency. Those new methods are very important development as these theoretical and empirical 
relationships are useful for management decision making process like hiring, amnesty, play positions, 
minutes, play combining and salaries. 

The remainder of the paper is structured as follow. Section 2 explains methodology, and Section 3 finding 
and analysis. Section 3 is divided to ranking of NBA players, referent units, target values and comparison of 
DEA to other NBA efficiency methods. Section 4 concludes the paper. 

2. METHODOLOGY 
A NBA players, that plays at the guard position (shooting guard or point guard) and had good results in the 
season 2011/12, are used for efficiency analysis. For this purpose, data envelopment analysis is used. The 
Data envelopment analysis (DEA) is increasingly popular non-parametric method for relative efficiency 
evaluation. It allows performance measurement of the decision making unit (DMU) in comparison to 
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achievement of the other units in observing set (NBA players), which operate in similar circumstances, 
produce the same outputs consuming the same inputs (homogeneity property). DEA has been used for 
performance evaluation in the wide spread areas in the last 30 years, from non-profit sector like education, 
power plants and hospitals evaluation (Jeremic et al. 2011, Jeremic et al. 2012, Savic et al. 2012, Sueyoshi & 
Mika 2013) to profit sector like banks, hotels and casinos evaluation (Tsang & Chen 2012, Savic et al. 
2013). DEA was introduced by (Charnes et al. 1978). In order to make difference among efficient NBA 
players and allow their ranking, super-efficiency measuring model were used proposed by (Andersen & 
Petersen 1993). Suppose that  (j = 1,…, n) uses inputs  (i = 1,…, m) to produce outputs  (r = 
1,…,s). Input-oriented weighted version of Andersen-Petersen’s super-efficiency DEA model is following: 

 
 

 

 
 

 

(1)

The optimal values of efficiency scores  are obtained by solving the linear model, k-times (once for 
each DMU in order to compare it with other DMUs). Efficiency score  is greater or equal to 1 for all 
efficient units and smaller than 1 for inefficient units. In this way, ranking of units, according to their 
efficiency, is enabled. (Ray 2004) 

The NBA players’ data consists of eight indicators, from which two are input factors and six are output 
factors. The inputs, for all players used in analysis, are gross salary and minutes spend on the court. Outputs 
used in analysis are number of points, number of assists, number of rebounds, number of steals, number of 
turnovers and number of blocked shots which player made during regular season 2011/12. All data can be 
found on (National Basketball Association 2013, ESPN 2013). As seen in Table 1 property of isotonicity is 
satisfied. 
 
Table 1: Correlation matrix (Spearman’s rho) 

 Points Assists Rebounds Steals Turnovers Blocks 
Salary .540 .006 .361 .092 .062 .100 

Minutes .672 .348 .759 .752 .600 .418 
 

For a given problem most suitable is input-oriented Andersen-Petersen variable return to scale DEA 
model, because increasing an input does not result in identical increase of output. For example, by increasing 
salary and minutes to 5%, there is no increase in points, assists, rebounds, steals, steals and blocking by 5%. 
More realistic is that some parameters will increase by more than 5% while some will increase by less than 
5%. Input-oriented model is used because management can only affect inputs i.e. management of sport team 
can consider lower gross salary for next year or limit players’ minutes while they can not affect number of 
points scored. One of the most important factors, especially when variable return to scale is used, by (Lovell 
& Rouse 2003) is to control weight restrictions. Measurement of super efficiency in variable return to scale, 
can cause unnatural solutions or even cause that the model has no solution. To avoid that, safety regions of I 
and II type were used. 

Restrictions were the following: 

 
(2) 

 
(3) 

(4)
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(5) 

 
Triangle rules for Points, Assists and Turnovers.  
Triangle rules for Rebounds, Steals and Blocks. 

3. FINDINGS AND ANALYSIS 
In order to obtain the following results, software EMS 1.3 is used (Scheel 2000) for academic purposes. For 
the analysis we have chosen 26 players. All players play at the guard position (shooting guard or point guard) 
and had good results in the season 2011/12.  (National Basketball Association 2013, ESPN 2013) 

3.1. NBA players ranking 
Based on the analysis it can be seen in Table 2 that ten players are efficient, while other 14 are not. Player 
with the highest efficiency score is John Wall with score of 115.30%. On second place is Russell Westbrook 
with 114.26%. O.J. Mayo, James Harden and Mo Williams are close to the border of efficiency, while Jason 
Terry, Kobe Bryant and Joe Johnson are extremely inefficient.  
 
Table 2: Players ranking 

Rank DMU Score 
1.  John Wall 115.30%
2.  Russell Westbrook 114.26%
3.  Dwayne Wade 108.95%
4.  Derrick Rose 107.23%
5.  Rajon Rondo 104.72%
6.  Ray Allen 104.24%
7.  Kyrie Irving 102.23%
8.  Kevin Durant 101.78%
9.  LeBron James 101.55%
10.  Chris Paul 100.47%

11.  O.J. Mayo 99.49% 
12.  James Harden 98.52% 
13.  Mo Williams 97.18% 
14.  Tyreke Evans 94.23% 
15.  Danny Granger 91.11% 
16.  Andre Iguodala 90.45% 
17.  Carmelo Anthony 88.24% 
18.  Tony Parker 84.57% 
19.  Rudy Gay 83.99% 
20.  Ben Gordon 83.33% 
21.  Monta Ellis 82.68% 
22.  Paul Pierce 82.21% 
23.  Deron Williams 80.81% 
24.  Jason Terry 78.06% 
25.  Kobe Bryant 74.59% 
26.  Joe Johnson 71.73% 

3.2. Referent units 
For each inefficient unit, DEA identifies the corresponding set of efficient units which make a reference 
group for that inefficient unit. This group consists of units that are optimal with its optimal weights. (Ray 
2004) 
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In Table 3 it can be seen, for efficient players how many players look up on them, while for inefficient to 
whom should they look up. It can be seen that Kyrie Irving is a “role model” for fourteen players. Derrick 
Rose is also important because he is a “role model” for eight players. It is interesting that John Wall, who 
was the most efficient player, does not have players who look up to him. Among the efficient players, which 
nobody else look upon, are also Dwayne Wade and Kevin Durant. 
 
Table 3: Referent units (Benchmarks) 

DMU Benchmark 

    Kobe Bryant  LeBron James (0.27)  Kyrie Irving (0.73)  

    Mo Williams  Kyrie Irving  (0.14)  Derrick Rose (0.24)  Ray Allen (0.62)  

    Monta Ellis  LeBron James (0.06)  Kyrie Irving (0.94)  

    Tyreke Evans  Russell Westbrook (0.22)  Kyrie Irving (0.78)  

    John Wall 0 

    LeBron James 3 

    Dwayne Wade 0 

    Joe Johnson  Kyrie Irving (0.73)  Ray Allen (0.27)  

    Kevin Durant 0 

    Russell Westbrook 3 

    James Harden  Russell Westbrook (0.32)  Kyrie Irving (0.68)  

    Danny Granger  Kyrie Irving (0.28)  Derrick Rose (0.72)  

    Ben Gordon  Kyrie Irving (0.25)  Derrick Rose (0.30)  Ray Allen (0.45)  

    Kyrie Irving 14 

    Derrick Rose 8 

    Tony Parker  Kyrie Irving  (0.68)  Rajon Rondo (0.29)  Chris Paul (0.03)  

    Rudy Gay  Kyrie Irving  (0.25)  Derrick Rose (0.75)  

    O.J. Mayo  Russell Westbrook (0.36)  Kyrie Irving  (0.30)  Derrick Rose (0.34)  

    Jason Terry  Kyrie Irving  (0.78)  Ray Allen (0.22)  

    Andre Iguodala  Derrick Rose (0.96)  Rajon Rondo (0.04)  

    Carmelo Anthony  Kyrie Irving  (0.72)  Derrick Rose (0.10)  Ray Allen (0.18)  

    Paul Pierce  LeBron James (0.11)  Kyrie Irving  (0.89)  

    Rajon Rondo 3 

    Ray Allen 5 

    Chris Paul 1 

    Deron Williams  Derrick Rose (0.85)  Rajon Rondo (0.15)  

3.3. Target values 
Based on the result of DEA we can calculate target values i.e. how much salary players should receive and 
how many minutes should spend on the court, based on his performance. They include a set of input/output 
levels with which units become efficient. Optimal solution of dual DEA model can be used for this purpose. 
Similarly, the values of inputs for superefficient units with which these units are efficient can be calculated. 
Target values are calculated based on following equations: 
 

  and 

  

For our analysis target values of outputs are not of use because management or decision maker do not 
have influence on them. We analyzed only target values for salary and minutes. It is important to see that, 
because of large amount of money that clubs are paying for the service of their players and for coaches to see 
who takes advantage of playing time. In Table 4 it can be seen whether they deserve it, or not. 
 

82



Table 4: Target values 

DMU 
Target value 

for Salary 
Original 
Salary 

Difference 

Target 
values 

for 
Minutes 

Original 
Minutes 

Difference 

    Kobe Bryant $18,829,867.33 $25,244,493 -($6,414,626) 2232 1664.91 -567.09

    Mo Williams $8,260,125.85 $8,500,000  -($239,874) 1472 1430.58 -41.42

    Monta Ellis $9,093,994.37 $11,000,000 -($1,906,006) 2121 1753.70 -367.30

    Tyreke Evans $4,947,880.24 $5,251,825  -($303,945) 2162 2037.31 -124.69

    John Wall $6,377,321.88 $5,530,080  $847,242 2386 2751.19 365.19

    LeBron James $17,816,868.94 $17,545,000 $271,869 2326 2362.08 36.08

    Dwayne Wade $17,096,408.78 $15,691,000 $1,405,409 1625 1770.56 145.56

    Joe Johnson $12,939,887.35 $18,038,573 -($5,098,686) 2127 1525.65 -601.35

    Kevin Durant $15,783,728.97 $15,506,632 $277,097 2546 2591.32 45.32

    Russell Westbrook $5,806,369.21 $5,082,416  $723,953 2331 2663.53 332.53

    James Harden $4,536,447.51 $4,604,760  -($68,312) 1946 1917.11 -28.89

    Danny Granger $10,948,122.60 $12,015,904 -($1,067,781) 2062 1878.69 -183.31

    Ben Gordon $9,666,150.45 $11,600,000 -($1,933,850) 1398 1164.96 -233.04

    Kyrie Irving $5,259,557.33 $5,144,280  $115,277 1558 1592.64 34.64

    Derrick Rose $7,498,298.55 $6,993,708  $504,591 1375 1474.51 99.51

    Tony Parker $10,572,157.38 $12,500,000 -($1,927,843) 1923 1626.28 -296.72

    Rudy Gay $12,626,296.98 $15,032,144 -($2,405,847) 2422 2034.25 -387.75

    O.J. Mayo $5,603,322.95 $5,632,637  -($29,314) 1771 1761.97 -9.03

    Jason Terry $8,709,986.25 $11,158,000 -($2,448,014) 2000 1561.11 -438.89

    Andre Iguodala $13,312,014.40 $14,718,250 -($1,406,236) 2209 1997.96 -211.04

    Carmelo Anthony $16,341,483.32 $18,518,574 -($2,177,091) 1876 1655.29 -220.71

    Paul Pierce $12,605,674.50 $15,333,334 -($2,727,659) 2075 1705.85 -369.15

    Rajon Rondo $10,518,897.56 $10,045,455 $473,443 1957 2049.49 92.49

    Ray Allen $10,423,315.85 $10,000,000 $423,316 1565 1631.38 66.38

    Chris Paul $16,437,852.41 $16,359,805 $78,047 2180 2190.13 10.13

    Deron Williams $13,221,288.47 $16,359,805 -($3,138,517) 1999 1615.49 -383.51
 

It can be seen from Table 4 that some players are overpaid, compared to what they show on the court. 
Most notable is Kobe Bryant, who is famous basketball superstar and by some even now he is considered as 
one of the best players in history of the game. His annual salary is $25,244,493 but compared with other 
players and their performances and salaries it is obvious that Bryant should receive lower wage – somewhere 
about $18,829,867, and play 567 minutes less. On the other hand Dwayne Wade is one of the players who 
could ask club management for salary increase or more playing time because his performance on the court in 
the given playing time exceeds his current salary. He deserves $1,405,409 more and about 145 minutes more 
on the court. 

3.4. Comparison of DEA to other methods 
Huge capital was invested in the NBA in the past years. Therefore there was a need to develop ways to 
measure the effectiveness of players. Until then there was only one way to measure efficiency. Through the 
formula given below: 

(6)
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It is clear that in this formula there are no inputs and could happen that a player who played the entire 
game and has zero efficiency has the same value like player who have played few seconds and had zero 
efficiency.  

Therefore, new methods for measuring the efficiency were developed. One of them is a player efficiency 
rating (PER). It is invented by John Holinger, a sports journalist. Efficiency is measured by weighting of 
each "point", depending on the time and situation, and efficiency obtained in that way is divided by playing 
minutes. This formula takes on many variables including points, assists, blocked shots, fouls, free throws, 
shots made, missed shots, rebounds, steals and turnovers to quantify player performance in regards to their 
pace throughout the game and the average performance level of the league. In this way management and 
viewers get a lot more information and can compare different players. 

Another measure of the efficiency was developed because some players "chasing" efficiency, while the 
other players are "supporting" players i.e. they allow other players to score points. In order to catch that 
phenomenon plus/minus rating (+/-) was invented. This type of efficiency is evaluated by calculating the 
number of points the team makes with that player on the field minus the number of points the opposing team 
made. This calculation is done for each team player while they are on court. (Schumaker et al. 2010) 
For management it is important that results, obtained by the DEA, derives values compared with the classical 
methods of measuring efficiency, which we mentioned above. In Table 5 is shown ranking of NBA players 
according to those methods. 
 
Table 5: Ranking according to different efficiency methods 

Player 
DEA 
score 

+/- PER 
NBA 
EFF 

DEA 
rank 

+/- rank 
PER 
rank 

NBA 
EFF rank

John Wall 115.30% -256 17.77 18.2 1 25 17 13
R. Westbrook 114.26% 366 23 20.5 2 5 6 6
Dwayne Wade 108.95% 344 26.37 22 3 6 3 4
Derrick Rose 107.23% 289 23.1 20.4 4 9 5 7
Rajon Rondo 104.72% 196 17.55 19.3 5 12 19 10
Ray Allen 104.24% 98 14.83 13.5 6 16 24 22
Kyrie Irving 102.23% -160 21.49 17.7 7 22 9 14
Kevin Durant 101.78% 369 26.26 27.3 8 3 4 2
LeBron James 101.55% 473 30.8 29.9 9 1 1 1
Chris Paul 100.47% 326 27.09 24.5 10 7 2 3
O.J. Mayo 99.49% 34 14.76 10.7 11 18 25 24
James Harden 98.52% 367 21.13 17.5 12 4 11 17
Mo Williams 97.18% -40 15.02 10.7 13 21 23 25
Tyreke Evans 94.23% -290 16.48 15.9 14 26 21 20
Danny Granger 91.11% 296 18.68 15.8 15 8 14 21
Andre Iguodala 90.45% 217 17.59 17.6 16 11 18 16
C. Anthony 88.24% 109 21.15 19.5 17 15 10 8
Tony Parker 84.57% 421 22.04 18.6 18 2 7 12
Rudy Gay 83.99% 95 17.85 17.7 19 17 16 15
Ben Gordon 83.33% -188 13.52 9.8 20 24 26 26
Monta Ellis 82.68% -29 17.53 17.4 21 20 20 18
Paul Pierce 82.21% 192 19.69 18.8 22 13 13 11
Deron Williams 80.81% -176 20.34 19.4 23 23 12 9
Jason Terry 78.06% 16 15.8 12.6 24 19 22 23
Kobe Bryant 74.59% 137 21.95 21.4 25 14 8 5
Joe Johnson 71.73% 236 18.5 16.5 26 10 15 19
 

As it can be noticed by looking in Table 5, player ranking with other methods are quite different 
compared to the DEA ranking. 

Table 6 shows that DEA has positive correlation between other three methods but that correlation is not 
significant. On the other hand, rankings, obtained by plus-minus rating, PER and classic player efficiency 
rating have significantly high correlation between each other. The main reason for such a result is that those 
three methods do not include player salary in their way of calculating efficiency. 
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Table 6: Spearman correlation between DEA and NBA efficiency rankings 

Spearman's rho DEA +/- PER EFF NBA

DEA 
Correlation Coefficient 1.000 .231 .274 .315

Sig. (2-tailed) . .257 .176 .117

+/- 
Correlation Coefficient .231 1.000 .707** .568**

Sig. (2-tailed) .257 . .000 .002

PER 
Correlation Coefficient .274 .707** 1.000 .896**

Sig. (2-tailed) .176 .000 . .000

EFF NBA 
Correlation Coefficient .315 .568** .896** 1.000

Sig. (2-tailed) .117 .002 .000 .

**. Correlation is significant at the 0.01 level (2-tailed). 
 

If those methods are modified, in that way that salary can be included, then those methods can be 
compared directly with DEA. It is done by dividing annual salary with rating points. That can be interpreted: 
How much player is earning for each of his rating point. Plus/minus rating is excluded from the analysis 
because values given when dividing salary with plus-minus ratings cannot be interpreted properly. Rankings 
can be seen in Table 7. 
 
Table 7: Modified rankings 

Player 
Salary/PER 

rank 
Salary/NBA 

EFF rank 
DEA rank 

Difference from 
PER 

Difference from 
NBA EFF 

John Wall 6 5 1 5 4
R. Westbrook 2 1 2 0 -1
Dwayne Wade 12 14 3 9 11
Derrick Rose 5 6 4 1 2
Rajon Rondo 11 8 5 6 3
Ray Allen 17 15 6 11 9
Kyrie Irving 3 4 7 -4 -3
Kevin Durant 14 10 8 6 2
LeBron James 8 9 9 -1 0
Chris Paul 13 13 10 3 3
O.J. Mayo 7 7 11 -4 -4
James Harden 1 3 12 -11 -9
Mo Williams 9 18 13 -4 5
Tyreke Evans 4 2 14 -10 -12
Danny Granger 16 16 15 1 1
Andre Iguodala 19 17 16 3 1
C. Anthony 24 23 17 7 6
Tony Parker 10 12 18 -8 -6
Rudy Gay 22 20 19 3 1
Ben Gordon 23 26 20 3 6
Monta Ellis 15 11 21 -6 -10
Paul Pierce 20 19 22 -2 -3
Deron Williams 21 21 23 -2 -2
Jason Terry 18 22 24 -6 -2
Kobe Bryant 26 25 25 1 0
Joe Johnson 25 24 26 -1 -2
 

Player who made highest improvement on scale is Dwayne Wade, to whom it is already concluded that 
deserves higher salary. Players who have good rank in other scales but by DEA method are significantly 
lower are Tyreke Evans and James Harden. It is interesting to see that when these methods include in their 
efficiency measurement annual salary, that Kobe Bryant also has a very low ranking too. After checking the 
Spearman correlation between the ranks, the following results were obtained: 
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Table 8: Spearman correlation between DEA, modified +/- rating and modified efficiency rating 

Spearman's rho DEA Salary/PER Salary/EFF NBA

DEA 
Correlation Coefficient 1.000 .726** .743**

Sig. (2-tailed) . .000 .000

Salary/PER 
Correlation Coefficient .726** 1.000 .937**

Sig. (2-tailed) .000 . .000

Salary/EFF NBA 
Correlation Coefficient .743** .937** 1.000

Sig. (2-tailed) .000 .000 .

**. Correlation is significant at the 0.01 level (2-tailed). 
 

As seen in Table 8 it can be concluded that DEA is significantly high correlated with both PER and 
efficiency rating when they include salary in their ranking calculation. This tells that DEA can be a good 
method to measure NBA player’s efficiency because it includes one more dimension which is very important 
in economic sense - salary. It can be now concluded that DEA can change way on looking to player’s 
efficiency. We thus contributed to a new way of calculating the efficiency of NBA players. 

4. CONCLUSION 
This paper employs a DEA to evaluate the efficiency of NBA players from the economy and management 
aspects in 2011/2012 regular season. Using the data available from NBA.com and available source of NBA 
salaries we had an opportunity to examine efficiency in different way that classical efficiency methods do, 
performing the ranking by Anderson-Peterson model. In that way we included salary in calculation of 
efficiency, which is very important for making decisions on, among other things, hiring, amnesty, play 
positions and salaries. 

Further analysis revealed that the all of NBA players are located in the range of efficiency from 70% to 
116%. Ten players exceed the efficiency of 100%. In fact, seven players exceed the efficiency of 100% and 
have true efficiency, while other three are efficient but they are not role model for any player. Player with the 
highest efficiency score is John Wall with score of 115.30%. On second place is Russell Westbrook with 
114.26%. O.J. Mayo, James Harden and Mo Williams are close to the border of efficiency, while Jason Terry 
and Joe Johnson are extremely inefficient. Interesting fact is that Kobe Bryant, famous basketball superstar, 
compared with other players and their performances and salaries is also very inefficient.  

While all other NBA efficiency methods are focused only on player performance on court, proposed DEA 
model includes salary which add new dimension into analysis of NBA players. First, coach can use this 
method to estimate whether player should play more or less based on performance of other, similar players. 
Second, executive board is provided useful insight into player’s actual performance and decides whether to 
increase or decrease annual salary, or even amnesties his contract. 

As an improvement of this model, in further work, we plan to analyze all NBA players based on 
similarity. By similarity we mean players in same cluster.  After that DEA would be conducted on all 
clusters. With those results team management would gather much more information on players and team 
performance. Based on that they decision making process would be much better. Second possible 
improvement is to include distance based analysis, like I-distance which would provide another view on 
player’s efficiency. 
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Abstract: Business Process Management hasn’t methods for removing steps in processes which are 
identified in analysis as inefficient or ineffective. Tools and techniques from Six Sigma are borrowed for 
those tasks. Six Sigma methodology is focused on defining, measuring, analyzing, improving, and controlling 
business processes. Process Management tools, and the problem solving methodology of Six Sigma, have 
come together to increase the efficiency, effectiveness, and ongoing control of a process to levels of 
performance. This paper will attempt to provide answers and defining tasks: 
• How Six Sigma-based process improvement initiatives can be used on processes across the enterprise, 

not just manufacturing processes. 
• How Six Sigma and BPM combined offer one of the most powerful process improvement solutions 

possible. 
• Defining steps delineated below to integrate BPM and Six Sigma. 
• Defining the tasks for managers in Serbia in the future.  

Keywords: Business Process Management, Six Sigma, process improvement. 

1. BUSINESS PROCESSES MANAGEMENT 
BPM has been applied mostly in paper intensive industries such as health care, insurance, finance, utilities 
and government. These businesses rely on human knowledge, information databases, and process flows to 
produce an end result, such as a home loan or business license. These paper-based businesses rely on forms 
that must be completed and information gathered to produce the expected output. 

Business processes exist in three forms. First are processes that are executed via computers, such as e-
Business, ERP, and CRM. These are also called information workflow or system-to-system processing. Next 
are the more traditional human value-added processes, also called human-to-human workflow processes. 
These two forms of processes co-exist and interact, creating the third form, where human workflow is 
augmented by information workflow.[16] 

Business process management is a management discipline that treats business processes as assets that 
directly contribute to enterprise performance by driving operational excellence and business agility. As with 
other assets, determining the right level of investment in the resources needed, proper performance 
monitoring of the process, sound maintenance of the process and management of the process life cycle can 
drive operational excellence (Figure 1.). 

The most critical disciplines for BPM success are related to nontechnical issues, such as changing 
people’s attitudes and assumptions based on building a new frame of reference or perspective (that is, the 
process perspective) for evaluating business performance of government agencies. These essential elements 
consist of: 

 Comprehending processes through business process modeling for visualization 
 Evaluating process performance through attention to the right process metrics 
 Generating options for performance improvements through process analysis 
 Gaining the willingness to change the processes from the stakeholders involved.[5] 

Together, these disciplines provide a fresh approach to improving the performance of business processes. 
A BPM effort may be initiated from a business unit, the IT organization or an internal operational unit that 
may focus on innovation, transformation, organizational development, change management, enterprise 
architecture, government delivery services, audit/compliance and so on.[15] 
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Figure 1. BPM -five step business process life cycle[7] 

 
Trends in Business Process Management. In 2000, Gartner predicted that BPM would become the next 

big phenomenon. The "thought leadership" expressed then has been reflected in the current popularity of 
business modeling. By 2004, Gartner has seen demand grow from 15 percent of their client base to more 
than 35 percent across all businesses, regardless of their cultural tendencies. 

Because processes are the critical paths to progressive business change, processes are coming under 
intense scrutiny. According to Gartner, the need for process understanding will create significant Business 
Process Management activity. Gartner predicts a rising tide that will drive a growing business modeling 
market, including such services and technologies as Business Process Analysis (BPA) and Enterprise 
Architecture.[5] 

2. THE SIX SIGMA METHODOLOGY 
Six Sigma can be defined as a structured approach that recognizes problematic areas of the business, defines 
improvement projects, and delivers breakthrough-level solutions in a predictable and repeatable manner. 

A problem is generically defined as the inability of a process or business characteristic to meet its 
requirements. In many cases, a near intuitive or logical solution is available; these types of solutions are one 
of the many benefits derived from a process management activity. However, when the situation is complex, 
spans several process activities, and may include the interaction of several inputs, a more powerful problem 
solving method is required. 

Six Sigma uses a five phase methodology, known as DMAIC, that applies a fundamental formulaic 
approach that defines an output as a function of the inputs, stated as Y=f(X). In this equation, the Y is the 
process output that needs improvement, and the Xs are the inputs or root causes of the problem. DMAIC 
stands for Define, Measure, Analyze, Improve, and Control (Figure 2.).[2] 

Each phase is comprised of various analytical tools designed to find the root cause(s) of almost any 
problem. The problem solving process is augmented by software tools to handle the data, modeling, 
simulation and associated statistical analysis that lead to an improvement action. 

A hallmark of Six Sigma is its ability to institutionalize and sustain an improvement. This is the objective 
of the control phase. New technologies have recently become available that enable process execution 
management. This type of tool provides computerized monitoring, control, and management of processes 
that have been optimized by a Six Sigma project. 

Trends in Six Sigma. Six Sigma first appeared in 1987 when Motorola initially launched it. Motorola 
Chairman Bob Galvin decided that traditional process performance levels, about 3 to 4-sigma, simply were 
not sufficient.[13] Motorola set a new standard for excellence and began developing the means to achieve it. 

Enamored by Motorola’s success, other leading companies, such as Texas Instruments (now Raytheon), 
began a similar pursuit. But it wasn’t until 1993 that Six Sigma really began to transform business. That’s the 
year that Allied Signal’s Larry Bossidy adopted Six Sigma. And this time there was something different; Six 
Sigma began to take shape as more than just a quality system—it began to look like a management system. 

89



At Allied Signal, an entire system of leadership and support systems began to form around the statistical 
problem solving methods developed by Motorola.[13] 

Not long after Allied Signal began its pursuit of Six Sigma quality, Jack Welch, then Chairman and Chief 
Executive of General Electric (GE), began to study Six Sigma. After a little time and a great deal of 
contemplation, Welch made the decision to apply Six Sigma. GE applied Six Sigma with rigor and with 
enthusiasm. As a result, GE’s annual reports claim savings of billions of dollars with Six Sigma.[2] 

Since introduction by Motorola, Six Sigma has evolved from a product-oriented problem solving 
methodology into an enterprise wide approach for managing improvements. One good way to assess the 
adoption of a method, idea, or product is through trend analysis. In trend analysis we look at the rate of 
adoption over a period of time. Six Sigma trend analyses for U.S. companies with annual revenues greater 
than $200 million show that over 25% of US based companies in this category have adopted Six Sigma. The 
adoption rate is expected to exceed 80% by 2010.[19] 
 

 
Figure 2. DMAIC Roadmap[10] 

 
Six Sigma Provides a Method for Improving Business Processes. In its strict definition, Six Sigma is 

the application of statistical methods to business processes to improve operating efficiencies and return 
dollars to the profit of an organization. Here’s the basic theory: Sigma is a letter in the Greek alphabet used 
to denote the standard deviation of a process. Sigma quality level is sometimes used to describe the output of 
a process. A Six Sigma quality level is said to equate to 3.4 defects per million opportunities.[11] 

In practice today, however, the term is used to denote more than simply counting defects. In today’s 
businesses, Six Sigma is a methodology for pursuing continuous improvement in customer satisfaction and 
profit that goes beyond defect reduction to emphasize general business process improvement. This includes 
revenue improvement, cost reduction, cycle-time improvement, increased customer satisfaction, and any 
other metric important to the company. It implies an entire culture of methodologies to improve the overall 
health of the organization. 

The customers that form the base of today’s world market are demanding higher-quality products at lower 
costs with greater responsiveness. Six Sigma helps an organization achieve these objectives when leveraged 
with other initiatives as part of a thorough business strategy. The ultimate goal is to develop a process 
improvement solution that aligns the proven methodology of Six Sigma with the corporation’s strategic 
goals. 

3. IMPROVING THE PROCESS 
Many companies have made extensive investments in their software systems, and have approached process 
improvement with automation tools that route data from one system to another, such as automated interfaces 
between ERP, CRM, and SCM applications. But, executing a project to improve business processes often 
requires more than just tying together systems to create a “lights out” automated process. 

Not all complex business processes can be fully automated, because: 
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• People are an integral part of the process. 
• Mistakes and exceptions occur within the process. 
• Complex process steps are not easily reduced to digital business rules.[17] 

The Six Sigma project, for example, might produce a recommendation to replace or enhance an out-of-
date system, cross-train employees, or improve the layout of a production line. The key is to implement a 
solution in which the ideals of Six Sigma continuous process improvement can be executed quickly and 
consistently, without additional expenses of retooling, recoding, or replacing the company’s existing 
enterprise software. 

BPM: The Platform for Process Improvement Solutions 
The TeamWorks BPM platform automates processes when possible, and includes people in the process 
exactly when their knowledge is required — the most efficient formula for improving business processes. In 
this software environment, processes can be designed, executed, monitored, and analyzed, allowing 
companies to take the processes they’ve reengineered using the Six Sigma methodology, and implement 
them in the most efficient way possible. 

BPM coordinates business processes between people and the data in IT systems, giving the data context 
and turning it into meaningful business information, rather than just automatically routing it from system to 
system. It delivers contextual information to participants in the process, so they can make well researched, 
informed decisions in the most efficient way. From a management perspective, it gathers and analyzes 
process metrics, such as process duration and cost savings, so that performance and value can be accurately 
tracked. 

 

 
Figure 3. Monitoring and Responding to Business Events[18] 

 
The TeamWorks BPM platform monitors business activity across multiple software systems. When 

changes to normal operations occur, TeamWorks determines whether the event requires human decision, and 
either launches automated processes or prompts employees to respond by guiding them through their 
participation in the process. TeamWorks also delivers executive scoreboards that report up-to-the-second on 
how processes are performing, how those processes are affecting the business and how the processes can be 
improved further (Figure 3.). 

The BPM platform includes: 
• An authoring environment for defining business processes 
• A monitoring capability that watches processes for circumstances that fall outside of defined 

business rules, and launches sub-processes to address those circumstances 
• An execution environment for managing those processes so that humans are included in the 

process when necessary 
• A scoreboard that helps executives monitor and react to business events, providing a mechanism 

for continuous process improvement.[18] 
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4. APPLYING SIX SIGMA AND BPM TO ENTERPRISE BUSINESS PROCESSES 
The process oriented initiatives has been present for a long time. Total Quality Management (TQM) and 
Business Process Reengineering (BPR), for example, advocated similar philosophies as Six Sigma: 
Continuous process improvement is critical to long-term business success. But they have gradually fallen out 
of favor — not because they were necessarily misguided methodologies, but because they had no direct link 
to bottom-line profitability, nor any correlating technology to support the ideals of continuous process 
improvement across the corporation. 
 
Table 1. The combination of Six Sigma and BPM provides a synergistic approach that delivers the most 

powerful process improvement solution possible.[17] 

 
Six Sigma 

Focus on Analysis 
BPM 

Focus on Automation and Optimization 

Approach 
Analytical strategy for generating 
financial value through process 
improvement 

Automation and optimization environment 
for generating financial value through 
process improvement 

Data 
Leverages statistical analysis of key 
metrics to identify improvement 
opportunities 

Accesses data from enterprise systems to 
enable statistical analysis 

Process 
Improvement 
Design 

Process improvements gained 
through focus on root-cause analysis. 
System changes achieved through 
collaboration with IT. 

Provides visual design environment used 
to graphically define process flow and 
people/system interactions 

Process 
Improvement 
Execution 

Document recommended changes 
and measurement techniques  

Improved process automated and 
integrated with existing IT investments 

Measurement 
Control charting measures continued 
trends of key metrics 

Scoreboards measure continued trends of 
key process metrics and business value 
impact 

 
The combination of Six Sigma and BPM is a natural pairing for making process-oriented initiatives 

successful. While the Six Sigma methodology is based on proven business principles that integrate corporate 
goals into process improvement efforts, BPM software provides a flexible technology as the sound 
foundation for designing and executing these ideals throughout the enterprise. 
 

 
Figure 4. Adding Value to Six Sigma Strategies[10] 
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Business Process Management enhances the Six Sigma methodology by providing data access, process 
metrics, business rules, graphical process modeling, and process automation that directly support the Six 
Sigma Design, Measure, Analyze, Improve, and Control (DMAIC) model for restructuring business 
processes. 

At this point, it’s important to remember that getting stuck on reaching “zero defects” or “zero errors” can 
be discouraging if you approach it from the myth-perspective that a Six Sigma initiative is a complex and 
costly undertaking. This is why this paper advocates using the right metric to drive the right activity, rather 
than relying on defect reduction as the only metric. The path of striving for Six Sigma and using the Six 
Sigma ideals when analyzing and improving processes will show quick benefits along the way because the 
methodology focuses on continuous, ongoing improvement. 

The TeamWorks BPM platform is designed to facilitate ongoing process improvement initiatives in two 
ways: provide a graphical process authoring environment in which to quickly and easily define and modify 
processes, and provide a flexible software environment in which to execute processes.[15]  

The authoring environment allows even non-technical business process owners to model and configure 
their business processes for execution in the platform. Thus, a black belt in Six Sigma, for example, could 
design a Six Sigma process without extensive involvement from software technicians. 

In addition, TeamWorks gathers process metrics as process events happen, delivering to executives the 
information they need to analyze, modify, improve, and control processes in real time. Together, the Six 
Sigma methodology and BPM software can improve a company’s processes without huge, complex 
initiatives (Figure 4.). 

Six Sigma and BPM: Common Goals for Improving Business Processes 
Consider the common goals of Six Sigma and BPM software: reduced costs, increased profits, and improved 
customer relations through business process improvement. Now, consider the challenges facing today’s 
enterprises: data housed in disparate transaction-based systems throughout the organization and manual 
processes that lack standardization and, therefore, cannot easily be monitored or improved. 

The analytical approach of Six Sigma, combined with the automation and optimization approach of BPM, 
provides the solution to a corporation’s process and technology challenges, while tying the solution directly 
with the corporation’s financial goals.  

Data Monitoring 
The typical Fortune 500 company must manage and optimize 300+ core processes and more than 2,000 
related sub-processes, plus all of the corporate data that run its business. It has spent millions of dollars 
acquiring enterprise-wide systems aimed at planning, budgeting, forecasting, managing, and analyzing its 
business, and it has spent additional time and money training its employees to use these systems.[19] The 
challenge is that many processes and correlating data span multiple transactional systems, making metrics-
gathering and analyzing cumbersome, and sometimes even impossible, despite all of the previous 
investments in technology. 

TeamWorks has “undercover agents” that monitor business conditions in any system related to a process. 
It looks for business events that fall inside or out of defined business rules, and launches sub-processes that 
respond to those business events. In addition, TeamWorks has integration components that allow it to 
integrate with other applications, pushing and pulling data between any application and itself. These two 
features allow a company to extend its Six Sigma-based processes across the enterprise, despite where the 
process or the associated data and people are located. 

BPM provides access and visibility into applications and data needed for Six Sigma analysis and process 
restructuring. In addition, it is the environment in which business rules can be defined and executed as part 
of automated processes. 

For example, analyzing a collections process to reduce day sales outstanding may require access to the 
order systems and customer and receivables records to determine the payment time of invoices. For 
statistical validity, the sample size may be every invoice and payment from the last three years. BPM 
application connectors provide access to the data and enable business rules to consolidate it (Figure 5.). 
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Figure 5. Data Monitoring [14] 

 

5. INCREASING THE EFFICIENCY OF PROCESSES 
One of the challenges of increasing the efficiency of processes is that they often span multiple IT systems. 
As a result, increasing the efficiency of processes requires improving the multiple applications that the 
process spans. But, changing large applications can be prohibitive — requiring money and time piled on top 
of the resources already spent on initial implementations. 

To overcome this challenge, people tend to get heavily involved in the process with inconsistent and 
inefficient manual work-arounds. The opportunity for errors and process lags mount as people choose email, 
fax, and phone communication, and multiple, manual data entries when processes cannot properly bridge 
across applications. 

The TeamWorks BPM platform solves this problem by designing and executing processes that reach 
across multiple applications. It allows the process to bridge across applications, gathering data as needed, 
regardless of its source. 

In addition, TeamWorks monitors the process for any business event that falls outside of its normal 
execution. When one of these business events occurs, it uses defined business rules to either launch an 
automated sub-process, or bring a person into the process by sending that person a task. Attached to the task 
is an electronic “process coach” that delivers the contextual information and process steps that the person 
needs to keep the process on track. For example, a process coach for a deduction management process might 
include the following elements: 

• General information on invoices, purchase orders, delivery verifications, customer history, value of 
outstanding deductions, etc. 

• Access to research, such as the disposition of the last 10 deductions, typical customer service resolution 
times, etc. 

• Recommended actions to resolve or complete the process.[9] 
This feature keeps the process moving, allowing people to make informed decisions when business events 

occur without needing to access multiple systems, or resorting to time consuming manual methods. It fosters 
the Six Sigma process improvement ideal throughout the organization by integrating the efficient execution 
of processes into daily business. 

Measurement: Scoreboards 
When the correct data has been located and put into the context of a business process, it must be measured 
and analyzed so that it becomes meaningful information that managers and executives can use to make 
informed decisions about the business. In addition, new data must be created about the performance of the 
process itself so that executives can determine where processes are lagging, and where they have been 
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successfully improved. This is critical for continuous improvement because it gives specific information 
about processes to the decision-makers in an enterprise, arming them with the information they need to 
strategically respond to changing business conditions. 

TeamWorks provides a “time/date” stamp on every step related to a process, and captures this data in a 
table that is updated continually. This data can then be displayed for a complete picture of business processes 
on a regular basis. A company’s first TeamWorks solution may even be the first time certain metrics have 
been available to a company’s executives (such as the new information that Company A received about its 
shipping company not living up to its service level agreement, in the following case study), giving them 
insight and control that was previously impossible.[17] This capability gives executives the metrics needed 
to make decisions about ongoing process improvements. 

6. CONCLUSION 
Six Sigma’s analytical approach to continuously increasing the efficiency of processes across the corporation 
— not just manufacturing processes — can be enhanced even further by using BPM software, such as 
Lombardi Software’s TeamWorks, to design and execute the processes. While companies often attempt 
process improvement by automatically routing data from system to system, TeamWorks brings a more 
comprehensive approach to the table: 

• Monitors systems for business events, and pulls relevant data from various systems, presenting 
the information to the appropriate person at the right time, so that processes are executed 
quickly and consistently, and errors are greatly reduced 

• Provides graphical authoring environment so that Six Sigma-based processes can be quickly and 
easily defined or modified and deployed by non-technical business process owners 

• Gathers metrics as process events happen, delivering to executives the information they need to 
analyze, modify, improve, and control processes in real time 

A strategic approach that combines the proven effectiveness of the Six Sigma methodology with the 
power of TeamWorks- can be the most effective solution for increasing the efficiency of business processes. 
Together, Six Sigma and TeamWorks will enhance the speed and agility of an enterprise’s operations and 
improve the company’s bottom line. 

Small and medium enterprises are the backbone of the economy in Serbia. In order to be successful and 
have sustainable growth, they need help in continuously increasing the efficiency of processes. Knowledge 
and experience, supported by modern software tools should be provided through training and education. 
Process Management tools, and the problem solving methodology of Six Sigma, can together increase the 
efficiency, effectiveness, and ongoing control of a process to levels of performance. 
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Abstract: In this paper, we analyse the performance of the tax administration using data envelopment 

analysis (DEA) and regression analysis in thirteen European countries. In the first phase, DEA input- 

oriented model with the three input and two output parameters has been used for the efficiency evaluation. 

The influence of selected independent variables on grey economy, which represents an approximation of tax 

evasion and efficiency of tax administration, was conducted by regression analysis in the second phase. The 

main goal is to investigate influence of the relative efficiency and number of employees in tax administration 

as well as country employment rate on grey economy level. 

Keywords: Tax Administration, Data Envelopment Analysis, Regression Analysis 

1. INTRODUCTION 

Tax Administration is essential for every country. In the situation with full tax compliance, which is extreme 

and an ideal situation, the role of tax administration would be restricted to the provision of facilities for 

citizens to discharge their responsibilities to the society. In the case of non-compliance, Tax Administration 

will have to play the role of policeman. Due to lack of resources and in the situation that it cannot play the 

role of a policeman to all taxpayers, Tax Administration has to support a voluntary compliance and to fight 

against tax evasion. Tax evasion is one of the most common economic crimes, and has been present since the 

introduction of taxes. The fundamental role of the tax administration is to render quality taxpayer services 

and to encourage voluntary compliance of tax laws, to detect and penalise non-compliance. The extent of 

success of the Tax Administration in its role should be reflected through a higher level of tax compliance and 

a lower level of tax evasion. Only with collected taxes, governments are able to provide all public services 

and to implement welfare programs. 

Adequate Tax Compliance model is essential for every tax administration. The model is based on two 

elements: attitude to compliance and compliance strategy. The strategy of Tax Administration should be to 

create pressure down, or in other words to use the compliance strategy to help taxpayers to pay taxes on the 

one side and to fight against tax evasion on other side. Namely, vast majority of taxpayers want to comply 

with their taxation obligation. This is very important, because Tax Administration has to take adequate 

compliance model in this respect. It includes all the initiatives that authority might take to improve service 

delivery. In order to measure how efficient is tax administration in implementing compliance strategy several 

methods is being used. The main methods are developed by the European Union (2007), jointly by the 

International Finance Corporation, Price Waterhouse Coopers and World Bank (2012), by International 

Monetary Fund (2012), by World Bank (2012), and by OECD’s Centre for Tax Policy and Administration 

for the Forum on Tax Administration (2009). Other models that have been used to assess the performance of 

a tax administration are the following: International Tax Dialogue (2010); Public Expenditure and Financial 

Accountability (PEFA) Framework (www.pefa.org); The USAID´s Collecting Taxes Database 

(www.usaid.gov); and Diagnostic Framework for Revenue Administration (Jit Gill 2000). The assessment of 

efficiency of tax administration using DEA is very rare, probably due to lack of information regarding the 

                                                      
1 The views expressed in this paper are those of the author and do not necessarily represent those of Gesellschaft für Internationale 

Zusammenarbeit (GIZ) GmbH or the German Federal Ministry for Economic Cooperation and Development (BMZ) 
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tax administration. In the literature, the articles from Wim Moesen and Annick Persoon (2002), Xose Manuel 

Gonzalez and Daniel Miles (2000), and Carlos Pestana Barros (2007) could be found. 

2. METHODOLOGY 

The idea of efficiency measurement was developed by Michael Farrell (1957) during mid-twentieth century 

when he used non-parametric efficiency limits approach to measuring the efficiency of the relative distances 

from the frontier efficiency. This measure, which is well known as empirical or relative efficiency was later 

expanded in the work of other researchers. Data Envelopment Analysis (DEA) was introduced by Abraham 

Charnes, William Cooper and Edwardo Rhodes (1978). Their model is known as CCR model. Business 

units, their activities or processes in the DEA terminology are seen as a Decision Making Units (DMU). 

DMU is the unit that actually make business decisions, and whose performance is characterized by a set of 

inputs and outputs, and their interdependence. It operates with constant returns to scale (CRS) which implies 

that a change in the amounts of the inputs leads to the same proportional change in the amounts of the 

outputs. Efficiency ratio is scaled between 0 and 1, and all efficient units have the same ratio equal to 1. 

Following this model, Rajiv Banker, Abraham Charnes, and William Cooper (1984) have extended the 

original CCR model by introducing the assumption of variable returns to scale (VRS). In the literature this 

model is known as a BCC model. The VRS efficiency scores measure pure technical efficiency excluding the 

effects of scale operations. They are greater than the corresponding CRS efficiency scores. BCC model is 

able  to  distinguish  between  technical  and  scale  inefficiency.  Technical  inefficiency  is  calculated  by 

measuring how well the unit uses its inputs to create outputs, while scale inefficiency identifies whether 

increasing, decreasing, or constant returns to scale exist. There are two main orientation of DEA model: 

input and output orientation. Input-oriented DEA model aims to minimize the input with given level of 

output. On the other side, in output-oriented DEA model aim is to maximize the output with given level of 

input. In the envelopment model, the number of degrees of freedom will increase with the number of DMUs 

and decrease with the number of inputs and outputs. A rule of thumb which can provide guidance is as 

follows (Cooper, Seiford, and Tone 2000): }{ )(3,max smsmn +×≥ ; where n is number of DMUs, m 

is number of inputs and s is number of outputs. This pre-condition has been fulfilled in analysis. 

Consider a set of n DMUs, with each DMUj, j = 1,. . .,n, using m inputs xij (i = 1,. . .,m) and generating s 

outputs yrj (r = 1,. . ., s).Then the primal linear program for the (input-based) CCR model, that gives optimal 

efficiency score θ* for DMU0, can be written as: 
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where ur is weight assign to output r, r=1,..,s and vi is weight assign to input i, i=1,..,m. A DMUo is said to 

be CCR eficient if and only if  θ*= 1 and all optimum slack values in Eq. (1) are zero. 

98



In this paper DEA is used for comparative analysis of tax administration efficiency in the selected 

countries. Procedure of DEA method applying could be divided into following steps (Gordana Popović, and 

Milan Martić 2005): 

� 1. DMU’s definition and choosing, 

� 2. Defining relevant inputs and outputs, 

� 3. Choosing adequate DEA model, and 

� 4. DEA model solving, analysing and interpretation of results. 

 

In this paper analysis would be done in two stages. The first stage is DEA analysis. The second stage is 

regression analysis that explains influence of DEA efficiency and other selected variables on grey economy 

as approximation of tax evasion and efficiency of tax administration. 

The following countries have been selected as a DMU: Bulgaria, Czech Republic, Hungary, Serbia, 

Slovak Republic, Slovenia, Latvia, Lithuania, Finland, Estonia, Ireland, Portugal, and Spain. The countries 

are selected based on the following criteria: countries that have similar economic and political legacy like 

Serbiа (Bulgaria, Czech Republic, Hungary, Slovak Republic, Slovenia, Latvia, Lithuania, and Estonia); EU 

members due to fact that Serbia wants to became member of the EU and to align own taxation system 

according to the EU standards; countries in the region (Bulgaria, Hungary, and Slovenia); and developed 

countries (Finland, Ireland, Portugal, and Spain) which standards Serbia wants to reach in the long term. As 

it is already mentioned the analyses has been done in two phases and results are given in the following 

sections. 

3. DEA EFFICIENCY MEASUREMENT 

In the first stage the following input and output parameters have been used. The parameters are determined 

by goal definition that is measuring the efficiency of the tax administration. The following inputs are used: 

� Total expenditure of the tax administration /net revenue collected - TE 

� Tax Payments - TP 

� Time to comply - TC 

On the other side, outputs parameters are: 

� Tax collected/total amount for collection (theoretical tax) – TC/TAC 

� Value of completed actions / net revenue collected – VCA/NRC 

The Tax payments and Time to comply are represented as a rank of the selected countries on the overall 

rank list given in the International Finance Corporation (2012). The main functions of every tax 

administrations are collection and audit. The goal is to collect as much tax revenue as possible with limited 

resources. All necessary data for the selected tax administrations are available. Value of inputs and outputs 

are given in the Table 1. 
 

Table 1. Value of inputs and outputs 

DMU 
Inputs Outputs 

TE* TP** TC** TC/TAC*** VCA/NRC*** 

Bulgaria 1,31 59,00 166,00 11,10 2,50 

Czech Rep.  1,43 17,00 169,00 5,10 1,80 

Hungary  1,60 46,00 124,00 9,90 8,90 

Serbia**** 0,90 177,00 125,00 2,71 3,38 

Slovak Rep.  1,65 103,00 100,00 17,70 9,60 

Slovenia 0,86 83,00 109,00 55,70 1,60 

Latvia 1,31 11,00 128,00 18,00 4,10 

Lithuania 0,91 40,00 61,00 34,30 2,50 

Finland 0,64 17,00 19,00 28,00 5,20 

Estonia 0,77 17,00 16,00 12,50 2,00 

Ireland 0,76 17,00 9,00 13,40 1,60 

Portugal 1,55 17,00 121,00 14,40 9,70 

Spain 0,87 17,00 66,00 34,60 4,90 

Source
2
: * IOTA (2013); ** IFC (2012); *** OECD (2011) 

Note: Output elements for the Serbian Tax Administration have been calculated by authors 

                                                      
2 All input data in the Table 1 are related to 2012, while all output data are related to 2009 
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For efficiency assessment has been used input-oriented CRS DEA model, explained in equation 1. The 

CRS model was chosen because it is more rigorous in assessment of efficiency than the VRS model. In 

addition, it allows better discrimination between efficient and inefficient units. The Efficiency Measurement 

System (EMS) software, that is created within an Excel environmental (Holger Scheel 1998), is used for 

evaluation. The results are given for the input-oriented model due to easier presenting, since CRS assumption 

means that the efficiency score obtained by the output-oriented would have be reciprocal values. Efficiency 

scores of tax administration are shown in the Table 2. 

 
Table 2. Efficiency scores 
 

 
 

DMU 
 

Score 
 

Benchmarks 

1 Bulgaria 0,23 9 (0,48) 

2 Czech Rep. 0,23 12 (0,14)  13 (0,09) 

3 Hungary 0,68 9 (1,71) 

4 Serbia 0,46 9 (0,65) 

5 Slovak Rep. 0,72 9 (1,85) 

6 Slovenia 1,00 1 

7 Latvia 0,99 12 (0,20)  13 (0,44) 

8 Lithuania 0,77 6 (0,20)  9 (0,82) 

9 Finland 1,00 6 

10 Estonia 0,53 9 (0,37)  11 (0,16) 

11 Ireland 1,00 1 

12 Portugal 1,00 2 

13 Spain 1,00 2 

Source: Authors’ calculation 

 
The relative efficient DMU are the following tax administrations: Slovenia, Finland, Ireland, Portugal and 

Spain. The relative inefficient tax administrations are in Bulgaria, Czech Republic, Hungary, Serbia, Slovak 

Republic, Latvia, Lithuania, and Estonia. The above mentioned relative efficient units are showing as a 

benchmark for inefficient units one, six, one, two, and two time respectively. In total, 5 out of 13 tax 

administrations have been relatively efficient. The benchmark for the Serbian Tax Administration (STA) is 

the Finish Tax Administration. Namely, in order to become relatively efficient and to reach the Finish Tax 

Administration’s performance, the STA has to move up to the 107 rank position regarding the number of tax 

payments (Input 2) and up to the 80 rank position regarding the total time to comply (Input 3). In the nominal 

terms, and looking into the rank of the other countries on above mentioned parameters (IFC 2012), the tax 

payments should be approximately on the level of 32 days instead of current 66 days, and the total time to 

comply should be approximately on the level of 207 days instead of current 279 days. The total expenditure 

of the tax administration/net revenue collected (Input 1) should remain at the same level. 

4.  REGRESION MODEL MEASUREMENT 

In the second stage a grey economy has been used as an approximation of tax evasion that indirectly refers to 

the level of efficiency of tax administration. As was mentioned, the main aim of tax administration is to 

decrease levels of tax evasion. In that context, the term grey economy is strongly connected with tax evasion. 

The grey economy is the basis for tax evasion and refers to the part of economy that generates income, but 

goes untaxed. It comprises a wide range of economic activities. For this aspect of economy there are a lot of 

adjectives that can be used to describe this activity (Neil Brooks 2001, p.8): grey, black, cash, etc. Level of 

the grey economy will be used as a proxy to measure tax evasion. A schematic depiction of the relationship 

among different types of economic transaction is shown in Figure 1 (Frank Cowell 1990, p.15). First 

boundary lies between transactions that constitute production and those that do not. Second boundary is the 

official production boundary, which represents what actually appears in country’s national accounts. It is 

inside the first boundary because official statistics more strictly define what constitutes production than 

economists. Third boundary delimits the grey (black) economy. Three different types of economic activity 

can be distinguished within the grey economy category. Two of them (δ and γ) belong to both categories 

(formal and grey economy) because some activities may successfully be concealed from the tax authorities 
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but show up in estimated expenditures (reason is that statistics on national accounts are cross-checked from 

several sources). The third part of the grey economy is the benefit from fraud and tax evasion outside 

production sector. 

 

 

Source: Frank Cowell 1990, p.15 

Figure 1. The scope of the grey (black) economy 

Explanation: α: housework, do-it-yourself work, voluntary organizations; β: legal official production, private and public sectors; γ: 
grey economy allowed for in official accounts; δ: grey economy not allowed for in official accounts; ε: benefit fraud and tax 

evasion outside production sector; I, II, III: boundaries 

 

It can be assumed that more efficient tax administration leads toward lower level of grey economy. The 

following explanatory variables  have  been  used  in regression  analysis  in  order  to explain  factors  that 

influence on the size of grey economy (y): 

� DEA efficiency score (presented in the Table 2) – Z1 

� Rate of unemployment (%) - Z2 

� Total number of employees in tax administration – Z3 
 
Table 3. Value of dependent (y) and independent variables (zi) 

DMU 

DEA 

efficiency 

score – Z1 

Rate of 

unemployment 

(%)* - Z2  

Total number of 

employees in tax 

administration** - Z3 

Grey economy (% of 

GDP)*** - y  

Bulgaria 0,23 12,30 7708 32,30 

Czech Rep. 0,23 7,00 14710 16,40 

Hungary 0,68 10,90 22482 22,80 

Serbia 0,46 22,40 6856 30,10 

Slovak Rep. 0,72 14,00 8781 16,00 

Slovenia 1,00 8,90 2330 16,00 

Latvia 0,99 14,90 4069 26,50 

Lithuania 0,77 13,30 3296 29,00 

Finland 1,00 7,70 5130 13,70 

Estonia 0,53 10,20 1555 28,60 

Ireland 1,00 14,70 6874 12,80 

Portugal 1,00 15,90 11566 19,40 

Spain 1,00 25,00 27613 19,20 

Source
3
: *Eurostat (2013); **IOTA (2013); *** Schneider (2012) 

Note: In the case of Serbia, the Rate of unemployment is published by Statistical office of the Republic of Serbia (2013), and the 

Grey economy (%GDP) in the research of Krstić, Gordana at all. (2013). 

 

                                                      
3 All data in the Table 3 regarding variables y, Z2, and Z3 are related to 2012 
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In this paper focus is on the relationship between a dependent variable (y) and more independent 

variables (Z1, Z2, and Z3). The equation can be written as follows: 

yi = β0+ β1z1+ β2z2+ β3z3+εi 

where yi is grey economy as % BDP, Z1 is DEA efficiency score,  Z2 is rate of unemployment (%) and Z3 is 

total number of employees in tax administration. Coefficients β are defined as regression parameters. The 

residuals has to be distributed as: εi  ~ N(0,σ2
). Values of variables are given in the Table 3. The null 

hypothesis is that the regression parameters (β1, β2, and β3) are zero at significance level 0.10. 

The assumption is that increase in DEA efficiency score and in total number of employees in the tax 

administration will have negative impact on the level of grey economy. In other words β1 and β3 coefficient 

should be negative. On the other side, increase in the rate of unemployment will have positive impact on the 

level of the grey economy (β2  coefficient is positive). In the Table 4 is presented the results of the Linear 

regression at the 90% confidence level, using the Stata software. 

 
Table 4. Linear regression result 

Variables Coefficient t test Prob 

DEA efficiency score – Z1 -14.07136 -2.55 0.031 

Rate of unemployment (%) - Z2 0.6663669 1.99 0.078 

Total number of employees in tax administration - Z3 -0.0003495 -1.59 0.147 

Cons. 26.37869 4.84 0.001 
 

R-squared = 0.509 Adj R-squared = 0.345 F (3, 9) = 3.11 Prob (F statistic) = 0.0814 

Source: Authors’ calculation 

 
For verifying that the residuals are normally distributed, which is  a very important assumption for 

regression, it has been used Shapiro-Wilk W test for normal data. The null hypothesis for this test is that the 

residuals are normally distributed. If the p-value is greater than 0.10, then the null hypothesis will not be 

rejected. The p-value is 0.26855 and does not result in rejection of the null hypothesis, and residuals are 

normally distributed. 

Another important test is tests for heteroscedasticity, because the presence of heteroscedasticity can 

invalidate statistical tests of significance. One of the basic assumptions for the ordinary least squares 

regression is the homogeneity of variance of the residuals. Namely, Cook-Weisberg test for 

heteroskedasticity has been conducted. If the p-value is 0.10 or smaller, then the null hypothesis is rejected 

and there is significant evidence of heteroskedasticity. The p-value is 0.8611 and there is no 

heteroskedasticity in this case. 

Regarding the Table 4, R-Squared is 0.509 (for social science is fairly high), and the Adjusted R-Squared 

is 0.345. If the adjusted R Square value is much lower than the R Square value, it is an indication that 

regression equation may be over-fitted to the sample. These values are close, anticipating minimal shrinkage 

based on this indicator. 

In order to test significance, which is statistical significance of estimated coefficient, general rule is that 

p-value has to be less than significance level (0.10). Since the p-value (0.0814) is less than 0.10 we do reject 

the null hypothesis that the regression parameters are zero at significance level 0.10. It can be concluded that 

the parameters are jointly statistically significant at significance level 0.10. Analysing separately, DEA 

efficiency score and Rate of unemployment (%) are statistically significant with the p-value of 0.031 and 

0.078 respectively. Furthermore, DEA efficiency score is statistically significant at significance level 0.05 as 

well. On the other side, number of employees in tax administration is statistically insignificant at significance 

level 0.10. Furthermore, a t-statistic above 2 or below -2 is considered significant at the 90% level, and this 

goes in line with the previous conclusions. 

The coefficient tells how much the dependent variable is expected to increase when that independent 

variable increases by one, holding all the other independent variables constant and the sign on the coefficient 

(positive or negative) gives the direction of the effect. If rate of unemployment and number of employees in 

tax administration are fixed, then for each change (increase) of one unit in DEA efficiency score, the level of 

grey economy changes (decrease) 14.071 units. Also, if DEA efficiency score and number of employees in 

tax administration are fixed, then for each change (increase) of one unit in rate of unemployment, the level of 

grey economy changes (increase) 0.666 units. At the end, there is no statistically significant linear 

dependence of grey economy and total number of employees in tax administration. 
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The findings have shown that increasing the efficiency of tax administration leads toward a lower level of 

grey economy. Improving the capacity of tax administration is an important element in fighting against tax 

evasion which is the most important part of a grey economy. Also, making taxpayers more ease to comply 

with the tax obligations should result in a lower tax compliance costs. High tax compliance costs are 

sometimes reason to avoid paying taxes. Regarding the rate of unemployment, result indicates that there is a 

positive relationship between grey economy and rate of unemployment. The higher is unemployment, the 

higher is grey economy. Unemployed people either starts own business that is not registered or accept to 

work as a non-registered employee. This has direct implication on the size of the grey economy. 

5. CONCLUSION 

Tax policy and tax administration are the most important part of every tax system reform. Both of them 

should be reformed in the same time in order to increase levels of tax collection. In the first stage the study 

utilizes an input oriented efficiency DEA model to assess the performance of the selected tax administration 

under the assumptions of CRS. In the second stage, regression analysis has been conducted in order to assess 

influence of chosen variables on grey economy, as an approximation of tax evasion and tax administration 

efficiency. The three input and two output parameters are used for the DEA analysis. For the regression 

analysis three explanatory variables have been selected. Obtained results have shown that five out of thirteen 

tax administrations found to be relatively efficient under DEA analysis. The Serbian Tax Administration has 

to use the Finish Tax Administration as a benchmark. Comparing the results from the both analysis, it can be 

generally concluded that countries with a relative efficient tax administrations have significantly lower level 

of the grey economy. Namely, the average grey economy in Slovenia, Finland, Ireland, Portugal and Spain, 

as a relative efficient DMUs under the DEA analysis, is 16,2% of GDP. Average level of grey economy for 

all analysed countries is 21,7% of GDP, and for the relative inefficient DMU under the DEA analysis is 

25,2%. It has become obvious that efficient tax administration is necessary for fighting against grey economy 

and for creating an environment where avoiding paying taxes is punishable. 
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Abstract: This work presents a new optimization software library, which includes a number of Data Envelopment
Analysis (DEA) models. All the DEA models have been implemented in the AMPL algebraic modeling language
for mathematical programming and solved using either Gurobi Optimizer v5.5 or MINOS v5.51 (for those
models having general nonlinear objectives). In order to verify the correctness of the results, real world datasets
have been examined and solved using the well-known commercial DEA Solver Pro v8.0c by SAITECH, Inc. We
also present a literature review of both commercial and non-commercial DEA software packages and discuss
about the benefits and drawbacks of our proposed DEA model library.

Keywords: Optimization Software, AMPL, Data Envelopment Analysis

1. INTRODUCTION

DEA constitutes a non-parametric approach based on linear optimization models and methods, in order to
construct a non-parametric surface over the available data. Performance -or efficiency- measurement of each
DMU can be computed, regarding its position on this surface. DEA evaluates the relative performance of
Decision Making Units (DMUs) (e.g., universities, hospitals) and can easily handle multiple input and output of
each DMU. The efficient DMUs define an efficient production possibility surface or frontier.

A large number of DEA models has been reported in the scientific literature during the last 30 years [6].
DEA models have been applied for the measurement of the relative performance in many situations, such as in
the food production industry [17], e-health providers [18], and many more diverse types of DMUs. The majority
of these DEA models belong into four main categories: i) radial, ii) non-radial and oriented, iii) non-radial
and non-oriented, and iv) composite of radial and non-radial. The classification between radial and non-radial
models depends whether we are interested in a proportionate change of input/output or not. The classification
between oriented and non-oriented models depends whether we are mainly interested rather in input reduction
or output expansion, or not (e.g., input reduction and output expansion at the same time).

The proposed DEA software package provides a number of DEA models. Apart from the basic DEA models
either with constant returns-to-scale (CCR) or variable returns-to-scale (BCC) characteristics, our DEA model
library features implementations of DEA models with increasing (IRS) or decreasing (DRS) returns-to-scale
characteristics. There are also included other implementations of DEA models, e.g., to handle slacks-based
measure (SBM) of efficiency. Moreover, the proposed DEA software package may also solve either radial or
non-radial super efficiency models. Furthermore, the software package can solve either input or output oriented
versions of the above DEA models.

Section 2 presents a literature review concerning either commercial or non-commercial DEA software
packages as also the motivation of this research work. Following, in section 3 the mathematical formulations of
all the DEA models that are currently implemented in our optimization software library are presented. It should
be noted that, the formulations of these DEA models have the same notation as in [7]. Implementation details
and an example of a DEA model in AMPL is given in section 4. Finally, in section 5 we discuss about some
future research directions.

2. LITERATURE REVIEW AND MOTIVATION

2.1. Commercial DEA software packages

There are several commercial software packages for the solution of Data Envelopment Analysis problems. Apart
from their price, all these DEA software packages mainly differ on the number of DEA implemented models,
in the variety of the produced reports, etc. A list of some of the state-of-the-art commercial DEA software
packages is briefly presented in this subsection. Although, this list is no extensive, it describes some of the
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most well known DEA applications. For a recent, more analytical, review of DEA software packages, both
commercial and non-commercial, the readers can refer to the work by Barr in [4].

DEA Solver Pro by SAITECH Inc.1 is a user-friendly, spreadsheet based, DEA software package which
includes a large number of popular DEA models (e.g., dynamic DEA, network DEA). A detailed report of the
features of the latest version of DEA Solver Pro can be found in [15]. Furthermore, KonSi DEA Analysis2 is
also a well-known DEA software package which handles up to 250 input and output variables and produces
a large number of reports including efficiency scores table, histogram, graph, and others. KonSi DEA 3D
Visualization is a tool that provides 3D visualization of efficient frontier for CRS and VRS models with one
input and two output parameters.

PIM-DEASOFT3 is a DEA software package developed under supervision of Dr. A. Emrouznejad and Prof.
E. Thanassoulis, which has several useful features such as extensive data handling facilities for very large data
sets, ability to assess productivity change over time, graphical output facilities, and also permits data importing
and exporting to Excel. Banxia Frontier Analyst4 provide several DEA models with “undesirable”, categorical
and other types of variables, and also it allows user to undertake Malmquist productivity analysis. Moreover this
application features a fully threaded calculation engine in order to be multi-processor capable and thus split an
analysis into multiple parts.

DEAFrontier5 developed by Prof. J. Zhu is a spreadsheet add-in for the solution of DEA models. This
application includes, among others, many of the standard DEA approaches such as cross efficiency, bootstrapping,
two-stage network, or DEA-based supply chain model. Roughly speaking, this application solves more than 150
different DEA models and it is described in [23]. Finally, DEA Online Software (DEAOS.com6) is web-based
software provided by Behin-Cara Co. Ltd. This service is capable for the solution of either single periodic or
multiple periodic models, for a maximum of 500 units and unlimited indices in every project.

2.2. Non-commercial DEA software packages

Apart from the previously mentioned commercial (and usually expensive) DEA applications, several research
efforts have been also made in order to provide free, quality, DEA software packages. The majority of these
DEA software packages is built using a general-purpose optimization modeling language (either open source or
not). However, there is no extra cost in order to obtain these software packages by the respective developers.
Such general-purpose optimization modeling languages provide user with flexibility to modify the models and
easily develop new, more complicated DEA models. Furthermore, a user is also able to select an open source
solver in conjunction with the modeling language.

FEAR7 (Frontier Efficiency Analysis with R), is a free DEA software library which can be linked to the
general-purpose statistical package R, and was developed by Prof. P. W. Wilson. In order to use FEAR, one
should first download and install the R language. The set of included routines are highly flexible, thus allowing
measurement of technical, allocative, and overall efficiency. Furthermore, there are publicly available versions
for either Linux, Mac OS, or Windows systems. A short paper introducing FEAR can be found in [22].

The modeling abilities of the General Algebraic Modeling System (GAMS) have been already utilized
by several authors, e.g., [14, 9, 12], in order to provide DEA software implementations8. Moreover, Green
[11] presented an implementation of the Charnes-Cooper-Rhodes [5] based on a Modeling Language for
Mathematical Programming (AMPL). Also, Emrouznejad had presented the implementation of DEA models
using macros of the SAS programming language [8]. Kleine and Sebastian have also developed a free web-based
DEA-tool9. This tool allows user to process various DEA models such as additive models, range adjusted
models, super-efficiency models, Russell-Measure, and others [13]. Open Source DEA (OSDEA10) consists a
free and open source DEA solver library that can be used in java programs. User can write their own models, by
modifying the java code of the OSDEA Library.

1 http://www.saitech-inc.com/Products/Prod-DSP.asp
2 http://www.dea-analysis.com
3 http://www.deasoftware.co.uk
4 http://www.banxia.com/frontier
5 http://www.deafrontier.net/software.html
6 https://www.deaos.com
7 http://www.clemson.edu/economics/faculty/wilson/Software/FEAR/fear.html
8 http://www.gams.com/modlib/libhtml/dea.htm
9 http://www.dea.uni-hohenheim.de
10 http://www.opensourcedea.org
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2.3. Motivation

Although there is a plethora of successful commercial DEA software packages, we believe that more research
efforts are still required in order to develop more complete non-commercial software packages. Thus, our goal
was to develop a library with a large number of state-of-the-art DEA models. Since the proposed DEA software
library is built using a general-purpose optimization modeling language such as AMPL, researchers will find it
convenient that with little effort, modifications can be easily made and provide new DEA models. The benefits
of the proposed DEA software library are first that it utilizes the rich features of the AMPL modeling language,
second that the code of the DEA models can be easily extended, and third that the majority of the Operational
Research (OR) scientists are more familiar to general-purpose optimization modeling languages, rather than
other programming languages. Finally, the variety of the DEA models that are already implemented also consists
a strong point of the proposed DEA software package.

3. DEA MODELS

3.1. Input-oriented Charnes-Cooper-Rhodes model

This is the input-oriented version (dual problem) of the most basic DEA model, presented in [5]:

min
θ,λ

z = θ

s.t. θxo−Xλ≥ 0 (CCR− I)
Y λ≥ yo

λ≥ 0

The efficiency score is denoted by a scalar θ.

3.2. Ouput-oriented Charnes-Cooper-Rhodes model

The output-oriented version, is formulated as follows:

max
η,µ

z = η

s.t. xo−Xµ≥ 0 (CCR−O)
ηyo−Y µ≤ 0

µ≥ 0

3.3. Input-oriented Banker-Charnes-Cooper model

The input-oriented version of the classic DEA model, presented in [2], differs from the CCR-I model only in the
addition of the convexity condition (e is the unity vector):

min
θ,λ

z = θ

s.t. θxo−Xλ≥ 0 (BCC− I)
Y λ≥ yo
eλ = 1
λ≥ 0

3.4. Ouput-oriented Banker-Charnes-Cooper model

The output-oriented version, is formulated as follows:

max
η,λ

z = η

s.t. Xλ≤ xo (BCC−O)
ηyo−Y λ≤ 0

eλ = 1
λ≥ 0
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3.5. Input-oriented Slacks-based measure model

The formulation of the input-oriented Slacks-based measure model, presented in [19], is as follows:

min
λ,s−

z = 1− 1
m

m
∑

i=1

s−i
xio

s.t. xo = Xλ+ s−i (SBM− I−C)
yo ≤ Y λ

λ,s− ≥ 0

3.6. Ouput-oriented Slacks-based measure model

The formulation of the output-oriented Slacks-based measure model, is as follows:

min
λ,s+

z = 1

1+ 1
s

s
∑

r=1

s+r
yro

s.t. xo ≥ Xλ (SBM−O−C)
yo = Y λ− s+

λ,s+ ≥ 0

3.7. Free Disposal Hull model

The Free Disposal Hull (FDH) model described in [21], aims to evaluate the DMUs based only on their actually
observed input and output values. A mixed-integer programming formulation of the FDH model follows:

min
θ,λ

z = θ

s.t. θxo−Xλ≥ 0 (FDH)
yo−Y λ≤ 0
eλ = 1
λ j ∈ {0,1}

3.8. Input-oriented increasing returns-to-scale model

The formulation of the input-oriented increasing returns-to-scale (IRS) model, described in [3], is as follows:

min
θ,λ

z = θ

s.t. θxo−Xλ≥ 0 (IRS− I)
Y λ≥ yo
eλ≥ 1
λ≥ 0

3.9. Ouput-oriented increasing returns-to-scale model

The formulation of the output-oriented increasing returns-to-scale (IRS) model, is as follows:

max
η,λ

z = η

s.t. Xλ≤ xo (IRS−O)
ηyo−Y λ≤ 0

eλ≥ 1
λ≥ 0
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3.10. Input-oriented decreasing returns-to-scale model

The formulation of the input-oriented decreasing returns-to-scale (DRS) model, described in [3], is as follows:

min
θ,λ

z = θ

s.t. θxo−Xλ≥ 0 (DRS− I)
Y λ≥ yo
0≤ eλ≤ 1
λ≥ 0

3.11. Ouput-oriented decreasing returns-to-scale model

The formulation of the output-oriented decreasing returns-to-scale (DRS) model, is as follows:

max
η,λ

z = η

s.t. Xλ≤ xo (DRS−O)
ηyo−Y λ≤ 0

0≤ eλ≤ 1
λ≥ 0

3.12. Input-oriented non-radial super efficiency model

The aim of the “super efficiency” DEA models is to provide discriminating characteristics among DMUs, in
situations where a significant number of DMUs are efficient. Moreover, super efficiency DEA models using
slacks based measure have several benefits, such as unit invariant efficiency scores. The input-oriented non-radial
super efficiency model, under the constant returns-to-scale assumption presented in [20], is as follows:

min
φ,λ

z = 1+ 1
m

m
∑

i=1
φi

s.t.
n
∑

j=1,6=o
xi jλ j− xioφi ≤ xio (i = 1, ...,m) (SuperSBM− I−C)

n
∑

j=1,6=o
yr jλ j ≥ yro (r = 1, ...,s)

ϕi ≥ 0(∀i),λ j ≥ 0(∀ j)

3.13. Output-oriented non-radial super efficiency model

The formulation of the output-oriented non-radial super efficiency model, under the constant returns-to-scale
assumption, is as follows:

min
ψ,λ

z = 1

1− 1
s

s
∑

r=1
ψr

s.t.
n
∑

j=1,6=o
xi jλ j ≤ xio (i = 1, ...,m) (SuperSBM−O−C)

n
∑

j=1,6=o
yr jλ j + yroψr ≥ yro (r = 1, ...,s)

ψr ≥ 0(∀r),λ j ≥ 0(∀ j)

3.14. Input-oriented radial super efficiency model

The two previous sub-sections can be extended for variable returns-to-scale models. The first super efficiency
DEA model with radial characteristics was introduced in [1]. The formulation of the input-oriented radial super
efficiency model, under the variable returns-to-scale assumption, is as follows:
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minz = θ

s.t. θxio ≥
n
∑

j=1,6=o
λ jxi j (i = 1, ...,m) (SuperRadial− I−V )

yro ≤
n
∑

j=1,6=o
λ jyr j (r = 1, ...,s)

n
∑

j=1,6=o
λ j = 1

λ j ≥ 0(∀ j)

3.15. Ouput-oriented radial super efficiency model

The formulation of the ouput-oriented radial super efficiency model, under the variable returns-to-scale assump-
tion, is as follows:

minz = 1
η

s.t. xio ≥
n
∑

j=1,6=o
λ jxi j (i = 1, ...,m) (SuperRadial−O−V )

ηyro ≤
n
∑

j=1,6=o
λ jyr j (r = 1, ...,s)

n
∑

j=1,6=o
λ j = 1

λ j ≥ 0(∀ j)

4. AMPL IMPLEMENTATION DETAILS

The proposed DEA software package features a variety of DEA models, implemented in AMPL modeling
language as separate files with extension “.mod”. All the required data are separated from the corresponding
model files and need to be stored in a spreadsheet file. Since a ranking of the DEA efficiency scores of k DMUs
requires the solution of k Linear Problems (LPs), it is much more convenient to use AMPL script files. These
sophisticated script files apart from utilizing the “model” and “data” commands in order to read the files having
the model declarations and the data statements respectively, they can also run repetitive AMPL commands.
Furthermore, these script files have extension “.run” and usually contain a variety of options, (e.g., selection of
appropriate solver, precision, rounding) and/or contain the required commands for producing formatted solution
reports (e.g., slack variables, θ, λ values).

Initially, the user needs to fill the data into a pre-formatted spreadsheet file, as it is depicted in figure 1. This
spreadsheet file has a few pre-defined named ranges, using the “name manager” facility of MS Excel. The scope
of these named ranges is to store the data of the AMPL set regarding the n DMUs, the matrices containing the
input X and output Y variables, as also their cardinality numbers m and s respectively. These named ranges
allow the interoperability of AMPL with the relational database tables in MS Excel, using the Microsoft Open
Database Connectivity (ODBC) driver. More detailed instructions about the communication of the handler
supports packages via the ODBC driver can be found in the book by Fourer et al. [10].

An example of the source code of the input-oriented Slacks-based measure model file, presented in the
subsection 3.5 is given below.

# Model file for the input-oriented Slacks-based measure model

#-------------------------------------------------
# Set Definition

set DMU ordered;

#-------------------------------------------------
# Parameter Definition

param m >= 0;
param s >= 0;
param X{DMU,1..m} >= 0;
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Figure 1 Example of a spreadsheet file using named ranges

param Y{DMU,1..s} >= 0;
param iDMU symbolic default first(DMU);

#-------------------------------------------------
# Variable Definition

var lamda{DMU} >= 0;
var s_minus{1..m} >= 0;

#-------------------------------------------------
# Objective Function

minimize efficiency : 1 - (1/m)*sum{i in 1..m}s_minus[i] / X[iDMU,i];

#-------------------------------------------------
# Constraints

subject to input_constraint{j in 1..m}:
X[iDMU,j] = sum {n in DMU} X[n,j] * lamda[n] + s_minus[j];

subject to DMU_constraint{j in 1..s}:
Y[iDMU,j] <= sum {n in DMU} Y[n,j] * lamda[n];

An example of the source code of the script file that i) reads the above model file and the data stored in a
spreadsheet file named “data.xls”, ii) selects the Gurobi solver, and iii) displays the efficiency scores (objective
values) and the decision variables (i.e., slack variables and λ values) is given below. The execution of this script
file will solve sequentially k LPs (12 in our example).

# Script file for the input-oriented Slacks-based measure model

model SBM-I-C.mod;

table m IN "ODBC" "data.xls" : [], m;
read table m;

table s IN "ODBC" "data.xls" : [], s;
read table s;

table DMU IN "ODBC" "data.xls" "DMU" : DMU <- [DMU];
read table DMU;

table X IN "ODBC" "data.xls" :
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[p ~ DMU], {h in 1..m} < X[p,h] ~(’I’ & h)>;
read table X;

table Y IN "ODBC" "data.xls" :
[p ~ DMU], {h in 1..s} < Y[p,h] ~(’O’ & h)>;
read table Y;

option solver gurobi_ampl;

for {p in DMU} {
solve;
option omit_zero_rows 1;
display lamda;
display s_minus;

if iDMU==last(DMU)then break;
let iDMU:=next(iDMU,DMU);

}

The solution report contains information regarding the efficiency score, the reference set (λ), and the
projection for each DMU. A part of this report concerning the third (C) DMU of our example, is shown below.

Gurobi 5.5.0: optimal solution; objective 0.8521654412
4 simplex iterations
lamda [*] :=
A 0.0294118
B 1.04706
;

s_minus [*] :=
1 4.51765
2 18.3941
;

As it can be seen from the above results, the efficiency score of the C DMU was 0.8521654412. The reference
set gives us the opportunity to identify the efficient DMUs and the extent to which they operate similarly to a
given inefficient DMU. The peers of the C DMU are those efficient DMUs that define the facet of the frontier
against which the (inefficient) C DMU is projected. Thus, the reference set of this DMU comprises DMUs A
and B. Furthermore, the input excesses s− are also displayed in the above results.

In order to verify the correctness of the results, real world datasets have been examined and solved using the
well-known commercial DEA Solver Pro v8.0c by SAITECH, Inc. In all these cases, the same results have been
obtained, except minor rounding differences.

5. CONCLUSION AND FUTURE WORK

It is well-known that algebraic modeling language are ideal tools for rapid prototyping and optimization model
development [11]. Thus, our proposed DEA software package utilizes the flexibility and convenience of the
AMPL modeling language. A strong point of the proposed work is the variety of the implemented DEA
models either with constant returns-to-scale, variable returns-to-scale characteristics, increasing or decreasing
returns-to-scale characteristics, and also their input or output oriented versions.

Since this is a work in progress, new models are still being added to the proposed library. A future research
direction is to improve some implementation issues regarding, e.g., any imbalance in data magnitudes, treat
problems with nonpositive values (for ratio models) and others. Such guidelines for the preparation of data for
DEA problems can be found in [16]. Furthermore, the proposed DEA software library will be soon publicly
available by the authors.
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Abstract: Value-based DEA is a recent development that resorts to value assessment protocols from multiple 

criteria decision analysis (MCDA) to transform the original input/output data to a value scale, thus driving 

the efficiency assessments in line with individual preferences. In this paper, we present a piece-wise linear 

programming approach to value-based DEA by employing a data transformation-variable alteration 

technique and assurance region constraints. We propose a hybrid approach to incorporate the decision 

maker’s value functions in the context of DEA through ordinal regression. 

 

Keywords: Data Envelopment Analysis (DEA), Value-based DEA, Ordinal Regression 

1. INTRODUCTION 

Data Envelopment Analysis (DEA) is a widespread technique for measuring the relative efficiency of 

decision making units (DMUs) on the basis of multiple inputs and outputs (Charnes et al. 1978, Banker et al. 

1984). One of the major advantages of DEA is that each unit is free to select the weights assigned to the 

factors so as to maximize its relative efficiency score. However, as the weights may not be in line with the 

individual preferences of a decision maker, several approaches have been arisen to incorporate value 

judgments in the context of DEA. 

In the DEA literature, there are two classes of methods to incorporate value judgments. The first one 

refers to the restriction of the weight space (Dyson and Thanassoulis 1988, Cook et al. 1991) and the second 

one to the alteration of the data space either by altering the data set itself (Charnes et al. 1989) or by 

introducing fictitious DMUs (Golany and Roll 1994, Thanassoulis and Allen 1998, Podinovski 2004). 

Gouveia et al. (2008) and Almeida and Dias (2012) used a value assessment protocol from multiple criteria 

decision analysis (MCDA) to transform the original input/output data to a value scale and then, they 

performed the efficiency assessments with an weighted additive DEA model. Recently, Despotis and Sotiros 

(2013) introduced a piece-wise linear programming approach to value-based DEA. Applying a data 

transformation-variable alteration technique they developed an oriented value-based DEA model with 

assurance region constraints capable of assessing a radial measure of efficiency. They used their model as an 

alternative approach to the case studied in Almeida and Dias (2012) on the basis of the same value 

assessment protocol. 

In this paper, building on Despotis and Sotiros (2013) work, we propose a two-phase hybrid approach to 

incorporate user preferences in DEA efficiency assessments. In particular, we present a data transformation - 

variable alteration technique that enable us to employ ordinal regression analysis by the UTASTAR method 

(Jacquet-Lagreze and  Siskos 1982, Siskos and Yannacopoulos 1985), so as to obtain value functions 

according to the user’s preferences. These value functions are then incorporated in our value-based DEA 

model by imposing restrictions on the value variables.  

The rest of the paper unfolds as follows. In section 2, we reformulate the piece-wise linear DEA model 

introduced by Despotis and Sotiros (2013) to enable the exploitation of the preferential model assessed by 

the ordinal regression method UTASTAR. In section 3, we present the value assessment procedure based on 

UTASTAR. Section 4 outlines the proposed two-phase approach. Conclusions are given in section 5. 

 

2. A VALUE-BASED DEA MODEL 

Consider n DMUs that use m inputs to produce s outputs and let 1 2( , ,..., )
j j j sj

Y y y y=  and  

1 2( , ,..., )
j j j mj

X x x x=  be the output and input vectors of unit j  respectively. Then, the overall value 
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( )j
U Y of the outputs of unit j  is given by the additive value function 

1

( ) ( )

s

j r rj

r

U Y U y

=

=∑ , where r
U , 

1,...,r s=  represent non-decreasing partial value functions. Similarly, the overall value ( )j
V X  of the 

inputs of unit j  is given by 
1

( ) ( )

m

j i ij

i

V X V x

=

=∑ , where i
V , 1,...,i m=  represent non-increasing value 

functions. These value functions are characterized as generalizations of the total virtual outputs and inputs, 

which are assumed linear in standard DEA: 

 

1

( )

s

j rj r

r

U Y y u

=

=∑ , 
1

( )

m

j ij i

i

V X x v

=

=∑          (1) 

 

where ,  1,2,...,
r

u r s=
 
and ,  1,2,...,

i
v i m=  are the weighting variables assigned to the outputs and the 

inputs respectively.  

Assuming non-increasing value functions for the inputs, allows us to treat the inputs as outputs. Then, the 

value-based relative efficiency 
0j

E of the evaluated unit 0j is estimated by the following general model, 

which is equivalent to an input-oriented DEA model with m s+  outputs and a dummy input, set at the level 

of 1 for all the units. 

0 0 0

1 1

1 1

max ( ) ( )

. .

( ) ( ) 1 ( 1,..., )

s m

j r rj i ij

r i

s m

r rj i ij

r i

E U y V x

s t

U y V x j n

= =

= =

= +

+ ≤ =

∑ ∑

∑ ∑

        (2) 

Differentiating from the standard DEA, we assume non-linear value functions in the DEA efficiency 

assessments. Relaxing the linearity assumption, allows us to treat cases where, for example, the marginal 

value of an output diminishes as the output increases. We build to this end on Cook and Zhu (2009) and 

Despotis et al. (2010), who introduced piece-wise linear representations for non-linear virtual inputs and 

outputs in DEA. 

2.1 Modeling piece-wise linear value functions for outputs   

Let min{ }
r rj

j

l y≤ and max{ }
r rj

j

h y≥  be fixed minimum and maximum values for output r, set so as the range 

[ , ] [min{ }, max{ }]r r rj rj
j j

l h y y⊇ covers the observed outputs of the entire set of units. We assume 1
r

k +  

breakpoints that split the range [lr, hr] of the output r in kr segments: 
11 2 2 3

[ , ],[ , ],...,[ , ]r r
k k

r r r r r r
b b b b b b

+
, with 

1

r r
b l=

 
and 

1rk

r r
b h

+ = . By convention, we set ( ) 0r rU l = . Under this segmentation, any output [ , ]∈
rj r r

y l h  

can be decomposed as
1 2 ... rk

rj r rj rj rjy l δ δ δ= + + + + , where  

1 2

1

2 1 2

-   

-   

rj r rj r

rj

r r rj r

y b if y b

b b if y b
δ

 ≤
= 

>  

1

1 1

0        

         ,  2,3,..., 1

     

rj r

rj r r rj rrj r

r r rj r

if y b

y b if b y b k

b b if y b

µ

µ µ µµ

µ µ µ

δ µ+

+ +

 ≤
 − < ≤= = −


− >

      (3) 
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0        

      

r

r

r r r

k

rj rk

rj k k k

rj r r rj r

if y b

y b if b y b
δ +

 ≤
= 

− < ≤
 

Assuming that the value function is linear in each segment, we assign a distinct weight variable 
r

u µ to 

each segment 1, 2,...,
r

kµ = . Then, the partial value ( )
r rj

U y is given in a piece-wise linear form as: 

1 2

1 2

1

( ) ...
r

r

r

k
k

r rj rj r rj r rj rk rj r
U y u u u u

µ
µ

µ

δ δ δ δ
=

= + + + =∑        (4) 

Applying to each segment the transformation 

( ) ( )1

1
1, 2, ...,ˆ ,

r

rj

rj r r r r rj r

r r

ku b b u p
b b

µ
µ µ µ µ

µ µ µµ µ
µ

δ
δ δ+

+
== − =

−
   

the partial value function (4) is expressed in terms of the new variables 1 2, ,...,
rr r rkp p p as follows: 

1 2

1 2

1

ˆ ˆ ˆ ˆ( ) ...
r

r

r

k
k

r rj rj r rj r rj rk rj r
U y p p p p

µ
µ

µ

δ δ δ δ
=

= + + + =∑        (5) 

with 
1

ˆ , 1, 2,...,
rj

rj r

r r

k
b b

µ
µ

µ µ

δ
δ µ

+
= =

−
 

It is straightforward from (5) that 1 1( ) ...
rr r r r rkU h p p p= + + + where ,  1,...,

r r
p k

µ
µ = represent the 

increment of worth in the interval 
1[ , ]

r r
b b
µ µ+

 (Figure 1).  

Figure 1: Value function for a non-linear output measure Yr. 

 

 

 

After the above transformations, the value function (total virtual output) of unit j can be expressed as 

follows: 

 

1 1 1

ˆ( ) ( )
rks s

j r rj rj r

r r

U Y U y p
µ

µ
µ

δ
= = =

= =∑ ∑∑          (6) 

 

2.2 Modeling piece-wise linear value functions for inputs 

Analogously, we model non-increasing non-linear value functions for the inputs in a piece-wise linear form. 

Let min{ }
i ij

j

l x≤ and max{ }
i ij

j

h x≥  be fixed minimum and maximum values for input i, set so as the range 

[ , ] [min{ },max{ }]i i ij ij
j j

l h x x⊇ covers the observed inputs of the entire set of units. By convention, we set 

( )
r r

U Y

r
Y

1r
p

2r
p

3r
p

O
1

r r
b l= 2

r
b 3

r
b 4

r r
b h=

A

B

C
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( ) 0i iV h = . Taking a number of ki+1 breakpoints that split the interval [li, hi] in ki segments 

11 2 2 3
[ , ],[ , ],...,[ , ]i i

k k

i i i i i i
a a a a a a

+
, with 
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i i
a l= and 

1ik

i i
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Then, the partial value ( )
i ij

V x  can be expressed in the following piece-wise linear form: 

1

1

2

1 2( ) ...
i

i

ik

i ij ij i ij i ij

k

ij iik
V x v v v v µ

µ

µ

γγ γ γ
=

= + + + =∑                   (8) 

where 
i

v µ  represent distinct weight variables assigned to each segment 1,2,...,
i

kµ = . Applying to each 

segment the same transformation introduced for piece-wise linear outputs, we derive the value function (8) in 

terms of the new variables 1 2, ,...,
ii i ikq q q as follows: 

1 2

1 2

1

ˆ ˆ ˆ( ) .. ˆ. i

i

i

k

i ij ij i ij i ij

k

ji ik i
V x q q q q µ

µ

µ

γγ γ γ
=

= + + + =∑                    (9) 

with 
1

ˆ , 1, 2,...,
ij

ij i

i i

k
a a

µ
µ

µ µ

γ
γ µ+= =

−
. It is straightforward from (9) that 1 2( ) ...

ii i i i ikV l q q q= + + + where iq µ  

represent the decrement of worth in the interval 
1[ , ]i ia aµ µ+

, 1,...,
i

kµ =  (Figure 2). 

 

Figure 2: Value function for a non-linear input measure Xi. 

 

 
 

Exploiting the above transformations, the value function (total virtual input) of unit j can be expressed as 

follows: 
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ikm m

j ii jj i

i

i

i

V X V x q µ
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µγ
= = =

= =∑ ∑∑                  (10) 

According to the equations (6) and (10) and the general model (2), the efficiency score 
0j

E of unit 0j  can 

be assessed by the following linear model: 

0
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In the last constraint of (11), W denotes the region defined by additional restrictions on the variables, 

which derive by translating the value functions assessed with respect to the user’s preferences. The 

assessment is made by the ordinal regression method UTASTAR and is described in the next section. 

3. ASSESSING VALUE FUNCTIONS FOR DEA WITH THE UTASTAR METHOD 

The ordinal regression method UTASTAR (Siskos and Yannacopoulos, 1985) is an extension of UTA multi 

criteria method (Jacquet-Lagreze and Siskos, 1982), which is based on linear programming. It adopts the 

aggregation-disaggregation principle in order to assess value functions according to the decision makers’ 

preferential structure. Given a weak preference order on a subset of alternatives that the decision maker is 

familiar with, the value functions of the criteria are adjusted so as to develop a preference model as 

consistent as possible with the decision maker’s preferences.  

In this section, we develop a two-phase approach that bridges UTASTAR with DEA. Adjusting the 

UTASTAR formulation so as to be compatible with the developments presented in the previous section, we 

apply, in phase I, the UTASTAR method to assess the preferential model of the user. Then, the assessed 

model is incorporated, in phase II, in the DEA efficiency assessments. A regular interpretation of DEA 

inputs and outputs to criteria in the MCDA terminology is that inputs are criteria to be minimized, whereas 

outputs are criteria to be maximized. With such a correspondence, the formulations in (6) and (10) 

developed in the previous section can be fully utilized in the UTASTAR context. 

Given a subset AR of the n DMUs and a weak order on its items, that reflects the user’s overall preference 

over AR , the LP model below assess piece-wise linear functions for the criteria (inputs and outputs) as 

consistent as possible with the user’s stated preferences:  
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         (12) 

where jd
+

, jd
−

 are overestimation and underestimation errors respectively, P denotes strict preference and I 

denotes indifference. As model (12) may have multiple optimal solutions, characteristic optimal solutions 
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are investigated that maximize the value of one criterion at a time. This is accomplished in a post-optimality 

stage by solving the following LP for each criterion (input and output): 
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Totally, s+m LPs are solved (i.e. s LPs for the criteria associated with the outputs and m LPs for the 

criteria associated with the inputs). Model (13) is presented for the outputs. The model can be adjusted for 

inputs by replacing the objective function with 
1

 
ik

i iq µ
µ

ϕ
=

=∑ , i=1,…,m. The last constraint in (13) is 

introduced in order to support the optimal value F* of the objective function attained in model (12). Having 

obtained s+m alternative optimal solutions, the average, which is also optimal due to convexity, is used as 

representative of the user’s preferences. This completes the phase I of our approach. 

If ( )
1 111 12 1 1 2 11 12 1 1 2, ,..., ,...., , ,..., , , ,..., ,...., , ,...,

s mk s s sk k m m mkp p p p p p q q q q q q% % % % % % % % % % % %  denote the average optimal 

solution, the assessed preferential model is incorporated in the DEA model (11), by appending the following 

constraint set:  

  

, 1 , 1

, ,

, 1 , 1

, ,

,  1,..., ; 1,...,

,  1,..., ; 1,...,

r r

r

r r

i i

i

i i

p p
r s k

p p
W

q q
i m k

q q

µ µ

µ µ

µ µ

µ µ

µ

µ

+ +

+ +


= = =


= 
 = = =


%

%

%

%

                  (14) 

 

Solving model (11) with the additional constraints (14) for one DMU at a time we get the efficiency scores 

of the entire set of DMUs. This is the phase II, which completes approach.  

4. ILLUSTRATION 

We provide in this section a numerical illustration with 25 DMUs, one input (X1) and two outputs (Y1, Y2) as 

depicted in Table 1. 

Table 1: Observed input/output data in original scales 

DMU 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 

X1 60 54 57 50 64 40 60 47 52 61 65 44 68 62 54 53 53 52 55 56 63 70 60 53 61 

Y1 57 45 64 58 56 60 58 46 53 54 50 72 46 50 48 43 53 52 70 53 44 71 67 53 40 

Y2 51 53 58 52 59 59 42 46 48 50 52 55 25 50 67 44 64 59 55 57 39 54 71 56 55 

For the sake of simplicity, we assume three breakpoints for each factor as shown in Table 2 (i.e. the range of 

each factor is split in two segments) 
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Table 2: Breakpoints for the non-linear inputs and outputs in original scales 

Factors 1b  2b  3b  1α  2α  3α  

X1 - - - 40 60 75 

Y1 30 50 72 - - - 

Y2 10 40 71 - - - 

 

Applying the data transformation-variable alteration introduced in section 2, we obtain the expanded data set 

in original scales and its range-normalized counterpart, as shown in Table 3 and Table 4 respectively. 

 

Table 3: Expanded data set in original scales 

DMU 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 

1

1
γ  0 6 3 10 0 20 0 13 8 0 0 16 0 0 6 7 7 8 5 4 0 0 0 7 0 

2

1
γ  15 15 15 15 11 15 15 15 15 14 10 15 7 13 15 15 15 15 15 15 12 5 15 15 14 

1

1
δ  20 15 20 20 20 20 20 16 20 20 20 20 16 20 18 13 20 20 20 20 14 20 20 20 10 

2

1
δ  7 0 14 8 6 10 8 0 3 4 0 22 0 0 0 0 3 2 20 3 0 21 17 3 0 

1

2
δ  30 30 30 30 30 30 30 30 30 30 30 30 15 30 30 30 30 30 30 30 29 30 30 30 30 

2

2
δ  11 13 18 12 19 19 2 6 8 10 12 15 0 10 27 4 24 19 15 17 0 14 31 16 15 

 

 

Table 4: Range-normalized data set 

DMU 
1

1̂
γ  

2

1̂
γ  

1

1δ̂  
2

1δ̂  
1

2δ̂  
2

2δ̂  

1 0 1 1 0.32 1 0.35 

2 0.30 1 0.75 0 1 0.42 

3 0.15 1 1 0.64 1 0.58 

4 0.50 1 1 0.36 1 0.39 

5 0 0.73 1 0.27 1 0.61 

6 1 1 1 0.45 1 0.61 

7 0 1 1 0.36 1 0.06 

8 0.65 1 0.80 0 1 0.19 

9 0.40 1 1 0.13 1 0.26 

10 0 0.93 1 0.18 1 0.32 

11 0 0.68 1 0 1 0.39 

12 0.80 1 1 1 1 0.48 

13 0 0.47 0.80 0 0.50 0 

14 0 0.87 1 0 1 0.32 

15 0.30 1 0.90 0 1 0.87 

16 0.35 1 0.65 0 1 0.13 

17 0.35 1 1 0.14 1 0.77 

18 0.40 1 1 0.09 1 0.61 

19 0.25 1 1 0.91 1 0.48 

20 0.20 1 1 0.14 1 0.55 

21 0 0.80 0.70 0 0.97 0 

22 0 0.33 1 0.95 1 0.45 

23 0 1 1 0.77 1 1 

24 0.35 1 1 0.14 1 0.52 

25 0 0.93 0.50 0 1 0.48 

 

Table 5 below depicts the selected subset AR with the preference ranking provided by a hypothetical user.  
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Table 5: A subset of DMUs and a preference ranking   

DMU 
1

1̂
γ  

2

1̂
γ  

1

1δ̂  
2

1δ̂  
1

2δ̂  
2

2δ̂  Ranking 

6 1 1 1 0.45 1 0.61 1 

12 0.80 1 1 1 1 0.48 2 

19 0.25 1 1 0.91 1 0.48 3 

3 0.15 1 1 0.64 1 0.58 4 

15 0.30 1 0.90 0 1 0.87 5 

1 0 1 1 0.32 1 0.35 6 

21 0 0.80 0.70 0 0.97 0 7 

Applying model (12) and then performing the post-optimality analysis with models (13) on the data of Table 

5, we get the following average optimal solution (Table 6) with F*=0.  

Table 6: Optimal solution acquired from ordinal regression analysis 

11q%  12q%  11p%  12p%  21p%  22p%  

0.009 0.333 0.255 0.016 0.333 0.054 

As the optimal value of the objective function in model (12) is zero (F*=0), the assessed preference model is 

fully consistent with the ranking provided by the user. Figure 3 depicts the value functions assessed for the 

input X1 and the outputs Y1 and Y2 on the basis of the optimal solution given in Table 6. 

Figure 3: Value functions for the input X1 and the outputs Y1 and Y2. 

 

 

X1           Y1 

 

Y2   
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The assessment of the value functions completes the phase I of our approach. 

efficiency assessments are made in phase II, by incorporating in the DEA model (11) the following set of 

constraints  

12 11

12 11

22 21

0.009 0.333 0

0.255 0.016 0

0.333 0.054 0

q q

W p p

p p

− =


= − =
 − =  

which translate the assessed value functions in terms of the variables 

units, as shown in Table 7, are obtained by solving model (11) for one DMU at a time.

contribution of the input and the out

to maximize its efficiency score. This is the 

DMU to assess its efficiency score by 

As shown in Figure 4, the underlying value functions assumed by all the DMUs in the DEA efficiency 

assessments maintain the preferential model assessed by UTASTAR on a sample of DMUs (Figure 3).

 

Table 7: Efficiency scores according to model (11

DMU efficiency DMU efficiency

1 0.977 14 0.942

2 0.978 15 0.997

3 0.988 16 0.977

4 0.988 17 0.995

5 0.957 18 0.989

6 1.000 19 0.995

7 0.977 20 0.983

8 0.987 21 0.828

9 0.984 22 0.971

10 0.954 23 1.000

11 0.936 24 0.984

12 1.000 25 0.924

13 0.739 

 

Figure 4: Value functions assessed by the DMUs for 

X1   

  

The assessment of the value functions completes the phase I of our approach. 

efficiency assessments are made in phase II, by incorporating in the DEA model (11) the following set of 

translate the assessed value functions in terms of the variables p and q. The efficiency scores

are obtained by solving model (11) for one DMU at a time.

contribution of the input and the outputs to the efficiency index, as assessed by each evaluated DMU in order 

its efficiency score. This is the major characteristic DEA, which grants the flexibility to each 

DMU to assess its efficiency score by putting higher value to its advantageous features (inpu

As shown in Figure 4, the underlying value functions assumed by all the DMUs in the DEA efficiency 

assessments maintain the preferential model assessed by UTASTAR on a sample of DMUs (Figure 3).

g to model (11) and the above restrictions 

efficiency 

942 

997 

977 

995 

989 

995 

983 

828 

971 

000 

984 

0.924 

Value functions assessed by the DMUs for X1, Y1 and Y2 . 

     Y1     

The assessment of the value functions completes the phase I of our approach. The value-based DEA 

efficiency assessments are made in phase II, by incorporating in the DEA model (11) the following set of 

. The efficiency scores of the 

are obtained by solving model (11) for one DMU at a time. Figure 4 exhibits the 

assessed by each evaluated DMU in order 

, which grants the flexibility to each 

features (inputs or outputs). 

As shown in Figure 4, the underlying value functions assumed by all the DMUs in the DEA efficiency 

assessments maintain the preferential model assessed by UTASTAR on a sample of DMUs (Figure 3). 

 

Y2 
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5. CONCLUSION 

We present in this paper, a two-phase approach to incorporate user preferences in DEA efficiency 

assessments. Our modeling approach bridge the ordinal regression model UTASTAR with DEA, in a manner 

that enables us to effectively incorporate the output of the former in the DEA efficiency assessments. In 

phase I we employ the ordinal regression method UTASTAR to assess value functions consistent with the 

user’s preferences stated on a sample of DMUs. In phase II, we incorporate the assessed value model in a 

value-based DEA framework to assess the efficiency of the entire set of DMUs.   
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THE USE OF DEA FOR DETERMINING THE ADEQUACY OF OPERATION OF BUSINESS
DECISION-MAKING UNITS IN HEALTH CARE
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Abstract: The authors of the article deal with the quantitative analysis of results of the development of health
care services. The aim of the article is to determine the key conditions for measuring the results of health system
functioning and evaluation of its adequacy. The research question focuses on the method of measuring the
operational efficiency of Slovenian hospitals. The introduction defines efficiency within the concept of adequacy
and its dimensions of efficiency, accessibility and quality. The empirical part of the article presents the use
of the DEA method for determining the adequacy of operation of hospitals on the basis of data on Slovenian
hospitals. It is apparent that the model for the evaluation of adequacy of operation of hospitals is suitable within
limitations. The interpretation of results is hampered by inadequately structured data and non-transparent prices
of hospital services. Therefore, the results of the research indicate the direction in which the database should
be developed to ensure greater comparability in a rather heterogeneous population of hospitals. Furthermore,
the authors point out that new indicators, reflecting the condition of the dimensions of adequacy, should be
included in the model for the purposes of the evaluation of adequacy. On the basis of the results of the research,
the question of implementing suitable methods of planning and controlling the adequacy of the functioning of
health care into practice arises.

Keywords: DEA method, linear programming, health care, efficiency, adequacy

1. INTRODUCTION

The efficiency of the functioning of the public sector must be observed within the concept of adequacy, which is
defined within the framework of public expenditure management as a quantitative construct, composed of three
dimensions - quality, accessibility and efficiency.

The assurance of effective functioning of the health system and individual business decision-making units in
health care is a complex process (system), where the requirements, data and information transfer from the policy
makers through the implementation of policies to the providers of programmes and projects and back. In the
light of planning and monitoring the achievement of effective operation, there are several data and information
levels at which various types of variables can be observed. The achievement of the set results depends primarily
on:

clear and understandable definitions of the levels of quality and accessibility (standard), which may be
achieved within the available resources and requirements in relation to the production volume;
efficient functioning of the units implementing the programmes or projects.

The general challenge of adequacy is therefore the assurance of quality health care services that are equally
accessible to all users and performed in an efficient manner. The decision makers care services must take into
account all three dimensions of adequacy when considering the investments and costs of health care services.
Their task is to:

define the suitable measures of quality and accessibility or standards at the level of policy administrators,
which are then implemented into the programmes and projects;
plan and ensure the efficiency of functioning.

The article addresses the problem of determining the efficient functioning of the business decision-making
units in the public sector by using the DEA method in the example of Slovenian network of public hospitals. It
tests the following statements:

the accessible data on the functioning of the Slovenian health system are not suitable for a qualitative
analysis of the efficiency of functioning of system units;
the DEA method enables the construction of a model for examining the efficiency of the public health
care units, which provides applicable results in rather heterogeneous sets even with lower quality data;
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the results of the model enable the analysis of functioning of individual units in relation to the highest
performing units and the analysis of opportunities to improve the functioning of the system as a whole.

The remaining content of the article is divided into four chapters. First, the concept and definition of
adequacy of public expenditure are presented. Next the basic definitions of Data Envelopment Analysis are
given. The empirical part presents an example of the use of the DEA method in measuring the efficiency of
Slovenian acute hospitals. The article ends with the interpretation of results and conclusions.

2. EFFICIENCY OF FUNCTIONING OF PUBLIC HEALTH CARE

The discussion on the efficient functioning of public health care was set within the context of adequacy. The
definition of adequacy of public health care can be developed over the definition of dimensions of performance
in health care [3], adopted as a standard by the World Health Organisation [11]:

access and responsiveness (availability, timeliness, hospitality)
impartiality and equality (financial barriers of access to health care services, distributive justice);
quality (integrity of services, standards of management, diagnostic accuracy, retention of patients);
results (treatment success rate, population coverage (when performing actions), morbidity, mortality rate);
responsibility and transparency (accessibility and quality of data, public health functions, capacity for
improvement);
efficiency (costs, redundancy, fragmentation, delays).

The given six dimensions may be reclassified into the three dimensions above as follows:

accessibility (access and responsiveness, impartiality and equality); and
quality (quality, results and responsibility and transparency);
efficiency.

The measure of operational adequacy is therefore composed of the measures of quality and accessibility
(interval value with the optimal value in the middle of the interval) and measures of volume (interval value with
the optimal value at the upper limit of the interval).

According to Farrell [6], the measure of efficient functioning of the public sector may be defined as a ratio
between the outputs and inputs. Public health care services are provided by public or private units for the
provision of public services, hereinafter referred to as the business decision-making units DMU. A unit operates
effectively if it makes an optimal contribution to the outputs of the public sector as a whole. The measure of
adequacy of public expenditure at the level of individual business decision-making unit is defined in the same
manner as the measure of adequate functioning of the entire health system, whereby the relevant variables used
for evaluating the results and expenditure should be taken into account in the calculations.

Health care costs are a common scientific and research, as well as practical topic of various studies, which
use different approaches, while significant efforts were made to prove that investments have substantial effects
on health care. Therefore, the analysis of time series of costs and results of health care is used at the macro
level, and on the basis of a significant increase in health indicators, it is presumed that investment in health care
are effective, which is also indicated by the future predictions [9, 10]

However, several authors reply to such a demonstration that while it is true that it may be presumed from the
indicators used for proving the suitability of results of investments in health care that the results are suitable,
these methods do not reveal whether the investments in health care are too low, adequate or too high. The fact
that investments in health care on average produced positive results does not necessarily imply that the health
system is efficient [7]. Thus, most of the persons involved agree that the funds in health care are not spent
efficiently and that there is no link has been established between the increase in funds and results. It is not known
whether the allocution of resources between health care and other uses of public funds is efficient nor how much
health we should be getting for the funds invested [1]. The problem is that the benefits of various types of
spending vary to a great extent. Certain treatments aimed at a wide population of patients bring considerable
benefits with a relatively low spending. Certain other treatments have a high values for individual specific
patients and low value for others. There is also a wide range of treatments which contribute a rapid growth
of spending of funds, while their health benefits are questionable. Therefore, a more efficient distribution of
spending offers great opportunities [2].

The purpose of the discussion on adequacy and efficiency in health care was to establish the necessity of
measuring and ensuring the adequacy of spending of health care funds. In view of the responsibility for the
results (ordinary operations - management, investment - owners), it is necessary to observe efficiency in terms of
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optimisation of ordinary operations (contribution of management) and optimisation of investment (contribution
of owners) separately.

Public health system must operate effectively and efficiently within the challenge of adequacy. In this regard,
the model for addressing efficiency analysis is crucial for addressing the complete adequacy. The model for
addressing adequacy is an upgrade of the basic model of efficiency; however, the upgrade can be accomplished
only on the basis of good, adequately structured data of the model of efficiency.

3. DATA ENVELOPMENT ANALYSIS (DEA) METHOD

The data envelopment analysis method is based on the concept presented by Farrell [6] in his article on the
problem of measurement of efficiency. His aim was to unify the methodology of measuring efficiency to make it
more suitable for measuring efficiency of any production unit, from workshops to the economy as a whole. The
measures of adequacy and efficiency of the public sector, presented in the introduction, represent such model,
adapted to the public sector. Farrell’s approach is based on the analysis of activity, whereby the measure of
efficiency is the ratio between outputs and inputs. Initially, the concept was not widely applicable, since it was
presented by Farrell only on the example of an individual output and input. The method that put the Farrell’s
concept into operation was developed by Charnes, Cooper and Rhodes [4], and the original example referred
to the evaluation of public programmes, while the authors at the very start indicated the guidelines for using
the method in the economic sector or engineering. The method is based on linear programming and measures
the proportional efficiency of business decision-making units. The set of business decision-making units for
treatment with the data envelopment analysis method can be defined rather freely. The business decision-making
unit must offer the possibility of controlling the inputs and outputs, while units where the same variables can be
used for evaluating the inputs and outputs can be compared with each other. The basic CCR (Charnes - Cooper
- Rhodes) model was a starting point for the development of several different models that take into account
various assumptions and limitations.

The CCR model is a constant return model and is for n business decision-making units (DMU), of which
each DMU j uses m inputs xi j (i = 1, . . . ,m) and s outputs yr j (r = 1, . . . ,s), written in the basic form as a ratio
between outputs and inputs [4] in the form of a fractional program:

maxh0 =
∑r uryr0

∑r vrxr0

∑r uryr j

∑i vrxi j
≤ 1 f or j = 1, . . . ,n

ur,vi ≥ 0 f or r = 1, . . . ,s; i = 1, . . . ,m. (1)

Values yr j, and xi j are given values of outputs and inputs, indicating past operating results. Values ur, vi are
variable weights, enabling each unit to be weighted for its optimal benefit function within the given limitations,
determined by the values of variable y and x with all units. Efficient units are those that reach the ratio 1. The
definition is written in the input form; therefore, the proportionally inefficient units reach the ratio < 1.

The transformation process, used for selecting the solution with the value of the denominator within the
definition equalling 1 among all the solutions of the fractional program (Equation 1), enables us to write the
problem (Equation 1) in the form of a linear program (Cook et al., 2009):

maxe0 = ∑
i

µiyi0

∑
i

νixi0 = 1

∑
r

µryr j−∑
i

νixi j ≤ 0 ∀ j

µr,νi ≥ ε ∀ r, i (2)

The consideration is the same as with (Equation 1), the measure of efficiency remains unchanged, whereas
the weights are different; therefore, they are marked with Greek letters µ and ν.

By using the dual linear program, reference sets of business decision-making units are formed, so the
problem is written also in this form:
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θ
? = minθ (3)

sub ject to (4)
n

∑
j=1

xi jλ j ≤ θxio, i = 1, . . . ,m,

n

∑
j=1

yr jλ j ≥ θyro,r = 1, . . . ,s,

λ j ≥ 0, j = 1, . . . ,n. (5)

The result of the dual linear program (Equation 3) is the measure of efficiency and values of coefficients λ j
of linear combination of values of variables of efficient units, which represents the manner of operation of the
observed DMUo unit. Thus, the manner of operation is expressed by the manners of operation of the group of
reference units that determine the subspace of service possibility for the observed unit. The model is used to
establish a convex refracting surface of optimal efficiency, a data envelope that includes efficient units, while the
inefficient units are located above (input model) or below (output model) the envelope. By using the dual linear
program, reference sets of business decision-making units are formed, so the problem is written also in the form
(Equation 3).

The result of the dual linear program 3 is the measure of efficiency and values of coefficients λ j of linear
combination of values of variables of efficient units, which represents the manner of operation of the observed
DMUo unit. Thus, the manner of operation is expressed by the manners of operation of the group of reference
units that determine the subspace of service possibility for the observed unit.

The model is used to establish a convex refracting surface of optimal efficiency, a data envelope that includes
efficient units, while the inefficient units are located above (input model) or below (output model) the envelope.
The data envelopment analysis method brought the possibility of comparison and competition between the
public sector units, which are generally limited in marketing (selling prices, target groups of customers, market
share); therefore, their competitiveness must be expressed in the quality and efficient use of given resources.

4. RESULTS OF THE MODEL

The model was designed with the data envelopment analysis (DEA) method. The Frontier Analyst (FA, 2011)
software was used to process the data. The model includes five variables:

two inputs
D1: WD – work of doctors
D2: WC – work of nurses

three outputs
D3: POINTS – number of points for specialist examinations
D4: DRG – sum of weights of groups of acute treatment (Diagnosis Related Group) cases
D5: ICD – number of inpatient hospital care day

Since this is an environment where it is more difficult for the units to have an impact on outputs (the scope
of services depends on the contract with the Health Insurance Institute of Slovenia, while the share of marketing
activities is very small), we chose the input model. The efficiency of the units may be analysed under the
assumption of constant or variable returns to scale. This example is limited to the constant returns to scale due
to practical reasons; however, a comprehensive model for addressing efficiency should take into account also
the analysis under the assumption of variable returns to scale.

The analysis of the results of the selected data envelopment model will start with the review of the efficiency
level, which indicates the share of inputs that the units are allowed to spend to become efficient. This is followed
by a short description of how this fact affects individual variables. From the perspective of the administrator of
the entire system, the most important units are those with the greatest deviations in absolute value, regardless of
the efficiency level demonstrated; therefore, the group of units with the greatest opportunities for improvement
will be observed separately. The results for this part of the analysis were obtained with the Frontier Analyst
software by using the “Data Export” function. With units, which offer the greatest opportunities for improvement,
a set of equivalent efficient units, determining the subspace of service capacities for the selected unit, will be
presented. The results for this part of the analysis are obtained with the “Report” function.
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Table 1: Scope of health care services and used scope of health care professionals.
Source: Report on the results 2009, 2010

E j WD j WC j POINTS j DRG j ICD j

E1 36,5 168,7 653.121 7.403 53.103
E2 9,2 24,6 120.723 4.613 14.269
E3 8 25,6 71.225 4.554 12.395
E4 19,8 60,4 654.668 5.975 35.066
E5 120,7 481,4 3.217.796 35.415 184.122
E6 49,7 184 1.508.237 14.324 65.394
E7 46,3 188 1.047.139 12.153 55.561
E8 48,4 264 1.586.540 18.285 103.810
E9 61,1 240,4 983.090 16.782 105.092

E10 54,4 314,7 1.902.860 20.942 111.308
E11 29,8 138,3 735.104 9.310 50.760
E12 45,7 205,5 1.145.828 14.746 69.686
E13 18,2 76,9 508.661 6.455 31.399
E14 543,2 2.197,60 9.886.054 102.949 590.422
E15 248,4 1.017,30 4.567.918 47.604 366.126

According to the efficiency level (e0), the analysis highlighted five efficient units (E2, E3, E4, E8 and E10).
Five units form a group with the efficiency level between 0.90 and 1.00 (E5, E6, E9, E12, E13). The inputs in
these units are up to 10 percent higher than in the efficient units in relation to the outputs. Units E7 to E11
include excessive inputs by 10 to 20 percent, while the surplus of inputs in three units (E1, E14 and E15) exceeds
20 percent.

When considering the required improvements, two manners of unit behaviour should be taken into account.
The units within the service capacity field, determined by the efficient units, whereby the limitations for all
variables in the dual linear program are fully used (no unused limitations are formed), can reach the Pareto-
Koopman efficiency (without any variables with unused limitations) (Copper et. al., 2007, p. 45) with the
unchanged ratio between the variable values (radial shift on the envelope). The units outside the service capacity
field include unused limitations. These units can become technically efficient (eo = 1) if they reduce the inputs
for the share, determined by the efficiency level; however, they can achieve the Pareto-Koopman efficiency only
if they change the ratio between the variable values, since they must reduce/increase the value of the variable
that does not utilise the limitation.

When dealing with results, this means that the required proportional changes in the units which can fulfil the
conditions for the Pareto-Koopman efficiency amount to e0−1 for all the variables under consideration (for
inputs in the input model and for outputs in the output model). In this manner, units with unused limitations can
achieve only technical efficiency, whereas in order to achieve the Pareto-Koopman efficiency, they must also
compensate for the unused limitations.

The review of the results shows that all inefficient units display at least one output variable with unused
limitations, which is indicated in Table 2 as the share of improvement in columns D3, D4 or D5, unequal to zero.
The shares of improvement with input variables (D1 and D2) differ only with the unit E6, where the share of
required improvement with the care variable is larger than e0−1 by the share, represented by the balancing of
the unused limitation.

Therefore, the plan to achieve efficiency for the least efficient unit E14 could be written as:

1. reduce the scope of work of doctors by 31.9 %;
2. reduce the scope of care by 31.9%;
3. Increase the number of hospital care days by 11.9%.

From the perspective of the system operator, the data on absolute values of opportunities for improvement
are in any case more important, since his aim is to improve the efficiency of the entire system. On the basis
of data in columns R1 to R5 in Table 4, it may be concluded that the units with significant opportunities for
improvement are E1 (deviation in the scope of care (R2) and number of points (R3)), E14 (deviation in both
inputs (R1 and R2) and with number of hospital care days (R5)) and E15 (deviation in both inputs (R1 and R2), in
points (R3) and in HRG-weights (R4)).

The final part of the discussion of the results of the data envelopment analysis method includes the presen-
tation of the point of efficiency for the inefficient unit on the basis of linear combination. In this manner, the
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Table 2: Results of comparison of units with the DEA model. Source: Table 1: Key:

eo - efficiency
D j- shares of required changes in the variable j
RD j - absolute values of required changes in the variable D j

e0 D1 D2 D3 D4 D5 RD1 RD2 RD3 RD4 RD5 DEA (%)
E1 0,73 -26,9 -26,9 31,7 3,6 0 -9,8 -45,4 206946 387 0 73,1
E2 1 0 0 0 0 0 0 0 0 0 0 100
E3 1 0 0 0 0 0 0 0 0 0 0 100
E4 1 0 0 0 0 0 0 0 0 0 0 100
E5 0,92 -8,2 -8,2 0 0 7 -9,9 -39,4 0 0 12915 91,8
E6 0,93 -7,0 -12,0 0 0 25,9 -3,5 -22,1 0 0 16928 93
E7 0,82 -17,9 -17,9 0 0 21 -8,3 -33,6 0 0 11664 82,1
E8 1 0 0 0 0 0 0 0 0 0 0 100
E9 0,91 -9,2 -9,2 84 8,6 0 -5,7 -22,2 825518 1714 0 90,8

E10 1 0 0 0 0 0 0 0 0 0 0 100
E11 0,86 -14,0 -14,0 7,5 0 0 -4,2 -19,3 55383 0 0 86
E12 0,92 -8,0 -8,0 0 0 8 -3,7 -16,5 0 0 5541 92
E13 0,97 -3,3 -3,3 0 0 0,9 -0,6 -2,5 0 0 282 96,7
E14 0,68 -31,9 -31,9 0 0 11,9 -176,8 -701,3 0 0 70376 68,1
E15 0,77 -22,9 -22,9 35,8 5,8 0 -57,0 -233,3 1634933 4150,8 0 77,1

inefficient unit can consider its relation with efficient units with equivalent service models. The operation of the
hypothetically efficient unit E14 can be defined with three equivalent units (the values of coefficients in linear
combination are the result of the dual linear program (Equation 3)):

E?
14 = 12,6 ·E3 +65,4 ·E4 +24,7 ·E10

Therefore, the target value for the variable WD (work of doctors) is:

12,6 ·7,95+6,54 ·20+2,47 ·59,1 = 100,1+130,9+146,2 = 377,2

Thus, unit E3 contributes 26.5 %, E4 34.7 % and E10 38.8% to efficient unit E14 in the input variable WD.
The presented manners of handling the phenomenon with the data envelopment analysis method are just part

of the possible areas of observation. In any case, we usually do not have reliable data, suitable for a substantial
discussion, in the first phase of the use of the model; therefore, the first step of such studies is the analysis of
data relevance. In our example, the problem of inconsistent data on the scope of work and data on the scope
of services is the stands out the most, since the scope of work also includes the time that was not allotted to
services covered in the model. The analysis of the efficiency level and opportunity for improvement allows
us to determine both position of individual unit compared to others as well as manners and scope of required
improvements. The analysis of unused limitations and groups of equivalent unit can be applied to present a
detailed image of the service models used by the units within the system.

Similar to all methods of comparison, the data envelopment analysis method sets limits on the basis of given
values and is therefore a tool for exerting constant pressure on increasing the efficiency of system functioning. It
is important that this method provides us with insight into the service models used by the system units, so we
can monitor and direct the achievement of efficiency within the various service models.

5. CONCLUSION

The article introduced the general definition of effective functioning of the public sector into the environment
of health care. The review of literature showed that attempts are still being made to prove that the health care
system in the present form is efficient; however, it is obvious that the assurance of adequacy of the health care
system is a key task of both decision-makers and providers of programmes and projects. The presented example
shows that the development of activities cannot be measured with absolute indicators, but only in a relative
manner.
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Quality decision-making can be achieved by subsystems only on the basis of information, the key to success
being the accessibility of data and the use of suitable methods. Unfortunately, policy administrators are not
aware of their responsibility for the functioning of the system and do not understand that for the purposes of
development of policies and achievement of effective functioning it is necessary to ensure quality data at the
micro level and, by comparing the implementing unit, determine which units are efficient and which inefficient
and why.
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APPLICABILITY OF LINGUISTIC SUMMARIES 
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Abstract: Linguistic summaries are able to reveal relational knowledge about the data providing a human 
consistent summarization of large databases by fuzzy SQL-like query language. The validity of a linguistic 
summary depends on membership functions of summarizers and quantifiers. The paper examines their 
creation and usage in different part of data management: estimation of missing values, support decision 
making and data dissemination. Linguistic summaries provide information to users keeping data which are 
either confidential or not free of charge hidden. Also linguistic summaries do not burden decision makers 
with large tables of numbers but offer them relational knowledge extracted from a databases. 

Keywords: Linguistic Quantifiers, Linguistic Summarizer, Data Mining, Database. 

1. INTRODUCTION 
The increasing use of information systems by business and governmental agencies has created mountains of 
data that contain potentially valuable knowledge (Rasmussen and Yager 1997). This amount of data should 
be processed and interpreted to be useful. Usual knowledge discovery in databases reveal precise information 
from the data rather than providing a global review of the whole database (Van der Heide and Trivino 2009) 
using complex mathematical analysis. Linguistic summaries are able to express relational knowledge about 
collected data that is concise and easily understandable by humans. They are intuitive, human consistent and 
natural language based knowledge discovery tool (Kacprzyk and Zadrożny 2005).  

Linguistic summaries are of structure Q entities in database are (have) S where S is summarizer defined 
as linguistic term by fuzzy set on the domain of examined attribute and Q is fuzzy quantifier in sense of 
Zadeh (1983). This concept has been initially introduced in (Yager 1982) and further developed in 
(Rasmussen and Yager 1997, Kacprzyk and Yager 2001, Kacprzyk and Zadrozny 2009). Truth value of 
summaries is usually called validity and gets values from the [0, 1] interval by agreement. Data 
summarization is one of basic capabilities needed to any “intelligent” system (Kacprzyk and Zadrozny 
2009). An example of simple linguistic summary is: most people (in database) are tall. Linguistic summaries 
could be more complex e.g. most municipalities with high population density and high migration have small 
unemployment. Quantifier and summarizer are presented by membership functions. Firstly, this paper 
underline determining membership functions for quantifiers and summarizers. Secondly, the paper is focused 
on applicability in different stages of data management. 

The paper is organised as follows: Section 2 explains linguistic summaries by fuzzy logic approach. 
Section 3 briefly explains realisation of linguistic summaries by fuzzy queries. Section 4 is devoted to the 
applicability in all main stages of data production from estimation of missing values in data collection 
through support for decision making to data dissemination. Finally, conclusion is drawn in Section 5.  

2. LINGUISTIC SUMMARIES BY FUZZY QUERIES 
Summarizer S is a linguistic term represented by a fuzzy set e.g. high population density. It is a simple one-
attribute-related summarizer. Compound summarizer could be as follows high population density and 
medium migration.  

Quantifier Q is a portion of data which are related to summarizer. Two main kinds of quantifier (Zadeh 
1983) are used: 
 absolute e.g. more or less 10, several; 
 relative e.g. few, about half, most. 
The paper is focused on relative quantifiers. 
The elementary task of linguistic summarisation (Q entities in database are (have) S) is depicted in the 

way Qx(Px), where Q denotes a linguistic quantifier, X ={x} is a universe of disclosure and P(x) is 
a predicate corresponding to a query condition.  
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The validity of a linguistic summary (rule) is computed by the following equation (Kacprzyk and 
Zadrożny 2009, Rasmussen and Yager 1997): 
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database that satisfy P(x) (e.g. territorial units having high population density and high migration) and 
quantifier µQ might be given as (Kacprzyk and Zadrożny 2009, Zadrożny and  Kacprzyk 2009) for case of 
most: 
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If all records meet the predicate with value of 1 then Q  obtains a value of 1. It means that the statement 

is fully true. Opposite, if no record meets the predicate (even partially) then Q  obtains a value of 0. If a 

database contains 10 records of which 6 fully meet the condition (value of 1), 3 partially with values of 0.9, 
0.7 and 0.2 respectively and one record does not meet the condition (value of 0) then Q  obtains a value of 

0.96 which means that the rule is significantly satisfied.  
If we replace numbers in (2) with parameters in the following way: 
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then we are able to adjust strictness of linguistic quantifier. A quantifier is stronger and closer to the crisp 
quantifier all, if 1n  and nm   (Figure 1).  
 

 
Figure 1: Adjustment of the quantifier most 

 
In similar way we can create quantifiers about half and few. Quantifier few and its adjustment is explained 

in (Hudec et al 2012). 
Second type of linguistic summary is of the form Q R objects in database are (have) S  where R saying 

something about a subpopulation of the data (Rasmussen and Yager 1997) e.g. most of small municipalities 
have low gas consumption or few of high paid employers are young and low experienced.  

The procedure for calculating truth value has the following form (Rasmussen and Yager 1997): 
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is the proportion of R objects in a database that satisfy S, t is a t-norm, µq is 

calculated in the same way as in (1 - 3). 
Evidently, validity of linguistic summary depends on created membership functions for summarizer and 

quantifier. Creation of the membership function for the quantifier most is explained in this section. 
Construction of membership function of summarizer is more complex topic which should merge user 
opinion about each linguistic term and current content in database. It could happen that fuzzy query selects 
no records because user is familiar with the domain of attribute but not with the current content in database 
which could be only a small subset of the whole domain. For example delay in days could be theoretically 
the [0, 365] interval, but in practice delay belongs only to a subset of the domain. A linguistic summary 
explains relational knowledge from the collected data not from the whole domain. The construction of 
membership function for fuzzy queries from current database content is discussed in e.g. (Hudec and Sudzina 
2012, Tudorie 2009, Tudorie 2008). For this purpose the uniform domain covering method (Tudorie 2009) is 
the option because the main goal is not to select data but to calculate the validity of linguistic summaries.  

3. REALISATION 
The first step in each linguistic summarisation is calculation of the proportion of objects in a database that 
satisfy P(x). This step contains two sub steps: selection of all entities with membership degree greater than 
zero. This sub step could be solved by arbitrary fuzzy query approaches e.g. SQLf (Bosc and Pivert 2000), 
FQL (Wang et al 2007) and fuzzy generalized logical condition (Hudec 2009). In the second sub step the 
sum of all membership degrees is divided by number of entities in database. Finally, in the second step 
validity of summary is calculated according to employed quantifier. 

There are also tools either focused on summarisation like SummarySQL (Rassmusen and Yager 1997) or 
query language FQUERY (Kacprzyk and Zadrożny 1995) which is extended to cover linguistic 
summarisation (Zadrożny and  Kacprzyk 2009).   

Validity of a linguistic summary could be calculated for whole database by equations (1 – 4). Admittedly, 
summaries can be also applied for particular parts of database. An example is summarisation for each region 
according to data about municipalities or realised trades by branches or sales regions. In this way regions or 
department could be ranked downwards from the best to the worst. 

The procedure for calculating validity of summary Q entities in database are (have) S for each cluster is 
calculated using the extension of (1): 
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where n is number of entities in whole database, Ni is number of entities in cluster i (municipalities in region 
i), R is number of clusters in database (regions), µp(xji) is matching degree of j-th entity in i-th cluster. This 
kind of linguistic summary is presented on illustrative example in Section 4.4. 

In the same way the calculation of validity of summary Q R entities in database are (have) S for each 
cluster is realized using the extension of eq. (4). 

4. APPLICABILITY OF LINGUISTIC SUMMARIES 
Linguistic summaries have broad applicability. In this chapter they are presented in a chronological way 
from estimation of missing values through support for decision making to dissemination on data portals.  

4.1. Flash estimation of missing values – an idea 
In order to properly select or classify each object, data for all relevant attributes should be known. However, 
often it is not the case. Therefore, entities with missing values cannot be properly classified. If we want to 
classify these entities, we should estimate missing values.  

Estimation of missing values is an open problem in data collection. Value of attribute exist but is not 
recorded for some reasons (e.g. reluctance of respondents to respond on all questions in surveys (significant 
issue in data collection in official statistics (Giesen 2011)) or  not availability of instruments for measuring 
values for all objects). Many methods for estimating missing values exist, like the hot deck method where 
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each missing value is replaced with data from more or less similar unit using linear restriction rules 
(Coutinho and de Waal 2012) and neural networks that can deal efficiently with huge incomplete databases 
when the borders of classes are not exactly defined and could be nonlinear (Juriová 2012). Other approaches 
could be applied like fuzzy functional dependencies (Berzal et al 2005, Vucetic et al 2013). If we detect high 
dependency between some attributes then we can estimate missing value of dependent attribute from known 
values of independent attributes. However, all these approaches are highly demanded.  

On the other hand, linguistic summaries need user’s assistance. For example, in the municipal statistics 
database usually data for small municipalities are missing. For missing value of gas consumption we can 
check the validity of the rule most of municipalities with small population and low altitude above sea level 
have small gas consumption. If validity of rule is let say 0.81 then we can conclude that small and low 
situated municipalities have similar small gas consumption and therefore estimate missing values. If validity 
of summary is small then the summary can not be used for flash estimation. The strength lies in processing 
which consist of one database query and calculation of validity of rule. The weakness is in full dependence 
of user’s cooperation. However, a tool based on summaries could autonomously search for most valid rules, 
but this approach has not been examined yet. 

4.2. Evaluation of imputed values – an example 
Statistical offices have created methods for imputation of missing values. Missing values are estimated by 
various algorithms in statistical offices. Usually no further evaluation of estimated values is realised. 
However, the evaluation of whether imputed values have similar properties as data received from 
respondents could reveal how procedures for data imputation are working and whether they should be 
improved (Kľučík et al 2012). Linguistic summaries could help in this process. 

For this purpose we could create pair of rules:  
 
most (about half, few) of responded exports has small (medium, high) number of items (goods) in report  
 
and  
 
most (about half, few) of non-responded exports have small (medium, high) number of items (goods) in 

report  
 
and run the rules on two parts of database: collected data and estimated data respectively. If truth values 

of both rules gravitate to each other, then both parts of database have similar properties (data distribution), 
which mean that the current algorithm works properly. The opposite result suggests that algorithms should 
be improved. 

An example of created rules on Slovak Intra EU trade statistics (Kľučík et al 2012; Hudec and Juriová 
2013) are as following:  

 
most of non responded exports have small number of items in report.  
The validity is 0.6773.  
 
We applied the same rule on responded data: 
most of responded exports have small number of items in report 
and have revealed that in this case the validity of rule is 0.9313.  
 
Linguistic summary revealed the significant difference in validity of both summarisers. We could 

conclude that the current algorithm for estimation should be improved. 
The second kind of rule examines distribution of all countries of dispatch in both parts of database (Hudec 

and Juriová 2013). Our task is to reveal whether distribution of non-responded and therefore estimated 
values has more or less similar distribution like data received from respondents.  

The linguistic summary is as follows:  
 
export by countries has high number of reports.   

 
Table 1 shows most frequent export countries obtained from business respondents. The same linguistic 

summary has been evaluated for the part of the database consisting of estimated data. Validity per country is 
depicted in Table 2. 
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Table 1: Countries with high number of reports –  surveyed data (Hudec and Juriová, 2013) 

Country 
High number of 
reported trade 

AT 1 

CZ 1 

DE 1 

HU 1 

PL 1 

FR 0,9533 

IT 0,777 

RO 0,3277 

SI 0,1222 

NL 0,0449 

GB 0,0394 

BE 0,0137 
 

Table 2: Countries with high number of reports – imputed data (Hudec and Juriová, 2013) 

Country 
High number of 
estimated trade 

AT 1 

CZ 1 

DE 1 

FR 1 

GB 1 

HU 1 

IT 1 

PL 1 

SI 0,236 

ES 0,126 

RO 0,0623 
 
At the first glance it is obvious that the algorithm had calculated values with similar validity for both parts 

of database. For example, FR has a value of 1 (Table 2) and almost 1 (Table 1). Similar discussion holds for 
e.g. IT or SI. We have obtained quite similar conclusions for another two linguistic summaries: export by 
countries has medium number of reports and export by countries has small number of reports. It leads to the 
conclusion that the used algorithm for estimation should not be improved. 

4.3. Linguistic summaries as a support for decision making – a brief overview 
Generally, there are two main ways of examination of relational knowledge in data. In the first way decision 
or policy maker creates particular linguistic summary or sentence of interest and evaluate its validity.  

If decision maker would like to see whether high valued trades are focused mainly on small number of 
highly valued goods, the linguistic summary sentence is as follows: most of high realised trade has small 
number of goods. If the validity of the user’s linguistic summary: most of municipalities with high population 
and high altitude above sea level have small gas consumption is high we can conclude that these 
municipalities mainly use other sources of energy for heating.  

The second way is based on automatic generation of linguistic summaries. Van der Heide A., Trivino G. 
(2009) suggested automatic generation for energy consumption data. The methodology involves among 
others generation of summarising sentences, determination of the validity of each sentence, and finally 
selection of relevant sentences having high degree of validity from the set of generated sentences using 
statistical parameters.  
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Liu (2011) presented extracting linguistic summaries that have validity greater or equal than threshold 
value as an operations research task: 
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where 
_

Q  is a set of relevant quantifiers, 
_

S  is a set of relevant linguistic expressions, 
_

R  is a set defining 
subpopulation of interest and β is the threshold value from the {0, 1] interval. Each solution produces a 
linguistic summary Q* R * are S*.   

Promising applications are in analysing trends. In order to recognize trends, important changes, repeating 
cycles, flash estimations economists have to analyse large number of attributes and their trends. Trends have 
various direction of a trend line (angle to coordinate axis) e.g. quickly decreasing, decreasing, slowly 
decreasing, stable, etc. Kacprzyk et al (2006) have suggested linguistic summaries for analyses of trends. 
Example of linguists summaries are most of trends have a large variability, most of slowly decreasing trends 
have a small variability, where variability is expressed by distance of data points to linear uniform 
approximation. Validity of rule reveals relevant knowledge from time series. 

4.4. Linguistic summaries on data portals – a short example 
The main advantage in this case is keeping data that are not free of charge hidden from users. A user obtains 
only the mined summarised information which is in many cases enough. Having in mind the increased work 
in data dissemination of official statistics data portals and the fact that users some group of users of e.g. 
official statistics wants mined information instead of raw data (Bavdaž et al 2011) then web application 
realised in this way is an interesting approach to motivate respondents to use data portals. 

For example users want to know whether region is more hilly or flat. This question is expressed by the 
linguistic summary most of municipalities has small attitude above sea level  (altitude above sea level could 
be protected data or not free of charges, for example) The query and the result for all eight regions of the 
Slovak Republic are presented in Table 3 using eq. (5). Table 3 shows that regions Bratislava, Trnava and 
Nitra are mostly flat whereas regions Žilina and Prešov are hilly. Region Trenčín is more flat than hilly. The 
same holds for region Košice but it is a slightly hillier than region Trenčín.  
 
Table 3: Validity of the linguistic summary for each region 

Region  
Validity of the 

summary 
Bratislava 1
Trnava 1
Nitra 1
Trenčín 0.7719
Košice 0.6314
Bánska Bystrica 0.2116
Žilina 0
Prešov 0
 

5. CONCLUSION 
The paper demonstrated creation of linguistic summaries for revealing relational knowledge about the stored 
data. Main elements of linguistic summaries are quantifiers and summarizers. They are expressed by 
membership functions. Concerning quantifiers, the way for adjusting parameters of membership functions 
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was suggested. The advantage of linguistic summaries from practitioners’ point of view is that they can 
reveal relational knowledge (rules) form data using extensions of fuzzy query languages. 

The paper also discussed possibilities of linguistic summaries in various fields of data analysis. The paper 
examined usability of linguistic summaries in areas of estimation of missing values, evaluation of algorithms 
for data imputation, revealing rules from databases as a support for decision making and finally in data 
dissemination on websites.  

Relational knowledge about the data is valuable either for decision making or for broad audience on data 
portals. The main advantage of linguistic quantifiers as data dissemination tool is keeping data that are not 
free of charges or in some extent confidential hidden for external users of data. Although decision makers 
and analysts have full access to data they are often not interested in large sheets of figures but in relational 
knowledge hidden in data.  
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Abstract: Topic prediction is an important task in the area of text-mining, aiming to discover a way to 
predict complex topics within textual documents. Since the models of documents are usually expressed in a 
very high-dimensional space, dimensions being possible words, it is important to first reduce the 
dimensionality of this space. Existing algorithm mostly rely on a standard method for dimensionality 
reduction, namely the Principle component analysis. This study explores the use of autoencoder neural 
networks as an alternative for this task, and presents some experimental evidence of the performance, also 
compared to the PCA.  

Keywords: Autoencoder, Neural-networks, Dimensionality reduction, Topic prediction, Machine learning. 

1. INTRODUCTION 
Artificial neural networks (NN) represent a wide family of models and algorithms that try to solve a range of 
hard problems, including financial, medical, scientific and educational problems (Haykin, 2008). They do 
not try to imitate the processes of biological neural networks, but draw a lot of inspiration from the way 
brains solve the problem of learning from experience.  

Neural networks are suitable for modeling complex, nonlinear relationships, and they usually have a large 
number of free parameters, in forms of weights between neurons. For fitting these parameters from data, a 
large training set is required, especially for supervised training algorithms, like backpropagation. There are 
many ways to remedy this shortcoming, one of which is to perform an unsupervised pretraining as a way to 
initialize weights (parameters) of the final model (Erhan et al., 2010).  

This study explores the use of NN as a dimensionality reduction techniques, more specially in the form of 
Deep Autoencoder architectures (Hinton & Salakhutdinov, 2006), which require both unsupervised and 
supervised training methods. We also provide some experimental results on using and comparing this 
techniques for topic prediction task.  

Section 2 of this paper introduces the topic prediction problem and discusses existing solutions to the 
problem. The same section describes the dimensionality reduction techniques, especially as a means to help 
solve the topic prediction task. Section 3 describes the autoencoder neural networks, and a way to they can 
be used to perform dimensionality reduction. Experimental setup and results of running autoencoder neural 
networks are given in Section 4, as well as a comparison to a standard benchmark technique. Finally, Section 
5 discusses the results and gives some conclusions with an overview of further work. 

2. TOPIC PREDICTION AND DIMENSIONALITY REDUCTION 
Topic modeling is a text-mining task of creating models that explain and predict general semantic types of 
documents, present in large textual document corpus (Srivastava & Sahami, 2009). These semantic 
document types are referred as "topics", and a common example is categorization of news articles as "sports, 
politics, technology, health, etc." 

The topics are sometimes given in advance, and the goal is to predict the right topic of a new document, 
given previous set of documents already classified into known topics. This is solved by supervised machine 
learning techniques, which is the kind of topic modeling that is done in this research, and will be refered to 
as "topic prediction". There is also an unsupervised version of topic modeling, when the goal is to discover 
previously unknown topics, given only a set of documents.  

 Analyzing textual information is hard because texts are unstructured data, and the results strongly depend 
on how texts are represented in the analysis. It is common to model texts as a vector space (or "bag-of-
words") model, by representing each document as a vector of counts of each word that appear in the 
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document. The first problem is that the representation is a very large vector, because each document is a 
vector the size of the total vocabulary. This is clearly a high-dimensional space, since it is not unusual for 
vocabularies to have tens of thousands of words. Also, each of these vectors are mostly sparse (contain a lot 
of zeros), and contain lots of dimensions (words) which are irrelevant for the semantics.  

One way to get around this is to transform the large, sparse document vectors into a low-dimension, dense 
representation, which conserves as much information as possible. These techniques are called dimension 
reduction techniques, and the most common ones are principle component analysis (PCA), and the matrix 
factorization methods, such as singular value decomposition (SVD) (Srivastava & Sahami, 2009). 

The reduction accomplishes two distinct goals. Firstly, it simplifies the description of the observations by 
several orders of magnitudes, since the data is described by dozens instead of thousands of features 
(attributes, words). This makes further use of the data much easier and more efficient. Secondly, the 
compression loses some information from the initial high-dimension description, but usually this "cleans" the 
data from noise, as long as the noise level is lower than useful variations in the data. 

PCA (and SVD) also have another useful property. The new dimensions in which the data is mapped are 
constructed in a way to make them perpendicular, i.e. independent of each other. This means that linear 
correlations are removed, which sometimes might be quite helpful. A good survey of these well-known 
methods could be found in (Langville & Meyer, 2005). 

Dimensionality reduction methods have a direct use for topic modeling. The initial dimensions are counts 
of each possible words. If the dimensions are reduced to, for example, 10 dimensions, these new dimensions 
could be considered as "topics". For each of these topics, one could see which set of words (in original 
dimensions) are used most often to describe it, and get a insight on what these topics are semantically. This is 
an application of unsupervised topic modeling. If we want to predict some predefined topics, we can still 
reduce to lower dimensions, assuming these dimensions will act as a good predictor for our predefined 
topics. However, this is not always the case, since dimensionality reduction methods are unaware which 
words are more or less important, and the low dimension space they create actually compress as much data, 
regardless how indicative it is for our predefined topics.  

3. DEEP AUTOENCODERS 
Neural neworks are a very broad modeling method, which can serve very different purposes depending on 
the architecture and learning methods. The last generation of neural networks have deep architectures, 
containing many layers of neurons, and a lot of parameters (weights) that need to be learned from data. One 
of the successful deep architectures are convolutional neural networks (Le Cun et al., 1995), which proved 
very useful for image recognition tasks. A good survey of deep architectures and applications are given in 
(Bengio, 2009). 

One useful deep architecture are autoencoder neural networks (Baldi, 2012). The goal of autoencoders is 
to learn a different representation of the input patterns, usually in lower dimension space. The typical 
architecture is to have the same input and output layers, and hidden layers which are progressively shrinking 
in size. The goal is to create a bottleneck which would force the network to compress the representation to 
smaller vectors, while retaining the same amount of information in the output layer (Figure 1). Input and 
output layers are the same size, because the network is trying to recreate the same input patter, but expressed 
in fewer dimensions in the bottleneck.  

 
Figure 1: Autoencoder neural network architecture1 

 

                                                      
1 image taken from: http://nghiaho.com/ 
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The first part of the autoencoder network is called an „encoder“, since it tries to compress (encode) the 
information into more compressed representation, while the second part is called „decoder“. Encoder and 
decoder part have usually similar weights, but are not reciprocal. 

Autoencoders were already successfully applied to image retrieval (Krizhevsky & Hinton, 2011), but also 
for dimensionality reduction (Hinton & Salakhutdinov, 2006).  

The main problem in applying deep autoencoders is training. The setting is for supervised learning, where 
the goal is to minimize the error of a reconstruction from a decoder and the original input pattern. So, regular 
backpropagation learning algorithm could be applied. However, since the network is deep, containing many 
layers, the gradients tend to „die out“ when propagated toward the first layers. So the error on the last layer is 
used up correcting the last layers, and the first layers are never changed enough to learn from errors. This 
problem would be avoided if the initial solution, before running the backpropagation, is „close enough“ to 
the optimal weights (Hinton & Salakhutdinov, 2006).  

To solve the training problem, whole network could be „pretrained“, to generate a good initial solution. 
This pretraining is done in an unsupervised manner, using Restricted Boltzmann Machines, or RBMs 
(Hinton, 2002). RBM is a simple graph (structure), which is undirected, and contains one visible layer, and 
one hidden layer (Figure 2). All neurons are stochastic, meaning they are binary and activate according to a 
distribution dependent on the input weights. Training this structure could be done easily by an unsupervised 
algorithm, called contrastive divergence (Hinton, 2002). 

 
Figure 2: Restricted Bolzmann Machines architecture 

 
Training this structure would give good initial weights for this part of the network. Actually, (Hinton & 

Salakhutdinov, 2006) show how this could be done for autoencoders. The deep autoencoder network is split 
into many two-layer subnetworks, which are iteratively pretrained as RBMs, from bottom up (Figure 3a).  

When all layers are pretrained, the network is „unrolled“ into an encoder and decoder parts of the 
autoencoder network (Figure 3b). This autoencoder has better initial solution, on which classical 
backpropagation is applied, this time successfully, since the weights in all layers are not changing too much, 
so the gradients are large enough even in the first layers of the network (Figure 3c).  

 

 
Figure 3: Training autoencoders using RBMs and backpropagation (Hinton & Salakhutdinov, 2006)   
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The autoencoder used in this research is an implementation from (Palm, 2013), and it works similar to the 
one described in the (Hinton & Salakhutdinov, 2006). The autoencoder is split into RBMs and pretrained 
from bottom-up. Then the network is unrolled into encoder and decoder, and ordinal backrpopagation is 
applied to fine-tune the weights of the autoencoder. The layers are progressively smaller, and the bottleneck 
represents the “code”, i.e. the vector representation that has reduced dimensionality.  

This low-dimension representation will then be used to classify topics, hopefully removing the noise from 
many dimensions (words) which are not useful for determining the topic of a document.  

 

4. EXPERIMENTAL SETUP AND RESULTS 
For testing the applicability of deep autoencoders as a dimensionality reduction tool, we created the 
following experimental scenario.  

The data describes 1000 cases of employment offers collected online and classified into 22 classes 
(topics). The data is transformed into a bag-of-words representation, all sentences are lower-cased, and 
words are stemmed using the Ported stemming algorithm (Srivastava & Sahami, 2009). Additionally, most 
often used words (in more than 60% of documents) were removed, as well as words that do not appear at 
least 10 times (too rare), reducing the final vocabulary to 1492 words. So the data is an integer matrix of 
1000x1492, on which we apply dimensionality reduction.  

The autoencoder neural network is tested with neuron configuration 1793-376-149-30, which is the 
default way to create the bottleneck for autoencoders (Palm, 2013). This means that we are reducing the 
dimensionality to 30 new dimensions, by combining original 1492 ones in less and less dimensions. We 
compare the results with the standard method in this area, namely the principle component analysis. For 
further analysis, we compare the results by reducing to 30, 20, 10, 5, and 2 dimensions, to test how 
algorithms compare on different levels of compression. 

Finally, in order to measure the dimensionality reduction effects and the level of information that was 
contained, we setup a classification evaluation scheme for the text mining tasks. We run the well-known 
Naive Bayes classifier on the reduced datasets, in order to create a classification model that would be able to 
predict the topic of any document. We will use the success of the classifier to tell how effective was the 
dimensionality reduction.  

The evaluation is conducted using 10-fold cross-validation, i.e. we keep one portion of the dataset for 
testing purposes and train the classifier on the remaining part, and repeat the whole process 10 times on 
different folds of the data. This is a typical evaluation of classifiers, and the results that we report represents 
the accuracy of the topic predictions, averaged over 10 trials. All folds are chosen randomly, with the 
constraint to keep the class distribution as similar as possible. 

For this research, several software packages are used. For text-mining and naive-bayes classification, 
RapidMiner (Mierswa et al., 2006) is used, while Matlab is used for dimensionality reduction, with a 
package for running autoencoder neural networks (Palm, 2013; Palm, 2012).  

 

4.1. Results  
The results of experiments conducted, following the experimental setup, as described, are given in Table 1. 
Results show the average accuracy achieved by Naive Bayes classifier on datasets with reduced 
dimensionality. Reduction was done by Autoencoders and also PCA as a benchmarking method. We 
repeated the experiment for different numbers of dimensions. 

Overall, but not conclusively, Autoencoder showed better performance, reducing to new dimensions that 
have more dense information, allowing the classifier to achieve better performance.  

It is interesting to note that the performance increases as the dimensions get fewer, which might point to 
large amount of noisy features (words) that are not informative. This is very pronounced with 30 dimensions, 
where the less important features drive the classifier into lower performance.  

For PCA, 20 dimensions are somehow best to hold just the right amount of useful information. On the 
other hand, autoencoders achieved their optimum for only 2 dimension, implying a very good compression 
of information. Since autoencoders are nonlinear, opposed to PCA, this could imply that the data has strong 
nonlinear correlations, captured by the autoencoder with fewer dimensions, which could not be captured by a 
linear transformation such as PCA.  
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Table 1: Accuracy of classifiers on datasets with reduced dimensionality 

Dimensions 
Method 

PCA Autoencoder 

30 8.2 % 8.3 % 

20 40.3 % 33.4 % 

10 36.7 % 38.3 % 

5 35.9 % 49.1 % 

2 34.2 % 57.9 % 

 
We mentioned that the shown accuracy is an average over 10 trials. The standard deviations within these 

10 trials are relatively very small, and are depicted on Figure 4. The variability is much smaller than the 
effect size, exept for the case with 30 or 10 dimensions, where no conclusions on which method is better are 
statistically valid. For all other cases, variability in trials is too small to account the seen differences in 
performance of the methods.  

 
Figure 4: Standard deviation of validation results on 10 folds of data 

 

6. DISCUSSION AND CONCLUSION 
There are several important things to note in this research. First, the dimensionality reduction techniques are 
compared on how useful they are for helping Naive Bayes classifier in predicting topics, so the conclusions 
could not be generalized outside this setting. Also, classifier success depends on the amount of information 
contained in the dimensions, compared to useless noise, for determining the topics. Since the dimensionality 
techniques are unsupervised, they try to compress all the data, regardless of how useful it is for the 
classification task. Still, we can see that dimensionality reduction brings performance of this classifier, since 
it probably reduces more noise than useful information. Acknowledging this, autoencoder did more useful 
reduction, compared to the traditional tool of choice, the PCA.  

This research could also be labeled as preliminary, since it is performed on 1000 documents. Although 
this is enough data to perform this kind of analysis, real world data could easily grow up to tens, or hundreds 
of  thousand documents. This would require additional analysis, such as investigating scalability, which 
might play an important role in a real world setting. Still, this analysis shows some evidence on the 
performance of autoencoders for dimensionality reduction, which might be very useful for tasks with very 
high number of dimensions, like the text mining problems.  
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Abstract: This paper proposes an approach to hierarchical clustering based on a logical measure of 
dissimilarity. The proposed approach is a one step further toward including logic theory in the process of 
clustering. The proposed logical measure is interpolative-type generalization of the exclusive disjunction 
relation. In order to use it as a measure of dissimilarity we prove reflexivity, symmetry and triangle 
inequality. Further we incorporate it in a standard form clustering algorithm. The proposed approach is 
tested on the exemplary study of cluster-analysis of the European countries by their macroeconomic 
performances. The results are compared with the same clustering algorithm based on Euclidean distance 
function as a measure of dissimilarity. Comparative analysis of the results shows great differences indicating 
that “more closer” does not necessarily mean “more similar”.  

Keywords: cluster analysis, hierarchical clustering, proximity relation, dissimilarity relation, interpolative 
relation, interpolative Boolean algebra. 

1. INTRODUCTION 
Clustering, also known as unsupervised learning, data exploratory analysis, numerical taxonomy and 
topological analysis is a method to extract knowledge about hidden, „natural“ structures in a data set or 
partition it into groups (clusters) without any previous knowledge nor experience about it. Contrary, 
classification or supervised learning is oriented toward the identification of the categories (classes) in a data 
set based on the training set that contains the observations whose categories are known. It is about learning 
through the reinforcement of the existing knowledge, while clustering is about learning from scratch – 
without any previous experience. Since it is learning without previous knowledge/experience, clustering 
must be strongly related to reasoning. If we define reasoning as the capacity for making sense of things, 
applying logic, it seems logic should be naturally included in the process of clustering.  

The essence of each clustering method is the way we compare objects according to certain rules and with 
respect to their features/characteristics. The comparison is based on some proximity measure, which is a 
general term for distance, similarity and correlation among objects. Different proximity measures will 
inevitably lead to different results. Since there is no universal proximity measure therefore neither one 
clustering algorithm can be used universally. Consequently, the question of choice of appropriate proximity 
measure is crucial. There are numerous proximity measures, many of them summarized by Everitt et al. 
(2011).  

The type of a proximity measure used for clustering is dictated by the nature of the problem to be solved. 
If one needs to cluster objects in a space by their physical distances then one uses Euclidean, Manhattan or 
some other geometrical distance depending on characteristics of the observed space. If the problem is to 
group (cluster) objects with respect to the changes in their characteristics or behavior then one can use some 
correlation-type measure such as Pearson correlation or some other correlation coefficient. Further, when one 
needs to measure similarity of the objects of interest in order to cluster them he/she can use cosine similarity 
as a measure of proximity. To measure similarity of binary data one can use one of many coefficients 
developed for this purpose like simple matching coefficient (Sokal and Michener 1958), Jaccard coefficient 
(Jaccard 1912), Dice/Sorenson coefficient index (Dice 1945) etc. There is also Canberra distance (Lance and 
Williams) that can be regarded as a generalization of the dissimilarity measure for binary data (Everitt et al. 
2011). But what about logic-based measures of proximity (similarity) ?  

First attempts to include logic in clustering process were made through implementation of 
matching/association coefficients as (dis)similarity measures between objects. These measures were meant 
for binary data since the logic itself was binary at that time. There was a need for a significant breakthrough 
in the logic science itself to start a new era in clustering. This breakthrough happened with the emergence of 
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fuzzy set theory (Zadeh 1965) and it had a major impact on clustering science. Belman et al. (1966) and 
Ruspini (1966) initiated research in fuzzy clustering. It was based on idea of fuzzy clusters, where cluster 
elements have the membership function describing a degree of belonging to clusters. However, this approach 
was based on the old proximity measures, so it took a few years more in order to move the clustering science 
closer to the notion of similarity relations. Once again Zadeh’s work made a great contribution to the 
clustering science. In 1971, Zadeh proposed a max-min transitivity and defined a max-min similarity 
relation. This was the first step toward clustering based on fuzzy relations. Few years after, Tamura et al. 
(1978) constructed n-step procedure using max-min compositions of fuzzy relations to obtain a similarity 
relation starting from subjective relation that satisfies reflexivity and symmetry axioms. It made possible for 
one to achieve a multi-level hierarchical clustering based on this max-min similarity relation. Further, Yang 
and Shih (2001) extended Tamura’s procedure to all types of max-t compositions concluding that the 
clustering results are better if one uses max- composition rather than max-min composition.  

In this paper we present a new logic-based approach to hierarchical clustering. In order to implement the 
proposed approach we use standard clustering algorithm in which we implement logic-based measure of 
dissimilarity. Previous approaches that include logic-based measures are starting from the subjective fuzzy 
relation which is a necessary as a starting point for n-step procedure using some max-t composition to obtain 
fuzzy equivalence relation. There is a problem to obtain objective measures of dissimilarity based on the raw 
data. For that reason, we explore possible usage of interpolative relations to construct logic-based measure of 
dissimilarity able to derive an objective dissimilarity matrix directly from raw data. As a logic-based 
measure we use interpolative relation of exclusive disjunction (XOR). XOR is used as a dissimilarity 
measure since it is a complementary relation of an equivalence relation. Since the equivalence relation can be 
used as a measure of similarity, consequently XOR can be used as a measure of dissimilarity. In order to 
prove that the proposed measure can be used as a dissimilarity measure we prove that all metric axioms hold. 
Finally, in order to test the proposed approach we apply it to cluster European countries based on their 
macroeconomic performances.  

In section 2 we investigate interpolative-type generalization of the exclusive disjunction relation as a 
possible measure of dissimilarity for clustering. Proofs for the reflexivity, symmetry and triangle inequality 
axioms are presented. In section 3 we present the clustering algorithm that is based on the logical measure of 
dissimilarity. In section 4 we test the proposed approach on the example of cluster-analysis of European 
countries based on their macroeconomic performances. Section 5 concludes the paper. 

 

2. INTERPOLATIVE RELATION AS A LOGICAL MEASURE OF DISSIMILARITY 
Interpolative relations or I-relations, proposed by Radojević (2005), are consistent generalizations of 
classical relations. They are based on interpolative Boolean algebra, also proposed by Radojević in 2000. In 
this paper, we will investigate whether an interpolative relation of exclusive disjunction is suitable for 
clustering as a measure of dissimilarity. We use XOR since it is complementary to equivalence relation  

 1A B A B    . (1) 

Since the equivalence relation can be used to express similarity between objects, then the XOR is a good 
candidate to express dissimlarity between objects. Dissimilarity is a type of proximity. A relation is called a 
proximity relation if it satisfies reflexivity and symmetry. In order to become dissimilarity relation (metric) it 
has to satisfy the triangle inequality. If it is a metric then we can construct a clustering algorithm based on it.  
Hereof, will prove that the interpolative relation of exclusive disjunction satisfies metric axioms.  

Interpolative relation of exclusive disjunction between two objects regarding one characteristic is defined 
as 

   c cA B A B A B     . (2) 

Using transformation rules explained by Radojević (2008) we translate this logical expression to its 
corresponding generalized Boolean polynomial (GBP): 

             2c cA B A B x A x B x A x B x


       . (3) 

In order to apply this GBP, generalized product has to be replaced with an appropriate T-norm. Now we 
turn to metric axioms and their proofs. 
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A1. Reflexivity 

  0D A, A   (4) 

Proof:  

               2c cD A,A A A A A A A x A x A x A x A x


            . 

Since two objects can be compared only by the same characteristic, then the right choice of T-norm for 
generalized product in this case is min function ( :=min ). 

          2 0D A,A A x A x min A x ,A x    . 

 
A2. Symmetry 

   D A, B D B, A  (5) 

Proof:  

               
         

2

2

c cD A,B A B A B A B x A x B x A x B x

B x A x B x A x B A D B, A .


           

      
 

Due to the commutativity of generalized product. 
 
A3. Triangle inequality 

     D A,C D A, B D B,C   (6) 

Proof:  

     D A,C D A, B D B,C    

A C A B B C      

                 c c c c c cA C A C x A B A B x B C B C x
  

                      

                       2 2 2A x C x A x C x A x B x A x B x B x C x B x C x            

             2 2 2 2A x C x B x A x B x B x C x        

 
Finally we get 

             A x B x B x C x B x A x C x      . (7) 

If we assume that      A x B x C x  , Equation (6) is true since        A x B x A x C x    

because of    B x C x and      B x C x B x   because of        0 1A x ,B x ,C x , . 

 

If two objects are compared with respect to two characteristics, for example  1 2A a ,a  and 

 1 2B b ,b , then interpolative relation of exclusive disjunction takes the following form 

           1 1 2 2 1 1 1 1 2 2 2 2
c c c cA B a b a b a b a b a b a b                   , (8) 

where A1 and B1 represent levels of the first characteristic of objects A and B respectively, and A2 and B2 
are related to the second characteristic of interest. Using standard transformation rules this logical expression 
is translated into its corresponding generalized Boolean polynomial (GBP): 

         
     

1 1 1 1 2 2 2 2 1 1 1 1

2 2 2 2 1 1 1 1 2 2 2 2

2

2 2 2

c c c ca b a b a b a b a b a b

a b a b a b a b a b a b .


                   

                     

 (9) 
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After we do multiplication of terms inside the brackets we get: 

   
         
   

1 1 2 2 1 2 1 2 1 2 1 2 1 2 1 2

1 1 2 2 1 2 1 1 2 2 1 1 2

2 1 2 1 2 1 2

2 2 2 2 2

2 4

A B a b a b a a b b a a b b a b b a

a b a b a a b a a b a b b

a b b a a b b .

                

            

      

 (10) 

Concerning the selection of appropriate T-norm for generalized product the following rules can be 
applied: 
 When two objects are aggregated with generalized product in respect to the same characteristics it is 

appropriate to use the min function as a T-norm  1 1 1 1a b min a ,b  ; 

 If one aggregates different characteristics than the generalized product can be either ordinary product 

1 2 1 2a a a a  , or Lukasiewicz’s operator  1 2 1 2 1 0a a max a a ,     depending on the 

relationship between characteristics. If two characteristics are of different nature (independent) 
ordinary product is used and when they are opposite (negatively correlated) then Lukasiewitz’s 
operator is used. 

It is important to note that in one GBP expression generalized product can have different realizations 
through different T-norm operators depending on the relationship between aggregated values. For example, 
if one translates the following expression 1 2 1 2a a b b    and assuming that characteristics 1 and 2 are of 

a different nature then the translated form is     1 1 2 2 1 1 2 2a b a b min a ,b min a ,b     . 

It can also be proved that the interpolative relation of exclusive disjunction for two observing 
characteristics satisfies all metric axioms. Therefore, we can say that it is a logical measure of dissimilarity. 
This further implies that it can be used for clustering. 

3. A CLUSTERING ALGORITHM BASED ON INTERPOLATIVE RELATION 
Hierarchical clustering groups objects organizing them into a hierarchical structure according to proximity 
matrix. The results are depicted by a binary tree or dendrogram. There are two approaches in hierarchical 
clustering: (a) agglomerative that groups objects from singleton clusters to a cluster including all individuals 
and (b) divisive that works vice versa. The second is computationally very expensive (Everitt et al. 2011) 
and therefore it is more common to use agglomerative approach. For the same reason we also use the 
agglomerative approach to present clustering algorithm.  

 

 
Figure 1: Algorithm for agglomerative hierarchical clustering based on logical dissimilarity function 
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The most important part of a clustering algorithm is the proximity measure that is used to create a 
proximity matrix. Proximity measure can be some distance function, correlation-type measure, similarity 
coefficient, similarity relation etc. It is the common way to think of dissimilarity in term of distance. But 
distance and dissimilarity are not the same. It is our opinion that dissimilarity should explicitly include logic. 
Hence, it should be measured with logical measure and not with geometric distance measure. With the 
emergence of fuzzy theory and its incorporation in clustering science, it was expected that the problem will 
be solved. One of directions developed was the clustering based on fuzzy relations (Yang and Shih 2001, 
Hung et al. 2004, Liang et al. 2005). These approaches are based on subjective similarity relations or 
compatible relations. Using n-step procedure based on max-t composition these approaches are able to get 
dissimilarity matrix. Still, there is no approach to get dissimilarity matrix directly from raw data using fuzzy 
or some other logical relation.  

In the proposed approach, we use interpolative relation of exclusive disjunction as a logical distance 
measure for measuring dissimilarity between objects of interest. In Section 2, it is successfully proven that 
the interpolative relation of exclusive disjunction can be used as a measure of dissimilarity. The following 
Figure 1 presents the agglomerative hierarchical clustering algorithm that is based on a logical measure of 
dissimilarity. The advantage of the proposed algorithm is that it can derive a dissimilarity matrix from raw 
data set (data set representing objects with their characteristics) and obtain clustering results directly from 
dissimilarity matrix. 

 

4. EMPIRICAL EXAMPLE 
In order to test the proposed approach based on the logical measure of dissimilarity we apply cluster analysis 
to group European countries with respect to the main macroeconomic indicators. To obtain the results we 
utilize clustering algorithm presented in Figure 1. To do benchmark of the results we use the same algorithm 
but with Euclidean distance as a measure of dissimilarity. The results are benchmarked with the most 
commonly used measure – Euclidean distance. Both algorithms use group-average linkage method. In order 
to make a valid comparison of the methods, resulting dendrograms are cut at the level which give the same 
number of groups. 

4.1. Data 
In order to test the proposed approach we apply it to cluster-analysis of Europen economies by their 
macroeconomic performance. For the purpose of this study, we analyze macroeconomic performances with 
respect to the following macroeconomic indicators: GDP per capita, inflation rate and unemployment rate. 
This study analyzes macroeconomic performances of 43 European countries based on the values of the 
selected macroeconomic indicators in the year 2011. Data are collected from the world bank data center1. 
There were three missing values in the original dataset. In order to deal with missing values we use data from 
the TradingEconomics website2. In Table 1 we present raw data for the analyzed countries. Data that are 
taken from TradingEconomics are marked with the symbol (*). 

 

4.2. Data normalization 
The proposed clustering method utilizes a logical measure of dissimilarity. In order to be applied this 
measure need logic values representing levels/degrees of fulfillment of observed object characteristics. For 
that reason, we need to apply some form of normalization function to the raw data.  

In this study we use the following normalization function: 

i
norm

max

X
X

X
  (11) 

 
 
 
 
 

                                                      
1 http://data.worldbank.org/ 
2 http://www.tradingeconomics.com/ 
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Table 1: Countries and their values of the selected macroeconomic indicators 
No. Country Symbol GDP per capita 

(2011) 
Inflation rate 

(2011) 
Unemployment rate 

(2011) 
1 Albania ALB 4.029,73 3,45 13,30* 
2 Armenia ARM 3.305,49 7,65 6,00* 
3 Austria AUT 49.581,46 3,27 4,10 
4 Azerbaijan AZE 6.911,92 7,85 5,40 
5 Belgium BEL 46.607,69 3,53 7,10 
6 Bosnia & 

Herzegovina 
BIH 4.820,67 3,67 27,60 

7 Bulgaria BGR 7.282,52 4,22 11,20 
8 Croatia HRV 14.193,33 2,26 13,40 
... ... ... ... ... ... 
35 Serbia SRB 6.312,33 11,14 23,70* 
36 Slovak Republik SVK 17.782,02 3,92 13,50 
37 Slovenia SVN 24.132,03 1,81 8,20 
38 Spain ESP 31.984,73 3,20 21,60 
39 Sweden SWE 57.113,93 2,96 7,50 
40 Switzerland CHE 83.325,93 0,23 4,10 
41 Turkey TUR 10.524,00 6,47 9,80 
42 Ukraine UKR 3.615,38 7,96 7,90 
43 United Kingdom GBR 38.974,32 4,48 7,80 

 

4.3. Dissimilarity function 
Here we present the form of dissimilarity function that will be used in this study. In this particular study we 
observe three macroeconomic indicators to analyze macroeconomic performances. Therefore, we will 
measure dissimilarity with respect to these three characteristics. Dissimilarity function has the following 
form: 

     1 1 2 2 3 3A B a b a b a b        (12) 

The corresponding GBP is: 

       
   
   
   
   

1 1 1 1 2 2 2 2 3 3 3 3

1 1 1 1 2 2 2 2

1 1 1 1 3 3 3 3

2 2 2 2 3 3 3 3

1 1 1 1 2 2 2 2 3 3

2 2 2

2 2

2 2

2 2

2 2 2

A B a b a b a b a b a b a b

a b a b a b a b

a b a b a b a b

a b a b a b a b

a b a b a b a b a b a

                       
             
             
             
                  3 3b .  

 (13) 

As explained before in Section 2, min function is used as an operator of generalized product between two 
values with respect to the same characteristic while the ordinary product is used to aggregate among different 
characteristics. The final dissimilarity measure is: 

       
   
   
   
 

1 1 1 1 2 2 2 2 3 3 3 3

1 1 1 1 2 2 2 2

1 1 1 1 3 3 3 3

2 2 2 2 3 3 3 3

1 1 1 1

2 2 2

2 2

2 2

2 2

2

A B a b min a ,b a b min a ,b a b min a ,b

a b min a ,b a b min a ,b

a b min a ,b a b min a ,b

a b min a ,b a b min a ,b

a b min a ,b

                    
           
           
           

      2 2 2 2 3 3 3 32 2a b min a ,b a b min a ,b .               

 (14) 
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4.3. Results 
Clustering results are obtained for the proposed approach and standard Euclidean approach. In order to make 
the results comparable we cut both dendrogram trees to get the same number of groups. Resulting 
dendrograms and corresponding scatter plots are presented in Figure 2. 
 

 
Figure 2: Dendrogram tree – logical measure of dissimilarity  

 
The resulting dendrogrms and scatter plots show differences. In the following Table 2 we present these 

differences. 
 

Table 2: Comparative analysis of the results with three clusters 
Country Cluster Country Cluster 

Euclid Logic Euclid Logic 
LUX 2 2 TUR 3 1 
NOR 2 2 UKR 3 1 
CHE 2 2 AUT 3 3 
BIH 1 1 BEL 3 3 
MKD 1 1 CYP 3 3 
MNE 1 1 CZE 3 3 
SRB 1 1 DNK 3 3 
ALB 3 1 FIN 3 3 
ARM 3 1 FRA 3 3 
AZE 3 1 DEU 3 3 
BGR 3 1 GRC 3 3 
HRV 3 1 ISL 3 3 
EST 3 1 IRL 3 3 
GEO 3 1 ITA 3 3 
HUN 3 1 MLT 3 3 
LVA 3 1 NLD 3 3 
LTU 3 1 PRT 3 3 
MDA 3 1 SVN 3 3 
POL 3 1 ESP 3 3 
ROU 3 1 SWE 3 3 
RUS 3 1 GBR 3 3 
SVK 3 1    
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Both Euclid and the proposed approach have the same cluster 2. The difference arises when we look at 

clusters 1 and 3. A standard Euclidean approach made unbalanced cluster structure with one mega-cluster 
oppositely to the proposed logic-based approach.  

In order to make more detailed analysis we cut both resulting dendrograms to get five clusters. The results 
are presented in Table 3.  

 
Table 3: Comparative analysis of the results with five clusters 
Country Cluster Country Cluster 

Euclid Logic Euclid Logic 
LUX 4 2 MKD 3 3 
NOR 4 5 MNE 3 3 
CHE 4 5 SRB 3 3 
AUT 1 1 ALB 5 3 
BEL 1 1 ARM 5 3 
DNK 1 1 AZE 5 3 
FIN 1 1 BGR 5 3 
FRA 1 1 HRV 5 3 
DEU 1 1 EST 5 3 
ISL 1 1 GEO 5 3 
NLD 1 1 HUN 5 3 
SWE 1 1 LVA 5 3 
CYP 1 4 LTU 5 3 
CZE 1 4 MDA 5 3 
ITA 1 4 POL 5 3 
MLT 1 4 ROU 5 3 
SVN 1 4 RUS 5 3 
GBR 1 4 SVK 5 3 
GRC 2 4 TUR 5 3 
ESP 2 4 UKR 5 3 
IRL 2 1 PRT 5 4 
BIH 3 3    

 
Now, the comparative analysis shows much more differences in results. Starting from the beginning of 

the Table 3 we see that the proposed approach looks at Luxemburg as an outlier while the standard approach 
makes it part of cluster 4 along with Norway and Swiss. It is interesting that the proposed logic-based 
approach puts Cyprus, Czech Republic, Italy, Malta, Slovenia, United Kingdom and Portugal with Greece 
and Spain in cluster 4. Greece, Spain, Portugal and Cyprus are already in deep crisis, and there are 
indications that Slovenia and Italy may fall in debt crisis. The other big difference is in cluster 3 which is the 
same as in the previous case. In a standard approach there are two dominating clusters, while in the proposed 
approach there are three of them. 

5. CONCLUSION 
This paper proposed a new approach to clustering using interpolative relation as a measure of dissimilarity. 
The interpolative-type generalization of the exclusive disjunction relation satisfies axioms of reflexivity, 
symmetry and triangle inequality and therefore it can be used as a dissimilarity measure. The proposed 
clustering approach is tested on the exemplary study of cluster-analysis of European countries based on their 
macroeconomic performances. The results were compared with the standard approach based on Euclidean 
distance function. To make the results comparable the resulting dendrograms of these two approaches were 
cut in such way to result in the same number of clusters. Comparative analysis showed that „more closer“ 
does not always mean „more similar“. The proposed approach showed encouraging results proving it 
deserves to be explored more carefully in order to get its own place in cluster analysis theory and practice. 

Further work will be oriented toward inclusion of some validity measure in order to achieve optimal 
performances of the algorithm.  
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Abstract:. Site selection is one of the basic vital decisions in the start-up process, expansion or relocation of 

businesses of all kinds. Starting  from the meeting criteria defined in the business strategy , location selection 

process begins as recognition of existing or projected need to meet new or growing market. Recognition of 

the need to initiate a series of activities directed for looking geographical area and specific location. 

Conquer new territories for business starts collecting geopolitical data, where location is a part of it. The 

selection of an industrial site involves a complex array of critical factors involving economic, social, 

technical, environmental,political issues, etc. It is obvious that many factors must be involved in the 

decision-making process, which makes the problem challenging choice in the selection of appropriate tools 

to enable concentration data, information and knowledge. New trends in information technologies put Geo-

information technology in the center of events in industrial locations science. Like any technology that is 

trendy Geographic Information Systems have exaggerated the benefits and latent defects, but in choosing the 

industrial location allowing multi-criteria decision making based on space and time, in this time of 

technology are indispensable. Geographic Information Systems are used in conjunction with other systems 

and methods such as expert systems (ES), systems for decision making (DSS) and the method for multi-

criteria decision making (MCDM). This paper presents the state of the art in Spatial multi-criteria decision 

analysis for industrial site selection. 

Keywords: Industrial site selection, Geographic Information Systems (GIS), Multi-criteria decision making 

(MCDM), Decision Support Systems (DSS). 

1. INTRODUCTION 

Industrial site selection is one of the key vital decisions in the process of starting, expanding or changing the 

location of industrial systems of all kinds.  

Structural complexity of the industrial system and the relationship with the environment, changes in market 

demand, conditions providing inputs, the characteristics of the production programs, economic conditions, 

working conditions, environmental and other impacts, determine the location of new, while changes in 

production programs, the characteristics of the work process, the frequency of technological changes and the 

effect of disorder requires  adjustment of the existing site industrial systems (Zelenović 2003). 

Construction of a new industrial system is a major long-term investment, and in this sense determining 

the location is critical point on the road to success or failure industrial system. One of the main goals of 

industrial site selection is finding the most appropriate site with desired conditions defined by the selection 

criteria. 

In the process of industrial site selection, seeks to optimize the number of goals in determining the 

suitability of a specific location for a defined industrial system. Such optimization often involves a many 

factors, and sometimes contradictory. Some of the important factors increase the complexity of choosing the 

right locations including the existence of many possible locations. 

The selection of an industrial site involves a complex array of critical factors involving economic, social, 

technical, environmental issues, etc. Because of the compound  nature of the process, it requires 

simultaneous use of several decision support tools such as expert systems (ES), geographic information 

systems GIS), and multi-criteria decision making (MCDM) methods (Eldin & Sui, 2003). 

2. SITE SELECTION PROCES 

In the past, site selection was based almost purely on economical and technical criteria. Today, a higher 

degree of sophistication is expected. Selection criteria must also satisfy a number of social and 

159



environmental requirements, which are enforced by legislations and government regulations (Williams and 

Massa 1983, Keeney 1980, Moriarty 1980 etc).  

Nowadays, in the post-industrial society and knowledge-based society, people become the most important 

resource. (Florida et al., 2002). Proximity to universities and scientific institutions, number of innovation per 

citizen can be one of the key factors for decision makers. All so risk management is an indispensable 

analysis in site selection process. Managing the risks involved in selecting a new industrial location is one of 

the most critical factors in determining the ultimate success or failure of a business. To keep risks at a 

minimum, investors should first be familiar with the stages of the site selection process and what are the key 

risks that need to be considered and managed during each of these stages. 

One of the most important and far reaching decisions faced by operations managers is deciding where to 

locate new industrial facilities. This is a strategic decision involving irreversible allocation of the firm’s 

capital, and often has a crucial impact on key measures of the firm’s supply chain performance such as lead 

time, inventory, responsiveness to demand variability, flexibility, and quality (Bhatnagar & Sohal, 2005). 

Collection of information allows the generation of a potencial industrial sites that can be grouped, while 

the use of certerm criteria, through several iterations, gradually narrowing to a choice (Figure 1). In such 

way, the total number of available sites, the customer is aware of a certain number of them. Of these, only a 

certain number of location meets the selection criteria of the decison meker, so that makes group of sites for 

consideration. By collecting information on these sites, it remains just making a group of sites that are 

included in the shortlist. Out of this group, based on the criteria used by the decison meker  (investor) 

chooses one location (Kotler, P. et al., 1993, p. 49). 

 
Figure 1: Potential industrial sites (Adapted from R. Branko, Š. Miloš, 2010) 

 

Site selection problems are characterized by their multi-objectives and numerous stakeholders, some of 

the issues that add to the complexity of the site selection process include existence of (Williams and Massa 

1983, Keeney 1980): 

� Large number of possible sites - in the region of interest, there are usually many potentisal sites that 

could be chosen for the facility of potential sites that could be chosen for the facility 

� Multiple - contradicting objectives - for instance a firm setting up a manufacturing plant in a third 

world country to take advantage of lower labour costs, must assess if the poor infrastructure or the 

nonavailability of skilled personnel may erode its capability to compete on time. 

� Intangible objectives that are difficult to quantify - ther are many factor that are wery dificult to 

quntify like is quality of educcation system in the country. 

� Diversity of interest groups - Frequently, owners/investors decisions are impacted by several public 

groups in addition to their own organization 

� Impact Assessment - Placing a value on the impact of each objective could be problematic. It is not 

enough to state that there would/wouldn’t be some impact. A value  (number) is needed to support the 

comparison process.  

� Impact timing - The impact of interest in most sitting studies may not all occur at the same time and 

may/may not continue over the lifetime of the project.  

� Impact uncertainties - It is practically impossible to accurately forecast all possible impacts of all 

factors affecting the site selection for a facility.  
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� Delays - Licensing and construction are examples of common unpredictable delays that may 

significantly impact the economic viability of the project.  

� Operation reliability - Uncontrollable and unpredictable natural phenomena such as storms, floods, 

quacks and similar phenomena can impact site suitability and add to the process uncertainty.  

� Value tradeoffs - Decisions regarding value tradeoffs especially among multiple contradicting 

objectives are challenges for the decision maker.  

� Equity - Determining equity and fairness among all interest groups could be a difficult task that 

involves complex value judgments.  

� Stakeholders’ risk attitudes - Determination and compilation of the stakeholders’ risk attitudes 

(utility functions) is important to the proper site selection.  

� Uncertainties in government decisions - The actions of the state governments can have a great 

influence on the relative desirability over time of various  sites for a proposed facility 

 

The process of site selection includes (D. Zelenović 2003): 

 

� Establishing a set of influential factors relevant to site selection, 

� Predicting and evaluating the intensity and direction of their effects in time and 

given conditons. 

� Evaluation of possible variants of solutions and selection of optimal variant. 

 

Application of the procedure has equal importance in selection of macro and micro location 

mean (Figure 2) The term macro and micro location is explaned in te Figure 2. 

 

 
 

Figure 2: Review of Macro and Micro location in site selection proces 

  

� Macro Location - the area that meets the basic requirements for the construction and development of 

the industrial system with the minimum cost of execution of the work process, and 

� Micro Location -a place in the macro location that meets the requirements of the work process and 

enables the removal of restrictions on real immediate surroundings. 

 

The basic steps in the process of site selection at international and national field are given by Figure 3: 
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Figure 3: Basic steps in site selection proces 

 

3. INDUSTRIAL LOCATION FACTORS 

The proces selection of industrial site means complex multi-criteria analysis wich includes a complex array 

of factors involving economic, social, technical, environmenta and political issues.  It is obvious that many 

factors must be involved in the decision-making process, which makes the problem challenging choice in the 

selection of appropriate tools to enable concentration data, information and knowledge. One of the first step 

in the the industrial site analysis shood be overview and clasification of factors influencing the decision of 

location. Short review of factors with references is in table below. 
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Table 1: Review of industrial location factors (Masood A. Badri, 2002) 

 

Factors  

 

Explanation of Critical Factor  

 

Literature References  

 

Transportation  

 

Pipeline facilities. Airway 

facilities. Highway facilities. 

Railroad facilities. Trucking 

services. Waterway transportation. 

Shipping cost of raw material. 

Cost of finished goods 

transportation. Availability of 

postal services. Warehousing and 

storage facilities. Availability of 

wholesale outlets. 

 

Hoover, Losch, Greenhut, Alexander et al., 

McMillan, Beckmann, Chisholm, Fales and 

Moses, Nelson, Lowe and Moryadas, Bater 

and Walker, Moriarty, Hoyle et al., 

Schmenner, McKinnon, Haitani and 

Marquis, Gold, Pietlock, Thisse et al. 

   

Labor  Low cost labor. Attitude of 

workers. Managerial labor. Skilled 

labor. Wage rates. Unskilled labor. 

Unions. Educational level of labor. 

Dependability of labor. 

Availability of male labor. 

Availability of female labor. Cost 

of living. Worker stability.  

Greenhut, McMillan, Townroe, Olson, 

Carnoy, Rees, Norcliffe, Sant, Keeble, 

Friedman, Pred, Dicken and Lloyd, Gudgin, 

Moriarty, Cobb, Massey and Meegan, 

Schmenner, Dorfman and Route, Malecki, 

Massey, Noyelle and Stanback, Grundwald 

and Flamm, Saxenian, Dicken, Lund, 

Ballance, Hanson, Schoenberger, Haitani and 

Marquis, Coughlin et al., Gold, Pietlock, 

Wheeler and Mody. 

 

Raw Materials  

 

Proximity to supplies. Availability 

of raw materials. Nearness to 

component parts. Availability of 

storage facilities for raw materials 

and components. Location of 

suppliers. Freight cost.  

 

 

Weber, Greenhut, McMillan, Auty, Miller, 

Moriarty, Schmenner & Storper, Wheeler 

and Mody.  

   

Markets  Existing consumer market. 

Existing producer market. 

Potential consumer market. 

Anticipation of growth of markets. 

Shipping costs to market areas. 

Marketing services. Favorable 

competitive position. Income 

trends. Population trends. 

Consumer characteristics. Location 

of competitors. Future expansion 

opportunities. Size of market. 

Nearness to related industries.  

Fetter, Hotteling, Hoover, Losch, Greenhut, 

McMillan, Chisholm, Carnoy, Beyers, Foust, 

Miller, Pred, Dorward, Moriarty, Schmenner, 

Dorfman and Route, Gough, Walters and 

Wheeler, Saxenian, Lund, Tosh et al., 

McKinnon, Haitani and Marquis, Pietlock, 

Simons, Wheeler and Mody.  

   

Industrial Site  Accessibility of land. Cost of 

industrial land. Developed 

industrial park. Space for future 

expansion. Insurance rates. 

Availability of lending institutions. 

Closeness to other industries. 

community industrial development 

projects. Attitude of financing 

agents.  

Hoover, Greenhut, Eversley, McMillan, 

Smith, Chisholm, Spooner, Bater and 

Walker, Gudgin, Lipietz, Moriarty, Sable, 

Schmenner, Kostler, Lloyd and Mason, 

Norcliffe, Brusco, Grundwald and Flamm, 

Hall, Mason and Harrison, Mason, Hudson, 

Coughlin et al., McConnell and Schwab, 

Wheeler and Mody. 
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Utilities  Attitude of utility agents. Water 

supply, cost and quality. 

Disposable facilities of industrial 

waste. Availability of fuels. Cost 

of fuels. Availability of electric 

power. Cost of electric power. 

Availability of gas. Adequacy of 

sewage facilities. Availability of 

coal and nuclear facilities.  

 

Greenhut, McMillan, Bater and Walker, 

Heckman, Moriarty, Forbes, Schmenner, & 

Walters and Wheeler, McConnell and 

Schwab, Gold, Pietlock, Rex.  

   

Government 

Attitude  

 

 

 

Building ordinances. Zoning 

codes. Compensation laws. 

Insurance laws. Safety inspections. 

Nuisance and stream pollution 

laws.  

 

Greenhut, McMillan, Schmenner, Rees, 

Hudson, Tosh et al., Coughlin et al., Young. 

   

Tax Structure  Tax assessment basis. Industrial 

property tax rates. State corporate 

tax structure. Tax free operations. 

State sales tax.  

Greenhut, McMillan, Moriarty, Schmenner, 

Tosh et al., Haitani and Marquis, Coughlin et 

al., Wheeler and Mody, Fleischman, Young, 

Luce. 

 

   

Climate  Amount snow fall. Percent rain 

fall. Living conditions. Relative 

humidity. Monthly average 

temperature. Air pollution.  

 

Greenhut, McMillan, Dean, Spooner, 

Moriarty, Schmenner, Haitani and Marquis, 

McConnell and Schwab.  

 

Some of these factors can be mesure with quantitative methods and some of them with qulitative. 

Quantitative methods place greatest reliance on representing values numerically. Numerical data, of many 

types, are useful in thinking about longer-term investments(costs of labor, cost of electrical power, cost of 

industrial land, proximity to the highway… ). Qualitative methods can be very useful in the research of  

those factors wich are dificult to quantify like is climate, education system, avilability of labor, ect. 

4. SPATIAL ANALYSIS 

It is obvious that many factors must be involved in the decision-making process, which makes the 

problem challenging choice in the selection of appropriate tools to enable concentration data, information 

and knowledge. New trends in information technologies put Geo-information technology (GIT) in the center 

of events in industrial locations science. The siting and placement of a major facility means to satisfy a 

number of competing objectives. To accomplish task such as industrial location, we need to prepar number 

of maps, each with a diferent theme.  

Spatial data analysis is concerned with that branch of data analysis where the geographical referencing of 

objects contains important information. A definition of spatial analysis (of which spatial data analysis is one 

element) is that it represents a collection of  techniques and models that explicitly use the spatial referencing 

of each data case. Spatial analysis needs to make assumptions about or draw on data describing spatial 

relationships or spatial interactions between cases. The results of any analysis will not be the same under re-

arrangements of the spatial distribute on of values or reconfiguration of the spatial structure (Haining 1992). 

Geographic information system (GIS) is a group of procedures that provide data input, storage and 

retrieval, mapping and spatial analysis for both spatial and attribute data to support the decision-making 

activities of the organization (Grimshaw and Bringing, 1996). Since, geographical information systems 

provide the capability to enter, edit, retrieve, analyze, map, and visualize spatial data, it is not surprising to 

see that spatial data is marketed primarily in a GIS format. Looking towards thefuture, one can project an 

ever-increasing role for GIS to help support location studies(Church, 2002). 
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There are a number of different methods used to analyze geographic data in Geographic information 

systems (GIS). There are methods of analysis of geographic data and methods of analysis of attribute data. 

When we are speaking about geographic data there are analysis performed over the vector data and raster 

data (Figure 4). 

 

 
 

Figure 4: Raster snd vector data model 

 

The most commonly used spatial analysis in GIS are(Figure 5): 

� Analysis of attributive (tabular) data, 

� Overlapping layers (ie query of spatial data) 

� Analysis of the distance, 

� Network analysis and 

� Nonparametric techniques. 

 

Analysis of attribute data of one thematic layer can be performed: as SQL query against a table with 

attribute data; using different arithmetic operations(addition, subtraction, multiplication, division), 

logarithmic functions, trigonometric functions, and so on; application of some nonparametric techniques like 

Multicriteria methods and methods based on artificial intelligence, and one of them ism ethod that uses 

artificial neural network. 

 

 
Figure 5: Spatial analysis in GIS 

(http://www.innovativegis.com/basis/mapanalysis/topic19/Topic19.htm#Top) 

 

165



5. SPATIAL MULTI-CRITERIA ANALYSIS 

Spatial decision-making process such as industrial site selection, usually involve not only technical 

requirements, but also economical, social, environmental and political dimensions. It is not uncommon for 

the decision variables to have conflicting values. Solutions for such challenges frequently involve highly 

complex spatial decision making processes that require simultaneous use of several decision support tools 

such as Geographic Information Systems (GIS) and Multi-Criteria Decision Making (MCDM) techniques. 

Integration of the capabilities of these tools is crucial to the feasibility of reaching a final solution. Therefore, 

developing efficient integration strategies became a high priority to many researchers (Eldrandaly, Eldin, 

Sui, Shouman, & Nawara, 2005).  

In Spatial multicriteria analysis land-based unit on a map (whether raster or vector-based) would be 

colored from green (very suitable) to red (not suitable or compatible). Each map would represent a theme 

such as current land-use compatibility (Figure 6). 
 

 
 

Figure 6: Spatial multicriteria analysis 

(Adapted from Ghamgosar, Haghyghy, Mehrdoust, & Arshad, 2011) 

 

Typical location analysis problems can be characterized as very complex and data intense. Modeling and 

analysis techniques must be employed to effectively deal with such complexity and data intensity in order to 

identify the best alternatives. One of the most used multi-criteria analysies together with GIS is Analytic 

Hierarchy Process (AHP) founded by introduced by Thomas Saaty (1980). AHP is an effective tool for 

dealing with complex decision making process, and may aid the decision maker to set priorities and make the 

best decision. Integration of this two decision support tools (GIS and AHP) can solve complex spatial 

decision-making problems like is industrial site selection- 
 

 
  

Figure 7: Architecture of the Intelligent GIS Approach (Eldin & Sui, 2003). 
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Like any technology that is trendy Geographic Information Systems have exaggerated the benefits and 

latent defects, but in choosing the industrial location allowing multi-criteria decision making based on space 

and time, in this time of technology are indispensable. Geographic Information Systems are used in 

conjunction with other systems and methods such as expert systems (ES), systems for decision making 

(DSS) and the method for multi-criteria decision making (MCDM)(Figure 7). 

6. CONCLUSION 

An important factor that influences the level of use of GIS in decision-making process is a work style of 

managers. The styles of people who make decisions ranges from extremely rational managers who use 

mathematical logic to analyze all available information  and those who  making intuitive decisions by 

bringing "soft" decisions without careful consideration of facts. Neglect, all relevant factors affecting the 

choice of  industrial location  and off of mathematical logic from the decision-making actually increases the 

risk of failure. 

Geographic Information Systems have their downsides in spatial decision-making  proces, which is 

reflected in the inability of multicriteria decision-making . To allow multi-criteria decision-making and 

representation of spatial results in GIS it is necessary to integrate tools for multi-criteria decision making 

with GIS. 

For all these reasons it is necessary to develop a reliable model for industrial site selection 

Supported by integrated GIS and MCD for more efficient decision-making. 
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Abstract: The vocational orientation of youngsters that are about to enter, study at, or have recently 
graduated from higher education (HE) institutions, as well as linking between HE and labour market are two 
research areas that have not been investigated extensively  in Balkan countries. Among the tools used in 
vocational orientation are the job (or occupational) profiles that provide standardized and digitized 
descriptions of different professions. This article focuses on the analysis and design of a web based decision 
support system (a digital guide) aiming to assist its users in getting thoroughly informed about and 
eventually in choosing HE studies in Greece, in relation to their vocational prospects. Apart from reviewing 
related previous research work and relevant web based systems, main elements of the system’s analysis and 
design, extensions that could lead to even more powerful systems and  conclusions about the advantages, 
limitations and practical application of the digital guide are presented. 

Keywords: Computer assisted studies guide, Vocational orientation, Higher education, Specialty of studies, 
Decision support system, System analysis and design. 

1. INTRODUCTION  
The vocational orientation of lyceum (3-year upper secondary education) graduates, higher education (HE) 
students and fresh university graduates, as well as linking between higher education and labour market are 
two research areas that have not been investigated extensively, especially in Balkan countries. Nevertheless, 
these areas present exceptional scientific interest and practical implications because they are directly 
connected to the vocational orientation and socialization of the youngsters and the desired decrease of the 
unemployment rate, a very significant priority at personal, state and European level. Especially nowadays 
these are issues of top priority as they are directly related with the efforts to decrease unemployment which 
in the European South records unprecedented rates exceeding 20% of the active population and 50% of the 
persons aged less than 25 years (Eurostat 2012). 

Among the tools used in vocational orientation and in career planning and development are the job 
profiles or occupational profiles. They constitute a basic or detailed description of the different professions, 
in a standardized way and are in most cases recorded in digital data bases, accessed easily and freely though 
computer applications. More analytically, job profile is a term used to describe any type of information that 
defines the inputs, process and outputs of any job. This may include things like purpose statements, grades, 
roles & responsibilities, expected results, priorities, reporting structures, required skills & qualifications, 
experience etc. associated with the job or the person doing the job. The usefulness of job profiles is apparent: 
the professions of each broader specialty mirror the current situation of the corresponding labor market 
(Field 1996). 

This article focuses on the analysis and design of a digital guide; a web based Decision Support System 
(DSS) aiming to assist its users in getting thoroughly informed and eventually choosing the most appropriate 
for them higher education studies. The digital guide has a twofold goal: i) support youngsters in the decision 
making of their HE studies, and (ii) inform students or graduates about their department's vocational 
prospects. The digital guide will present the HE departments in Greece; these departments will be 
categorized according to their specialty, their vocational prospects and HE institutions. These categories will 
offer the opportunity to the users to search the DSS database according to their criteria.  

Furthermore, a key aspect to enhance the usability of the proposed DSS is the design of user-friendly 
interfaces. Simple interfaces will be designed and implemented. These will allow users to make their 
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selection by mouse clicks and the least possible typing. Finally, the responsive web design approach will be 
utilized to provide an optimal viewing experience across a range of devices (desktop and laptop computer 
monitors, tablets and smartphones). This web design approach will assist users to easily read and navigate to 
the DSS with a minimum of resizing and scrolling. 

The structure of this paper is as follows: Section 2 presents related previous research work and relevant 
web based systems. Section 3 deals with the main elements of system’s analysis and design such as the 
relevant functionality, the data modeling, the architecture of the system and the human system interaction. 
Section 4 discusses extensions / additions that could create an even more powerful system. In article’s last 
Section some conclusions are drawn about the advantages, the limitations and the practical application of the 
digital guide. 

2. RELATED WORK  
HE job profiles have been established in many developed countries and are used extensively by two main 
categories of users: i) lyceum graduates who are called to choose the field of their further studies and 
eventually their future profession, and ii) HE students or graduates wishing to know better the vocational 
and/or academic prospects of their specialization. The organization of the information (as well as the access 
to it) included in the job profiles is usually implemented through software linked to powerful desktop or 
sometimes web based applications. These systems can be used for setting up multiple types of job profiles, 
e.g. job descriptions, performance agreements/contracts, competence profiles etc (People Resolutions 2013). 

The European Commission attempted the first major effort by setting up table NACE (Nomenclature 
Générale des Activités Economiques dans les Communautés Européennes) containing the nomenclature of 
all economic activities (Communautés Européennes 1990). A relevant literature review revealed that despite 
the significant practical work carried out in some countries (the best examples being Australia, Canada, 
Finland, France, USA and UK) there is no adequate published work (Boreham et al. 2002, Mulder et al. 
2005). The majority of relevant work is mainly based on web based actions (usually web pages) for the 
provision of information about certain fields of studies or employment.  

In general terms, the examined relevant web sites present some general characteristics, the most important 
being: i) the inclusion of basic data with a certain, nearly common standardization without overload of 
information, ii) the ease of use, iii) they are addressed to certain target groups (e.g. secondary and HE 
graduates, students, practitioners, as well as persons looking for a career/job change), iv) consider usually as 
job the content of the work and not the specialization provided by the educational system, and v) they use an 
international codification or categorization system. National occupational web-based systems or databases 
are maintained in several countries. The best relevant examples can be found are in Austria (AMS-
Qualifikationsbarometer), in Germany (Kompetenzenkatalog BerufeNet), in France (ROME), in United 
Kingdom (AGCAS), in Sweden (Taxonomy database), in Poland, in Belgium (VDAB), in Finland (Ministry 
of Employment and the Economy), in USA (O*NET), in Canada (National Occupational Classification), in 
Korea (KEIS) and a number of other countries (Tijdens et al. 2012a, Tijdens et al. 2012b). 

Another common resource for the vocational orientation of youngsters is computer-assisted career 
guidance (CACG) systems (Chapman & Katz 1982). The first CAGS were introduced 40 years ago, with SIGI 
(Katz 1973) and DISCOVER (Rayman & Harris-Bowlsby 1977) being the first of them. The most recent and 
widely-used CACGS are CAPA and FOCUS. CAPA is based on the work of Betz and Hackett (1981) and 
Betz and Borgen (2000). CAPA is a web-based system that suggests college and career options to individuals 
using an integrated assessment of vocational interests and career confidence (Betz & Borgen 2009). FOCUS 
(Career Dimensions, Inc. 2007) is also a web-based system that provides suggestions for occupations based on 
five types of short assessments of interests, skills, work values, personality, and preferences. 

In Greece, the administration and dissemination of HE job profiles despite the several relevant efforts is 
until today occasional without long-term provision of the information and support to the users. Some 
relevant initiatives indicating the above are: i) The National Statistical Authority of Greece has codified all 
the professions, however without regular update (Hellenic Statistical Authority 2013), ii) The Career 
Services of HE establishments (all the Technological Educational Institutions (TEI) and some Universities) 
compiled 96 detailed job profiles of their departments without extensive dissemination to their interested 
categories of users (Ganetsos et al. 2009, Karamesini 2008), iii) the Pedagogical Institute (named since 2012 
Institute of Educational Policy) has produced through Nestor Network 250 summarized professional 
monographs and created a relevant database application, which has not been updated since 2006, iv) the 
National Organization for the Certification of Qualifications & Vocational Guidance has produced 202 
detailed monographs of certified occupational profiles following the international practice, thus describing 
certain professions of the labour market; nevertheless very few of them correspond to HE graduates 
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(National Organization for the Certification of Qualifications & Vocational Guidance 2013), and v) the 
Manpower Employment Organization carried out the probably best relevant work by the creation of 1450 
professional monographs which are presented on a web application as well as in printed form (Manpower 
Employment Organization 2013). However only a small percentage of the above mentioned works and 
computer applications concern specializations directly related to HE studies. 

The study of the related work as well as the examination of several websites revealed that there are 
significant differences in used professions’ titles, as well as in the contents (analyzed fields) and the sizes of 
the job profiles. The main affecting factors are the place (country or geographical area), the time of 
publication or uploading on the WWW and mainly the aim of each relevant study. These findings lead to 
some conclusions. The HE job profiles should: i) focus in a certain country or geographical area with 
common socio-economic characteristics, ii) be updated frequently in order to mirror the changes of HE, 
labour market and economy, and most importantly iii) be presented and disseminated to the stakeholders 
through a web based system able to provide an in-depth search of the desired information, as well as to 
support their decisions for choosing the appropriate for them higher education studies. The present work 
attempts to fulfill this last significant need. 

3. ELEMENTS OF ANALYSIS AND DESIGN 

3.1. Object-oriented requirement analysis 
Object-oriented approach with Unified Modeling Language (UML) (Booch et al. 1999) has been adopted in 
the analysis and design of the proposed DSS. UML is the standard language for modeling large-scale software 
systems (Booch et al. 1999). UML includes several types of diagrams in order to model the static and dynamic 
behavior of a system. The Use Case diagram and the Class diagram of the proposed DSS are presented. Use 
Case diagrams consists of actors, use cases and their relationships. A use case refers to a specified 
functionality of the system under discussion. Class diagrams are fundamental software elements of the DSS 
and consist of a set of classes, interfaces and associations that represent the object-oriented view of a system. 

We have two types of actors in the proposed DSS: i) Users and ii) Registered Users. Users can register, 
display the map of Higher Education Institutions (HEIs), display the departments of a specific HEI and view 
department details, such as the curriculum and employment prospects. Registered users can search for one 
(or more) field(s) of study by keywords or/and topic or/and distance between different cities and display 
departments. Referring to the static model of the system under discussion, a region includes a number of 
cities, a city has many HEIs and a HEI consists of multiple departments. A set of departments with related 
subjects form a school (faculty). A specific subject is related to several keywords. The Use Case and the 
Class diagram are illustrated in Figures 1 and 2, respectively. The diagrams were designed with Visual 
Paradigm (2013). 

 

 
 

Figure 1: Use Case diagram 
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Figure 2: Class diagram 
 

3.2. Data modeling 
The database is used to store the adequate information for each entity and support the decision making 
process. The Extended Entity Relationship (EER) model is illustrated in Figure 3. The diagram was designed 
with MySQL Workbench (2013). The entities and relationships represent: 

 regions of Greece 
 cities in which ΗEIs are located 
 distances between user’s city and a ΗEI’s city 
 ΗEIs 
 departments of ΗEIs 
 schools that represent a set of departments 
 subjects of related departments 
 group of subjects 
 keywords for each group of subjects 
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Figure 3: EER model 
 

3.3. System architecture  
The basic system architecture is illustrated in Figure 4. Blue rectangles and names designate machines, black 
rectangles and names designate software/system components, red arrows and lines designate physical 
communication channels of machines, purple arrows designate logical communication between components 
belonging to separate machines, while black colored arrows designate logical communication between 
components within the same machine. The main part of the system (excluding the System user PC) forms 
typical 3-tier architecture (Sommerville, 18th ch., 2010). The presentation tier consists of end-user machines 
(PCs / laptops / smart mobile devices) running web browsers that display web pages allowing access to the 
DSS (implementing the functionality illustrated in Figure 1). These web pages are based on Ajax techniques, 
to create a synchronous web application. Thus, the browsers at end-user machines should support Ajax (like 
recent versions of most common browsers). For smart mobile devices, special versions of the web pages will 
be created, to deal with the limited screen size and the touch-screen capabilities of these devices. The middle 
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tier (application server machine) consists of a web server (e.g. Apache) that communicates with the web 
browsers at end user machines providing them with web pages (dynamic content). This content is created by 
data that the application logic component (the actual DSS) produces by forwarding end user queries to the 
query processor component. The application logic component is based on the classes illustrated in Figure 2. 
Queries, appropriately restructured, are forwarded by the data access component to the DataBase 
Management System (DBMS), residing on the data tier (database server machine). The DBMS hosts the DSS 
database that is structured according to the ERR model of Figure 3. Moreover, the communication between 
the DBMS and its administrator, or the system users that update the DSS database follows a client-server 
architecture (Sommerville, 18th ch., 2010), for extra security (not exposing the data tier to the web). The 
Database Server, the Application Server and the System user PCs are interconnected through a high speed 
Local Area Network. The System user PCs run administrative utilities that communicate with the DBMS and 
enable performing administrative tasks and updates of the DSS database.   

WEB SERVER

QUERY PROCESSOR

WEB PAGE CREATOR

DATA ACCESSDBMS

BROWSER

APPLICATION LOGIC

BROWSER

DataBase Server

Mobile Device

Application Server

PC / Laptop

ADMIN UTILS System User PC

INTERNET

 
 

Figure 4: System architecture 
 

3.4. User interface / Human system interaction  
A key issue for the successful “pumping” of information from the job profiles database is a powerful yet 
simple User Interface (UI) to the DSS that should help the end user expressing powerful queries. The design 
of the UI should be based on forms providing the following capabilities (characteristics). 
 Fields referring to limited numbers of items (like the Higher Institutions of Greece) should be filled by 

allowing the user to select an item from a scrollable list. In case the number of items is fixed but too 
long to be handled through a list (like titles of departments, which number several hundreds), typing 
part of the item (the first letters, or any subsequent letters of the item) should narrow and display the list 
(by exchanging data with the database on-the-fly, through Ajax). 

 For fields that are numerical of date / year type (like distances of departments from the residence  of the 
end user, or the year of establishment of a department), the possibility to enter ranges of values should 
be given. 

 The selections made by the end user should be displayed along with the result (e.g. on a column on the 
left, or on a line on top), so that the user can alter some of these selections and directly see the change of 
the results (by exchanging data with the database on-the-fly, through Ajax). 

 Since a key characteristic of HE departments and institutions is their position on the map of Greece, 
fields related to geography (like regions where the end user would prefer to study) should be able to be 
filled by mouse clicks and / or dragging on a map, or the search results should also be presented on a 
map, when possible. For example, in Figure 5, the position of departments related to “Tourism” is 
depicted. 

 For text fields the ability to enter wild cards (or even regular expressions) should be provided (for 
example, in a field related to the subject of studies, “electr*” should return all departments that are 
related to “electrical”, “electricity”, “electronic).  Moreover, the ability to search by lists of keywords 
should be provided. 
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 Search conditions and results should be saved for inspection, or reference at any future time point. 
 The ability to enter conjunctions, or disjunctions of search conditions should be provided (for example, 

search for all departments (related to “informatics” OR “information”) AND (situated in the region of 
“Western Greece”). 

 The ability to present a comparison between the conditions of searches and the results returned should 
be provided. This could be done by displaying each group of conditions and related results in a column, 
followed by a column for another group etc, taking into account the width of the screen (this ability will 
probably be appropriate for non-mobile devices, having a wide enough screen). 

  
 

 
 

Figure 5: Departments related to “Tourism” on the map of Greece  
(Map of Greek Higher Education 2013) 

 
 

4. DISCUSSION  
The system presented in the previous sections provides the end user with the ability to search for information 
related to job profiles and their relation to higher education studies, by giving numerous search criteria and 
possibilities to combine them, in an easy to fill / reuse / compare way. The information “pumped out” of the 
database of job profiles could serve an advisor in the decision making of a youngster, who is confused about 
the studies provided and the vocational rehabilitation that these lead to.  The functionality of the DSS and the 
information provided could be further enhanced: 
 By embedding in the job profile database historical data that could help to answer aggregate queries 

(e.g. which is the average entry grade for a department, or for departments belonging to a specific 
school, or to a specific region). This would require dimensional modeling and creating a Data 
Warehouse (Golfarelli and Rizzi 2009). 

 By embedding in the job profile database data related to the placement of graduates of each higher 
education specialty on the labor market. 

 By extending the web based DSS to support personalized user information, provided by the user 
him/herself though wizards and questionnaires. The user profile information could be used as an 
additional filter for producing results, or for forming ranking criteria for the results. 

 Apart from “pumping out” exact information existing in the job profile database based on the criteria 
entered by the user, the DSS could also use criteria and information provided by the user to form 
recommendations (Ricci et al. 2011) for his/her choice of job / study specialty.   
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5. CONCLUSIONS AND FUTURE WORK  
A web based decision support system, which aims to support youngsters in Greece that are about to enter, 
study at, or have graduated from HE institutions, has been presented in this paper. The proposed DSS will 
inform its users about the available departments and their vocational prospects and finally assist them to 
choose HE studies in Greece. 

Based on users' functional requirements, the fundamental software elements of the DSS have been 
introduced using UML notation. More specifically, the Use Case diagram, Class diagram and EER model 
have been presented. Furthermore, the system architecture of this system was introduced. Typical 3-tier 
architecture was used in order to logically separate the presentation layer, the business logic layer, and the 
database layer. 

As future work, we aim to provide some additional functionality to the proposed DSS in order to assist 
youngsters in the decision making of their HE studies. These enhancements presented in Section 4 can be 
summarized as follows: i) database historical data could be useful to answer aggregate questions, ii) data 
related to the placement of graduates of each higher education specialty in the labor market would give an 
overview of each specialty's vocational prospects, and iii) personalization and recommendation tools will 
further support youngsters to their decision. 
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Abstract: Parallel machine scheduling is a particular type scheduling problem that occurs where there is 
more than one machine performing the same task in the same environment. Scheduling in parallel machine 
environment is important from both the practical and theoretical points of view. In this study, a Decision 
Support System (DSS) is designed for parallel machine scheduling problem with sequence dependent setup 
times and due dates. The scheduling model of the decision support system uses simulated annealing meta-
heuristics. In the solution process, each schedule is established for several different objectives such as the 
minimization of makespan, total tardiness, maximum tardiness, number of tardy jobs. Thus the proposed DSS 
gives alternative schedules to decision makers and makes possible to choose appropriate one by 
demonstrating tradeoffs between alternative solutions for shop-floor. 

Keywords: Decision Support System, parallel machine scheduling, sequence dependent setup times, 
simulated annealing. 

1. INTRODUCTION 

Scheduling is a decision making process with the goal of optimizing one or more objectives as well as 
allocation of scarce resources to tasks over time. It has an important role in the manufacturing and service 
industries. Scheduling function in a company performs using mathematical techniques or heuristic methods 
for the allocation of limited resources to tasks. Thus, firm’s goals are achieved and resources are allocated to 
the tasks over time based on performance criteria. 

The resources and tasks in an organization can take many forms. The resources may be machines in a 
workshop, runways at an airport, crew at a construction site, processing units in a computing environment, 
and so on. The tasks may be operations in a production process, take offs and landings at an airport, stages in 
a construction project, executions of computer programs, and so on. Each task may have a certain priority 
level, an earliest possible starting time, and due date. The objectives can also take many forms. One objective 
may be the minimization of the completion time of the last task, and another may be the minimization of the 
number of tasks completed after their respective due dates (Pinedo, 2002). 

As the industrial world develops, more and more resources are becoming critical. Machines, manpower, 
and facilities are now commonly thought of as critical resources in production and service activities. 
Scheduling these resources leads to increased efficiency, utilization, and, ultimately, profitability 
(Sule,1997).Parallel machine scheduling (PMS) problem is classified in two groups as batching setup 
times/costs dependent and non-batching setup times/costs dependent problems. Each of these two groups are 
also classified in some groups as sequence-independent setup time/cost problems and sequence-dependent 
setup time/cost problems by Allahverdi (Allahverdi et al. 1999, 2008).  

In this study, identical parallel machine scheduling problem with sequence dependent setup times is 
considered. We focused on the problems: P/STsd/Cmax , P/STsd/Tmax , P/STsd/ ∑Tj and P/STsd/ Uj. Parallel 
machine scheduling has been a popular research area due to its wide range potential application areas. 
Marsh and Montgomery (1973) proposed heuristic approaches to address the sequence dependent change- 
over times on parallel machines for the two cases of identical and non-identical machines with respect to 
minimizing setup time. Ovacik and Uzsoy (1995) studied the P/STsd/Cmax and P/STsd/Lmax problems in 
semiconductor testing facilities where setup times are bounded by processing times. They provided an 
example showing that list schedules are non-dominant, and developed worst-case error bounds for list 
scheduling algorithms. Vignier et al. (1999) considered the P/STsd, rj problem, where there are two types of 
machines, both processing and setup times depend on the machines, and each job has a release date and a due 
date. Radhakrishnan and Ventura (2000) addressed the P/STsd/∑Ej+∑Tj problem, presented a mathematical 
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programming formulation that can be used for limited-sized problems, and proposed a simulated annealing 
algorithm for large-sized problems. Tahar et al. (2006) addressed the problem of P/STsd/Cmax with job 
splitting. Job splitting is different from preemption in that jobs can be split and processed simultaneously on 
different machines. They proposed a heuristic based on linear programming modeling. Kurz and Askin 
(2001) presented an integer programming formulation for the problem of P/ STsd, rj/Cmax. They also 
developed several heuristics including a genetic algorithm and multi-fit based approaches and empirically 
evaluated them. Kim and Shin (2003) proposed a restricted tabu search algorithm for the P/ STsd, rj/Lmax 
problem for both cases of identical and non-identical machines. 

Studies in the literature focused on optimization that makes it possible obtaining optimum schedules 
which minimize makespan, tardiness etc. However, decision maker needs to consider a number of 
performance criteria in the firms. If decision maker need to see the alternative schedules and performance 
criteria values for different objectives, he can choose one of the appropriate schedule to use. In this study, the 
decision support system is designed for selecting appropriate schedule among alternative schedules while 
monitoring trade-offs between different objectives at the same time.  

The paper is organized as followed. The proposed Decision Support System for Parallel Machine 
Scheduling Problem is described in Section 2. Parallel Machine Scheduling Problem and Simulated 
Annealing meta-heuristic are also given. Finally, some concluding remarks are drawn in Section 3. 

2. THE DECISION SUPPORT SYSTEM FOR PARALLEL MACHINE SCHEDULING  

2.1. Parallel Machine Scheduling 

Parallel machine scheduling (PMS) has been a popular research area during recent years. This popularity has 
been increased due to wide range potential application areas on parallel processor computer technology. A 
bank of machines in parallel is a setting that is important from both the theoretical and practical points of 
view. From the theoretical viewpoint, it is a generalization of the single machine, and a special case of the 
flexible flow shop. From the practical point of view, it is important because the occurrence of resources in 
parallel is common in the real-world. Furthermore, techniques for machines in parallel are often used in 
decomposition procedure for multistage systems (Pinedo, 2002). 

Parallel machine scheduling is a particular type scheduling problem that occurs where there are more than 
one machine performing the same task in the same environment. In terms of the definitions on the above, it is 
a problem that is for sequencing the jobs on the machines. This sequence must satisfy the objective function 
under some constraints. In order to evaluate the generated schedule, an objective must be determined. 
Objectives of the parallel machine problems mostly focus on the minimization of the completion time of the 
last job to leave the system (makespan), maximum tardiness, total tardiness, the number of tardy jobs. 

Allahverdi et al.(2008) adapt the three-field notation α/β/γ of Graham et al. (1979) to describe a 
scheduling problem. The “α” field describes the shop (machine) environment. The “β” field describes the 
setup information, other shop conditions, and details of the processing characteristics, which may contain 
multiple entries. Finally, the “γ” field contains the objective to be minimized (Rabadi,2006). According to 
this standard three field notation, P/STsd/Cmax, P/STsd/Tmax, P/STsd/ ∑Tj and P/STsd/Uj problems are 
considered in the proposed Decision Support System.  In the parallel machine environment, there are m 
identical machines (i= 1……m) in parallel and job j (j= 1……n) requires a single operation and may be 
processed on any one of the m machines and each of these jobs have their due dates (dj). The pij presents the 
processing time of job j on machine i. STsd denotes the sequence-dependent setup time and the Sjk 
represents the sequence dependent setup time between jobs j and k; S0k denotes the setup time for job k if 
job k is first in the sequence.  The objectives Cmax, Tmax, ∑Tj, ∑Uj are equivalent to the completion time of 
the last job to leave the system, maximum tardiness, total tardiness and the number of tardy jobs 
respectively. 

2.2. Simulated Annealing 

The scheduling model of the decision support system uses simulated annealing algorithm. Instead of using 
procedures which gives exact solution, SA meta-heuristic is preferred by considering the need of quick and 
applicable solutions of firms. 

Annealing is the metallurgical process of heating up a solid and then cooling slowly until it crystallizes. 
Atoms of this material have high energies at very high temperatures. This gives the atoms a great deal of 
freedom in their ability to restructure themselves. As the temperature is reduced the energy of these atoms 
decreases, until a state of minimum energy is achieved (Chibante ,2010). Simulated Annealing (SA) is a 
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meta-heuristics that has the capability of jumping out of the local optima for global optimization. This 
capability is achieved by giving chance worse solutions than the current solution. Its ease of implementation, 
convergence properties and its use of hill-climbing moves to escape local optima has made it a popular 
technique over the past two decades. It is typically used to address discrete, and to a lesser extent, continuous 
optimization problems (Henderson ,2003). 

The simulated annealing procedure goes through a number of iterations. At iteration k of the procedure, 
there is a current schedule Sk as well as a best schedule found so far, S0. Let G(Sk) and G(S0) denote the 
corresponding values of objective function. Note that G(Sk) > G(S0). The value of the best schedule 
obtained so far, G(S0), is often referred to as the aspiration criterion. At iteration k, a search for a new 
schedule is conducted within the neighborhood of Sk. The candidate schedule Sc is selected from the 
neighborhood. If G(Sc)<G(Sk), a move is made, setting Sk+1 = Sc. If G(Sc)<G(S0) then so is set equal to 
Sc. However, if   G(Sc)< G(Sk),a move is made to Sc with probability . 

With probability 1-P(Sk,Sc) schedule Sc rejected in favor of the current schedule, setting Sk+1=Sk. The β 
is control parameter referred to as cooling temperature. The acceptance probability is determined by this 
control parameter, which decreases during the SA procedure. In simulated annealing procedure, moves to 
worse solutions are allowed. The reason for allowing these moves is to give the procedure the opportunity to 
move away from a local minimum and find a better solution later (Pinedo, 2002).  

The algorithmic description of the SA is as follows (Pinedo, 2002): 
Step 1. Set k=1 and select β1  
 Select an initial sequence S1 using some heuristic. 
Set S0= S1 
Step 2. Select a candidate schedule Sc from the neighborhood of Sk. 
 If G(S0)< G(Sc)< G(Sk), set Sk+1 = Sc and go to Step 3. 
If G(Sc)< G(S0), set S0 = Sk+1 = Sc and go to Step 3. 
If G(Sc)  G(Sk), generate a random number Uk  from a Uniform (0,1) distribution; 
If Uk  P(Sk ,Sc), set Sk+1 = Sc ; 
Otherwise set Sk+1 = Sk ; and go to the Step 3. 
Step 3. Select βk+1  βk  
Increment k by 1. 
If k= N then STOP, otherwise go to Step 2. 

 
The practical and industrial applications of tardiness problem are considerable. The problem is NP-hard, 

meaning the problem cannot be solved in polynomial time as the number of jobs (n) gets large. Quite often 
the time required to solve such a problem increases exponentially with respect to n. This makes it impractical 
to apply exhaustive enumeration in almost all cases except where n is relatively small, generally less than 10 
(Sule, 1997). Exact methods such as branch and bound algorithm are impractical real-life scheduling 
problems because of the time required. Although the meta-heuristics do not guarantee optimum, they take 
much less time and give very good solutions. Considering today’s competitive environment, producing good 
solutions in a short time is requirement of today’s industry (Saricicek and Celik, 2011). In light of the 
aforementioned views, the remaining part of this section focuses on the comparing the performance of 
Simulated Annealing. 

In order to determine the performance of the proposed meta-heuristics on test problems, we tried to get 
the optimal results by using GAMS 22.8 CPLEX solver. The solvability of the mathematical model is shown 
by the compatitional tests on a hypothetical set of data (Table 1). All experiments are performed on Intel(R) 
Core (TM)2 2.00 GHz personal computer. 

 
Table 1: The comparison of Simulated Annealing and CPLEX solver results for test problems. 

Machines Jobs SA CPLEX CPLEX SA CPLEX CPLEX SA CPLEX CPLEX SA CPLEX CPLEX

solition solition CPU(s) solition solition CPU(s) solition solition CPU(s) solition solition CPU(s)
2 4 9 9 0,39 1 1 0,73 7 7 0,28 62 62 0,45
2 8 100 100 467,13 2 2 100,68 29 29 83,28 116 116 4,90
2 12 329 * 18000,00 6 * 18000,00 67 * 18000,00 163 162 226,79
3 4 0 0 0,33 0 0 0,40 0 0 0,39 50 50 0,32
3 8 3 3 180,97 1 1 21,02 2 2 45,49 84 84 5,30
3 12 96 * 18000,00 3 * 18000,00 22 * 18000,00 113 112 487,34
4 4 0 0 0,41 0 0 0,24 0 0 0,28 42 42 0,45
4 8 0 0 0,91 0 0 0,64 0 0 1,02 62 62 7,82
4 12 5 * 18000,00 1 * 18000,00 2 * 18000,00 90 86 924,65

ΣTj ΣUj Tmax Cmax
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As it is seen in Table 1, it is found out that SA and CPLEX solver gives same results in the test problems. 

Although SA gives results in one second, CPLEX solver couldn’t give any result tardiness problems in the 
reasonable time when the number of jobs increases. Although the meta-heuristics do not guarantee optimum, 
SA takes much less time and give very good solutions when compared to optimal solutions of CPLEX 
solver. So, we used Simulated Anneling in the designed Decision Support System which is used to solve 
parallel machine scheduling problem with sequence dependent setup times and due dates for four objective 
functions. 

2.2. Proposed System 

The Decision Support System is developed by using Microsoft Visual Studio Express 2012, in order to 
assign jobs to the machines in terms of minimization the makespan, total tardiness, maximum tardiness, 
number of tardy jobs. The DSS gives alternative schedules to decision maker. Based on the proposed system, 
managers can monitor tread-offs between schedules generated from different objectives and choose 
appropriate one to the shop floor. The user interface is the main component to control the interaction 
between the DSS and the user, enables to exchange input and output data.  
The database of the system includes as the followings: 

• The number of parallel machines 
• The number of jobs 
• Processing times for each job 
• Due dates for each job 
• Sequence dependent setup times between jobs 

The first screenshot is given Figure 1, where the user is asked for the number of machines and jobs. After 
entering the number of machines and jobs, the "Continue" button is clicked. Based on this information, the 
system generates a table to make the data entry (Fig.2).  
 

 
Figure 1: Screenshot of the system to enter the number of the machines and jobs 

 

 
Figure 2: Screenshot of the system to enter processing time and due dates of the jobs 
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The simplified input screen (Fig.2) shows the necessary information (processing times and due dates) that 
needs to be entered to solve the scheduling problem.  After saving all these information, the square matrix 
(Figure 3) is generated to enter sequence dependent setup times between jobs. It makes also possible to add 
setup times of each job when it is the first job to be processed on a machine (For instance, if firstly the job 2 
is processed on a machine, it takes 6 min). If the setup time is too small to consider or there is no setup time, 
decision maker can sign the “ignore setup time” option field. 
 

 
Figure 3: Screenshot of the system to enter processing time and due dates of the jobs 

 
After saving the setup times, decision maker is directed to solution page that is shown in Figure 4.  
 

 
Figure 4: Screenshot of the system to enter objective function type and iteration number 

 
Decision maker needs to see the alternative schedules for different objectives. In this page, some of the 

objective functions or all of them can be chosen according to decision maker’s preference. Decision maker 
has to choose one of the iteration number options or enter another iteration number as well. 

After selecting objective functions, decision maker clicks on the “Solve” button in order to calculate each 
objective function and the following page is shown. (Fig.5). This denotes the performance criteria values of 
the each objective function and schedules for each selected objective function. The decision support system 
makes it possible to select appropriate schedule among alternative schedules while monitoring trade-offs 
between different objectives at the same time. 
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Figure 5: Screenshot of the Decision Process 

 
If the decision maker wants to see detailed schedules for each objective function, he can click on the 

details button (Fig.5). In the next page, machines, jobs, setup times, processing times, starting times, 
completion times, due dates and tardiness can be obtained on a schedule according to the chosen objective 
function (Fig.6).  

 

 
Figure 6: Solution for the Total Tardiness (∑Tj) 

 
The solution of the other objective functions also can be considered and decision maker comes back to 

“decision process” page when he clicks on the “go to solution process” button. Moreover, decision maker 
can click on the “better solution” button to find better solutions (if it is possible) than the available one. This 
screen also shows a graphical view of the solution in the form of a Gantt chart. In the Gantt chart, each color 
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represents a particular job and the chart contains m rows, where m is the total number of machines. It makes 
easy to demonstrate job assignment to the machines based on time and completion times for each jobs on 
each machine. As a result, decision maker can compare all schedules according to four different objective 
functions and choose the most suitable schedule for his shop floor. 

5. CONCLUSION 

In this study, a decision support system for parallel machine scheduling problem with sequence dependent 
setup times and due dates is considered. Exact methods such as branch and bound algorithm are impractical 
real-life scheduling problems because of the time required. Although the meta-heuristics do not guarantee 
optimum, they take much less time and give very good solutions. Considering today’s competitive 
environment, producing good solutions in a short time is requirement of today’s industry. So, the model base 
of the decision support system uses simulated annealing for scheduling. In the solution process, each 
schedule is established for several different objectives such as minimization of the completion time, total 
tardiness, maximum tardiness, number of tardy jobs. The proposed DSS is developed by using Microsoft 
Visual Studio Express 2012. The DSS gives alternative schedules to decision maker. Based on the proposed 
system, managers can monitor tread-offs between schedules generated from different objectives and choose 
appropriate one to the shop floor. For the future study, multi-objective scheduling which generates schedules 
optimize more than one objective is considered for the proposed system. 
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Abstract: Mobile health (m-Health) is a rapidly growing field providing the potential to enhance numerous 
issues such as: patient education, prevention of diseases, enhancement of diagnostically procedures, 
improvement of proposed medical treatments, lower health care costs and increases access to health care 
services. m-Health Education is the name given to an emerging new set of applications of mobile devices to 
the training, testing, support and supervision of health care workers, as well as to the provision of health 
information to individuals. The paper describes research into the application using m-HealthEd in Serbia. 
The study included 200 patients on anticoagulant therapy and lasted for one year. Patients entered the 
measured values of INR in blood in m-HealthEd application. m-HealthEd application help healthcare 
workers to conduct diagnoses and decide on appropriate treatments, or medical assistance for individuals. 
The applications have an educational aspect and the main aim is directly improving the delivery of 
healthcare services. The survey results indicate that 59% of patients used m-HealthEd application 
throughout the research. The percentage is very high, especially considering the aspect of the patients’ age 
(median is 61 years of age). 

Keywords: Healthcare, m-Health, m-Health Education. 

1. INTRODUCTION 
Healthcare and education are basic needs for human development. Technological innovation has broadened 
the access to higher quality healthcare and education without regard to time, distance or geopolitical 
boundaries (Pankaj, 2011). 

m-Health is one of the technological innovations used in health care. m-Health is a term used for the 
practice of medicine and public health, supported by mobile devices. The term is most commonly used in 
reference to using mobile communication devices, such as mobile phones, tablet computers and PDAs, for 
health services and information, but also to affect emotional states. The m-Health field has emerged as a sub-
segment of eHealth, the use of information and communication technology, such as computers, mobile 
phones, communications satellite, patient monitors, etc., in order to improve health services and information.  

m-Health applications include the use of mobile devices in collecting community and clinical health data, 
delivery of healthcare information to practitioners, researchers, and patients, real-time monitoring of patient 
vital signs, and direct provision of care (via mobile telemedicine) (Germanakos, Mourlas, Samaras, 2005). 

The term m-Health was coined by Professor Robert Istepanian as use of "emerging mobile 
communications and network technologies for healthcare" (Istepanian, Laxminarayan, Pattichis, 
Constantinos, eds., 2005). A definition used at the 2010 m-Health Summit of the Foundation for the National 
Institutes of Health (FNIH) was "the delivery of healthcare services via mobile communication 
devices"(Mukhopadhyay, 2013). One of the applications categories within the m-Health field is m-Health 
Education. 

2. M-HEALTH EDUCATION AND APPLICATIONS 
m-Health Education or m-HealthEd is term frequently used to describe mobile health education. Basically, It 
is the use of mobile phone and other communication technology to provide health education, advice and 
training to patients, volunteers, community health workers, nurses and other medical staff 
(http://www.mhealthed.org/mhealthed.html, 2013). 

m-Health Education is the name given to an emerging new set of applications of mobile devices to the 
training, testing, support and supervision of health care workers, as well as to the provision of health 
information to individuals. It forms a subset of m-Health and of m-Learning. m-Health Education tools can 
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be used for both self-motivated learning and employee training for everyone from doctors to community-
nominated volunteers. m-HealthEd content can ranges from basic public health information to complex 
medical texts; it can be static or it can be dynamic as in, for example, testing applications (mHealth 
Education, 2011). 

The biggest areas of activity are the provision of tools and support to health workers, collection of public 
health data, and health information messaging and helpline services. There are many opportunities to 
integrate multiple applications within a single programme, using a single mobile device for each health 
worker, including diagnostic support services, training, epidemiological surveying, patient record updating 
and scheduling (m-Health Education, 2011). 

Mobile technologies have also been applied to support education, training and learning. At the 
intersection of m-Health and m-Learning is m-Health Education, which holds the promise of contributing to 
solving the challenge of educating and training healthcare workers. (m-Health Education,  2011). The m-
Health Education allows (m-Health Education, 2011): 
 Diagnostic Support and Data Collection 

 Remote diagnostic tools to help with disease surveillance and treatment 
 Collection of data for disease tracking 
 Collection and storage of patient data 

 Reminders on Treatment and Appointments 
 Text and voice messages to patients regarding treatment (e.g., automated SMS reminders to patients 

about taking medications) or appointments 
 Emergency Medical Response 
 SMS or call-in service to request ambulance services 
 Health/Medical Call Centres 
 Medical call centres to triage services and treatment 
 Usefulness in providing access to medical information, advice, counselling and referral 
 Healthcare Supply Chain Management 
 Tracking of medical goods in supply chains using mobile recording 
 Advocacy informed by supply chain information 
 Healthcare Payments and Insurance 
 Smart-cards, vouchers, insurance and lending for health services linked to mobile money platforms 

or otherwise supported with mobile phones 
 Health Information and Promotion 
 SMS and voice messages to distribute health information to subscribers (e.g., on HIV, maternal & 

child healthcare, etc.) 
 Training and Support for Healthcare Workers 

 Mobile device applications to train, test, support and supervise healthcare workers 
The m-Health education helps patients learn how to care for their condition--whether it's asthma or any of 

a number of diagnoses--on an ongoing basis, including what to do at home and when to call for medical help 
(Figure 1) (McGee, 2011). 

 

 
 

Figure 1: The m-Health education helps patients learn how to care for their condition (McGee, 2011) 
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The m-Health Education allows: 
 to review educational videos at any time, find critical medication information,  
 access users' personal health information from a variety of sources, including pharmacies, labs, and 

medical practices, that enable users to take better control over their health and care.  
The m-Health Education applications can be delivered through a range of devices, from low-end phones 

to smart phones to tablets or e-readers. m-Health Education presents a framework for thinking about the 
range of possible needs, learners, content and delivery devices (McGee, 2011). The use of mobile medical 
apps and mobile education can help clinicians to diagnose and manage disease. Physicians use mobile apps 
in two main areas:  
 Viewing patient information and looking up medical information or  
 Other professional health-related information.  
Now, we will see some application categories within the m-Health field. 

2.1. Education and awareness 
Education and awareness programs within the m-Health field are largely about the spreading of mass 
information from source to recipient through short message services (SMS). In education and awareness 
applications, SMS messages are sent directly to users' phones to offer information about various subjects, 
including testing and treatment methods, availability of health services, and disease management. 
Additionally, SMSs provide an avenue to reach far-reaching areas—such as rural areas—which may have 
limited access to public health information and education, health clinics, and a deficit of healthcare workers	
(Vital Wave Consulting, 2009).  

2.2. Helpline 
Helpline typically consists of a specific phone number that any individual is able to call to gain access to a 
range of medical services. These include phone consultations, counselling, service complaints, and 
information on facilities, drugs, equipment, and/or available mobile health clinics (Vital Wave Consulting, 
2009).  

2.3. Diagnostic support, treatment support, communication and training for healthcare 
workers 
Diagnostic and treatment support systems are typically designed to provide healthcare workers in remote 
areas advice about diagnosis and treatment of patients. While some projects may provide mobile phone 
applications—such as step-by-step medical decision tree systems—to help healthcare workers diagnosis, 
other projects provide direct diagnosis to patients themselves. In such cases, known as telemedicine, patients 
might take a photograph of a wound or illness and allow a remote physician diagnose to help treat the 
medical problem. Both diagnosis and treatment support projects attempt to mitigate the cost and time of 
travel for patients located in remote areas (Rodriguez Yanez, 2013).  

2.4. PubMed for Handhelds 
The PubMed app, developed by the National Library of Medicine and available on the iPad, iPhone, iPod 
Touch and Android, offers several ways to search the free PubMed archive of more than 22 million 
references to biomedical literature from bioscience journals and online books. Users can ask general 
questions, search for keywords in specific fields and read abstracts of articles (McGee, 2011). 

2.5. Find a Health Centre 
Find a Health Centre is app, which lets users instantly locate nearby health centres by entering a zip code. 
The app uses mapping software in smart phones to locate the centres, which tend to be in most cities and in 
many rural areas. Consumers also can choose how far away they are willing to travel to reach a health centre 
and tailor results to their preferences (McGee, 2011). 

3. M-HEALTH EDUCATION IN SERBIA 
In US and EU many patients and consumers use their cell phones and tablets to access health information 
and look for healthcare services. In parallel the number of m-Health applications grew significantly the last 
years. Today there are more than 40 000 medical applications available for smart phones and tablets. The 
medical application content aims to provide clear visuals and concise narration to convey complex 
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information quickly to patients. Each animation can be viewed on iPads, iPhones, and other tablet and smart 
phone devices. Health Serbia on 66 place on the scale of the World Economic Forum in 2013th year. This is 
20 places lower than our rank 2010th year. In Serbia, 37% of people use the Internet on a mobile phone, 
showed the latest research carried out last year (Statistical Office of the Republic of Serbia, 2012). 

Start using m-HealthEd in Serbia is the use of educational SMS messages and distribution of Java games 
for mobile phones. That way people would be educated and to prevent the larger epidemic, since the number 
of visits to doctors significantly reduced. These projects do not require the construction of additional 
infrastructure, but only the use of already existing commercial services for this purpose. Appointments 
should be directed to schedule sending SMS messages, where the process is a lot of speed and reduce the 
burden on the phone lines in health centre. In the process, the staff is in charge of scheduling could better 
organize their working time and also would open new jobs for technical maintenance of the SMS. 

Research has been done regarding the application of mobile technology in the health system in Serbia. 
The research was based on an application solution of the health-care system segment meant for the patients 
receiving an anticoagulant therapy. The sample included 116 male patients and 84 females, 20 to 82 years of 
age (the median was 61 years of age). The criterion observed in including the respondents into the research 
process was that the patient receives a permanent anticoagulant therapy, that is, in the INR therapy span of 
the last three months. The application solution devised for this research was designed in accordance with the 
basic model of the health-care system. The solution is based on the establishment of electronic 
communication between the physician and the patient (Jovanovic Milenkovic, 2011). The study lasted one 
year. 

The communication in the model is two-way – the user and the system exchange the data in both 
directions. The data are transferred via the mobile phone. They entered the measured values of INR in blood. 
A too early or a delayed sample of blood may reduce the effects of the therapy and cause grave health 
problems. The mandatory frames on the screen format of the application are: patient identifier, the results of 
the laboratory analysis of blood, date and time (Figure 2.) (Jovanovic Milenkovic, Milenkovic, Dobrota, 
2012). 

 

 
Figure 2: The screen format of the application 

 
With medical application m-Health education helps patients better understand confusing terms and 

content that can appear in their medical records and reports. Medical application automatically translates 
clinical diagnosis and procedure descriptions into easily understood, consumer-friendly terms. The medical 
applications help healthcare workers to conduct diagnoses and decide on treatments, or medical usefulness 
for individuals. The applications have an educational aspect and the main aim is directly improving 
healthcare service delivery.  

The m-Health projects within the communication and training for healthcare workers subset involve 
connecting healthcare workers to sources of information through their mobile phone. This involves 
connecting healthcare workers to other healthcare workers, medical institutions, ministries of health, or other 
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houses of medical information. Such projects additionally involve using mobile phones to better organize 
and target in-person training. Improved communication projects attempt to increase knowledge transfer 
amongst healthcare workers and improve patient outcomes through such programs as patient referral 
processes (Rodriguez Yanez, 2013).  

Doctors use mobile devices to access patient information and other databases and resources. Patient 
education system helps doctor practices inform their patients and potential patients about their medical 
services. The doctor can complete the patient registration and schedule a visit on their smartphones instead of 
using paper and pencil, and the data is centrally stored in a web server. In addition, the doctors can access 
patient data, caregiver information, socioeconomic data, visit history, disease history, and medication history 
during homecare visits. With mobile health system, they can also check for inappropriate drugs, drug-drug 
interactions, and therapeutic duplication (Mosa, Yoo, Sheets, 2012). 

Upon the completion of the research, the conclusion is drawn that 118 patients have continually 
controlled their INR values and regularly entered them into the application, which makes up 59.26% of 
respondents. The percentage is very high, from the aspect of the patients’ age, since the age median is 61 
years of age. This is evident from the fact that the use of the mobile phone to access the application is easier 
for several reasons (Jovanovic Milenkovic, Milenkovic, Dobrota, 2012): 
 access to application is possible right in time; 
 access to application is possible regardless of the patient’s actual location; 
 82.7% of population use the mobile phone. 

4. CONCLUSION 
Mobile health education is the use of mobile phone and other communication technology to provide health 
education, advice and training to patients, volunteers, community health workers, nurses and other medical 
staff. There are many opportunities to integrate multiple applications within a single programme, using a 
single mobile device for each health worker, including diagnostic support services, training, epidemiological 
surveying, patient record updating and scheduling.  
In this paper, we describe some medical application just like Education and awareness, Helpline, Diagnostic 
and treatment support systems, The PubMed app and Find a Health Centre. On the end of paper, we are 
presenting research about using m-HealthEd in Serbia. 

The study comprised patients with anticoagulant therapy. They use m-Health applications to maintain 
their health in a stable condition. With medical application m-Health education helps patients better 
understand confusing terms and content that can appear in their medical records and reports. Medical 
application automatically translates clinical diagnosis and procedure descriptions into easily understood, 
consumer-friendly terms. Patient education system helps doctor practices inform their patients and potential 
patients about their medical services. At the end of the study came to the conclusion that it is necessary to 
introduce m-HealthEd applications in the health care system of Serbia. Benefits of m-Health Education (m-
Health Education, 2011): 
 First, m-Health Education applications could bring benefits to all of the current healthcare workers. 

There are clear linkages between improved training of health workers and health outcomes.  
 Second, m-Health Education could accelerate the rate of training of new health workers.  
 Third, m-HealthEd applications could contribute to the maintenance of better health status of patients 
m-HealthEd applications are important process for patients and health professionals. Their development 

and introduction into the health system of Serbia is inevitable in the future development of the health system.  
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NASH EQUILIBRIUM FOR STOCHASTIC DIFFERENTIAL GAMES WITH INCOMPLETE 
STATE INFORMATION   
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Abstract: In this article, we consider N-person stochastic differential non-zero sum games with incomplete 
state information of a diffusion process. It is assumed that every player in the game has the accurate 
information only for some components of a state vector. The problem is solved, first in the form of feedback 
on the known components of the state, available to the appropriate player and then in the form of feedback 
on the known components of the state and the state probability density. The Fokker-Planck-Kolmogorov 
equation transforms the initial problem into deterministic non-zero sum games with distributed parameters. 
The Krotov extension principle is used to state sufficient conditions for the Nash equilibrium solution.   

Keywords: Stochastic differential games non zero sum, feedback control, incomplete information on state 
vector, partially observed control, Nash equilibrium control, Fokker-Planck-Kolmogorov equation. 

1. INTRODUCTION 
Considering problems of stochastic differential games, first articles appeared in literature, discuss problems 
with full information on state or without any information on state. The problem of stochastic differential 
games with zero sum and total information about the system state vector is subject of (Buckdahn and Li 
2008). Conditions for existence and uniqueness of the viscosity solution of the corresponding Hamilton-
Jacobi-Bellman-Isaacs equation are stated. Differential non-zero sum game with complete information is 
discussed in (Lin 2012). Problem of optimal stochastic control for diffusion processes with complete 
information about state vector of systems is considered in (Fleming and Soner 2006). Moreover, detailed 
overview of the previous results of this problem is presented. One of the first articles dealing with problems 
of optimal stochastic control with incomplete state information is (Fleming 1968). Optimal control problems 
with incomplete information about the state in terms of feedback on the known components of the state or in 
terms of feedback on the known components of the state and fhe state probability density are given in 
(Perisić 2013, Panteleev 1990, Khrustalev and Plotnikov 2006) and for systems with random structure in 
(Rybakov and Sotskova 2006).The first papers dealing with the problem of nonlinear stochastic differential 
games with incomplete information on states and control with feedback are (Khrustalev 1995 and 1996). 
Quasilinear optimal control complex structure for the problem with incomplete information about the states 
is given in (Khrustalev and Rumyantsev 20011). Differential games for partial differential equations of 
second order are discussed in (Fleming and Nisio 1993). In paper (Ahmed and Charalambous 2013) the 
authors consider the problem of optimal control partially observed diffusion processes with jump by use of 
the Minimum Principle.  

The paper is organized in the following manner: In Section 2 we formulate the problem, give the 
corresponding stochastic differential equation of the Itô type, which describes the dynamic of the game, and 
define the general problem Bolza. We consider the Fokker-Planck-Kolmogorov equation for probability 
density state vector of systems (see Dokuchaev 2001 and Krilov et al.1998).  We explain how to transform 
the original problem in a non-cooperative differential game with distributed parameters. In Section 3, we 
state the conditions that need to be satisfied in order to differential non-zero sum game with incomplete state 
information have solution. The conclusion is given in Section 4. Stochastic differential games of this type are 
widely applied, especially in automatic control, economics, finance and marketing. For more details on 
applications we refer to (Fleming and Soner 2006, Jorgensen and Zaccour 2004). 

2. PROBLEM FORMULATION 
The dynamics of a stochastic differential non-zero sum game with N players is described by the following 
nonlinear stochastic differential equations 
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where xRn is a n-dimensional state vector and wRd is a standard Wiener process independent of x0. 
Control u U = U1×U2×...×UN  Rr contains N control vectors of each individual player ui Ui, 1 i N, 
belonging to the corresponding ri - dimensional compact metric space and r=r1+r2 +...+rN . The components 
of a state vector which i-th player knows are denoted by xi+  and the components which i-th player does not 
know by xi-. We assume that the control ui depends only on the mi components of the state vector x=( xi+, xi-) 
and time s, or the density of state probabilities. Note that xi+, mi  n. Further, we assume that the components 
of the drift vector b, elements of the diffusion matrix  and control u are Borel measurable and bounded 
functions such that respectively (t,x,u)  b(t,x,u): T×Rn×Rr Rn, (t,x,u) (t,x,u): T×Rn×Rr Rn×d and 
(t,x) u(t,x): T×RnU. We use the following convention, for the drift function b(t,x,u(t,x))=bu(t,x) and for 
the diffusion (t,x,u(t,x))=u(t,x). Moreover, we assume that the products on repeated indices mean 
summation. For example, we denote by 

/ 2ij ik kja   ,  (2)  

elements of the n- dimensional quadratic matrix a=T, where T represents the transpose matrix of a matrix 
. We denote by t  i k partial derivatives in time t and in coordinates xk respectively. From (Dokuchaev 
2001 and Krilov et al. 1998) it follows that when partial derivatives kb

u, ku , k ju exist and are 
continuous the probability density of states p(t,x) belongs to the space C1,2(TRn) and satisfies the equation 
Fokker-Planck-Kolmogorov  

( , ) ( ( , , ( , )) ( , )) ( ( , , ( , )) ( , )),ij i
t i j ip t x a t x u t x p t x b t x u t x p t x       (3) 

with known initial value of the probability density condition 
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Denote by P the set of allowed values of the probability density function p, which satisfiy equation (3), i.e., 
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Therefore admissible control values consist of functions of time and known coordinates, which are Borel 
measurable, such that the derivatives kb

u, ku , k ju  of the coefficients of the initial equation (3) exist, 
and satisfy constraints to control uU. Denote by D the set of pairs d=(p(t,x), u(t,x)), i.e., the set of 
admissible controllable processes. We always assume that D. 

We consider now the differential non-zero sum game in which each player has its own optimization 
criteria for admissible process d D, that tends to minimize by use of strategy ui  

1
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Borel measurable and bounded for each allowed value of the probability density condition pP. Our goal is 
to determine the Nash equilibrium strategies. We follow the definition from (Jorgensen and Zaccour 2004). 
 

Definition 1. For N –dimensional vector (1 (t,x1+),…,N (t,xN+)) of strategies represents a Nash equilibrium 
if and only if   
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  (6) 

The first problem is to determine the Nash equilibrium strategies in the form of Definition 1, and the 
second problem is to determine the Nash equilibrium strategy when management depend on the density of 
state probabilities and which can be formulated in analogue way to definition for equilibrium strategies. 
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Optimality criterion in the second case admits the form (5), but control depends also on the density of state 
probabilities. Further, with ui- we denote the set of controls that do not belong to i-th player. 
 
3. SUFFICIENT CONDITIONS FOR THE NASH EQUILIBRIUM  
 
Denote by Z the set of continuously differentiable functions Si(t, p(t,x)):  TP  R,  i=1,...,N which are 
continuously differentiable in the Frechet sense with respect to (t,p), for every tT. We denote these 
derivatives by tS

i and DpS
i.  Now, we define functionals of Z of the form 
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where by Au we denote the right hand side of the operator equation (3). This operator is formally coupled 
with the operator denoted by ASu. The second term on right hand side of the equation (7) can be written in 
more convenient form 
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Moreover, we often use its equivalent form 
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Applying previous notation to the functional (7) we obtain the form 

min( , ( , ), ( , )) ( , ( , )) ( , ( , ), ( , ))i i i i i
tR t p t x u t S t p t x H t p t x u t      ,  i=1,…,N.  (11) 

 

1.1. The first case 
The sufficient conditions for the equilibrium process for the first type of problem that we are considering, 
i.e., the problem when control depends on time and on components of the given state (components of the 
state that particular player knows) are stated in the following theorem.  

We use the notation )),(,,(min)),(),,(,( **  



 tuptRtuxtptR ii

Pp

ii and )(min)),(( 1 pGxtpG i

Pp

i



  . 

Theorem 1. Let a process d=(p*(t,),u*(t,)) D and let there exists a set of functions Si(t,p(t,x))Z, i=1,…,N  
for each player. If the conditions: 

 ,0)),(),,(,( *  tuxtptR ii  for almost every tT and 

 0)),(( 1  xtpGi , 

are fulfilled, then the process d=( p*(t,),u*(t,)) D represents the Nash equilibrium process. 
The following Lemma is used in the proof of Theorem 1. 
 

Lemma 1. For every dD the equality Li(d) = Ji(d), i=1,…,N is satisfied, where 

1

0
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Proof of Lemma 1:  We denote by dt the total derivative of Si in time. Thus we have 
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By integrating the equation (13) in time and using (7), (8) and (12) we obtain  
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( ) ( ), 1,..., .i iL d J d i N   (14) 

for all elements Dd  . For more details we refer to (Rybakov and Sotskova 2006, Panteleev 1990). □ 
 
Proof of Theorem 1: From Lemma 1 it follows that, under given strategies of other players, conditions 
stated in Theorem 1 are equivalent to requirements of the minimization of functions Li(d), respectively Ji(d). 
For detailed explanations see (Dokuchaev 2001). When other players have equilibrium strategies, then the 
requirements for equilibrium controls, stated in Definition 1, are fullfilled. Clearly, if control of any player 
differs from the equilibrium then the values of control are greater or equal to the optimal value, given by the 
optimality criterion for that player.          □ 
 

Furthermore, we present a special form of solutions derived for the case when the criteria (5) are linear 
functions of the probability density. Under the conditions of Theorem 1, if there exist the corresponding 
Frechet derivatives with respect to the probability density p, then the necessary conditions for the Minimum 
criteria for each player are given by: 

 NituxtptRD ii
p ,...,1,0)),(),,(,( **   and  (15) 
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Consider now the criteria (5) to be of the form 
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We seek for solutions of the equations (15), which satisfy (16), by use of the functions Si, represented in 
the following integral form 
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We use (3), corresponding Frechet derivatives with respect to t and p in (16) and (18) to obtain the 
conditions which the functions Vi  have to fulfill (assuming that they are once differentiable with respect to t 
and twice differentiable with respect to x). We refer the reader to (Rybakov and Sotskova 2006) for more 
details. Thus, 
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with the boundary conditions 
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Solving the obtained equations is not possible without simultaneous solving of the evolution of the 
probability density. Thus, the equilibrium controls cannot be determined independently from the equations 
(19) and (20), as it is also case for stochastic differential equations of dynamic programs for differential 
games with complete information about the state, when their solution exists. The equilibrium controls are 
defined by the formulas  

* ( , )
0( , ) arg inf [ ( , ) ( , ( , ))] ( , ) , 1,...,

i i
n i

i Sw t i i
i

u U
R

u t A V t x h t w t p t x dx i N
 





     , (21) 

which follow directly from the conditions of Theorem 1 combined with equations (18), (19) and (20). In (21) 
w(t,) denotes the set of all equilibrium controls except for i- th player, i.e., w=(ui,u*i-). 

1.2. The second case 
The sufficient conditions for the equilibrium controls for the second problem, when equilibrium controls 
depend on the probability density, are given in the following theorem. 
 
Theorem 2. Let there exist the set of functions Si(t,p(t,x))  Z and the admissible controls 
w(t,,p(t,x))=(ui(t,,p(t,x)) and  u*i-(t,p(t,x))U such that the conditions: 
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for Ni ,...,1  and for every tT, 
 

 )),(()),(,( 1011 xtpxtptS ii   (23) 

 
are satisfied.  Then, the Nash equilibrium controls are given by 
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  (24) 

 
Proof of Theorem 2: Since the requirements for Lemma 1 are fulfilled for this case, together with the 
conditions for the optimal control for each player, then the controls (24) are the Nash equilibrium controls. 
More details can be found in (Rybakov and Sotskova 2006).      □ 

4. CONCLUSION 
In this paper, we give the sufficient conditions for the Nash equilibrium controls with incomplete 
information about the state, within two cases. In article (Khrustalev 1995), the conditions with less restrictive 
assumptions were stated, but the question about existence of the appropriate functions which are defined 
over admissible conditions for equilibrium controls remain open (Perisić 2013). Conditions for equilibrium 
controls of quasi-linear differential games, can be derived similarly as it is done for the optimal control of 
(Khrustalev and Rumyantsev 20011). Stating the corresponding equilibrium conditions for stationary case on 
unbounded time interval will be of interest in applications, for example in marketing. Similar results can be 
found in (Jorgensen and Zaccour 2004).  
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Abstract: A combination of Mixed Integer Linear Optimization and metaheuristic Variable Neighborhood
Search approach is presented in this work to deal with the aircraft conflict detection and resolution problem.
Given a set of aircraft in a given air sector, the aim of the problem consists of providing a new configuration for
each aircraft such that every conflict situation is avoided. A conflict situation is such an event in which two or
more aircraft violate the safety distances that they have to keep during their flights. A mixed integer nonlinear
optimization model is presented as well as the methodology to solve the problem by dividing the mathematical
model in two by considering velocity changes on the one hand and turn changes on the other hand. Due to the
problem features, a quick answer is required but given the difficulty of the mathematical model in the case of
turn changes, a Variable Neighborhood Search approach has been applied to solve the problem in a very small
computing time.

Keywords: Air traffic management, conflict detection and resolution, variable neighborhood search, mixed
integer nonlinear optimization

1. Introduction

The increasing demand in air traffic in last years, has caused a higher congestion in the airspace. Due to this
growth, many researchers are studying how to improve the air traffic management. In this context, the aircraft
Conflict Detection and Resolution problem (CDR) has taken an important role. This problem tries to give
response to the air traffic controllers and pilots about the possible conflict situations that can occur during the
flights. A conflict situation is the event in which two or more aircraft are closer each other than a fixed safety
distance. The aircraft have to keep a minimum separation of at least 5 nautical miles (nm) in the horizontal
plane and 1000 feet (ft) in the vertical one. Notice that the vertical distance is considerably smaller than the
horizontal one. This distances imply that each aircraft has a cylinder as safety region around itself whose radius
and height are 2.5 nm. and 1000 ft., respectively.

Many works have been published in the literature to tackle this problem by considering a variety of mathemati-
cal fields. A deep review until year 2000 is presented in [Kuchar and Yang, 2000]. Later, [Martín-Campo, 2012]
present a survey until year 2010. In this work we focus on the works related to the mathematical programming
models applied to this problem.

[Pallottino et al., 2002] present both the Velocity Changes model (VC) and the Heading Angle Changes
model (HAC) based on two different geometric constructions. The second model is too restrictive since
constant and equal velocity must be considered for all the aircraft under consideration which is not a realistic
assumption. Both, the VC and the HAC models, are based on Mixed Integer Linear Optimization (MILO). The
geometric construction used in the VC model is the one that we consider in this work. Dell’Ollmo and Lulli
(2003) [Dell’Olmo and Lulli, 2003] present a MILO model where they solve the problem even for large-scale
instances by using both, exact and heuristic methodologies, consisting of choosing among different way points.
In [Christodoulou and Costoulakis, 2004], a Mixed Integer NonLinear Optimization approach (MINLO) is
studied, based on the VC model in [Pallottino et al., 2002]. They solve the problem by performing velocity and
heading angle changes but the computational experience is reduced to consider only a few aircraft. A similar
model is studied in this work. However, we can tackle the problem up to 25 aircraft and we take into account some
unstable situations due to null denominators that we call pathological cases. In [Alonso-Ayuso et al., 2011a]
a MILO model so-named Velocity and Altitude Changes (VAC) is presented, where both maneuvers are
performed. The optimal solution is obtained in very small computing time by using a state-of-the-art solver.
Two MILO models by performing altitude changes for the first one, and altitude and velocity changes combined
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together in the second one, are presented in [Alonso-Ayuso et al., 2011b]. In [Alonso-Ayuso et al., 2012a] the
VC model is extended by including continuity to the velocity changes since acceleration is taken into account. In
[Alonso-Ayuso et al., 2013a] an approximation to coordinate different Air Traffic Controllers Officers (ATCO)
of different air sectors is presented with the aim of considering conflict situations close to the border of the
air sector. Turn changes in the CDR problem by using mathematical optimization approaches have been less
studied due to the nonlinearities that angle changes involve. Recently, Rey et al. (2012) [Rey et al., 2012] have
presented a MILO model including uncertainty. In Cafieri and Durand (2013) [Cafieri and Durand, 2013] a
MINLO model is studied which is based on velocity regulation and considering different time instants where
the velocity changes are performed.

In [Alonso-Ayuso et al., 2012b] a nonconvex MINLO model, so-named Turn Changes (TC) is presented
and studied. To solve the TC model, the exact engine for solving MINLO models Minotaur [Leyffer, 2011]
and an approximate heuristic based on Sequential Integer Linear Optimization (SILO) are compared. For
small instances, up to 10 aircraft, Minotaur solves efficiently the problem. However, the computing time
increases considerably, making this engine not useful for our problem solving in realistic sized instances
since a quick answer is required. In the SILO approach, the angle variation is discretized and the problem
is solved in an iterative way. The results show that the SILO approach does not obtain the optimal solution
but the GAP with respect to the solution obtained by Minotaur is very small. In [Alonso-Ayuso et al., 2013b]
a Variable Neighborhood Search (VNS) approach is presented improving the results that were obtained in
[Alonso-Ayuso et al., 2012b] obtaining at least the solution obtained by Minotaur and also, sometimes, improv-
ing the one obtained by the latter. The Variable Neighborhood Search (VNS) is a metaheuristic framework.
The basic idea of VNS consists of changing neighborhood structures in search for a better solution (see
[Mladenović and Hansen, 1997, Hansen et al., 2008, Brimberg et al., 2010, Mladenović et al., 2012]). Good
solutions are usually obtained in small computing time by using this methodology in a variety of problems.

In this work, we extend the TC model by including the other horizontal maneuver, velocity changes. The idea
is to solve the problem in an iterative way, starting with the resolution of the VC model (with some modifications
for avoiding infeasible situations). As the bounds for the velocity variations are too restrictive, -3% to 6% with
respect to the current solution, see [Bonini et al., 2009], the following step is to solve the TC model by taking
into account the solution in the previous step. The procedure finishes by solving again the VC model penalizing
the differences between the current configuration after the previous steps and the initial configuration.

2. The velocity changes and turn changes models

The CDR problem assumes that the main parameters of the aircraft configurations are known considering a set
of aircraft flying in a certain air sector. So, velocities, angles of motion, altitude levels, etc. are supposed to be
known for each aircraft. The aim is to provide a new configuration for each aircraft such that every conflict
situation is avoided. It is worth pointing out that a conflict situation occurs if two or more aircraft violate the
minimum safety distances that they have to keep along their flights. As in our work we focus on horizontal
maneuvers, the vertical distance is not relevant.

The methodology presented in this work is based on the work [Pallottino et al., 2002] where a geometric
construction is studied and it is depicted in Fig. 1. In this work, the VC MILO model is introduced. Let us
assume a set of aircraft F = {1, . . . ,n} in a given air sector. Let us also denote~vi and~v j the velocity vectors of
the aircraft i and j, respectively. The idea is based on the construction of the relative velocity vector~vi−~v j,

such that let ωi j and αi j denote arctan
(

yi−y j

xi−x j

)
and arcsin

(
ri+r j/2

di j/2

)
, respectively, where xi, yi are the abscissa

and ordinate (i.e., the current configuration of position of aircraft i), ri is the safety radius of aircraft i and di j is
the distance between aircraft i and j. Depending on the tangent of angles li j = ωi j +αi j and gi j = ωi j−αi j and
the tangent of the relative velocity vector, a conflict situation can be detected.

Although in the geometric construction the notation is based on vectors, they can be decomposed in the two
components, abscissa and ordinate, in the mathematical model. Therefore, no conflict occurs between aircraft i
and j if one of the following expressions is satisfied,

(vi +νi)sin(mi +µi)− (v j +ν j)sin(m j +µ j)

(vi +νi)cos(mi +µi)− (v j +ν j)cos(m j +µ j)
> tan(li j) (1a)

(vi +νi)sin(mi +µi)− (v j +ν j)sin(m j +µ j)

(vi +νi)cos(mi +µi)− (v j +ν j)cos(m j +µ j)
6 tan(gi j), (1b)

where mi is the current direction of motion and µi and νi are the angle and velocity variations (decision variables),
such that now, both, the angles of motion mi +µi and m j +µ j and the velocities vi +νi and v j +ν j, avoid the
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Figure 1 Geometric construction for conflict detection

conflict between the aircraft i and j.
Notice that expressions (3) are nonlinear. However, they are linear ones, if only velocity changes are

considered. Passing the denominator to the right hand side of the equation must be done carefully since the sign
of the denominator determines the sense of the inequality. So, we have two expressions and also two cases to
consider in each one, positive or negative sign in the denominator which makes four cases to have into account.
This four cases imply that the mathematical model will have four binary 0-1 variables for each pair of aircraft i
and j.

Notice that left-hand side expressions in (3) can involve a null denominator. These cases are named
pathological situations, see [Alonso-Ayuso et al., 2011a]. They produce unstable solutions since a specific
conflict between two aircraft can be wrongly solved due to the null denominator, even forcing the aircraft to
crash in the worst case. These situations can be detected in the preprocessing phase. For solving these situations,
the parameters mi, m j, tan(li j) and tan(gi j) can be replaced with the ones turned π

2 rad, since after this turn the
asymptotes of the function tangent are avoided and, then, there is not a pathological situation anymore. A binary
parameter pci j is calculated in the preprocessing phase. It equals 1 if there is a pathological situations and 0,
otherwise.

The mathematical model for considering both maneuvers VC and TC, is as follows

min A ∑
f∈F

(cν+

f ν
+
f + cν−

f ν
−
f )+B ∑

f∈F
(cµ+

f µ+f + cµ−
f µ−f ) (2)

subject to:
For all i, j ∈ F : i < j:

(vi +νi)
(

cos(mi +µi)(1− pci j)− sin(mi +µi)pci j
)
−

(v j +ν j)
(

cos(m j +µ j)(1− pci j)− sin(m j +µ j)pci j
)
6 M1(1−δ

1
i j) (3a)

− (vi+νi)
((

tan(li j)cos(mi+µi)− sin(mi+µi)
)
(1− pci j)+

(
cot(li j)sin(mi+µi)−cos(mi+µi)

)
pci j

)
+

(v j +ν j)
((

tan(li j)cos(m j +µ j)− sin(m j +µ j)
)
(1− pci j)+

(
cot(li j)sin(m j +µ j)− cos(m j +µ j)

)
pci j

)
6 M2(1− δ

1
i j) (3b)

(vi +νi)
(

cos(mi +µi)(1− pci j)− sin(mi +µi)pci j
)
−

(v j +ν j)
(

cos(m j +µ j)(1− pci j)− sin(m j +µ j)pci j
)
6 M3(1−δ

2
i j) (3c)
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(vi +νi)
((

tan(gi j)cos(mi +µi)− sin(mi +µi)
)
(1− pci j)+

(
cot(gi j)sin(mi +µi)− cos(mi +µi)

)
pci j

)
−

(v j +ν j)
((

tan(gi j)cos(m j +µ j)− sin(m j +µ j)
)
(1− pci j)+

(
cot(gi j)sin(m j +µ j)−cos(m j +µ j)

)
pci j

)
6 M4(1− δ

2
i j) (3d)

− (vi +νi)
(

cos(mi +µi)(1− pci j)− sin(mi +µi)pci j
)
+

(v j +ν j)
(

cos(m j +µ j)(1− pci j)− sin(m j +µ j)pci j
)
6 M5(1−δ

3
i j) (3e)

(vi +νi)
((

tan(li j)cos(mi +µi)− sin(mi +µi)
)
(1− pci j)+

(
cot(li j)sin(mi +µi)− cos(mi +µi)

)
pci j

)
−

(v j +ν j)
((

tan(li j)cos(m j +µ j)− sin(m j +µ j)
)
(1− pci j)+

(
cot(li j)sin(m j +µ j)− cos(m j +µ j)

)
pci j

)
6 M6(1− δ

3
i j) (3f)

− (vi +νi)
(

cos(mi +µi)(1− pci j)− sin(mi +µi)pci j
)
+

(v j +ν j)
(

cos(m j +µ j)(1− pci j)− sin(m j +µ j)pci j
)
6 M7(1−δ

4
i j) (3g)

−(vi+νi)
((

tan(gi j)cos(mi+µi)−sin(mi+µi)
)
(1− pci j)+

(
cot(gi j)sin(mi+µi)−cos(mi+µi)

)
pci j

)
+

(v j +ν j)
((

tan(gi j)cos(m j +µ j)− sin(m j +µ j)
)
(1− pci j)+

(
cot(gi j)sin(m j +µ j)−cos(m j +µ j)

)
pci j

)
6 M8(1− δ

4
i j) (3h)

δ
1
i j +δ

2
i j +δ

3
i j +δ

4
i j +δ

5
i j = 1 (4)

For all f ∈ F :

ν f 6 ν f = ν
+
f −ν

−
f 6 ν f , ν

+
f ,ν
−
f ∈ R+ (5a)

For all f ∈ F :

µ
f
6 µ f = µ+f −µ−f 6 µ f , µ+

f ,µ
−
f ∈ R+ (5b)

For all i, j ∈ F : i < j:

δ
1
i j, . . . ,δ

5
i j ∈ {0,1} (5c)

where M1, . . . ,M8 are the upper bounds of the left hand side in each block of constraints; cν+

f ,cµ+
f and cν−

f ,cµ−
f

are the costs for changing one unit in positive or negative the velocity or angle of motion; δ-variables are binary
ones to detect one of the four possible cases in the geometric construction.

It is worth pointing out that the mathematical model (2)-(5) considers both VC and TC models. Notice that
for the VC model, the parameters A and B in the objective function must be 1 and 0, respectively, and variables
µ must not be considered or fixed to 0. For the TC model, the parameters A and B must be 0 and 1, respectively,
and variables ν must not be considered or fixed to 0.

It is also worth pointing out that the VC model is not the one published in [Pallottino et al., 2002] since we
consider pathological cases and also, we avoid infeasibility since an additional binary variable δ5

i j is considered,
equating it to 1 if the problem is infeasible due to a “head to head” situation for instance.
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3. Variable neighborhood search for the turn changes model

In [Alonso-Ayuso et al., 2013b] we have solved the TC problem by using a VNS metaheuristic approach,
improving the results presented in [Alonso-Ayuso et al., 2012b] where the state-of-the-art exact engine MINLO
solver Minotaur [Leyffer, 2011] and our SILO approximate approach are compared. In this work we extend the
TC model by including the another horizontal maneuver, velocity changes. The local search procedure in the
VNS approach is also improved since in the one presented in [Alonso-Ayuso et al., 2013b] consists of moving
one by one degree trying to find a better solution. However, the local search that we use in this work is based on
the expressions (3). We have studied the expression when the configuration of one aircraft is fixed and the other
one is moving free, so, whereas in the previous local search several iterations are required the now local search
best angle movement is obtained by using (3).

The shaking procedure that we studied in [Alonso-Ayuso et al., 2013b] continues being the same. It consists
of taking k aircraft (being k the neighborhood under consideration) at random and changing their angles of
motion by a random value too. After the shaking procedure, the local search is used again, and k is growing
whereas no better solution is found.

In the VNS approach we also use a restarting procedure consisting of stopping and starting again the VNS
approach from the begining when no improvements in the objective function value are found after a fixed
computing time depending on the number of aircraft under consideration. See [Alonso-Ayuso et al., 2013b] for
a detailed description of the VNS metaheuristic approach.

4. Solving procedure

As stated above, the velocity bounds in the CDR are too restrictive since they are -3% to 6% with respect to the
current velocity. Furthermore, only velocity changes may not avoid some specific situations as “head to head”
cases. To avoid conflicts in the cases where velocity changes are not enough to do so, turn changes are taken
into account. The solving procedure that we present in this work is summarized as follows:
Step 0. Preprocessing phase. The anomalous cases of the null denominators in expression (3) are detected.
Step 1. Solve the VC model by a state-of-the-art exact MILO solver engine, say, [IBM ILOG, 2012] or

[GUROBI Optimization, 2012]. If δ5-variables equal 0, the optimal solution is found and no turn changes
are needed, so, stop.

Step 2. Solve the TC model by using VNS and considering the solution obtained in Step 1 as a “warm” start.
Step 3. Solve the VC model penalizing the differences between the initial velocity and the one obtained in the

previous steps.
Since the TC model is a MINLO one and it must be solved almost in real-time in order to have a practical

use, it is solved by using the VNS metaheuristic approach presented above. The combination of both resolutions
gives the final solution for the CDR problem.

5. Conclusions

A combined exact MILO and metaheuristic VNS approach has been presented to solve the conflict detection and
resolution problem by performing both horizontal maneuvers, velocity and turn changes. Two models, Velocity
Changes (VC) and Turn Changes (TC), have been studied to be solved in an iterative way. The VC model
can be solved efficiently by using a MILO state-of-the-art solver engine. However, to solve the TC model, a
state-of-the-art MINLO solver engine cannot deal with the resolution problem in an affordable computing time.
To solve the TC model, a VNS approach has been developed. So, the combination of the resolution of both,
the VC and TC models, can avoid conflict situations by performing horizontal maneuvers. As future research
lines, a broad computational study of this approach will be done. To fully deal with the problem, the vertical
maneuver, altitude changes, would be included in our study. In order to take into account the different objectives,
a goal programming methodology approach will be also studied. Promising computational results would be
presented at the conference.
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Abstract: In this article we propose a new type of scheduling problem - the delivery shop scheduling problem
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1. INTRODUCTION

Scheduling problems are among the most widespread in Combinatorial optimization. Generally speaking,
there are n jobs that need to be performed on m machines. To specify exactly the scheduling problem that
is considered, a convention based on 3 cells: P|Q|R is used to classify all scheduling problems [5]. The first
box P denotes the type of scheduling problem. It could be J for the job shop scheduling, F for flow shop, O
for open shop scheduling, etc. The second cell Q specifies the jobs characteristics, see [4]. The third box R
represents the objective function. It could be Cmax (the minimum completion time of all jobs), it could be ∑Ci
(the minimum total time spent on all machines), etc (see e.g. [4]).

In this paper we propose a new type of scheduling problem, the delivery shop scheduling problem (DSS). It
corresponds to situations where the total waiting time of customers for products (jobs) produced at all machines
has to be minimized. Machines perform jobs in the same sequence, without interruption. When all machines
finish some particular job, all parts are collected and deliver to the customer. Given the time of performing,
each job at each machine ti j, i = 1, . . . ,n; j = 1, . . . ,m, the problem is to find the order of jobs (permutation)
such that the total waiting time of all customers is minimal. The name Delivery shop scheduling has been
motivated by the similarities between this problem and the travelling delivery-man problem [8].

To the best of our knowledge, DSS problem has not yet been considered separately in the scheduling
literature. However, there are similarities with the Two stage assembly scheduling (2-ASP for short) [1]. Beside
matrix T = (ti j), the input of 2-ASP consists of an additional array a j that represents the time to complete
assembly operation j in the second stage. When the first job is finished on all machines, then the second
(assembly) stage starts on separate assembly machine (machine m+1), spending a1 time units (hours, seconds,
etc). The next assembly job will start after max{a1,T2} hours, where T2 is the time when the second job is
completed on all m machines. Therefore, it is possible to have idle times on assembly machine, but not on m
machines of the first stage. 2-ASP problem is NP-hard [1]. Since the DSS problem can be considered as a first
stage of 2-ASP, we conclude that DSS problem is NP-hard as well.

The DSS problem resembles the flow-shop problem in which all jobs follow the same machine sequence
and each job has exactly one operation on each machine. The main difference is the fact that in the flow-shop
problem each job can be processed by only one machine at the time which isn’t the case in DSS where one job
can be processed on all m machines in parallel.

In this paper we propose a Variable neighborhood search (VNS) [2, 3, 10] based heuristic for solving DSS
problem. In the next section we give combinatorial and mathematical programming formulations of DSS. In
section 3 we give rules of our implementation. In section 4 computational results are reported, while section 5
concludes the paper.

2. Problem Definition

A set of n jobs {J1, ...,Jn} needs to be processed over a set of m machines {M1, ...,Mm}. Each job Ji consists of
a chain of m operations {Oi1, ...,Oim}, i = 1, ...,n. Operation Oi j corresponding to the job J j has to be processed
on the machine Mi and it requires ti j time units to do so. The required time of all operations is provided in
the matrix T = (ti j)n×m. An operation Oi j of a job J j may start on the machine Mi only after this machine
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has finished processing the operation Oi, j−1 of the previous job J j−1. Each machine can perform at most one
operation at a time and each operation can be processed only by one machine. The fact that some job j cannot
be performed on machine i is expressed with ti j = 0. Preemption is not allowed, which means that when the
execution of each operation starts it can not be interrupted until its completeness. We assume that processing
time of the first job is set at time unit t = 0.

As in a flow-shop problem, the job schedule can be represented as a permutation X of {1,2, ...,n}. The
total completion time for the given permutation is the sum of completion times of all the jobs. The objective is
to find a permutation X such that the total completion time is minimal. The combinatorial formulation of DSS
problem can be stated as follows:

min f (X) =
n

∑
k=1

max
j

k

∑
i=1

(si j−1 + ti j), (1)

where si0 = 0, i = 1, . . . ,m. Matrix S = (si j)m×n represents the partial sums of rows that are uniquely determined
if the permutation X is given. Minding the 3 cell notation, the DSS problem could be noted as D| |∑Cmax.
Example 1 To illustrate the concept of DSS problem, let us consider the example of scheduling six jobs (n = 6)
on four machines (m = 4). Table 1: gives the processing times of each job on each machine.

Machine \Job No 1 2 3 4 5 6
1 6 2 6 5 3 5
2 1 4 3 1 11 2
3 7 1 2 1 6 4
4 6 7 8 6 3 9

Table 1: Input data for Example 1

Therefore, the input data are considered as the matrix T .

T =




6 2 6 5 3 5
1 4 3 1 11 2
7 1 2 1 6 4
6 7 8 6 3 9




Assume that the permutation of jobs is given as X = (1,2,3,4,5,6), we can form a partial sum matrix S where
each column j = 2, ...,6 represents the sum of elements from previous column j−1 of matrix S and column j
from matrix T .

S =




6 8 14 19 22 27
1 5 8 9 20 22
7 8 10 11 17 21
6 13 21 27 30 39


 ,

Therefore the solution for this permutation is f (X) = 7 + 13 + 21 + 27 + 30 + 39 = 137. In Figure 1 we
present the optimal solution X = (4,5,1,2,3,6) to this small problem. The value of the objective function is
f (X) = 6+12+15+22+30+39 = 124.

Figure 1 Optimal DSS for Example 1
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3. VARIABLE NEIGHBORHOOD SEARCH FOR DSS PROBLEM

Variable neighborhood search (VNS) [2] is local search metaheuristic for solving combinatorial and global
optimization problems, whose basic idea is change of the neighborhood in the search for the better solution.

At first step we need to select a set of neighborhood structures Nk (k = kmin, ...,kmax) that will be used in
the search. The simplest and the common choice are a neighborhood structures with increasing cardinality
|Nkmin | < |Nkmin+1| < ... < |Nkmax |. In the shaking step, starting from initial solution X and k ∈ {kmin, ...kmax} a
random solution X ′ from the neighborhood Nk is generated. Local search is performed to produce a possibly
better solution X ′′ in some small neighborhood of X ′. If the best solution X ′′ found by local search improves the
current solution X , the algorithm resumes the search from this solution using the first neighborhood. Otherwise,
the algorithm resumes from solution X and next neighborhood.

Whenever kmax is obtained, the algorithm continues with the first neighborhood. This is repeated until some
stopping criterion is met. The stopping criterion for a VNS may be a maximum CPU time allowed, maximum
number of iterations or maximum number of iterations between two improvements of the solution. For recent
survey on VNS see e.g. [10].

In order to apply VNS for DSS problem we must define the set of feasible solutions and the objective
function. The set of feasible solutions is a set X = {1, ...,n}n where n is the number of jobs in DSS problem.
Each element x ∈ X of this set is a n-dimensional vector with integer elements 1 ≤ xk ≤ n, k = 1, ...,n and it
represents the permutation i.e. the order in which the jobs will be obtained on the set of machines.

For arbitrary vector x ∈ X , with given permutation of a jobs, the objective function is obtained as follows.

From the matrix T = ti j, i=1,...,n; j=1,...m providing time units needed to complete each of an operation of
jobs on each machine, we form an auxiliary partial sum matrix S in the following way. The first column
of matrix S corresponds to the x1-th column of the matrix T . Columns j = 2, ...,n of the matrix S are
formed as sum of j−1-th column of S and x j-th column of T .
For obtained matrix S, the value of objective function is defined as sum of all maximal elements from
each of its columns, i.e. ∑n

j=1 max1≤i≤m Si j

Input parameters for VNS are maximal number of neighborhoods kmax and maximal CPU time allowed tmax.
The basic VNS algorithm for DSS problem can be described as in Algorithm 1.

Function VNS (x,kmax, tmax)
1 repeat

2 k ← 1
3 repeat

4 x′← Shake( x,k) /* Shaking */
5 x′′← 1-opt( x′) /* Local search */
6 NeighborhoodChange( x,x′′,k) /* Change neighborhood */

until k = kmax
7 t ← CpuTime()

until t > tmax

Algorithm 1 Steps of the basic VNS

3.1. Initial solution

At the beginning of VNS procedure we need to obtain an initial feasible solution. For that purpose, we devel-
oped two greedy constructive heuristics. The first one is Greedy-Add (GrA), given in Algorithm 2 below.

In the Initialization of Greedy-Add , we find the column of matrix T whose maximal element is minimum
and put that column as a first in sequence x. In iterations, we find what column to add next to partial sum matrix
S, such that its maximal element is minimum. Finally, at the output, we collect objective function value f and
order x of columns (the order we supply customers to minimize their waiting time, i.e. the delivery time).

In addition, we developed a Greedy-Drop heuristic to get initial solution of DSS. It works as follows.
Partial sums s(i,n) of each row i of T are found first. Then we need to find the last element xn in sequence x
by subtracting from s(i,n) elements of column of T such that the maximum of s(i,n)− t(i, j), ∀i, j, is minimal.
Iterations continue until x(1) is found.
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Function Greedy-Add (m,n,T )
// Initialization

1 for j = 1,n do x( j)← j end; f ← 0 // Initial schedule
2 Find column j where f j = mink{maxi(tik)} // First job
3 for i = 1,m do si j ← ti j end // Partial sum matrix S
4 f ← f + f j // Augment objective function
5 Exch (x1,x j); // Exchange x1 and x j in x
6 `← 2 // Iteration counter
// Iterations

7 repeat

8 for k = 1,m do gk ← s(k, `−1)+ t(k, `) end
9 g←mingk, let j be the index with g = g j

10 f ← f +g; Exch (x`,x j)
11 `← `+1

until ` = n
12 Output x and f

Algorithm 2 Greedy-add heuristic for the DSS problem

3.2. Shaking

The neighborhood structure we use in this paper is 1-opt . The neighbor of a feasible solution x is defined by
swapping two of its consecutive elements. All such possible replacements define neighborhood N1 of solution
x. Obviously, the cardinality of 1-opt neighborhood is O(n). For given k, to obtain a neighbor of a solution
x in Nk we have to repeat 1-opt move k times, i.e. neighborhood Nk is then defined as k repetitions of 1-opt
move.

From the current solution x the shaking step generates a new, randomly chosen solution x′, from neighbor-
hood Nk. Solution x′ is obtained by randomly choosing the sequence of elements from x that will be swaped.

3.3. Local search

While shaking step focuses on escaping from valleys of local minimum, the local search step searches the
improvements of the solution x′ obtained through the shaking step. Starting from solution x′, a local search
explores some neighborhood of x′ in order to identify a local minimum, i.e. a new solution with a smaller
objective function value.

The local search developed for solving DSS problem also uses 1-opt neighborhood. In computer memory
the solution is represented with the array x and with the corresponding matrix of partial sums S. When x j and
x j+1 swap, we need to update just two columns of matrix S to get a new solution x1, . . . ,x j+1,x j, . . . ,xn. Note
that s(i,k) for k = x1, . . . ,x j−1 and for k = x j+2, . . . ,xn do not change. Updating of objective function value is
as usual. Two values are subtracted and and two new added.

The first improvement strategy was used. Algorithm iteratively scans the neighborhood of solution x′ and
when it finds the first solution with the smaller objective function value, local search is then restarted and
this solution becomes next incumbent solution for the next iteration. Local search stops when no further
improvement is possible. The best solution from this step is denoted by x′′.

3.4. Neighborhood Change

The obtained solution x′′ has to be compared with the incumbent solution x, so decision whether the search
should move to a new solution or not can be made. Let f (x) denote the objective function value of solution x.
If the local optimum is better than the incumbent, i.e. f (x′′) < f (x), move there and continue the search with
the same neighborhood Nk.

Otherwise, i.e. f (x′′)≥ f (x), repeat the search with the same x and the next neighborhood Nk+1.
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n = 20, m = 5 n = 20, m = 10 n = 20, m = 20

GrA GrD VNS GrA GrD VNS GrA GrD VNS

1 10482 10561 9680 12177 11583 10761 12125 12130 11005

2 11069 11179 10614 11929 11917 11441 10999 11142 11027

3 10090 9997 9286 10947 10943 10663 11871 11900 11264

4 11405 11335 10589 10530 10345 9824 11967 11865 11426

5 10386 10345 10030 10481 10576 9732 12333 12424 11675

6 10453 10282 10154 10481 10527 10023 12129 12231 12050

7 10230 10493 9604 11235 11236 10254 11754 11937 11646

8 10604 10572 10133 10987 10829 10584 12500 12309 12057

9 10882 10816 10102 11976 11908 11057 12173 12279 11695

10 9633 9404 9395 11694 11724 10744 12155 12029 11967

Table 2: Flowshop instances [7], n = 20

4. COMPUTATIONAL RESULTS

In this section we present computational results obtained by VNS algorithm proposed in this paper for solving
DSS problem. All computational experiments have been performed on Intel i7-2700K with 32GB RAM under
Windows 7 operating system.

To test the performance of our algorithm, the computational experiments were carried out on a set of
well-known scheduling instances [7]. Given that our solutions are represented as permutations, without delay
constraints, and the resemblance with the flow-shop problem, we considered only the flow-shop data-sets in
which the number of machines varies from 5 to 20, and the number of jobs from 20 to 500. For each size a
sample of 10 instances was considered. Furthermore, we generated our own matrices of the same dimensions,
but with one difference, we allowed zero values. In practice this means that the machine simply skips the job
where the value is zero an keeps processing the next job. In these matrices, around 30% of consists of zero
values.

The following values for VNS parameters were used: kmin = 1 and kmax = min{50,n}, where n denotes the
number of jobs. The maximal CPU time allowed tmax is 5 seconds for small size instances and 10 seconds for
instances where n > 50. The results are summarized in Tables 2-6. Tables 2-5 present results for flow-shop
instances from the literature, and Table 6 presents results for our generated instances.

Tables 2-5 are organized as follows:
Table 2 contains results for instances with n = 20 jobs and m = 5,10,20 machines. Similarly, Tables 3-4
contains results for instances with n = 50 and n = 100 jobs, respectively. Table 5 contains results for
instances where number of jobs is equal or greater than 200, i.e. n = 200,500.
In the first column the number of test instance is given.
For each combination of number of jobs n and number of machines m, three values are presented: column
GrA contains results obtained by Greedy-Add algorithm, column GrD results obtained by Greedy-Drop
algorithm, and the last VNS column results obtained by proposed VNS algorithm.

From Tables 2-5, as expected, in most cases VNS outperforms both Greedy-Add and Greedy-Drop algo-
rithms.

5. CONCLUSION AND FUTURE WORK

In this paper we suggest a new type of scheduling problem, that we call Delivery shop scheduling (DSS). In-
stead of minimizing completion time or sum of duration of all jobs, in DSS the total waiting time of customers
to get items produced on m machines is minimized. For solving this problem we propose two types of greedy
heuristics and use them as initial solutions for a Variable neighborhood search based heuristic. Computational
results on usual and generated instances are reported. Future work may include use of more complex neigh-
borhood structures for solving DSS. It could be also possible to use neighborhoods from Travelling repairman
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n = 50, m = 5 n = 50, m = 10 n = 50, m = 20

GrA GrD VNS GrA GrD VNS GrA GrD VNS

1 57806 57096 55165 63589 63473 60953 68759 68805 65730

2 60559 60285 59734 60600 60976 58969 66396 66344 65535

3 55618 55767 54738 60531 60464 58706 65934 66001 62619

4 60134 60404 58129 63795 63536 62428 65471 64908 64257

5 61340 61370 60798 62633 63416 62258 66159 65108 64426

6 59480 59714 57781 62836 63894 61133 66796 65650 65650

7 58062 57996 55575 62661 62528 60858 68967 68151 66369

8 57102 56658 56658 62488 62730 60997 67072 66712 65246

9 55399 54340 52647 62903 62548 61951 66921 66783 65659

10 61414 61467 60257 62869 62565 61598 68527 68076 64971

Table 3: Flowshop instances [7], n = 50

n = 100, m = 5 n = 100, m = 10 n = 100, m = 20

GrA GrD VNS GrA GrD VNS GrA GrD VNS

1 238845 238108 236213 253618 251107 246862 249359 248473 241825

2 229567 227100 224099 231095 232852 229287 256495 257258 257258

3 224665 223616 220628 242681 242826 242826 254171 253760 252471

4 214287 213437 210455 249794 251801 249598 255322 253654 252057

5 227109 227652 225665 239330 240326 240326 250809 252596 251051

6 217781 219290 217399 225816 226930 224051 253737 253767 251843

7 226181 227921 226551 234001 233375 231905 254908 253916 248712

8 217665 219670 217290 244596 242221 240124 257731 258291 257731

9 232015 233209 230071 252503 250775 245317 255999 252739 247345

10 229118 229403 227669 246930 246838 246838 257792 258593 256834

Table 4: Flowshop instances [7], n = 100

n = 200, m = 10 n = 200, m = 20 n = 500, m = 20

GrA GrD VNS GrA GrD VNS GrA GrD VNS

1 947967 948395 938645 973176 974497 972474 5938759 593133 5909942

2 938931 940560 932226 973699 976011 972738 6013037 6014196 6013037

3 954365 951476 948314 994595 993594 988386 5986792 6013475 5986792

4 937361 940986 935813 987951 981428 976449 6008590 6017336 6008590

5 937474 934665 931485 974223 971754 971754 5967080 5966793 5966793

6 914246 913110 906590 974649 973238 972465 6005449 6008923 5999909

7 950749 949642 940683 988800 986358 986358 5954177 5956667 5954177

8 952009 951883 951883 990602 984333 982405 6009999 6012192 5986960

9 930714 927934 927934 966621 970713 961053 5943503 5939092 5939092

10 931010 936369 924849 989905 988486 987450 6005362 6008103 5996023

Table 5: Flowshop instances [7], n≥ 200
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Dimension 5 20 10 20 20 20 5 50 10 50 20 50 5 100 10 100 20 100 10 200 20 200 20 500
Result 30315.7 48813.3 42742.2 180355.1 218819.7 226425.3 679849.4 776606.1 853692.9 3092429.3 3422443.0 18930258.0

Table 6: Results of generated datasets

problem [8] to solve DSS, as suggested in [9]. It could be interesting to analyze results obtained with DSS with
regular flow-shop and 2-ASP on the same test instances.
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1 University of Belgrade, Faculty of Mathematics, Studentski Trg 16, Belgrade, Serbia, zdrazic@matf.bg.ac.rs
2 University of Belgrade, Faculty of Organizational Sciences, Jove Ilića 154, Belgrade, Serbia, canga@fon.bg.ac.rs

Abstract: This paper considers a recently introduced NP-hard problem on graphs so called the dominating
tree problem (DTP). In order to solve this problem a variable neighborhood search (VNS) based heuristic is
developed. Feasible solutions are obtained using the set of vertex permutations which enables implementation
of a standard neighborhoods structure and an appropriate local search procedure. Experimental results include
two classes of randomly generated test instances. Optimality of VNS solutions on smaller size instances has
been verified by CPLEX.
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1. INTRODUCTION

The dominating tree problem (DTP) discussed in this paper has been recently introduced by Shin et al. in [1].
Let us consider an undirected, connected, edge-weighted graph G = (V,E), where V denotes the set of vertices
and E denotes the set of edges. To each edge e ∈ E a non-negative weight we is assigned. A tree T of graph G is
called dominating if each vertex v ∈V which is not in T is adjacent to a vertex from T . The weight of a tree T
is defined as ∑e∈T we, i.e. the sum of all edge weights in T . DTP is to construct a dominating tree T of graph G
with the minimal weight.

The DTP has many applications in network design and network routing. One example is the multicasting
whose goal is to deliver the same data to a group of destination computers simultaneously. Servers are connected
by a tree network structure T , and all other computers are one hop away from some server. If weights represent
the cost or energy to transmit data from one server to another, the sum of edge weights in T equals to overall cost
to transmit data over from one to all other servers. Another example can be a corporate network with replication
of documents on many document repositories. When any of the documents is changed or created, it has to be
replicated to all other repositories. All other computers are directly connected to at least one repository.

In [1] it is proved that the DTP is NP-hard in general case and an approximation framework is provided. Due
to the high runtime complexity of this approximation algorithm, authors proposed a polynomial time heuristic.
Authors also propose the integer programming formulation of the DTP.

Related problems are the connected dominating set problem (CDSP) [2, 3, 4, 5] and the tree cover problem
(TCP) [6, 7, 8]. The CDSP can be described as follows: For a given graph G = (V,E) find a minimum size
connected subset of vertices such that each vertex is either in the dominating set or adjacent to some vertex
in the dominating set. In some variants of this problem, vertices might have weights and in that situation the
problem is to minimize the total weighted sum of the vertices that form the connected dominating set. The
main difference from DTP is that CDSP considers only the number of vertices in the resulting subset, or (in the
variant when vertices have weights) the sum of those weights. Note that in DTP weights are associated with
edges and not with vertices.

On the other side, the TCP considers the graph G = (V,E) where each edge has a nonnegative weight. The
problem is to find a tree T of graph G with the minimal weight whose vertices cover all the edges from G. In
this case, the resulting tree is defined as an edge dominating set, contrary to DTP where the resulting tree is
defined as a vertex dominating set.
Example 1 To illustrate the concept of DTP problem, let us consider graph G= (V,E) presented in Figure 1. The
optimal solution is a dominating tree T which contains vertices connected with the edges shown in bold. Vertices
1, 4, 7, 8, 9 and 12 are in tree T . It is easy to see that all the other vertices are adjacent to at least one vertex from T .
Let us use the notation ({u,v},w) to represent the edge with weight w, with ending vertices u and v. The weight
of this resulting tree is the sum of all edge weights: ({1,4},2),({4,8},3),({4,12},4),({4,7},7),({7,9},3).
Thus, the optimal objective value is 2+3+4+7+3 = 19. This result is obtained by using both ILP formulation
from [1] and VNS algorithm presented in Section 2.
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Figure 1 Graph G from Example 1 and its optimal solution

2. VARIABLE NEIGHBORHOOD SEARCH FOR DTP

Variable Neighborhood Search (VNS) is a local search based metaheuristic proposed by Mladenović and Hansen
[9] in 1997. The VNS works on a set of pre-defined neighborhoods. The basic idea of the method is to explore
these neighborhoods in a search for a better solution. VNS tries to escape local minimum by changing the
neighborhood structure. The basic VNS gets randomly a neighbor of the current solution in the shaking step,
runs a local search from it to get a local optimum, and moves to it if there has been an improvement. Otherwise,
the neighborhood structure is systematically changed.

For a given graph G = (V,E) let us define a set of feasible solutions X of DTP. For each vertex v ∈V let us
assign an unique integer index number. Set X is a set of all permutation vectors of vertex indices from graph G.

The objective function F(x) for some x ∈ X is defined by next three steps:
First we determine base B(x) for x. The base will contain first nb(x) elements of vector x (vertices from
V ) forming a connected dominating set for G. The procedure is to include vertices one by one from the
beginning of vector x until this set becomes a dominating set for G. If this dominating set is not connected,
we continue adding more vertices from x until the dominating set becomes connected. The number of
vertices from this connected dominating set is denoted by nb(x), and base B(x) is a set of those vertices.
The set of nonbase vertices we denote by L(x) =V\B(x).
For a set of base vertices B(x) we construct the minimal spanning tree (MST) by the well known Prim’s
algorithm and denote it by T (x). MST is a subgraph that is a tree and connects all base vertices with
weight less than or equal to the weight of every other spanning tree.
Finally, the value of objective function F(x) is calculated as the sum of edge weights from the minimal
spanning tree T (x).

Defining the effective neighborhoods of a feasible solution is crucial in VNS. It is necessary to find a balance
between effectiveness of the VNS and the chance to escape from local minimum. For k > 2 we define the
neighborhood Nk(x) of x ∈ X as a set of all permutation vectors from X which differ from x in not more than k
positions.

After defining the neighborhood structures, for VNS algorithm we must specify the initial solution, the
shaking procedure and the local search procedure.

The initial solution x is created using all vertices from graph G. First we construct a MST for graph G. This
tree contains all the vertices from G. Since in a dominating tree T all vertices from G must be either in tree
T , either adjacent to some vertex in the tree, we are able to remove all leaves from MST. In that way we have
two groups of the vertices: one forming the dominating tree T , and the other (removed leaves) which are all
connected to T , so domination criterium is satisfied. The initial solution x is then created as a vector containing
the indices of a vertices that are in T , followed by indices of all vertices that are not in T .

The shaking procedure chooses a random solution x′ in the neighbourhood Nk(x). For a given k, first we
choose k random numbers from {1, . . . , |V |} representing the positions in vector x. Next, we permute at random
the elements of vector x from these positions. Resulting vector is denoted as x′.

From obtained solution x′ a local search procedure is performed in order to get a possibly better solution
x′′. We explore a small neighborhood of x′ searching for some solution with smaller objective function value.
The neighborhood which is explored consists of all solutions which are obtained from x′ by swapping two of
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its elements, one from B(x) and the other from L(x). We used the first improvement strategy. As soon as the
local search finds a solution with smaller objective function value, the local search procedure is restarted with
improved solution passed as an initial solution for the next iteration. The local search procedure stops when
whole the neighbourhood is searched and no further improvement can be made. The best solution from local
search is denoted as x′′.

After obtaining the solution x′′ from the local search we have to compare it to the incumbent solution x so
we can make a decision wether or not to accept it. In the basic VNS, a move to a new solution is made only
if F(x′′) < F(x), i.e. the objective function value of solution x′′ is smaller than the objective function value
of solution x. In this implementation, there are different feasible permutations yielding to the same objective
function value. Moving from one to another we may diversify the search and explore different regions increasing
a chance of finding a better solution, but also if we do this move every time we could get trapped in a cycle. To
avoid both of these problems, we will use a parameter p representing the probability of moving from one to
another solution with the same objective function values. Considering this, after the local search we have three
possibilities:

If F(x′′)< F(x), we move to x′′ and continue the search with the same neighborhood Nk from x′′.
If F(x′′)> F(x), we continue the search with the same x and the next neighborhood Nk+1(x).
If F(x′′) = F(x), i.e. the solutions x′′ and x have the same values of objective function, we move to x′′

with probability p and continue the search with the same neighborhood from x′′ and with probability 1− p
we continue the search with the same x and the next neighborhood Nk+1(x).

Whenever kmax is attained, the search continues with the first neighborhood Nkmin . This is repeated until some
stopping criterion is met. Possible stopping conditions can be a maximum CPU time allowed, the maximum
number of iterations, the maximum number of iterations between two improvements etc.

Input parameters for VNS are the minimal and the maximal number of neighborhoods that should be
searched, kmin and kmax, the maximal number of iterations itermax or the maximum CPU time allowed tmax and
the probability p of moving from one to another solution with the same objective function value.

3. EXPERIMENTAL RESULTS

In this section we present experimental results obtained by VNS algorithm proposed in this paper for solving
DTP. The algorithm was implemented in C programming language. All computational experiments have been
performed on Intel Xeon 2.34 GHz PC with 16GB RAM under Windows 7 operating system.

For experimental testing we used randomly generated instances. Those instances include the graphs with
different number of vertices and edges. Number of vertices vary from 10 to 300 and the number of edges
from 15 to 1000. In the generation process, for each edge a randomly generated real number is selected from
the interval [1,10] representing its weight. The adjacency matrix of a graph is randomly generated avoiding
self-loops and more than one edge connecting the same two vertices. If the graph created in this way is not
connected, the instance is ignored and a new instance is constructed. In order to achieve the diversity, for each
graph size a set of 3 different instances was generated with different random seed.

The value of parameters that were used for VNS are: kmin = 2,kmax = 30, p= 0.2, itermax = 1000, tmax = 600s.
The VNS has been run 20 times for each problem instance. Results are presented in Tables 1 and 2.

In [1] authors introduced an Integer Linear Programming (ILP) formulation for DTP. The CPLEX solver
based on this formulation is able to solve to optimality only small dimension problem instances. In order to
verify optimality of solutions obtained by proposed VNS on small size instances we used the CPLEX solver for
testing this ILP formulation. Thus, Table 1 contains only instances where the CPLEX solver could finish its
work and verify the optimality of the solution. The stopping criterion for VNS algorithm was 1000 iterations.

In the first column Inst the instance name is given, containing the information about the dimension of the
problem. For example, the instance dt p_10_15_2 contains 10 vertices and 15 edges. The last number in the
instance name represents the ordinal number of the instance of that type. The next two columns contain the
information obtained by CPLEX: the opt column contains the optimal solution value and time column represents
the running time used by CPLEX to finish its work. If the CPLEX could not provide the result the symbol "-" is
written. In the following five columns the information about proposed VNS algorithm is given. The column
named sol contains the best objective function values found by VNS in 20 runs. If the values are equal to the
optimal solution (from opt column), we mark them as opt. The next two columns contain the average execution
time t used to reach the best VNS solution and the average total execution time ttot . The last two columns err
and σ contain information on the average solution quality: err is an average relative percentage error of found
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optimums defined as err = 1
20 ∑

20
i=1 erri where erri = 100∗ V NSi−sol

sol and V NSi is VNS solution obtained in i-th

run. σ is standard deviation of erri, i = 1, ...,20 obtained by formula σ =
√

1
20 ∑

20
i=1(erri− err)2.

Table 1: Experimental results on small size instances

Inst. CPLEX VNS
opt time sol t (sec) ttot (sec) err (%) σ (%)

dtp_10_15_0 5.892 0.064 opt 0.033 0.540 0.000 0.000
dtp_10_15_1 14.423 0.104 opt 0.057 0.452 0.000 0.000
dtp_10_15_2 14.350 0.141 opt 0.051 0.285 0.192 0.836
dtp_15_20_0 18.874 0.402 opt 0.089 0.275 0.000 0.000
dtp_15_20_1 23.030 0.441 opt 0.072 0.274 0.000 0.000
dtp_15_20_2 24.949 0.562 opt 0.054 0.290 0.477 2.071
dtp_15_30_0 18.196 4.096 opt 0.065 0.284 0.000 0.000
dtp_15_30_1 8.317 6.405 opt 0.055 0.271 10.170 7.537
dtp_15_30_2 18.065 12.618 opt 0.047 0.308 0.785 1.339
dtp_20_30_0 33.806 342.310 opt 0.075 0.204 1.747 2.339
dtp_20_30_1 36.035 281.744 opt 0.098 0.206 2.798 3.207
dtp_20_30_2 43.499 268.798 opt 0.115 0.204 1.610 2.554
dtp_20_50_0 9.810 169.576 opt 0.063 0.205 10.865 22.239
dtp_20_50_1 - - 12.187 0.068 0.218 6.207 6.325
dtp_20_50_2 17.423 4179.541 opt 0.082 0.203 6.075 6.180

Table 2 contains data about proposed VNS for large size instances (number of vertices up to 300 and number
of edges up to 1000). It is organized in the similar way as Table 1. Here we do not have columns regarding
CPLEX because ILP was not able to solve these large instances. For small size instances we used maximal
number of iterations as a stopping criterium for VNS. For large size instances this would cause a large CPU
time, so for instances in Table 2 a stopping criterium for VNS was set to 600s as maximal execution time. This
is the reason why the column ttot is left out.

Table 2: Experimental results on large size instances

Inst. VNS
sol t (sec) err (%) σ (%)

dtp_100_150_0 152.573 314.991 1.297 0.735
dtp_100_150_1 192.207 282.158 1.045 1.322
dtp_100_150_2 146.345 258.042 1.393 1.053
dtp_100_200_0 135.040 348.865 1.324 1.548
dtp_100_200_1 91.883 126.941 0.161 0.359
dtp_100_200_2 115.933 375.967 1.426 1.824
dtp_200_400_0 306.059 573.614 12.236 4.969
dtp_200_400_1 305.934 545.736 8.674 3.958
dtp_200_400_2 275.382 566.232 6.074 3.641
dtp_200_600_0 133.653 522.150 15.105 6.374
dtp_200_600_1 164.172 551.253 22.956 10.241
dtp_200_600_2 140.109 554.447 11.591 9.109
dtp_300_600_0 476.813 514.794 4.686 2.402
dtp_300_600_1 497.247 544.714 9.743 2.907
dtp_300_600_2 507.784 504.653 6.144 2.984

dtp_300_1000_0 267.915 599.179 1.789 0.600
dtp_300_1000_1 244.214 536.866 35.806 8.862
dtp_300_1000_2 227.816 494.004 11.768 7.435

As can be seen from Table 1, the VNS quickly reaches optimal solutions obtained by CPLEX in all cases.
Note that for the instance dt p_20_50_1 CPLEX failed to find any solution with the "Out of memory" error
message. Table 2 presents the VNS results on large scale instances which could be used as a base for future
comparisons with other metaheuristics approaches.
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4. CONCLUSION

This paper is devoted to the recently introduced dominating tree problem. The problem is solved by the VNS
algorithm which uses the set of vertex permutations in order to generate a feasible solutions of the problem. The
corresponding neighborhood structures allow an effective shaking procedure, which successfully diversifies the
search process. For small dimensions the VNS has reached optimal values obtained by CPLEX in all cases.

One possible extension of this research can be directed toward modifying this approach in order to solve
similar dominating problems on graphs. The second extension could be a parallelization of the presented
approach and testing on a powerful multiprocessor computers.
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Abstract: In the paper, we present a modification of the particle filter that uses a reduced Gaussian variable 
neighborhood search algorithm in resampling phase. The variable neighborhood search is implemented in 
resampling step in order to mitigate degeneracy phenomenon. It is done by iteratively moving particles from 
its current positions to the parts of the state space where the posterior distribution is higher. Simulation 
results are presented to demonstrate performance of newly developed algorithm over other standard filters. 

Keywords: Optimization methods, Particle filters, Recursive estimation, Variable neighborhood search. 

1. INTRODUCTION 
The idea of the particle filter (PF) is to find expectation with respect to the posterior distribution using 
random samples drawn from some other distribution. It is a simulation-based approach for the recursive 
Bayesian estimation which is built on the concept of importance sampling. The empirical posterior 
distribution with the appropriate weighting is formed by simulating samples (particles) from proposal 
distribution. As the number of samples increases, the empirical distribution more precisely represents the 
target distribution. At each time instant, samples are propagated and updated with new observations. By 
using particles with the assigned weights, it is possible to find the state estimate [1]-[5]. 

A general problem with the PF is the degeneracy phenomenon. This means that in time system moves to 
the state where all except one particle have negligible weights. This phenomenon is fixed by resampling. 
Resampling redistributes particles according to their weights by removing particles with small weights while 
increasing number of particles with larger weights [1]. 

In this paper, we present the VNS particle filter (VNSPF) which is a novel filter that follows basic 
concept of PF using the reduced Gaussian variable neighborhood search (Gauss-VNS) algorithm instead of 
resampling. The Gauss-VNS extends the variable neighborhood search (VNS) algorithm which is an 
optimization method based on the idea of iteratively changing neighborhoods in order to find better local 
minima (or maxima). The VNS escapes from a current local minimum by starting new local searches with 
random starting points until it founds a better solution [6]-[8]. The starting points are sampled from the 
neighborhoods of the local minimum and the whole procedure is repeated until a predetermined criterion is 
met. 

The paper is organized in the following way. Section 2 gives general information on the state-space, 
Bayesian estimation, the particle filter and the variable neighborhood search algorithm. In Section 3 we 
presented main thought of the VNS particle filter. Simulation results are presented in Section 4. Concluding 
remarks are given in Section 5. 

2. THEORETICAL BACKGROUND 

2.1. State-space representation 
We consider a discrete-time dynamic system given by 

 1, ,nn n nx f x w  (1) 

 , ,n n n nz h x v  (2) 

where nx  is a state vector, nz  is an observation, nf  and nh are nonlinear functions and nw  and nv are 

random noise vectors known as process and observation noise. Equations (1) and (2) can be alternatively 
defined using conditional distributions 1( | )n np x x  and ( | )n np z x . The first distribution describes transition 

between unobserved states, while the second distribution represents likelihood of the observations. 
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2.2. Bayesian estimation 
The objective of Bayesian estimation is to find the conditional posterior probability density function (pdf) 

 0:n np x z , where,  00: 1, , ...,n nz z z z  is set of observations up to and including time instant n. The 

solution is obtained using the recursive form of Bayes’ theorem [1]-[5]: 

     0: 1 0: 1 1 0: 1 1n n n n nn np p p d     x z x x x z x ,  (3) 
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Equations (3) and (4) are called prediction and update and form the basis for finding the optimal solution. 

All relevant information on nx  are set in the posterior pdf,  0:n np x z . In order to obtain these recursive 

equations two assumptions are made: the states follow a first-order Markov process, 

0: : 11 10( | ) ( |, )n n nn np p  x xzx x  (where  00: 111 , , ...,n n x x x x ), and the observations are conditionally 

independent, 0: 0: 1( ) | ),| (n n n n np p z x z xz . The estimate is found as the expected value of an arbitrary 

function with respect to the posterior density function. 
In these equations, the integration is a fundamental operation and analytical solutions are possible in few 

cases (Kalman filter and finite-state space Markov chains [1], [4]). 

2.3. Particle filter 

The PF approximates posterior pdf and evaluates the expectation using particles i

nx  with assigned 

normalized weights 0i

nw  . The empirical posterior distribution is given as: 

   1: 1

N i i

n n n n ni
p w 


 x z x x , (5) 

where N is the number of particles and (·)  is the Dirac delta function [1]-[5].  
In ideal case, we should sample particles directly from the true posterior pdf, which is generally 

unavailable. When using importance sampling, particles are generated from a proposal distribution 

 0: 1 0:,n n n x x z , known as importance distribution. Importance weight i

nw , as a similarity measure between 

true posterior and importance density for particle i

nx , is computed sequentially as 
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  . (6) 

It is possible to use optimal (minimum variance) importance distribution  1 ,n nnp x x z or transition prior 

 1nnp x x  as proposal distributions. In both cases equation (6) will become [1],[4]: 

 1n n n nw w p z x   (7) 

The normalized weights are calculated using following equation: 

1
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i

i n
n N

j

n
j

w
w i N

w


 







. (8) 

This approach, leads to degeneracy phenomenon, where after few iterations, all the weights except one 
are tending to zero. To diminish this phenomenon, resampling is needed. With resampling, a new set of 
particles is randomly generated using the normalized weights. After the resampling step, all particles have 

same weights ( 1 /n

iw N ). When transition prior is used and resampling is performed in every iteration step 

algorithm is called sequential importance resampling (SIR).  
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After resampling, statistics are calculated to provide estimates of the states. The estimate is easily found 
as the mean value of particles 

1

1
.ˆ

N
mean

i
n n

i

N 

  xx  (9) 

2.4. Gaussian variable neighborhood search algorithm 
The VNS is metaheuristic introduced for the first time in [6]. Originally, algorithm was intended to solve 
combinatorial problems. In time, many modifications of the algorithm appeared. Some of them extended the 
VNS on the constrained and unconstrained continuous global optimization problems [8]. One of the 
algorithms used for solving unconstrained continuous nonlinear problems is the Gauss-VNS [9]. 

The general form of the continuous unconstrained nonlinear programming is given as follows: 

 
R

global min ,
m

g
s

s  (10) 

where g is a continuous function and R ms . Finding a global optimum in the real applications is not an easy 
task because of numerous local optima, especially when a problem is of higher dimensions. Instead of using 
neighborhoods, the Gauss-VNS algorithm samples a normally distributed random point in the shaking step. 
Different multivariate Gaussian distributions   max, 1,...,kP k kr  are used for sampling. The trial point r is 

obtained from m-dimensional Gaussian distribution with mean s* and covariance matrix max, 1, ...,k k kS . 

Probability distribution of the Gaussian is given as: 

 
    1/2/2 11
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k k
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p N





   

  

  

r r s S

S r s S r s
. (11) 

The Gauss-VNS algorithm is presented in Algorithm 1. 
 

Algorithm 1. Algorithm Gauss-VNS 
 
Initialization. Select the set of covariance matrices Sk, k =1,…, kmax;  
choose an arbitrary initial point s; choose a stopping condition; 
 
Repeat the following until the stopping condition is met: 
 1) Set k1;   
 2) Until k=kmax, repeat the following: 

a) Shaking. Generate a point r from a Gaussian distribution  with mean s* and covariance matrix Sk; 
b) Local search. Apply some local search method with r as initial solution; denote with r’ the so 
obtained local optimum;  
c) Move or not. If this local optimum is better than incumbent, move there (s* r’), and continue 
the search with S1; otherwise, set kk+1 

 

3. VNS PARTICLE FILTER 
As we said, the VNSPF shares a lot of similarities with the PF. The new algorithm also introduces weighted 
particles. In the algorithm, we use the VNS algorithm to move particles from their current positions to the 
regions of the posterior pdf with higher probability. Fig. 1 explains this idea. At the beginning (after 
prediction and weighting), particles are distributed throughout the entire state space. After few iterations of 
the VNS algorithm particles are transferred in the parts of the posterior pdf with higher probabilities. 

The VNSPF procedure can be separated into three phases. The first phase corresponds to the prediction 
and weighting of the SIS algorithm. In the second phase, by using reduced Gauss-VNS we update positions 
of the particles trying to find areas of the state space where the posterior pdf is most likely to be. The 
estimate of the current state is inferred in the last phase. The VNSPF algorithm is presented in Algorithm 2. 
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Figure 1: Moving particles toward regions of the posterior pdf with higher probabilities 

 
Algorithm 2. VNSPF algorithm  
 
At time n=0 
 1) Particle initialization. For i = 1,…,N : 

   a) Sample  0 0~i x x ;  

   b) Set initial weights 0 1 /iw N . 
 

For time instants n≥1 
 2) SIS phase. For i=1,…,N:  

  a) Prediction. Sample  1~i i

nn np x x x ;  

            b) Weighting. Evaluate importance weights  i i

n nnw p z x . 

        3) Calculate mean value and covariance of predictive distribution  

             1 1

1 1
,

N Ni i i

n n n n n n nN Ni i 

    μ x Σ μ x μ x  
 

 4) Gauss-VNS phase. For i = 1,…,N 
 a) Set Q;  
 b) Repeat the following until the stopping condition is met 
        i) Set k1;   
      ii) Until k=kmax, repeat the following  steps: 
        (1) Shaking. Generate ξ  from a Gaussian distribution  

     with mean i

nx  and covariance matrix Sk; 

        (2) Reweighting. Evaluate weight 
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ξ μ Σ z ξ

ξ f x 0 Σ S
 

        (3) Move or not. If new value is better than incumbent, 

    move there i

n x ξ ; Set i

nw w and k Σ Σ S ;  

    otherwise, set kk+1 
  
 5) Normalization. For i =1,…,N normalize weights  

              
1

Ni i j

n n nj
w w w


    

 6 ) Estimation. 1

1
ˆ

N i

n nN i
 x x  
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In order to approximate predictive distribution  0: 1nnp x z  with a Gaussian  ,n n nN x μ Σ , we follow 

results from [4], where the mean and covariance of  0: 1n np x z are computed as 

1

1
,

N
i

n n
iN 

 μ x  

  
1

1
.

N
i i

n n n n n
iN 

  Σ μ x μ x  (12) 

By using the SIS algorithm, we obtained initial positions of the particles and their weights. Now we are 
able to move particles toward parts of the state space where the posterior distribution is most probable. 
Applying the Algorithm 1 on each particle, we reduce possibility of degeneracy phenomenon by moving 
particles to the regions of state space where they will have greater weights.  

We start from a particle i

nx  with assigned weight i

nw . Using Gaussian distribution with 

covariance max, 1,...,k k kS , we shake the current position of the particle into new trial position ξ . Weight of 

the new trial particle is evaluated using (6) in the following manner: 
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n n
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n

n n k

p N
w

N
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ξ f x 0 Σ

Σ

S

μ
, (13) 

where   1
, ,i

n n k
N  ξ f x 0 Σ S  is the Gaussian distribution obtained as a sum of normally distributed 

random proposal vectors accepted as an improvement and the trial vector. Σ  is the sum of covariances of the 
accepted proposal vectors  and the covariance of the process noise Q. The predicted position of the particle 

without noise is denoted with  1 ,i

n nf x 0 . We accept the trial vector if its weight is greater than the previous 

weight of the particle ( i

nw w  ). After that, we move particle to the accepted position ( i

n x ξ , i

nw w ). 

Furthermore, we increase value of the covariance Σ  with covariance kS  ( k Σ Σ S ). If trial position is 

not accepted, we generate new trial using Gaussian distribution with covariance 1kS . Selected stopping 

criterion is maximal number of iterations L. In that case for each particle the VNS phase is repeated L times.  

4. SIMULATION RESULTS 
For testing purposes of the VNSPF we will use the univariate nonstationary growth model which has been 
used previously in [3], [4].  This model is considered as standard testing model for the PF and the PF 
modification.  The state space equations for this model can be written as  

 1
1 2

1

0.5 25 8cos 1.2
1

n
n n n

n

x
x x n w

x






   


, 

2

20
n

n n

x
z v  , (14) 

where  ~ 0,1nw N  and  ~ 0,1nv N . The initial distribution is    0 ~ 0,1p x N .  In order to compare EKF 

[1], SIR and VNSPF filter 50 Monte Carlo simulations were performed. On Fig. 2 and 3 we show plots of the 
true state and the estimate obtained using the EKF and VNSPF with N=100 particles and for L=50 iterations 
(VNSPF-100(50)). From figures it is obvious that EKF filter poorly tracks true state when compared to 
VNSPF filter.   

Fig 4. shows root-mean square error (RMSE) of the EKF, SIR and VNSPF filter (N=100  and L=50). The 
SIR and VNSPF filter perform significantly better than the EKF, whereas the RMSE of for the VNSPF is 
marginally lower than that of SIR.   
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Figure 2: True state and the EKF estimate 

 
Figure 3: True state and the VNSPF estimate 

 
Figure 4: Root-mean square error of EKF, SIR-100 and VNSPF-100 (50) filters 

 
On Fig. 5 root-time averaged mean square (RTAMS) error for the EKF, SIR and VNSPF is presented. 

RTAMS for the SIR and VNSPF filter is calculated for different number of particles (N=50, 100 and 1000). 
Number of iterations for the VNSPF is 50. As on previous figure, it is obvious that the VNSPF performs 
much better than the EKF and slightly better than the SIR filter.  

All the programs were coded in the C++ programing language, and the experiment was performed on the 
AMD-A6 4400M processor, 2.7 GHz, 4 GB of RAM. 
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Figure 5: Root-time average mean square for EKF and SIR compared to VNSPF (50) (N=50, 100, 1000) 

5. CONCLUSION 
In the paper, a modification of the particle filter that improves resampling using the VNS metaheuristic is 
presented. The VNS is embedded into the particle filter in order to deliver weighted samples in areas of the 
state space where the posterior distribution is most probable. The VNSPF can be separated into three phases. 
In the first phase, particles are predicted and weighted by importance sampling. After that, reduced version 
of the Gaussian VNS algorithm is used to iteratively reweight all particles and to accept particles with greater 
weights. In the final phase, estimation is inferred. By use of this procedure, resampling strategy of the 
particle filter is improved, and particles are grouped around true state, which eliminates possibility of the 
degeneracy phenomenon.  

For the testing purposes of the VNSPF filter, univariate nonnstationary growth model is used. From 
simulation results it can be concluded that the VNSPF and SIR significantly outperform EKF filter, while the 
VNSPF is slightly better than the SIR filter. 
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Abstract:  In this paper a static time-continuous multiproduct EOQ-based inventory problem with storage 
space constraints is modelled as a combinatorial optimization problem on the corresponding dynamic 
discrete time system control process. For solving this model a metaheuristic technique based on variable 
neighbourhood search principle is developed, and its efficiency is preliminary investigated within several 
numerical experiments.  

Keywords: multiproduct EOQ inventory problem, discrete time system control, variable neighbourhood 
search. 

1. INTRODUCTION 
The Economic order quantity (EOQ) model belongs to a class of classical inventory models with the known 
total deterministic product demand, where the order product quantity should be determined to minimize the 
total costs of the production, ordering and inventory holding. The model was originally developed by Harris 
(1915), though Wilson (1934) is credited for his early in-depth analysis of the model. It was a time without 
easy affordable computers and the simple useful mathematical models was preferred (see Erlencotter 1989 
for the history of EOQ). As you can see in Axsäter (2006), Russell and Taylor (2006), Vollmann et al. 
(2005), Chase and Aquilano (2004), Barlow (2003), Muller (2003), Wild (2002), even new books dealing 
with the inventory control, describe the classical EOQ model and its variants, as a starting point for further 
understanding of inventory dynamics. 

A discrete time system control is a more natural manner to describe inventory dynamics, as it is stated in 
Kostic (2009). A model of discrete system control could be both a simulation model of inventory dynamics 
and an optimization model which can give the optimal control according to a defined performance criterion. 

There are numerous articles using the discrete time system control in a dynamic deterministic inventory 
problem. Most of them address to the lot-sizing problems, beginning with Wagner (1958) and Scarf (1959). 
In order to find an optimal inventory control for various variants of the dynamic lot-sizing problems, 
dynamic programming algorithms are applied (Bertsekas 1987). For solving such problems there exist also 
numerous both special heuristics and metaheuristic-based algorithms. (see Zoller 1988, Jans and Degraeve 
2007 for an overview). 

This paper presents a static time-continuous multiproduct EOQ-based inventory problem with storage 
space constraints. In order to solve this problem approximately it is modeled in Section 2 as a combinatorial 
optimization problem on a dynamic discrete time system control process for the inventory management, by 
defining basic elements of the discrete controlled object, according to Kostic (2001). For solving this model 
we develop in Section 3 a metaheuristic technique based on the well known metaheuristic methodology 
variable neighborhood search (VNS). Section 4 contains some preliminary results of several numerical 
experiments.  

2. MATHEMATICAL MODELLING 
We consider a time-continuous multiproduct EOQ-based inventory problem which has most of the 
characteristics of the well known classical economic lot-size model.  

Given are m products and for each product i , 1,...,i m , the total deterministic demand iD  which 
should be satisfied within a finite time horizon  T  in the following way: 

 

-  The same amount  iQ   of product i is ordered  iu   times  with the constant time  it   between two 
orderings.    
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-  The whole ordered amount iQ  arrives on the stock simultaneously and immediately when desired, while it 

is withdrawn from the stock continuously by  the constant rate equal to  /iD T . Shortages of the product 
on the stock are not permitted. 

 

      For each product  i   the only costs to be considered are costs related to an ordering – the setup cost iS  
and the purchase  cost of iC   per product unit , and the inventory holding cost of iH  per product unit in 

time unit. The total inventory holding cost in period  it   is calculated with respect to the average inventory 

level / 2iQ .  
      Ordered amounts of different products share the same storage with the total available space G which is 

known in advance, and consequently, for each product i  the storage space iP , occupied by its unit, is given. 

Therefore, inventory levels during the considered time period [0, ]T  should satisfy the following storage 
space constraints: At each moment of this period the total space occupied by a stored amount over all 
products should not exceed space limit G. 
      The total cost TC for the already described inventory system is, according to the classical EOQ model, 
equal to 

1

( )
2

m
i

i i i i i i
i

Q
TC S C Q H t u



                  (1) 

Taking into consideration that  /i i iu D Q  and / /i i i it T u T Q D  , total cost TC can have the form 

1 1 1 2

m m m
i i

i i i i
i i ii

D Q
TC S C D H T

Q  

                                             (2) 

Now the following inventory problem is considered: Find amounts , 1,...,iQ i m , which satisfy storage 
space constraints and minimize the total cost (2).  

In order to solve approximately this problem it is modelled as a combinatorial optimization problem on 
the corresponding discrete time system control process in the following way. 

Instead of continuous time moments for orderings of products, the whole time period  0,T   is divided 

into n periods  t  with the same length  /T n , where  1,...,t n . (For example, if  T  is a year then  t   could be 
a day). We assume that ordering of any product can be realised only at the beginning of a period  t. As during 
this period of length /T n  the product is withdrawn from the stock continuously by  the constant rate  

/iD T , then the product demand which should be satisfied within the period is equal to /iD n , 

Instead of , 1,...,iQ i m , we consider  1,2,...,iu n , 1,2,...,i m , as decision variables, while   

/i i iQ D u  . 
Now for each product   i   a change of   its inventory level during the whole time period can be formally 

represented as a discrete time system control process with the following elements: 
 

, 1, 2,...,i
tX t n  – the total amount of product  i  remaining on the stock at the end of period t  . 

, 1,2,...,i
tY t n  – the amount of product  i ordered at the beginning of  period t . 

 

  If we consider i
tX   as the state of the process at period t  then the state equations which describe the 

behaviour of the process can be defined as 

0 0iX   (3) 

1 / , 1,2,...,i i i
t t t iX X Y D n t n     (4) 

Obviously,  ordering of  amount /i i iQ D u   is realised  at the beginning of a period  t  only  in the case 
when  the stored amount of  product  i  remaining at the end of previous period  1t  , is not enough  to 
satisfy demand /iD n  within period  t .  Therefore the value of  i

tY   depends on iu  and can be formally 
expressed as                                                                                                                           
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1/ , /
1,2,...,

0 ,

i
i i i t i

t

D u X D n
Y t n

otherwise
 

 


    (5) 

Also, as 0 0iX   then, consequently, 0i
nX  .   

Let us mention that the process described by (3) - (5) does not represent a typical discrete time system 
control process, where at each period the current state is dependent on both the previous state and a chosen 
value of one or several control variables. Namely, using expressions (3), (4) and (5), for a fixed  iu   amounts 

i
tX   and  i

tY   can be precisely calculated for each  t  , 1,2,...,t n  . It means that  i
tY  is not a control 

variable, and that a real control variable in the process is  iu  . 
Storage space constraints are considered only at the beginnings of periods t  and consequently can be 

formally defined as  

1
1

( ) 1,2,...,
m

i i
t t i

i

X Y P G t n


    (6) 

Let us determine the total cost  1 2( , ,..., )mJ u u u for the inventory system described by (3)-(5). It is equal to  
the sum  of  the total costs for every product  i  at each period  t , where the total inventory holding cost of  
product i  in period  t  is calculated with respect to  the average inventory level which is equal to  

1 2
i i i

t t

D
X Y

n    and  period length /T n . More formally, 

1 2
1

( , ,..., ) ( )
m

m i i
i

J u u u J u
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2

n
i i i i i
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where      
1, 0

0, 0

i
ti

t i
t

Y

Y


  


     .  A more simplified  expression for total cost  J  is 

1

1 2
1 1 0 1

( , ,..., ) ( )
2

m m n m
ii

m i i t i i i i
i i t i

H T T
J u u u S u X C D H D

n n



   

        (7) 

where we include the fact that  
1

n
i

t i
t

Y D


   . 

Now the following combinatorial problem on the dynamic discrete time system control process (3)-(5) 
(named DTSC problem) can be formulated:  For control variables 1 2, ,..., mu u u  of the process (3)-(5) find 

such values from  1,2,...,n  which satisfy all storage space constraints (6) and minimize the total cost (7). 

Formally speaking, it could happen that for control variables 1 2, ,..., mu u u  there are no feasible values 

from 1,2,...,n , i.e. values which satisfy constraints (6).  But, as  0 0, 1,2,..., ,iX i m   then the first ordering 

of each product should be realized at the beginning of period 1. Therefore, condition  

1

m
i i

i

D P
G

n

                                                                                                    (8) 

provides that at least  values 1 2, ,..., mu n u n u n    are feasible. In further considerations we assume that 
condition (8) is satisfied. 
 

3. VNS - BASED METAHEURISTIC ALGORITHM 
The variable neighborhood search (VNS) methodology (see Mladenović 1995, Mladenović and Hansen 
1997) represents one of the most effective metaheuristic methodologies which has been until now 
successfully applied to a huge variety of both global and combinatorial problems  (Hansen and Mladenović 
2001, Hansen and Mladenović 2002). VNS approach uses a finite number of given neighborhood structures  

max, 1,2,..., ,kN k k  and the corresponding neighborhoods ( )kN x  of a solution x which contain all 
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“neighbors” of  x  with respect to neighborhood structure kN . In each VNS iteration the neighborhood of the 
current solution can be systematically changed according to given neighborhood structures, in order to find a 
better solution than the current one. In this way the search process could avoid “traps” of local optima and it 
could be directed to some new regions of the search space.  The basic version of VNS methodology, applied 
to minimization of function ( )f x  on a feasible set X , can be described with the following steps (Mladenović 
and Hansen 1997, Krčevinac et al. 2006):  
 

Initialization step:  Define the set of neighborhood structures max, 1,2,...,kN k k ; 

         find an initial solution 1x X  
 

Iteration step:  For  1,2,...n   
 set  1k  ; 
 for  maxk k   repeat the following steps: 

 generate at random a solution  'x   from neighborhood ( )k nN x  of the current solution nx ; 

 apply some local search technique with  'x  as the initial point;  denote with ''x   the obtained 
local minimum;  

 If ( '') ( )nf x f x ,  then  1 ''nx x    and pass to the next iteration step 1n   ; 

 If ( '') ( )nf x f x  , then  

 for maxk k   set  1k  ; 

 for maxk k   set  1k k  ; 
End:   If a stopping criterion is satisfied the algorithm is stopped. 
 

 A stopping criterion can be the maximal number of iterations, the maximal CPU time, or the maximal 
number of iterations between two objective function improvements. 
 In this section we develop a VNS-based algorithm for solving approximately DTSC problem defined in 
Section 2. The main elements of the algorithm are defined in the following way: 
 
 The search space U: Space U contains all m-triples  1 2, ,..., mu u u u  such that 

 1,2,..., , 1,2,..., .iu n i m   It means that during a search process through space U  the algorithm can 

generate, not only feasible solutions u  (where coordinates 1 2, ,..., mu u u satisfy storage space constraints (6)), 
but also unfeasible ones which do not fulfill these constraints. 
 
 Objective functions:  The “quality” of a generated solution u    is measured in two ways: 

 

If  u is feasible then its quality is measured by the corresponding value of total cost  ( )J u  defined 

with (7). Namely, a feasible solution 1u   is better than a feasible solution 2u  if  1 2( ) ( )J u J u .  
If  u is unfeasible then its “unfeasibility gap” is measured by value  ( )L u , where 

                             1
1,2,...,

1

( ) max ( )
m

i i
t t i

t n
i

L u X Y P G 

    
 
         .              (9) 

 

An unfeasible solution  1u  is better than an unfeasible solution 2u  if  1 2( ) ( )L u L u .  
 
 Neighborhood structures max, 1,2,..., :kN k k  Neighborhood ( )n

kN u  of the current solution 

 1 2, ,...,n n n n
mu u u u   from space U  is the set of all solutions  1 2, ,..., mu u u u   from U  such that nu  and  u  

differ only in one coordinate, e.g. the i-th one,  and n
i iu u k   .  Theoretically speaking, in the case when 

there is no a coordinate i  such that   n
iu k  or  n

iu k  belong to  1,2,...,n , neighborhood  ( )n
kN u  is empty. 

But, in real-life problems n is much larger than maxk  (usually 365n   days) and therefore defined 
neighborhood structures provide non-empty neighborhoods.   
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In order to generate at random a solution   1 2' ' , ' ,..., 'mu u u u   from neighborhood ( )n
kN u  we can first 

select randomly an  1,2,...,i n  and then randomly chose whether  ' n
i iu u k   or  ' n

i iu u k  , while the 

other coordinates of 'u   are the same as in nu  . 
 

The local search technique:  The local search technique starts from randomly generated solution  
' ( )n

ku N u  as the initial point and perform the following iteration step: 

In neighborhood 1( )N u  of  the current point u  find the best feasible point f
bestu  (with respect to objective 

function (7)). If  u  is feasible and f
bestu  is better than u , or  u  is unfeasible, accept f

bestu  as the next point.  

If nu  and  u  are unfeasible and there are no feasible points in 1( )N u , then find the best unfeasible point  
uf
bestu  (with respect to objective function (9)). If it is better than u, accept uf

bestu  as the next point. 
 

The stopping criterions are:   
-  if the current point  u is feasible, then stop when f

bestu  is not better than u  or there are no feasible 

points in  1( )N u ; 

- if the current point  u is unfeasible and  nu   is feasible, then stop when there are no feasible points in  

1( )N u ; 

- if the current point  u is unfeasible and  nu   is unfeasible, then stop when there are no feasible points 
in  1( )N u  and uf

bestu  is not better than u . 
 

Move to the next solution:  Solution ''u , obtained by the local search technique, is accepted as the next 
solution  1nu   only in the following cases: 

- solutions nu  and  ''u  are both feasible and  ''u  is better than nu  , i.e. ( '') ( )nJ u J u ; 

- solution nu  is unfeasible and  solution ''u  is feasible; 
- solutions nu  and  ''u  are both unfeasible and  ''u  is better than nu  , i.e. ( '') ( )nL u L u . 

In all other cases the search stays at solution nu  changing its neighborhood according to the next 
neighborhood structure 1kN  . 

The initial solution:  The initial solution  1u U  can be generated at random. But, intending to find an 
initial solution which could be (even unfeasible) not so far from the optimal solution of DTSC problem, for 
each product  i  we consider independently the process (3)-(5) and the problem of minimizing  the total cost 
for this product 

            
1

0

( )
2

n
ii

i i i t i i i i
t

H T T
J u S u X C D H D

n n





      

subject to storage space constraints    1( ) , 1,2,...,i i
t t iX Y P G t n      .  We find the optimal solution *

iu   of 

this problem using a total enumeration procedure. Now, the VNS algorithm starts from   * * *
1 1 2, ,..., mu u u u  as 

an initial solution. 
The stopping criterion:   the maximal number of iterations between two improvements of objective 

function (7). 

4. NUMERICAL RESULTS 
The implementation of VNS algorithm, described in Section 3, was realized in Visual Basic for Application, 
and it uses intermediate results obtained from the model developed in Excel spreadsheets. All experiments 
were performed on Windows 7 Ultimate operating system on a Pentium (R) Dual-Core CPU T4200 processor 
with 4.00 GB of RAM and 2.00 GHz. 

 In order to investigate a behavior of the VNS algorithm, its efficiency was preliminarily tested on a 
hypothetic DTSC problem with  m=21 products, where the inventory management process is considered 
during period T= 1 year which is divided into n=365 days.  The total available storage space is equal to G= 
1400 m2.  Ranges of other input data over all products are given in Table 1. The optimal solution of this 
problem is not known in advance. 
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Table 1: Ranges of input data 
 Di [unit] Pi [m

2/unit] Si [$/order] Ci[$/unit] Hi[$/unit/ day]
range [1000, 10000] [0.10, 1.00] [100, 1500] [10, 18] [3, 5.5] 

 
We performed four groups of numerical experiments with  max 5,10,15, 20k  . For each of these values 

VNS algorithm was applied 10 times generating an initial solution by the deterministic procedure, described 
in Section 3, or completely at random. The stopping criterion is more than 1000 iterations between two 
improvements of objective function (7). The corresponding best and average values of the objective function 
(7), as well as the average execution CPU time, are presented in Table 2.   

 The numerical experiments show that in all cases results obtained using the deterministic initial 
solution are much better than these ones obtained starting from a randomly generated point. Considering 
only results for the deterministic initial solution we could not notice that the quality of the obtained best and 
average objective function values, as well as duration of the execution time, are dependent on values of maxk . 
 
Table 2: Numerical results 

k 
Initial 

solution 
Best value of the 

objective function 
Average value of the 

objective function 

Average 
time 
[sec] 

5 
deterministic  5169,57 5718,50 7,8 
random 12618,80 15587,79 58 

10 
deterministic 5156,42 5424,10 2,2 
random 13396,50 15752,49 59,7 

15 
deterministic 5186,22 5628,26 3,2 
random 12775,51 15453,94 48 

20 
deterministic 5164,74 5468,71 4 
random 12482,19 15380,85 69,7 

 

4. CONCLUSION 
In this paper a static time-continuous multiproduct EOQ-based inventory problem with limited storage space 
is modeled as a combinatorial optimization problem on the corresponding dynamic discrete time system 
control process.  For solving this model a VNS-based algorithm is developed and preliminary numerical 
results show that this algorithm could be efficiently applied on problems of smaller dimensions.  

A future research could be directed toward more systematic investigations of the algorithm efficiency in 
the case of real-life problems with larger dimensions. Also, some other VNS-based or hybrid heuristic 
approaches for solving the described model could be developed.  
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Abstract: To solve a constrained optimization problem, equality constraints can be used to eliminate a 
problem variable. If this is not feasible, the relations imposed implicitly by the constraints can still be 
exploited. Most conventional constraint handling methods in Evolutionary Algorithms (EAs) do not consider 
the correlations between problem variables imposed by the constraints. This paper relies on the idea that a 
proper search operator, which captures mentioned implicit correlations, can improve performance of 
evolutionary constrained optimization algorithms. With this in mind, an Evolution Strategy (ES) along with a 
simplified Covariance Matrix Adaptation (CMA) based mutation operator and a ranking based constraint-
handling method. The proposed algorithm is tested on 13 benchmark problems. The outperformance of the 
algorithm is significant when compared with conventional ES-based methods. 

Keywords: Constrained Optimization, Evolution Strategies, Covariance Matrix Adaptation. 
. 

1. INTRODUCTION 
Since Holland’s (Holland, 1975) ground breaking work, population based approaches inspired by nature 
have been widely applied in various domains. The popularity of the population based methods relies on their 
global search ability and very precise approximation of the global solution (Yang et al., 2006).  

Constrained optimization problems (COPs) with sparse feasible domain, and nonseparable variables make 
it essential to employ complex optimization methods (Hamida and Petrowski, 2000; Michalewicz and 
Schoenauer, 1996). While designing new algorithms, most researchers have been focused on the constraint 
handling strategy (Hamida and Schoenauer, 2002; Ho and Shimizu, 2007), which is the most essential part of 
the constraint optimization.  

The equality constraints in a COP impose a strict relation between problem variables. Mostly, they can be 
exploited to determine any unknown in terms of other variables in the equation. However, sometimes, direct 
use of them may be impossible or computationally expensive. Despite the inequality constraints do not allow 
a direct elimination of the problem variables, they also establish relations between the unknowns, in a less 
strict manner than equality constraints (Kusakci and Can, 2013).  

This paper is an extension of the work by Kusakci and Can (2013) which relies on the idea of exploiting 
the imposed relations between problem variables in an indirect way even if they do not mostly allow a direct 
use. This idea has been overlooked by most conventional constrained optimization methods. To obtain the 
desired behavior, a simplified version of Covariance Matrix Adaptation (CMA) based mutation strategy 
(Hansen and Ostermeier, 2001) is employed along with a ranking mechanism proposed by Ho and Shimizu ( 
(2007). By using a correlated mutation strategy, we expect that the algorithm elicits the distribution of 
promising solutions along the constraint boundaries and generates the next candidate solutions accordingly. 
Considering this property of the algorithm, the method can be considered as one of the rare an example of 
Estimation of Distribution Algorithm (EDA) on COPs (Simionescu et al., 2004).  

The remainder of the paper is organized as follows: in Section 2, the basics of the constraint optimization 
and related works are shortly discussed. Section 3 describes the proposed method in details while the results 
of the study will be demonstrated in Section 4. Lastly, Section 5 concludes the study. 

2. CONSTRAINED OPTIMIZATION 

2.1. Basic Concepts 
An n dimensional COP consists of two parts: (i) objective function, (ii) and inequality and equality 
constraints. Without loss of generality, it is formulated as: 
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Minimize         (1) 

subject to 

        (2) 

where , ,  is solution vector 
, r is the number of inequality, and m-r is the number of equality constraints. The equality 

constraints are usually converted into inequalities by adding a small tolerance , and an equality 
constraint j is rephrased as . The same approach is used in this work, where 

. 
For constraint i, the violation, , is defined as: 

  (3) 

2.2. Related Work 
Various techniques have been proposed to deal with COPs. Extended surveys are given in (Kusakci and Can, 
2012; Mezura-Montes and Coello Coello, 2011). The constrained optimization evolutionary algorithms 
(COEAs) can be classified in the following four categories: feasibility maintenance, penalty function, 
separation of constraint violation and objective value, multiobjective optimization evolutionary algorithms 
(MOEA) (Yu and Gen, 2010). 

Approaches based on the maintenance of feasibility status of an individual aim to trasnfer the individual 
into the feasible domain. Repairing infeasible individuals, and homomorphous mapping are two popular 
methods (Koziel and Michalewicz, 1999).  

The methods based on penalty functions are the most popular approaches thanks to low complexity of 
implemention (Hamida and Schoenauer, 2002). They rely on penalizing infeasible individuals. Penalty based 
approaches can be classified as static (Hoffmeister and Sprave, 1996), dynamic (Joines and Houck, 1994), 
adaptive (Hamida and Schoenauer, 2002; Hinterding, 2001), penalty function methods.  

The third class separates the objective value and the constraint violation. Deb (2000) suggested a 
constraint handling method with three rules, referred as three fesiblity rules, to determine the winner of the 
tournament among two individuals. This method has been incorporated into many algorithms (Karaboga and
Akay, 2011; Sinha et al., 2006). Runarsson and Yao (2000) developed stochastic ranking (SR) which is 
proved to be efficient and highly competitive with other methods (Efrén Mezura-Montes & Coello Coello, 
2011). 

MOEA algorithms have been also widely applied in constraint optimization domain (Singh, Isaacs, 
Nguyen, & Ray, 2009), where the constraints are handled as additional objectives to be optimized. 

3. CONSTRAINED OPTIMIZATION 

3.1. Ho and Schimizu’s Ranking Approach 
Among the constraint handling methods mentioned above, ranking based algoroithms are preferred thank to 
the small number of control parameters required. Based on this fact, we employ a ranking based method by 
Ho and Shimizu (2007) incorporated into an evolution strategy (ES). The method scales the objective 
function (1) and the constraint terms (2) to the same orders of magnitude so that the aggregation of both 
terms into one would be possible. 

While ranking an individual, , a COP has three numerical properties to be considered:(i) , the 
objective function value; (ii) , sum of the constraint violations; (iii) , 

, number of violated constraints (Ho and Shimizu, 2007).  
Since these three terms are of different order of magnitudes, a proper combination method must be 

employed. The is solved by Ho Shimizu (2007) with a simple ranking method where three independent 
ranking lists are created based on the three numerical properties, , and , respectively. 
For each numerical property, the individual having smallest value is assigned a ranking of one while the 
ranking of the individual with the next smallest value is two, and so on. Clearly, the ranking values, 

, and , are always between one and for a ( , )-ES. We refer Ho and Shimizu’s 
algorithm as three ranking lists-ES (3RL-ES). In the remaining part of the text, we omit using symbol  in 
ranking terms for the sake of simplicity. 
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Ho and Shimizu (2007) combine the ranking terms based on two cases: (i) at least one feasible solution 
exists, and (ii) no feasible solution exists in the population. Hence, the overall ranking, , of an individual is 
formulated as follows (Ho and Shimizu, 2007): 

 (4) 

Kusakci and Can (2013) propose a small extension to (4) where  can be reformulated in the following 
manner: 

 (5) 

Equation (5) implies that the ranking of an individual is computed with  if all individuals are 
infeasible. If there is at least one feasible individual, the ranking is done with , or , 
depending on the feasibility status of that particular individual.  implies that  for a feasible 
solution (Ho & Shimizu, 2007). 

3.2. Simplified Covariance Matrix Adaptation (CMA) 
Hansen and Ostermeier (2001) suggested a mutation operator, CMA, which exploits the correlations between 
variables instead of gradient information to navigate the population in the search space. Given a population 
of  individuals, CMA relies on eigendecomposition of covariance matrix C of these  individuals. A 
comprehensive tutorial can be found (Hansen, 2008).  

A positive definite matrix , has an orthonormal basis of eigenvectors, , with 
corresponding eigenvalues, . Additionally, the eigendecomposition of  obeys , 
where  is an orthogonal matrix, and the columns of  form an orthonormal basis of eigenvectors. 

 is a diagonal matrix with square roots of the eigenvalues of  as its diagonal elements. 
If  denotes the covariance matrix of the population sampled over a multivariate normal distribution, 

, a new search point  is generated as:  

  (6) 

where denotes multivariate standard normal distribution with mean zero and standard deviation one. 
 is generation specific step size. Based on equation (6),  new search points (individuals) are 

generated while best performing  individuals out of  are selected. This corresponds to a -ES with a 
CMA-based mutation operator. 

The covariance matrix, , is updated with a learning rate,  as: 

  (7) 

where  and , , are positive recombination weights. For , Hansen (2008) 
suggests that  and , where fitter individuals are given more weight. The parameter 
is called learning rate and defines the extent of the information retention between two generation. A 
reasonable choice for  is  (Hansen, 2008). 

The population mean  in next generation is updated as: 

  (8) 

An updating scheme similar to (8) for step size is written as (Kusakci and Can, 2013); 

   (9) 

where  stands for Euclidean norm of the difference of the population means in 
adjacent generations. Namely, the new step size is estimated based on the ratio between the change of 
population means over the old step size.  

3.3. Why CMA can be a promising Mutation Operator for COPs? 
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In CMA, the contour lines of the density function of  form an (hyper-) ellipsoid while the principal 
axes of the ellipsoid correspond to the eigenvectors of , and the squared axes lengths correspond to the 
eigenvalues. In this section, the merit of the described mutation strategy is dissucessed.  

In general, the purpose of employing a mutation operator is to introduce some random information. 
However, CMA relies exactly on the opposite idea of derandomizing the mutations in a way that the search 
is guided to more promising directions. Thus, an improvement is more likely based on an individual 
generated by CMA than the one generated by an uncorrelated simple mutation operator. Furthermore, the 
update mechanism with learning parameter  provides some robustness on highly irregular search spaces 
since the new estimation of the shape and the orientation of the mutation ellipsoid is smoothed over the 
knowledge gained throughout several generations. 

Yu and Gen (2010) demonstrate this idea by a 2-dimensional example where CMA is compared with an 
uncorrelated mutation operator. Given the standard deviations in each direction, , and , the 
main part of the possible sampling region is the ellipse with the solid line in Figure 1. If the global optimal 
solution is the point shown by the square in the figure, then the simple mutation method has little chance to 
catch it due to the limitations of sampling region. To achieve this goal, we can enlarge the standard 
deviations, e.g.,  and . However, now the ellipse with dashed line is rather large so that the 
chance of sampling the square is still quite small. On the other hand, if we can generate the mutation 
ellipsoid based on the covariance matrix, the probability of sampling the optimal point is quite high with the 
correlated normal distribution oriented toward the square depicted with dotted line in Figure 1. 

Figure 1: A demonstration of benefit of CMA in a 2-dimensional problem (Yu and Gen, 2010) 

Similarly, the covariance matrix can capture the relation between variables imposed by a constraint and 
simulate the constraint boundary. Having this in mind, this property can be exploited while generating new 
individuals if CMA is combined with a proper constraint handling method.  

A short literature survey reveals that CMA has been extensively employed in different subdomains of EC
(Arnold and Hansen, 2012; Hansen and Kern, 2004; Igel et al., 2007) 

3.3. Main Steps of the proposed Algorithm 
The proposed algorithm is a -ES with a ranking based constraint handling strategy formulated in (5). 
Adaptive tolerance adjustment scheme for equality constraints proposed by Hamida and Schoenauer (2002)  
is incorporated into the ranking method. The algorithm employs a simplified CMA strategy formulated in 
(6)-(9). We name the proposed algorithm as Adaptive 2 Ranking Lists-ES (A2RL-ES). 

The algorithm has two main stages: (i) initialization, and (ii) main loop. The steps of the algorithm are 
given below. 

Step 1: Tolerance Initialization: Randomly generated  individuals is used to determine initial tolerance 
values, , with 

   (10) 

where  stands for average violation of  individuals for constraint i. 

x1
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1 
-1 

-1/3 

1/3 

1
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Step 2: Covariance Matrix, Step Size, and Learning Rate Initialization:  will be initialized as an 
-identity matrix. Based on the experiments conducted, a good choice for  is . The 

proper learning rate  for benchmark problems (Runarsson and Yao, 2000) is estimated by Kusakci and 
Can (2013) as . This choice is in line with Hansen and Ostermeier (2001), as the 
reliability of the adaptation increases with decreasing learning rate.  

Step 3: CMA based Mutation: CMA-like mutation is applied to  parents to generate  offspring, as 
given in (6).  

Step 4: Repairing Individuals out of Definition Domain: If an offspring is outside the definition 
domain , the offspring is simply set on the respective boundary of S. 

Step 5: Updating Tolerances: Based on the comparison of the feasible percentage of the population, 
, for constraint i, and the desired ratio, , the tolerance value, 

, is updated with given factors, , and , with the following formula (Hamida 
and Schoenauer, 2002): 

 (11) 

Step 6: Computing overall Ranking and Replacement: Three ranking lists are created and combined 
with (5) and the best  individuals out of  are selected as new population. We use elitism and the best 
feasible individual found so far replaces the worst one in the current population. 

Step 7: Estimation of Distribution: The new distribution parameters , and  are 
updated with (7) and (9) based on the distribution of the new population.  

Step 7: Stopping Criteria: The algorithm stops if maximum number of iterations has been reached or a 
solution  has been found with , where  denotes the optimal solution. 

4. RESULTS ON THE BENCHMARK 
The algorithm is tested on 13 problems given in detail in Runarsson and Yao (2000). For all benchmark 
problems a (20, 100)-ES has been adopted except g2 (for g2, (40, 200)-ES is used), for which this strategy 
leads to premature convergence. This problem has been regarded as the hardest problem in the benchmark
(Farmani and Wright, 2003; Hamida and Schoenauer, 2002). The algorithm is implemented in MATLAB 
and experiments are repeated 30 times. The parameter settings adopted are given in Table 1. 

The results of experiments conducted with A2RL-ES are summarized in Table 2, and  
Table 3. In both tables, the bold-faced values indicate that a better or at least equal result has been 

achieved by the corresponding algorithm.  

Table 1: Design parameters used in the algorithm 
Name Value Notes 

(20, 100)
60% 
1.01 first update factor for tolerance values 
1.00001 second update factor for tolerance values 

Maximum iteration 5000 

Table 2 shows the best, mean, and worst objective function values obtained with A2RL-ES and 3RL-ES. 
When compared the mean values, A2RL-ES performs better than 3RL-ES in 8 problems, g2, g5, g6, g7, g9, 
g10, g11 and g13, while same results are obtained for the other problems. 3RL-ES could not find the 
optimum point for problems g2, g7, g10 and g13 wheras our method finds the optimum with high reliability. 
The deviations in median mean and worst values reveal that 3RL-ES is not as reliable as A2RL-ES. Thus, 
the proposed algorithm is superior to the underlying method by Ho and Shimizu (2007). Namely, the 
correlated mutation strategy has improved significantly the performance of the ranking based constraint 
handling strategy. 
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Table 2. Comparison of A2RL-ES with 3RL-ES in terms of the best, mean, and worst objective function 
values 

  Best Mean Worst 
Fun. Opt. value A2RL-ES 3RL-ES A2RL-ES 3RL-ES A2RL-ES 3RL-ES 

g1 -15 -15 -15 -15 -15 -15 -15 
g2 -0.803619 -0.803619 -0.803602 -0.79812 -0.780828 -0.79261 -0.712177
g3 1 1 1 1 1 1 1 
g4 -30665.53 -30665.53 -30665.53 -30665.53 -30665.53 -30665.53 -30659.01 
g5 5126.498 5126.498 5126.499 5126.498 5433.689 5126.498 6080.091
g6 -6961.81 -6961.81 -6961.81 -6961.81 -6952.210 -6961.81 -6566.977 
g7 24.3062 24.3062 24.307 24.3062 24.384 24.3062 25.004 
g8 -0.095825 -0.095825 -0.095825 -0.095825 -0.095825 -0.095825 -0.095825 
g9 680.63 680.63 680.63 680.63 680.649 680.63 680.863 

g10 7049.248 7049.248 7063.312 7049.248 7289.269 7049.248 8220.442 
g11 0.75 0.75 0.75 0.75 0.826 0.75 0.957
g12 1 1 1 1 1 1 1 
g13 0.053949 0.053949 0.443019 0.053949 0.997364 0.053949 0.998250 

Table 3. Comparison of A2RL-ES with 3RL-ES in terms of median and standard deviations of objective 
function values, and average number of generations to reach the optimum point

Median Std Gmean

Fun. A2RL-ES 3RL-ES A2RL-ES 3RL-ES A2RL-ES 3RL-ES
g1 -15 -15 4.68e-04 0.0e+00 850 691 
g2 -0.79261 -0.780828 9.17e-04 2.0e-02 4492 1225
g3 1 1 7.09e-10 2.5e-05 299 1682 
g4 -30665.53 -30665.53 9.66e-04 9.9e-01 268 679 
g5 5126.498 5433.689 2.54e-05 2.7e+02 1577 247 
g6 -6961.81 -6952.210 7.17e-05 9.5e+01 42 34 
g7 24.3062 24.384 1.12e-05 1.2e-01 1035 533 
g8 -0.095825 -0.095825 1.20e-08 3.0e-17 13 383 
g9 680.63 680.649 5.07e-06 3.9e-02 391 387 

g10 7049.248 7289.269 3.80e-04 2.5e+02 1556 678 
g11 0.75 0.826 4.66e-06 8.5e-02 222 493 
g12 1 1 2.48e-07 0.0e+00 29 63
g13 0.053949 0.997364 1.32e-04 8.5e-02 1151 1750 

The median and standard deviations of objective function values obtained over 30 runs are given in  
Table 3. The last two columns in  
Table 3 show the average number of generations needed to find the best solution. A closer look at  
Table 3 reveals that A2RL-ES was able to converge to the optimum in less than 40,000 objective function 

evaluations for g3, g4, g6, g8, g9, g11, and g12. The problems g1, g2, g7, and g13 required higher number of 
function evaluations due to higher complexity they possess. Furthermore, the algorithm is very reliable as it 
was able to find the global optimum in all 30 runs for all problems, but g2. This is highly desired property for 
real life applications with limited computational time. Considering that 3RL-ES used (30,200) strategy, 
A2RL-ES converges to the optimum in less function evaluations for g1, g3, g4, g6, g7, g8, g9,  g11, g12, and 
g13. However, the relaiable convergence behaviour of A2RL-ES to the optimum for complex problems, g2, 
g5, and g7 is paid with high computational costs. Thus, the proposed algorithm is in general faster than 3RL-
ES. 

Table 4 shows the comparison of performance indicators of A2RL-ES, SR (Runarsson an Yao, 2000), 
simple multimembered evolution strategy (SMES) (Mezura-Montes and Coello, 2005) methods on the same 
benchmark. When compared with other ES-based methods, A2RL-ES delivers better or similar results in 
terms of best, median, mean, and worst objective function values for all problems. The reliability of our 
method is higher than other approaches as mean and median objective fucntion values indicate. 
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Table 4: Comparison of performances of A2RL-ES with SR[8], SMES [30] 
Fun. Opt. value Method Best Median Mean Worst Gmean

g1 -15 A2RL-ES -15 -15 -15 -15 850
  SR -15 -15 -15 -15 741 
  SMES -15 -15 -15 -15 671 

g2 0.803619 A2RL-ES 0.803619 0.79261 0.79293 0.76409 3078 
  SR 0.803515 0.7858 0.781975 0.726288 1086 

SMES 0.803601 0.7912549 0.785238 0.751322 NA
g3 1 A2RL-ES 1 1 1 1 299 

SR 1 1 1 1 1146
  SMES 1 1 1 1 184 

g4 -30665.53 A2RL-ES -30665.53 -30665.53 -30665.53 -30665.53 268 
  SR -30665.53 -30665.53 -30665.53 -30665.53 441 
  SMES -30665.53 -30665.53 -30665.53 -30665.53 129 

g5 5126.498 A2RL-ES 5126.498 5126.498 5126.498 5126.498 1577 
  SR 5126.49 5127.372 5128.881 5142.472 258 
  SMES 5126.599 5160.198 5174.492 5304.167 NA 

g6 -6961.81 A2RL-ES -6961.81 -6961.81 -6961.81 -6961.81 42 
  SR -6961.81 -6961.81 -6875.940 -6350.262 590 
  SMES -6961.81 -6961.81 -6961.284 -6952.482 249 

g7 24.3062 A2RL-ES 24.3062 24.3062 24.3062 24.3062 1035 
  SR 24.307 24.357 24.374 24.642 715 

SMES 24.327 24.426 24.475 24.843 NA
g8 0.095825 A2RL-ES 0.095825 0.095825 0.095825 0.095825 13 

SR 0.095825 0.095825 0.095825 0.095825 381
  SMES 0.095825 0.095825 0.095825 0.095825 18 

g9 680.63 A2RL-ES 680.63 680.63 680.63 680.63 391
  SR 680.63 680.641 680.656 680.763 557 
  SMES 680.632 680.642 680.643 680.719 NA 

g10 7049.248 A2RL-ES 7049.248 7049.248 7049.248 7049.248 1556 
  SR 7049.316 7372.613 7559.192 8835.655 642 
  SMES 7051.903 7253.603 7253.047 7638.366 NA 

g11 0.75 A2RL-ES 0.75 0.75 0.75 0.75 222 
  SR 0.75 0.75 0.75 0.75 57 
  SMES 0.75 0.75 0.75 0.75 88 

g12 1 A2RL-ES 1 1 1 1 29 
  SR 1 1 1 1 82 
  SMES 1 1 1 1 77 

g13 0.053949 A2RL-ES 0.053949 0.053949 0.053949 0.053949 1151 
SR 0.053957 0.057006 0.067543 0.216915 349

  SMES 0.053986 0.061873 0.166385 0.468294 NA 

To check whether the differences reported above are statistically significant, we employed Holm 
procedure (Holm, 1979). The four algorithms are evaluated based on the mean objective function values 
obtained. According to Garcia et al., (2008), the algorithm demonstrating the best performance is assigned a 
score of four while the algorithm showing the worst performance is scored as one. For each algorithm, the 
scores are summed up and averaged over the number of problems. The resulting number denotes the overall 
score, , of the th algorithm. Next, A2RL-ES is isolated from the set of algorithms and it is labeled with 
zero as reference algorithm. Then, the remaining algorithms (three algorithms in our case) are sorted in 
ascending order based on . For each of the remaining algorithms, a  value is computed with: 

(12)

where  and  stand for the number of the algorithms considered (four in our case) and the number of the 
test problems respectively.  corresponds to the overall score of A2RL-ES as reference algorithm. Based 
on  values, the corresponding cumulative normal distribution probabilities  have been calculated. Then, 
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the  values have been compared with  where  indicates level of confidence, set to 5%. The 
Holm procedure tests the hypotheses whether the performances of the compared two algorithms are 
statistically indistinguishable. Thus, in our case, the rejection of the null-hypotheses indicates that A2RL-ES 
outperforms the compared algorithm. On the other hand, the acceptance of it implies that there is no 
significantly better algorithm.  

Table 5: Results of Holm procedure comparing the algorithms in terms of mean objective function values 
over 30 runs 

Algorithm j  Hypotheses 

3RL-ES 1 1.46153 -3.038e+00 1.190e-03 1.667e-02 rejected 
SR 2 1.92307 -2.127e+00 1.672e-02 2.500e-02 rejected
SMES 3 2.15384 -1.671e+00 4.736e-02 5.000e-02 rejected 

Table 6: Results of Holm procedure comparing the algorithms in terms of mean number of fitness function 
evaluations 

Algorithm j  Hypotheses 

SMES 1 0.61538 -4.709e+00 1.243e-06 1.667e-02 rejected 
3RL-ES 2 1.38461 -3.190e+00 7.110e-04 2.500e-02 rejected 
SR 3 1.61538 -2.734e+00 3.125e-03 5.000e-02 rejected 

The first test compares the four algorithms in terms of mean objective function values achieved over 30 
runs. The results are given in Table 5 along with the decision whether the null-hypotheses is rejected. The 
table shows that A2RL-ES outperforms, on average, other four algorithms over 13 test problems and 
outperformance of A2RL-ES is significant.  

A second test is conducted to see whether the proposed algorithm outperforms the others when the 
comparison is made based on the number of fitness function evaluations (FES) needed to reach the optimum, 
see Table 6. The results indicate that A2RL-ES is again significantly better than the other algorithms. The 
Holm procedure comparing FES as an indicator of the speed of the algorithm suggests that the proposed 
method by this paper is, on average, significantly faster. 

5. CONCLUSION 
Constrained optimization problems (COPs) require precisely tailored algorithms due to their complexity. 
When looked from a different angle, inequality and equality constraints of a COP establish so called weak 
and strong relations among the problem variables, which may be exploited indirectly with the simplified 
(CMA)-like mutation operator. In this paper, we proposed an ES for constrained optimization which 
combines the correlated mutation operator and the ranking-based constraint handling strategy used by Ho  
Shimizu (2007). While the ranking-based constraint handling establishes a balance between feasible and 
infeasible population members, the algorithm learns the covariance matrix of the promising solutions in the 
vicinity of constraint boundaries, and increases the chance of generating individuals on the boundary. When 
compared with other algorithms, the algorithm delivers very promising results. The robustness of the method 
is very remarkable. Additionally, the proposed algorithm is highly competitive when compared with other 
conventional ES-based algorithm. The main drawback of the algorithm is its slightly lower convergence 
speed than other methods for high dimensional problems. Thus, future research may target this burden. 
Another future research direction may be combining the approach with other constrained handling methods. 
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Abstract: A new algorithm based on Bee Colony Optimization (BCO) applied as a meta-heuristic technique 
in order to solve Minimum Cost Berth Allocation Problem with fixed handling times of vessels is presented. 
The goal is to minimize the total costs of waiting and handling, as well as earliness or tardiness of 
completion, for all ships. In the computational experiments, the results of BCO are compared with the Mixed 
Integer Programming (MIP) heuristics as well as with the CPLEX commercial solver. 

Keywords: Meta-heuristics, scheduling, handling cost. 

1. INTRODUCTION 
As far as container terminal (CT) in a sea port is concerned, it can be described as an open system of 
container flow with sea-side interface. Within Berth Allocation Problem (BAP) we are given the berth layout 
of a CT along with a set of vessels which are to be served within the planning horizon. Vessels are 
represented by a set of data including the expected time of arrival, the size, anticipated handling time, a 
preferred berth in the port, and penalties, along with other information. BAP can be defined as follows: for 
each vessel in the set, the berth index and the time interval are allocated in such a way that a given objective 
function is minimized. In Lim (1998), it was proven that BAP is a NP-hard problem. 

BAPs can be classified as discrete or continuous, as well as static or dynamic (Meisel and Bierwirth, 
2009). In the former case, the quay is partitioned into a number of sections which are called berths, whereas 
each berth can serve one vessel at a time. Besides, time could also be partitioned into discrete units allowing 
using integer arithmetic for calculation of the objective function value. In the latter case, i.e., continuous 
case, a calling vessel can be placed at any position, whereby it is required to avoid overlapping with other 
vessels and time is also considered continuous. With static BAP, it is assumed that all vessels arrive to the 
container terminal in advance that is before any berth becomes available. If vessels manage to arrive at any 
time during the horizon planning (although their arrival is a priori known), we deal with dynamic BAP. In 
this paper the static minimum cost BAP in the case when QC resources are ignored is considered. It is 
classified as stat | fix | Σ(w1 wait + w2 speed + w3 tard + w4 pos) in Bierwirth and Maisel notation. 

During a recent period of time, CTs considering BAP have become a focus of research papers. However, 
in most of them, crane resources were either ignored (making an assumption that each berth is equipped by a 
crane) (Kim and Moon, 2003; Guan and Cheung, 2004; Wang and Lim, 2007) or treated separately within 
the second stage of problem solving (Park and Kim, 2003). In addition, different authors saw diverse 
objectives which are to be minimized within the BAP solution. In some papers, the total waiting and 
handling times were minimized (Imai, et al., 2001; Bierwirth and Meisel, 2009), whereas in the others the 
minimization of total costs for waiting and handling as well as earliness or delay in completion was seen as 
the goal (Hansen, et al., 2008). We can also distinguish solution approaches: while minority of authors were 
developing exact methods (Oğuz, et al., 2009) usually for some special cases of the problem, in most of the 
papers heuristic (e.g. Lagrangean relaxation (Imai, et al., 2001), Branch-and-Bound-based heuristic 
(Bierwirth and Meisel, 2009)) and meta-heuristic methods (genetic algorithm (Nishimura, et al., 2001), tabu 
search (Cordeau, et al., 2005), variable neighborhood search (Hansen, et al., 2008)) were used. 

The subject of this paper is BAP in which the quay is partitioned into a number of sections, called berths, 
and each berth can serve one vessel at a time. Vessel can occupy more than one berth at a given time. Time 
is also partitioned into discrete units, which allows the use of integer arithmetic for the calculation of the 
objective function value. Algorithm minimizes berthing cost as well as the costs of earliness and tardiness of 
each vessel. Opposite to (Hansen, et al., 2008) both earliness and delay are penalized in this paper. The 
number of QCs is equal to the number of berths meaning that QC scheduling problem can be avoided. The 
model suggested in Davidović, et al. (2012) is too complex and therefore does not provide good results for 

245



the examples with more than 20 ships, both with framework of CPLEX commercial software and the 
application of MIP-based meta-heuristics. That's why in this paper it is suggested to use BCO meta-heuristic 
enriched with three improvements of complete solutions. With application of the BCO meta-heuristic, better 
solutions are achieved, in view of quality and CPU time spent to find them out.  

The rest of this paper is organized in the following manner. Description of Minimum Cost Berth 
Allocation Problem is contained in Section 2. In Section 3, the BCO algorithm along with the proposed 
implementation to Minimum Cost BAP is presented. Experimental evaluation of the proposed approach is 
presented in Section 4. In Section 5 some concluding remarks and future work directions are given. 

2. MINIMUM COST BERTH ALLOCATION PROBLEM 
BAP covers assigning a berthing position and a berthing time to each incoming vessel to be served within a 
given horizon planning with an aim to minimize some objective. In this paper the minimization of berthing 
cost as well as the costs of earliness and delay of each vessel is considered. The main assumption is that the 
number of QCs is equal to the number of berths and therefore QC scheduling problem can be avoided. 

Decisions are usually made regarding difference in arrival times, lengths, and handling times of vessels. It 
is assumed that the handling (operation) times are usually fixed and submitted in advance. As illustrated in 
Figure 1, a solution to BAP can be described in a space-time-diagram. It is assumed that both coordinates are 
discrete (space is modeled by the berth indices whereas the time horizon is divided into segments in such a 
manner that berthing time of each vessel is represented by an integer). Further, the height of each of the 
rectangles suits the length of a vessel (expressed by the number of berths) and the width matched the 
handling time needed. The berthing position and berthing of a vessel time is given in the lower-left vertex of 
a rectangle and it is referred to as the reference point of a vessel (marked by the index of vessel in Figure 1). 
A berth plan is feasible provided that the rectangles do not overlap (see Figure 1). 
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Figure 1: Output of BCO for BAP solution 

 

2.1. Problem description 
The input data of BAP are listed below: 
 

T: The total number of time periods in the planning horizon.  
m: The number of berths in the port. 
l: The number of vessels in the planning horizon. 
vessel: The sequence of data relevant for vessels, which has the following structure: 
vessel  = { (ETAk, ak, bk, dk, sk, c1k, c2k, c3k, c4k) | k = 1,...,l }. 
 
The elements of a vessel 9-tuple represent the following data for each vessel: 
 
ETAk: The expected time of arrival of vesselk. 
ak: The processing time of vesselk. 
bk: The length of vesselk. 
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dk: The required departure time for vesselk. 
sk: The least-cost berthing location of the reference point of vesselk. 
C1k: The penalty cost for vesselk if the vessel cannot dock at its preferred berth. 
C2k: The penalty cost for vesselk per unit time for arrival before ETAk. 
C3k: The penalty cost for vesselk per unit time for arrival after ETAk. 
C4k: The penalty cost for vesselk per unit time delay for departure after the required departure time dk. 
 

A feasible solution of BAP is subject to two sets of constraints.  
Constraints 1.At a time t, each berth can be assigned to only one vessel. 
Constraints 2.A berth is allocated to the vessel only between its arrival and departure times. 
 
The aim is to minimize total penalty cost including: the penalty incurred as a result of missing the least-

cost (preferred) berthing location of the reference point; the penalties resulted by the actual berthing earlier 
or later than the expected time of arrival and the penalty cost by the delay of the departure after the promised 
due time. The last three terms influence the objective function in case they are positive. More accurately, the 
objective function can be expressed as follows:  
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Detailed MILP formulation can be found in Davidović et al. (2012). 

3. BEE COLONY OPTIMIZATION ALGORITHM 
According to Teodorović and Lučić (2001, 2002, 2003a, 2003b), BCO is a nature-inspired meta-heuristic 
method developed for efficiently finding solutions of difficult combinatorial optimization problems. The 
basic idea of BCO, is to use a similarity between the way in which bees in nature look for a food (Seeley, 
1985), and the way in which optimization algorithms search for an optimum of the combinatorial 
optimization problems (Teodorović, 2009). In order to solve hard combinatorial problems, the initial 
constructive BCO was modified resulting in the development of a new concept based on the improving 
complete solutions (Davidović, et al., 2011). It was proved that BCO stands for a very suitable method for 
solving non-standard combinatorial optimization problems, like the ones containing inaccurate data 
(Marković, et al., 2007, Teodorović and Dell’Orco, 2008) or involving optimization according to multiple 
criteria (Šelmić, et al., 2010). Applications of the BCO algorithm in the mentioned cases were implemented 
by its hybridization with the appropriate techniques. 

3.1. BCO algorithm description 
The population of agents consisting of B individuals (artificial bees) is engaged in BCO. Each artificial bee is 
responsible for one solution of the problem. There are two phases (forward pass and backward pass) and 
they alternate NC times, i.e., until each bee completes the generation of its solution or performs NC solution 
modifications. After NC steps are finished, the best among all B solutions is determined. It is then used to 
update the global best solution and an iteration of BCO is accomplished. At this point all B solutions are 
deleted, and the new iteration could start. The BCO algorithm runs iteration by iteration until a stopping 
condition is met. The possible stopping condition could be, for example, the maximum number of iterations, 
maximum allowed CPU time, etc. At the end, the best found solution (the so called current global best) is 
reported as the final one.  

The BCO algorithm parameters whose values need to be set prior the algorithm execution are as follows: 
B - the number of bees involved in the search and 
NC - the number of forward (backward) passes constituting a single BCO iteration. 
  
The pseudo-code of the BCO algorithm could be described in the following way:  
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Do 

1. Initialization: a(n) (empty) solution is assigned to each bee.  
2. For (i = 0; i < NC; i ++ )  
   //forward pass  

(a) For (b = 0; b < B; b++)  
                  i) Evaluate possible moves;  

       ii) Choose one move using the roulette wheel.  
  //backward pass  

(b) For (b = 0; b < B ; b++)  
        Evaluate the partial/complete solution for bee b;  
  (c) For (b = 0; b < B; b++)  
        Loyalty decision using the roulette wheel for bee b;  

(d) For (b = 0; b < B; b++)  
        If (b is uncommitted), choose a recruiter by the roulette wheel.  
3. Evaluate all solutions and find the best one.  

while stopping criteria is not satisfied. 
 

Steps 1, (a) and (b) are problem dependent and should be resolved in each BCO implementation. On the 
other hand, there are formulae specifying steps (c), loyalty decision, and (d), recruiting process, and they are 
described in the rest of this section. 

In each forward pass, all artificial bees explore the search space. They apply a predefined number of 
moves, which construct/improve the partial/complete solutions, yielding the new partial/complete solutions. 

In the backward pass, all artificial bees share the information about the quality of their partial/complete 
solutions. The announcement of the solution quality is performed by the calculation of the objective function 
value for each partial/complete solution. Having all solutions evaluated, each bee decides with a certain 
probability whether it will stay loyal to its solution or not. The bees with better solutions have more chances 
to keep and advertise their solutions. Bees that are loyal to their partial/complete solutions are at the same 
time the recruiters, i.e., their solutions would be considered by other bees. Once the solution is abandoned, 
the corresponding bee becomes uncommitted and has to select one of the advertised solutions. The 
probability that b-th bee (at the beginning of the new forward pass) is loyal to its previously generated 
partial/complete solution is expressed as follows:  

Bbe u
ObO

pu
b ,...,2,1

max1 


  (1) 

where: 
Ob  -  denotes the normalized value for the objective function of partial/complete solution created by the 

b-th bee; 
Omax- represents the maximum over all normalized values of partial/complete solutions to be compared; 
u - counts the forward passes (taking values 1, 2, .., NC). 
 
If Сb (b = 1, 2,..., B) denotes the objective function value of b-th bee partial/complete solution, normalized 

value of the Cb is calculated as follows: 

,,...,2,1,
-

-

minmax

max Bb
CC

CC
O b

b   (2) 

where Cmin and Cmax are the values of partial/complete solutions related to minimal and maximal objective 
function value, respectively, obtained by all engaged bees. 

The higher index in the forward pass increases the influence of the already discovered solution. This is 
expressed by the term u in the denominator of the exponent (equation (1)).  

Applying equation (1) and a random number generator, each artificial bee decides whether to become 
uncommitted follower or to continue exploring its own solution. If selected random number is smaller than 
the calculated probability, then the bee stays loyal to its own solution. Otherwise, if the random number is 
greater than the probability, pb

u+1, the bee becomes uncommitted. 
For each uncommitted bee it is decided which recruiter it will follow, taking into account the quality of all 

advertised solutions. The probability that b’s partial/complete solution would be chosen by any uncommitted 
bee equals:  
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where Ok represents the normalized value for the objective function of the k-th advertised solution and R 
denotes the number of recruiters. Using equation (3) and a random number generator, each uncommitted 
follower joins one recruiter through a roulette wheel. 

3.2. BCO implementation details 
CT is represented as 2-dimensional plane with time and berth as axis. As a part of the initialization, for all 
vessels and for all possible positions of the vessel in 2-dimensional plane the list of 3-tuples elements (berth, 
time, penalty cost) is created. This list is named ξ list. ξ list is sorted in the increasing order according to the 
penalty cost value for each ship individually. NC parameter value is l/2 (meaning that in each forward pass 
two ships are added to the current solution) and B equals 10. Each bee has its own ξ list and starts with an 
own empty solution. In order to make its partial solution, it must make two decisions: to choose a ship to 
place in two-dimensional plane and to choose allowable position from ξ list for the selected ship. Criterion 
for ship selection is ETA parameter. On the basis of this parameter, the priority of ships is calculated and 
then the bee, using the randomly generated number and roulette wheel selects the ship to be added to its 
partial solution. In this way, ships with smaller ETA will have higher priority and it is more likely that they 
will be added in the solution at the earlier time position. In order to choose position in the CT all potential 
positions of the previously selected ship are assessed with regard to the penalty cost value. Positions with 
smaller penalty cost have higher probability to be selected. Bee calculates priority of all feasible positions 
from ξ list and with randomly generated number and with the roulette wheel bee fixes the ship on the 
selected position. After this phase, each bee reduces its own ξ list for unused vessels. Each bee will repeat 
two times the process of selecting ship from the set of unused ships and process of selecting position for the 
selected ship from the ξ list, as well as updating the ξ list of possible positions for all unused ships. This will 
end the forward pass. 

At the beginning of the backward pass, for each bee, the partial objective function value is calculated, that 
is, the current cost. On the basis of the current cost quality, the bee decides whether to stay loyal to the 
arrangement of ships in port and become a recruiter or reject it and become a follower. The bee will certainly 
become a follower if it fails to form partial arrangement of the ships, that is, if the last selected ship did not 
have a feasible position in its ξ list. The smaller the current cost, the greater possibility for the bee to stay 
loyal to its solution. Each follower chooses new ship arrangement from the set of solutions generated by the 
recruiters. The follower chooses the bee whose solution takes over by means of roulette wheel. Recruiter 
with smaller current cost has greater probability that the follower will take over its solution. When the 
follower chooses one recruiter and recruiter's current solution, that solution is copied in the follower's current 
solution. Besides, the follower takes over the ξ list from the recruiter. If the solution is not completed, that is, 
not all l ships are placed in their position in berth-time plane, the algorithm returns to a forward phase. 

Forward and backward phases alternate in order to create complete solution for every bee. After an 
attempt to have all the ships placed in a berth-time plane, some bees managed to form complete solutions, 
whereas certain bees may have empty solutions, as their choice of the order of ships and random selection of 
the positions was not an adequate one, therefore, some ship blocked all available positions for of the 
remaining, undistributed ships, the result of which is that the bee formed an incomplete solution. All bees 
with complete solutions try to improve their own solution using the existing final ξ list. All ships are sorted 
in decreasing order of penalty cost. Bee moves through the list of ships and searches for the ship with highest 
penalty cost which has nonempty ξ list element. Lets name that ship as vesselk, k  {1,...,l}. vesselk will be 
moved on the first position from the ξ list. That position has the smallest penalty cost because that list was 
sorted in decreasing order in the phase of initialization. All other lists of possible feasible positions for 
unchecked ships with smaller penalty cost are updated according to the new situation in the berth-time plain. 
This procedure is repeated for all ships in the list, producing better solution for the bee or leaving the 
solution unchanged if all lists for all ships where empty. After that, all solutions are evaluated and the best 
one (with the smallest penalty cost) is saved as the global best solution. 

The above mentioned ideas are implemented and the corresponding pseudo-code is given in Figure 2. The 
variable beeList is a list of all bees with complete solution. The length of this list is saved in variable r. Beek 
has its own ξ list named Beeξ[k] and the corresponding complete solution is named Solution[k]. 
Ordering[Solution[k]] is a function that returns decreasing ordering of ships according to their penalty cost 
in the Solution[k]. SmallerCost[ξ, p] is returning True if there exists at least one element in ξ list with 
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smaller penalty cost than the penalty cost on position p. Procedure Determine[s, v] is returning list s of all 
ships to be checked for conflict with ship v. Function noIntersection[j, i] is returning True if ship i and ship j 
represented as rectangles in the berth-time plane do not intersect. 

 
 

[  1]FirstImprovement [beeList, r, Beeξ, Solution]; 
[  2] for n=1 to r do 
[  3]  workingξ=Beeξ[beeList[n]]; 
[  4]   shipPositions=Solution[beeList[n]]; 
[  5]  ω=Ordering[shipPositions]; 
[  6]  for i=1 to l do 
[  7]   if SmallerCost[workingξ[ω[i]], shipPositions[ω[i]]] then 
[  8]    finished=True; 
[  9]    noConflict=True; 
[10]    Determine[checkShips, ω[i]]; 
[11]    while not finished do 
[12]     j = 1; 
[13]     while noConflict and j≤l-1 do 
[14]      if noIntersection[checkShip[j], ω[i]] then 
[15]       noConflict=True 
[16]      else 
[17]       noConflict=False; 
[18]      j++; 
[19]     endwhile; 
[20]                           if noConflict then 
[21]                                   Update[beeCost[beeList[n]]]; 
[22]      Update[shipPositions[ω[i]]] 
[23]      finished=True 
[24]     else 
[25]      if shipPositions[ω[i]]<> working[ω[i],k+1] 
[26]       noConflict=True; 
[27]       k++ 
[28]      else 
[29]       finished=True; 
[30]    endwhile; 
[31]  endfor; 
[32] endfor; 
[33] Solution[beeList[n]]=shipPositions 
[34]   end. 

 
Figure 2: Pseudo-code for the improvement part of BCO for Minimum cost BAP 

 
At this point an adequate update of the ξ list has to be performed. Namely, in a procedure described above 

as the first improvement, the ship is only shifted forward within the existing ξ list and thus reductions of the 
positions in ξ lists for other ships are not conducted. Let us assume that the ship vesselk (initially placed in 
the position pk) is now moved to the position nk. It is possible that for some other ships the positions with 
smaller price than the initially selected one exist. In order to check that, a new assignment is performed: one 
by one ship is taken and placed on the position nk and after that an immediate procedure of reduction ξ lists 
for other ships is performed. Therefore, an idea for the next improvement of the current solution arises. Once 
BCO algorithm performs NC iterations, new improvement, this time on the global best solution will be 
performed. Generally, original starting ξ list has many elements and its updating is time consuming 
operation. That is why it was necessary to make improvement for all bees in existing, already reduced lists. 
In a new improvement, only one solution will be considered i.e. the global best one and this improvement 
will involve updating starting ξ list generated in the initialization phase. To reduce total CPU time, this 
improvement will be performed after every NC iterations. First, all ships are sorted in decreasing order of the 
penalty cost in the global best solution. Positions for all ships are known, so improvement phase can start. 
Algorithm considers first ship from the sorted list. Assigned position in the berth-time plane for this ship is 
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fixed and used to update all other elements in the ξ list for remaining ships. All positions are checked for 
possible conflict with that used position. If there is a conflict that position will be deleted. Algorithm is 
repeated for all ships and their own fixed positions from global best solution. At the end of this lists updating 
process, all ships are fixed on positions saved in global best solution. In this way, if the position with the 
price smaller than the price on position nk is freed, that position will appear before the position of nk in the 
corrected ξ list, so that the procedure of shifting the ship forward can be repeated. The position with found 
smaller price now becomes the new position nk. The algorithm repeats the procedure of fixing the ship on 
positions nk and the procedure of reduction ξ list as long as possible. The second improvement strategy is 
implemented through the pseudo-code given in Figure 3. Clean[ξ,n] is a procedure with the task to delete 
elements from list ξ conflicting with the ship fixed on position n. PossibleMove is a function that determines 
if it is possible to move some of the ships on positions with the cost smaller than the cost in bestSolution. 
Move[ships] is a procedure that performs those ships movements towards the beginning of the list, on the 
allowable positions with smaller price which are freed in the procedure of fixing ships to their positions nk. 

 
 

[  1]SecondImprovement [startξ, bestSolution]; 
[  2] workingξ=startξ; 
[  3] while PossibleMove do 
[  4]  for i=1 to l do 
[  5]   n=bestSolution[i]; 
[  6]   workingξ=Clean[workingξ,n]; 
[  7]  endfor; 
[  8]  Move[ships]; 
[  9]  workingξ=startξ; 
[10]  Update[bestSolution] 
[11] endwhile; 
[12]end. 

 
Figure 3: Pseudo-code for the global improvement phase of BCO for Minimum cost BAP 

 
After this phase, the algorithm performs the third, final improvement, using the ξ list formed in the 

second improvement as a starting list. Same as in previous improvements, ships are sorted in decreasing 
order of the penalty cost. Some ships may have ξ lists with positions (which are not removed in a previous 
procedure) that have penalty cost lesser than the one which was assigned to the ship within the global best 
solution. For each of these positions a group of ships with which an observed ship is in conflict in case it is 
assigned to a position with smaller penalty cost should be determined. The selected ship and one of those 
subsets of conflicting ships obtained by considering one selected position with smaller penalty cost are 
observed at the same time. The main idea is that, if a small shift of the conflicting ships from their positions 
in global best solution is permitted, and thus allowed a slight increase of penalty costs of shifted conflicting 
ships, one of the positions for the selected ship may be freed which leads to significantly smaller cumulative 
penalty cost. The consequence of this is that the overall penalty cost for the selected ship and the observed 
conflicting ships will be smaller than the previous overall penalty cost in the global best solution. The overall 
penalty cost of the conflicting ships and the selected ship in the global best solution is marked with 
partialCost. A limit to which it has sense to increase penalty cost of the conflicting ships has to be 
determined and according to it, the ξ list has to be expanded with the elements from the starting ξ list, so that 
all elements of the new ξ list have the price smaller than the previously calculated limit. This limit is 
determined by procedure Calculate[costLimit, movingShips]. If it exists, the algorithm will find a non-
conflicting arrangement for the group of previously conflicting ships and the observed position of a selected 
ship. That new arrangement has smaller total penalty cost than partialCost. Algorithm considers conflicting 
positions for each ship with smaller costs until it finds a better arrangement of the ships or until it reaches the 
end of the list of the conflicting positions and concludes that the observed ship can not shift to a better 
position. In general, the number of conflicting ships for the given position of the observed ship is small, and 
therefore, this search is not CPU time consuming. To check if list is empty algorithm uses function 
Empty[list] and to determine how many elements list has it invokes function Length[list]. Function 
Union[a,b] gives a list of all the distinct elements that appear in the lists a and b. Function Solve[s, ξ] finds 
the new positions for ships from list s according to the list of all feasible positions saved in ξ list. At the end, 
procedure Update[gbs,p] will update global best solution gbs with new positions from list p. 
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[  1]ThirdImprovement [conflictShips, ω, workingξ]; 
[  2] for i=1 to l do 
[  3]  if not Empty[conflictShips[ω[i]]] then 
[  4]    csl=Length[conflictShips[ω[i]]]; 
[  5]   for j=1 to csl do 
[  6]    if not Empty[conflictShips[ω[i]][j]] then 
[  7]     movingShips=Union[conflictShips[ω[i]][j], ω[i]]; 
[  8]     Calculate[costLimit, movingShips]; 
[  9]     shipNo=Length[conflictShips[ω[i]][j]]; 
[10]     for k=1 to shipNo do 
[11]      workingξ[conflictShips[ω[i]][j][k]]=Expand[costLimit] 
[12]     endfor; 
[13]     newPositions=Solve[movingShips, workingξ]; 
[14]     if not Empty[newPositions] then 
[15]      Update[globalBestSolution, newPositions]; 
[16]   endfor; 
[17] endfor; 
[18]end. 

 
Figure 4: Pseudo-code for the final global improvement phase of BCO for Minimum cost BAP 

 

4. EXPERIMENTAL RESULTS  
In order to assess the efficiency of BCO a set of real life instances for BAP proposed in Changa, et al. (2010) 
is treated. BCO is compared with the results reported in Davidović, et al. (2012) and obtained by VNDS-
MIP and with CPLEX 11.2 optimization software (ILOG, 2008). VNDS-MIP is coded in C++ programming 
language for Linux operating system and compiled with gcc (version 4.1.2) and the option -o2. Both CPLEX 
and MIP heuristic are executed on Intel Core 2 Duo CPU E6750 on 2.66GHz with 8Gb RAM under Linux 
Slackware 12, Kernel: 2.6.21.5. BCO is coded in the Wolfram Mathematica v8.0 programming language. 
Wolfram Mathematica v8.0 interprets instructions and that is a reason it does not execute algorithms quickly. 
The tests for BCO were conducted on a computer with an Intel Pentium 4 3.00-GHz CPU and 512 MB of 
RAM running the Microsoft Windows XP Professional Version 2002 Service Pack 2 operating system. 

The set of examples consists of the real-life instances generated starting with the example taken from 
Changa, et al. (2010) characterized by 21 vessels, 12 berths and 54 time units within the time horizon. This 
instance is further extended by adding new vessels; up to 28 (see Figure 5). 
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Figure 5: An example of real-life BAP solution-BCO algorith output 
 
Table 1 contains results for the above described real life examples. In this table optimal values of the 

objective function included in the column 2 are obtained by a brute force algorithm coded in the Wolfram 
Mathematica v8.0 programming language because CPLEX CPU time required to solve these instances to 
optimality was quite large. For example, it took 14274sec=3h 57min 54sec for CPLEX to solve the smallest 
instance with 21 vessels and obtain the objective function value 4779. Therefore, the time limit (identical for 
CPLEX and VNDS-MIP) was defined. Time for BCO was not limited. BCO algorithm was tested on every 
data set 10 times. 
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Table 1 is organized as follows. Number of vessels is presented in the first column. Column 2 has the 
objective function value for an optimal solution obtained by the brute force algorithm. Columns 3 and 4 
contain the best objective function value and the corresponding average CPU time obtained by 10 BCO runs. 
Required CPU time and best found cost connected with CPLEX solver and VNDS-MIP heuristics are given 
in columns 5 -8. The specified time limit for each example is presented in the last column of Table 1. From 
the presented results it can be seen that for all examples BCO results are superior comparing to VNDS-MIP 
and CPLEX with respect to both solution quality and CPU time. In all cases BCO was able to find the 
optimal solution. BCO has CPU time approximately 300 times faster than CPLEX in all examples while 
CPU time is approximately 100 times faster in comparing with VNDS-MIP CPU time. CPLEX and VNDS-
MIP are written in C++ with optimized code and compiled and executed under Linux operating system on 
much faster computer. BCO algorithm is coded in Wolfram Mathematica v8.0 programming language and 
tested on slower computer under Microsoft Windows operating system with interpreter. Even then, BCO 
could find optimum in drastically shorter CPU time. Only BCO could find optimal solution for every 
example in the set. On average, solutions offered by BCO are 5 times better than the adequate solutions 
provided by CPLEX and even 7.5 times better from solutions given by VNDS-MIP. 

 
Table 1: Computational results – real life test problems: m=12,T=54 

 
l 

OPT 
COST 

BCO (10 runs) CPLEX VNDS-MIP  T. Limit 
(sec.=hours) COST Av. CPU 

Time 
COST CPU Time COST CPU Time 

21 4779 4779 11.43 24562 3698.41 15424 494.30 3600.00= 1h 
22 4983 4983 30.82 16334 7434.44 10108 961.13 7200.00= 2h 
23 5193 5193 22.51 96549 7404.73 14110 1207.77 7200.00= 2h 
24 5643 5643 21.95 6594 7429.48 9521 1609.55 14400.00= 4h 
25 5953 5953 47.45 13262 18709.60 91620 1569.54 18500.00= 5h 
26 6298 6298 43.93 26614 18716.10 77439 24742.42 18500.00= 5h 
27 6479 6479 56.46 26679 18638.50 69143 3215.10 21600.00= 6h 
28 6980 6980 186.87 8418 44530.70 63249 7779.35 43200.00=12h 

average 5788.50 52.68 27376.50 15820.24 43826.75 5197.39 15750.00=4.375h 
 

From these preliminary results it can be concluded that BCO gives very good results in testing on real life 
BAP data sets. More exhaustive experimental evaluation, on both real and artificially generated random 
examples is to be performed in order to prove the superiority of the proposed BCO. Moreover, the 
comparison with some other meta-heuristic methods, especially with the neighborhood based ones, is also 
needed.  

5. CONCLUSION 
This paper presented Bee Colony Optimization algorithm as a technique to solve Minimum Cost Berth 
Allocation Problem with fixed handling times of vessels. BCO constructs the initial allowable solution by 
fixing ships on randomly selected positions. Positions of the ships are selected based on the priorities defined 
in relation to the expected time of arrival of vessels. The basic constructive BCO algorithm is enriched with 
three improvement techniques. The first improvement is applied by bees once the complete solutions were 
obtained. The two other improvements are conducted on the global best solution only, due to their 
complexity. As it is shown in the experimental results, the proposed implementation of the BCO algorithm 
can be used for instances with large numbers of vessels. In all test examples, BCO found out the optimal 
solutions by using CPU time which is 100 times shorter than VNDS-MIP time and 300 times shorter than the 
time needed by CPLEX for the same examples. The strength of this algorithm is especially large in real-life 
instances of BAP. It can be concluded that BCO is more than just a promising technique in solving BAP 
problem. In addition to using BCO as standalone method one can make it as a part of some complex system 
where BCO can give very good starting solution for some exact solver of BAP problem. Further 
development of the algorithm should involve also a crane assignment.  
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Parameter Calibration in the Bee Colony Optimization algorithm
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1 Mathematical Institute of the Serbian Academy of Sciences and Arts, [petarmax,tanjad]@mi.sanu.ac.rs

Abstract: We present a case study in which we examine in detail the behavior of the Bee Colony
Optimization (BCO) metaheuristic when applied to the p-center problem. On a number of benchmark
problems, we perform a fine-tuning of several parameters of the BCO algorithm, yielding insights into
the behavior of the algorithm, its robustness and efficiency, and reach six new best-known solutions.

Keywords: Meta-heuristics, Nature-inspired algorithms, Combinatorial optimization, Location analysis,
p-center problem

1. Introduction

Bee Colony Optimization (BCO) is a biologically-inspired, population-based, stochastic random-search
technique. It is based on an analogy between the foraging behavior of bees and the manner in which
algorithms for combinatorial optimization attempt to find the optimum of a given problem. BCO was first
presented in [Lučić and Teodorović, 2001, Lučić and Teodorović, 2002, Lučić and Teodorović, 2003a],
where it was considered for the Traveling Salesman Problem, and has been, since then, successfully
applied to a variety of real-life optimization problems, such as, but not limited to, the Vehicle Routing
Problem [Lučić and Teodorović, 2003b], the Routing and Wavelength Assignment in All-Optical Net-
works [Marković et al., 2007], the Ride-Matching Problem [Teodorović and Dell’Orco, 2008], the Traffic
Sensors Locations Problem on Highways [Edara et al., 2008], Static Scheduling of Independent Tasks on
Homogeneous Multiprocessor Systems [Davidović et al., 2009, Davidović et al., 2012], and the p-center
problem [Davidović et al., 2011].

The p-center problem is the well-known location problem of establishing p facilities on a network of n
vertices, so that the maximal distance between a vertex and its associated facility, when considering all
vertices, is minimized. It addresses the location of emergency-type facilities (such as ambulances, fire
brigades, and police stations) in transportation networks, contexts in which critical situations could be life-
threatening, and optimal reachability is essential. Hence, the p-center problem is considered to be of high
practical importance and, as such, it has been extensively studied in the relevant literature [Hakimi, 1964,
Hakimi, 1965, Minieka, 1977, Drezner, 1984, Beasley, 1985, Hassin et al., 2003, Mladenović et al., 2003,
Caruso et al., 2003, Pacheco and Casado, 2005, ReVelle and Eiselt, 2005, Chen and Chen, 2009].

In this paper, we proceed along the path presented in [Davidović et al., 2011], where a novel version of
the BCO algorithm was developed to target the p-center problem. The novelty of that approach amounts
to the fact that the standard pure constructive concept of BCO was substituted with a problem-specific
improvement strategy. Here, we re-implement the solution of [Davidović et al., 2011] considerably more
efficiently and fine-tune the parameters of the BCO algorithm, using benchmark test examples, originally
designed for testing the p-median problem (OR-Lib Test Problems [Beasley, 1985], available on-line
at http://people.brunel.ac.uk/~mastjjb/jeb/orlib/pmedinfo.html). Not only do the obtained
results match those currently known in literature in terms of quality and speed, but we have also
generated six new best known solutions.

The remainder of this paper is organized as follows: in Section 2. we summarize the BCO algorithm
and elaborate on how it has been applied to the p-center problem. Next, in Section 3. we discuss the
setup for the experiments and the methodology of the evaluation. In Section 4. we present the results of
the experiments related to the influence of BCO parameters on solution quality and algorithm speed.
Finally, in Section 5. we give conclusions and outline directions for future work.

2. Tackling the p-center problem with BCO

In this Section, we show how the BCO meta-heuristic has been applied to the p-center problem. After a
short description of the BCO algorithm, we present the Solution Improvement Strategy specific to this
setting and the data pre-processing required for its efficient implementation.
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2.1. A Brief Overview of the BCO algorithm
As we have mentioned before, the BCO algorithm is inspired by the foraging behavior of honey bees
in nature. Here, due to lack of space, we present only the outline of the algorithm, while we kindly re-
fer the reader to [Lučić and Teodorović, 2001, Lučić and Teodorović, 2002, Lučić and Teodorović, 2003a,
Lučić and Teodorović, 2003b, Marković et al., 2007, Teodorović and Dell’Orco, 2008, Edara et al., 2008,
Davidović et al., 2011, Davidović et al., 2012] for a much more detailed background.

In the BCO algorithm, there are B agents (we will refer to these agents as ’bees’), who collaboratively
search for an optimal solution of a given problem. One iteration of the algorithm consists of NC steps,
while each of these steps comprises two phases: a forward pass and a backward pass. Within the first
forward pass, each of the bees constructs its initial solution, while in all of the other forward passes it
attempts to improve it. The construction and improvement mechanisms are problem-specific. In each
backward pass, the bees collectively assess their current solutions, and based on a loyalty criterion LC,
each of the bees decides to either stay loyal to its own solution and continue improving it, or to discard it
and become an uncommitted follower. Then, each uncommitted follower has to adopt the solution of one
of the loyal bees as its own, and use it in the next step. In the final step, the best among all B obtained
solutions is identified after the forward pass, and no backward pass is performed. This solution is then
used to update the global best solution, all B solutions are deleted, and a new iteration can begin. BCO
runs iteration-by-iteration, until the fulfillment of a given stopping condition. Stopping condition can
include a maximum number of iterations, maximum number of iterations without improvement of the
current global best solution, maximum allowed CPU time, etc.

2.2. Notation
Let us assume to have n distinct locations, and let us assume that we know the distances between each
two of them. Our task is to, out of all of these locations, choose p ≤ n to act as centers, so that the
maximal distance between a location and its closest center, when considering all locations, is minimized.

For a given set of n locations, we will denote the locations themselves by li, their corresponding centers
by ci, and the distance between li and ci by di, with 1 ≤ i ≤ n. We define the critical pair (lc, cc) as the
pair consisting of a location and its corresponding center, for which it holds that dc = maxj∈{1,...n} di.
Also, we refer to dc as critical distance, and it is precisely dc that we wish to minimize. In the rest of this
Section, we outline the BCO implementation from [Davidović et al., 2011], while pointing out several of
our observations and improvements.

2.3. Pre-processing
Let the matrix D = [dij ]n×n be the full distance matrix between locations, obtained by applying the
Floyd-Warshall algorithm to the input data. So as to gain significant computational speed, we can
perform several pre-processing tasks, which we will illustrate on a running example of the following
distance matrix

D =


0 0.4 0.9 0.2 0.3

0.4 0 1.2 0.6 0.7
0.9 1.2 0 0.1 0.2
0.2 0.6 0.1 0 0.4
0.3 0.7 0.2 0.4 0

 .

1. We form two auxiliary matrices, Ds and Dc. Ds is obtained from D by sorting all of its rows in
non-descending order, while Dc contains the ordering of the corresponding indices:

Dc =


0 0.2 0.3 0.4 0.9
0 0.4 0.6 0.7 1.2
0 0.1 0.2 0.9 1.2
0 0.1 0.2 0.4 0.6
0 0.2 0.3 0.4 0.7

 , Ds =


1 4 5 2 3
2 1 4 5 3
3 4 5 1 2
4 3 1 5 2
5 3 1 4 2

 .

By using these two matrices we are able to obtain, for a given location li, its k-th closest node
(1 ≤ k ≤ n) and the corresponding distance with complexity O(1).
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2. Further, we construct a matrix Dr, where the element in the i-th row and the j-th column represents
the total number of locations which are closer to li than lj is. Therefore, in our running example,
we have that:

Dr =


0 3 4 1 2
1 0 4 2 3
3 4 0 1 2
2 4 1 0 3
2 4 1 3 0

 .

Using this matrix, we can obtain, again with complexity O(1), how many locations are closer to
location li than location lj is, and from there, using the matrices Ds and Dc, we can obtain which
are the locations in question and what their distances are. This will play a crucial role in the
construction and modification of the solutions.

2.4. Generating the initial solution
In the first forward pass of every iteration, each of the bees needs to generate its own initial solution,
i.e. it needs to choose some p locations to be the initial centers. The first center is chosen at random, and
the critical pair (lc, cc) is determined. Then, we consider the set of locations that are closer to lc than cc

is, and one element from this set is chosen at random to be the next center. The next critical pair is
determined, and this procedure continues until p centers have been chosen. By choosing centers in this
way, we ensure that the critical pair is different each time, thus attempting to directly reduce the critical
distance, i.e. improve the quality of the solution. Here, choosing the next center at random is favored
over a greedy selection because we would like different bees to end up with different initial solutions.

Let us briefly discuss the advantages of using the pre-processed matrices with respect to the pre-
sented algorithm. The number of locations closer to lc than cc can be obtained instantly as Dr(lc, cc).
Furthermore, the centers in question can be found at Dc(lc, i), where 1 ≤ i ≤ Dr(lc, cc). Finally, the
random choice of the new center amounts to calculating Dc(lc, rand(1, Dr(lc, cc))), which is of complexity
O(1). Had we not performed the pre-processing, this selection would have had the complexity of O(n2).

2.5. Solution Improvement Strategy
In each subsequent forward pass, each of the bees attempts to improve on its current solution in the
following manner:
1. It chooses a random number q between 1 and min(p, n/10).
2. It adds another q centers to its solution in the same manner as when constructing the initial

solution, by finding the critical pair and attempting to reduce the critical distance. This step
results in having a non-feasible solution, containing p + q centers.

3. It removes q centers, one by one, in a greedy fashion, i.e. in each step it removes the center whose
removal causes the smallest increase in critical distance.

Here, it has to be noted that, even though this algorithm has yielded very good results, both in
[Davidović et al., 2011] and in this paper, contrary to the claims of [Davidović et al., 2011], it does not
always lead to a solution of at least the same quality than the one the bee had originally started from.
This can be approached in two ways:
1. We allow the modification regardless of the outcome. This can be justified by the fact that the

selection process is inherently random, and a worse result at one point could lead to an even better
one in the next step. This is effectively the approach implemented in [Davidović et al., 2011].

2. We do not allow the modification if it worsens the solution. Having conducted a number of
preliminary experiments, we have noticed that the time to obtain the solution is invariably longer
when using the first approach, and, therefore, opted to use this one instead.
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2.6. Deciding on Loyalty
In each backward pass, each bee b, with 1 ≤ b ≤ B, decides whether it will stay loyal to its current
solution or not. To this end, the obtained objective function values sb, are first normalized:

Nb =


smax − sb

smax − smin
, if smax 6= smin,

1 otherwise.
(1)

where smin and smax respectively denote the minimum and the maximum of the obtained solutions.
Next, the loyalty probability Pb is calculated using a loyalty criterion LC, described in detail in the next
section. Next, for each bee, a random number rb is chosen from the real unit interval, and if rb ≤ Pb, the
b-th bee is declared to be loyal to its solution. Otherwise, it becomes an uncommitted follower. In the
end, each of the uncommitted followers adopts a solution of one of the loyal bees as its own, using the
roulette wheel approach.

3. Experimental Setup and Evaluation Methodology

The parameters which we will be fine-tuning, and on which the quality of the experimental results
depends significantly, are the number of bees B, the number of steps per iteration NC, and the loyalty
criterion LC. We denote by Nmax the maximum of the normalized values obtained by (1). So far, the
loyalty criterion has been a general one, whereas in this paper we investigate four alternatives:

1. LC1 (ExpLin) : P 1,u+1
b = e−

Nmax−Nb
u .

This is the standard methodology for determining the loyalty of a bee to its solution in the
BCO algorithm, and is present in both the first literature on BCO [Lučić and Teodorović, 2001,
Lučić and Teodorović, 2002, Lučić and Teodorović, 2003a], as well as in the subsequent research
endeavors [Lučić and Teodorović, 2003b, Marković et al., 2007, Teodorović and Dell’Orco, 2008,
Edara et al., 2008, Davidović et al., 2011, Davidović et al., 2012]. It stems from the original con-
structive approach, where the bee is more loyal to its solution the longer it is being constructed,
i.e. as the number of performed forward passes increases.

2. LC2 (ExpSqrt) : P 2,u+1
b = e

−Nmax−Nb√
u .

We have noticed that, for small values of B and NC, loyalty probabilities from the first method
very quickly become very close to one, thus almost certainly making the bee permanently loyal to
its solution. In order to weaken this dependency on the number of forward/backward passes, we
have applied the square root to the denominator.

3. LC3 (ExpSolo) : P 3
b = e−(Nmax−Nb).

We have also investigated how the BCO algorithm behaves when the loyalty of the bee is not
dependent on the number of forward/backward passes at all.

4. LC4 (NV) : P 4
b = Nb.

Finally, we have investigated the possibility of dropping the exponentiation altogether, and directly
treating normalized values as loyalty probabilities.

As for the number of bees and the number of steps per iteration, extensive preliminary experiments have
shown that, for each test example and each loyalty criterion, it is sufficient to consider B ∈ {1, . . . , 10}
and NC ∈ {10, 15, . . . , 100}.

Let us assume to have a given test example i, number of bees B, number of steps per iteration NC,
and loyalty criterion LCj . Then, one algorithm run for the given parameters consists of running the
BCO algorithm with the test example i as input, and with parameters B, NC, and LCj . One experiment
run, for the given parameters, consists of repeatedly running the corresponding algorithm run, until the
currently best known solution in literature is reached. Finally, to obtain statistical significance, one
experiment, for the given parameters, consists of executing 1000 corresponding experiment runs.

For each experiment run, we measure the time needed to find the solution. For each experiment, we
report the average over the times obtained in the 1000 experiment runs, as well as the corresponding
standard deviation. We have opted for this methodology because we feel that the results obtained in
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this way provide better insights into the behavior of the BCO algorithm than, for instance, imposing a
time-limit on the experiment runs. We also take into account, for each B, NC and LC, the sum of average
best times obtained across all experiments, which we take as the overall quality assessment criterion.

All of the experiments were performed on a single core of a machine equipped with an Intel Core
i7-2600 processor, with 8Gb of DDR3 RAM running at 1333MHz, and a 1Tb SATA III hard drive.

4. Experimental Results

Thus far, out of the 40 test examples [Beasley, 1985], we have been able to run the full experiments
on test examples from 1 to 12, 14 to 17, 21, 26, 27, 31, 35 and 38, with the best obtained results per
experiment presented in Table 1, and the best overall obtained results presented in Table 2.

Table 1. Best results obtained for the fully performed experiments

Example n p Best-known LC B NC Avg. time (s) St. dev (s)
1 100 5 127 4 1 15 0.000595406 0.000585464
2 100 10 98 4 2 15 0.030971790 0.032620809
3 100 10 93 4 2 30 0.367946010 0.367294711
4 100 20 74 3 3 15 0.012104291 0.011663945
5 100 33 48 3 1 10 0.000454851 0.000387997
6 200 5 84 2 1 55 0.048833944 0.047556002
7 200 10 64 3 1 65 0.008490737 0.008497499
8 200 20 55 4 4 35 0.111264099 0.113067074
9 200 40 37 3 4 20 0.020121393 0.018888634
10 200 67 20 1 1 10 0.025953049 0.026987125
11 300 5 59 4 2 55 0.036946726 0.036267730
12 300 10 51 1 5 85 0.145222598 0.139168805
14 300 60 26 3 3 100 0.360333774 0.361781028
15 300 100 18 3 1 10 0.004810655 0.004638123
16 400 5 47 4 2 25 0.002725710 0.002426084
17 400 10 39 3 2 95 0.021034696 0.018498344
21 500 5 40 4 1 100 0.007731410 0.006425355
26 600 5 38 1 1 90 0.024119023 0.022054725
27 600 10 32 2 1 100 0.041140207 0.035992213
31 700 5 30 3 1 85 0.012955429 0.010569439
35 800 5 30 4 1 90 0.114130097 0.113215234
38 900 5 29 2 2 30 0.014014507 0.013029383

Table 2. Best overall results for each LC across all fully performed experiments

LC B NC Time (s)
1 1 80 1.718853077
2 1 75 1.693554724
3 2 65 1.677097522
4 2 50 1.657951070

As can be seen from Table 1, for each of the individual examples, the number of bees required
to obtain the best known solution in the shortest possible time was very small (did not exceed 5),
and there were even experiments where one bee was sufficiently powerful (thus reducing BCO to a
single-solution-based algorithm). Another thing which we can notice is that the standard deviation is
consistently almost equal to the average time obtained, suggesting an exponential-like distribution of the
time required to find the best solution. Also, we can notice that the loyalty criterion which was most
frequently the best performing were ExpSolo and NV, indicating that, locally, the best loyalty criterion
for the BCO algorithm in this setting is not ExpLin, as was originally considered. Finally, we can notice
that the overall best performing loyalty criterion is NV, which is again indicative of a need for a more
thorough examination of the manner in which loyalty is calculated in future applications of BCO, even
though the times obtained here also depend on the pre-processing and the improvement strategy. More
detailed insights are presented in Section 4.2.
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4.1. New Best Known Solutions
Apart from these results, in the preliminary phase of our experiments we have obtained six new best-
known solutions for the problems listed in Table 3. Since the new best-known results were found sparsely,
the running of full experiments on these problems was extremely demanding in terms of time and had to
be relegated to future work.

Table 3. New best-known solutions found

Test example n p Previous best-known New best-known
20 400 133 14 13
23 500 50 23 22
24 500 100 16 15
28 600 60 19 18
30 600 200 10 9
37 800 80 16 15

These results show the power of the BCO combined with the Solution Improvement Strategy when
it comes to problems with a large number of centers (from 10% to 33% of the overall number of
locations). For all of the six experiments, the previously best known results have been consistently
reached in fractions of a second, while the new best known results have appeared intermittently. In
particular, we would like to single out test example 30, in which an improvement has been made in
[Davidović et al., 2011] (from 11 to 10), and again now (from 10 to 9), with the use of a similar, but
more efficiently implemented method.

4.2. A More Detailed Look into the Obtained Results
Here, we will provide more detailed insights into the behavior of the BCO algorithm, with respect to
the performed experiments. So far, we have observed in the results several different patterns which we
present in the form of graphs, showing the nature of the four loyalty criteria and the sensitivity of the
solution to the choice of B and NC.

1. The first type of graphs is are like the one shown in Figure 1. This type of graph was obtained for
test problems 1, 5 and 10, for all four loyalty criteria, with the average finding time of the best
known solution being 9.3 · 10−3s. The best known solution is found immediately for only one bee
and very small NC, and the more B and NC grow, the more time it takes to find it. The increase
in time is more evident with the increase of NC than with the increase of B. This is a consequence
of the fact that, in these experiments, the Solution Improvement Strategy is sufficiently powerful
on its own to handle the p-center problem, rendering multiple bees unnecessary and a high NC
time-consuming.

Figure 1. ExpLin strategy for pmed01
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2. The second type of graphs is like the one shown in Figure 2. This type of graph was obtained for
test problems 2, 3, 4, 6, and 9, with the average finding time of the best known solution being
1.2 · 10−2s. Here, between one and four bees are required, while NC is somewhat higher than
for the first graphs, taking the average value of 27. The nature of the loyalty criterion ExpLin
becomes apparent as, for a fixed B, as we increase NC from 10 to 100 the obtained values first
drop significantly and then rise steadily. This behavior will be even more emphasized in the fifth
type, shown further below. In this case, the collaborative nature of the BCO algorithm obviously
contributes to the quality of the solution.

Figure 2. ExpLin strategy for pmed04

3. The third type of graphs are like the one shown in Figure 3. This type has been obtained only
for test problem 15, and for all four loyalty criteria. Here, the Solution Improvement Strategy is
sufficient on its own, the choice of NC is not relevant, and we can notice a linear increase in time
as the number of bees increases.

Figure 3. ExpSolo strategy for pmed15

4. The fourth type of graphs has been obtained for test problems 16 and 38, and is shown in Figure 4.
It lends itself to a similar interpretation as the second type, with at most two bees and a relatively
small NC required to obtain the best known solution in the least amount of time. However, this
type is more sensitive to the increase of B for a fixed NC than the second type. The Solution
Improvement Strategy again proves to be very powerful, but BCO does manage to provide a slight
speedup in some of the experiments.
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Figure 4. ExpSqrt strategy for pmed15

5. The fifth and final type of graphs has been the most dominant one, appearing for test problems 7,
8, 11, 12, 14, 17, 21, 26, 27, 31, and 35. Graphs for all four strategies have been shown in Figure 5,
and there we can see both similarities and differences in the functioning of the loyalty criteria. The
main difference between the loyalty criteria is exhibited for small values of NC (10 ≤ NC ≤ 30), as
the times obtained in that region tend to be up to ten times slower than the best ones, depending
on the selection of the loyalty criterion, with the ExpLin strategy being arguably the worst one,
followed by ExpSqrt, ExpSolo, and finally NV as the best one. With the increase in NC, the obtained
times drop significantly and tend to stabilize.

(a) ExpLin strategy for pmed14 (b) ExpSqrt strategy for pmed14

(c) ExpSolo strategy for pmed14 (d) NV strategy for pmed14

Figure 5. Graphs obtained for the pmed14 test problem
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Also, as the value of NC increases, the time required to reach the best known solution decreases,
regardless of the number of bees. In Table 4, we can see that the best results are obtained for only
two or three bees.

Bmin NCmin tavg(s) σ Iter
ExpLin 2 95 0.367088515 0.347066375 3.414
ExpSqrt 2 85 0.369687042 0.365915785 3.757
ExpSolo 3 100 0.360333774 0.361781028 2.344
Nv 3 80 0.383342763 0.397298755 2.918

Table 4. Best obtained results for the pmed14 test problem

To better illustrate the difference that the number of bees makes for a fixed NC, we provide,
in Figure 6, a zoomed portion of the graph (for NC ≥ 50) for the ExpSolo strategy for the test
problem 35. There, we can see that the best obtained times rise with the increase of B, but not
as dramatically as for small values of NC. More generally, problems of this type require at most
three bees, but a very high NC.

Figure 6. Zoom of the ExpSolo strategy graph for pmed35

5. Conclusions and Future Work

In this paper, we have presented an initial, yet detailed investigation of the behavior of the BCO algorithm
with respect to its main parameters, on the case study of the p-center problem. We have offered three new
criteria for determining the loyalty of the bees during the backward pass phase of the algorithm, and have
shown that in this setting all of them outperform, both on a local and global level, the approach currently
advocated in the literature. Also, we have lent further credence to the notion that the optimal number of
bees is generally small, as was conjectured in [Lučić and Teodorović, 2001, Lučić and Teodorović, 2002,
Lučić and Teodorović, 2003a]. Next, we have shown that the overall optimal value of the NC parameter
is considerably greater than 10, contrary to the hypothesis of [Davidović et al., 2011]. In addition, we
have discovered six new best-known solutions for the benchmark examples.

As for future work, we feel that two main directions exist: on the one side we plan to perform further
analysis on the remaining benchmark examples for the p-center problem, with expectations of additional
insights into the behavior of the BCO algorithm, while on the other side we anticipate similar analyses
to be done for various different applications of BCO, such as the Vehicle Routing Problem or various
scheduling problems.

263



Acknowledgement
This work was supported by the Serbian Ministry of Science, Education and Technological Development,
projects III44006, ON174010, ON174026, and ON174033.

REFERENCES
Beasley, 1985 Beasley, J. E. (1985). A note on solving large p-median problems. European Journal

of Operational Research, 21:270–273.
Caruso et al., 2003 Caruso, C., Colorni, A., and Aloi, L. (2003). Dominant, an algorithm for the

p-center problem. European Journal of Operational Research, 149(1):53–64.
Chen and Chen, 2009 Chen, D. and Chen, R. (2009). New relaxation-based algorithms for the

optimal solution of continuous and discrete p-center problems. Comput. Oper. Res., 36(5):1646–1655.
Davidović et al., 2011 Davidović, T., Ramljak, D., Šelmić, M., and Teodorović, D. (2011). Bee

colony optimization for the p-center problem. Comput. Oper. Res., 38(10):1367–1376.
Davidović et al., 2009 Davidović, T., Šelmić, M., and Teodorović, D. (2009). Scheduling independent

tasks: Bee colony optimization approach. In Proc. 17th Mediterranean Conference on Control and
Automation, pages 1020–1025, Makedonia Palace, Thessaloniki, Greece.

Davidović et al., 2012 Davidović, T., Šelmić, M., Teodorović, D., and Ramljak, D. (2012). Bee
colony optimization for scheduling independent tasks to identical processors. J. Heur., 18(4):549–569.

Drezner, 1984 Drezner, Z. (1984). The planar two center and two median problems. Transportation
Science, 18:451–461.

Edara et al., 2008 Edara, P., Šelmić, M., and Teodorović, D. (2008). Heuristic solution algorithms
for a traffic sensor optimization problem. In INFORMS 2008, Washington D.C.

Hakimi, 1964 Hakimi, S. L. (1964). Optimal locations of switching centers and the absolute centers
and medians of a graph. Operations Research, 12:450–459.

Hakimi, 1965 Hakimi, S. L. (1965). Optimum distribution of switching centers in a communication
network and some related graph theoretic problems. Operations Research, 13(3):462–475.

Hassin et al., 2003 Hassin, R., Levin, M., and Morad, D. (2003). Lexicographic local search and
the p-center problem. European Journal of Operational Research, 151:265–279.

Lučić and Teodorović, 2001 Lučić, P. and Teodorović, D. (2001). Bee system: modeling combina-
torial optimization transportation engineering problems by swarm intelligence. In Preprints of the
TRISTAN IV Triennial Symp. Transportation Analysis, pages 441–445. Sao Miguel, Azores Islands.

Lučić and Teodorović, 2002 Lučić, P. and Teodorović, D. (2002). Transportation modeling: an
artificial life approach. In Proceedings of the 14th IEEE International Conference on Tools with
Artificial Intelligence, pages 216–223, Washington, DC.

Lučić and Teodorović, 2003a Lučić, P. and Teodorović, D. (2003a). Computing with bees: attacking
complex transportation engineering problems. International Journal on Artificial Intelligence Tools,
12:375–394.

Lučić and Teodorović, 2003b Lučić, P. and Teodorović, D. (2003b). Vehicle routing problem with
uncertain demand at nodes: the bee system and fuzzy logic approach. In Verdegay, J. L., editor,
Fuzzy Sets based Heuristics for Optimization, pages 67–82. Physica Verlag: Berlin Heidelberg.

Marković et al., 2007 Marković, G., Teodorović, D., and Aćimović-Raspopović, V. (2007). Routing
and wavelength assignment in all-optical networks based on the bee colony optimization. AI
Commun., 20(4):273–285.

Minieka, 1977 Minieka, E. (1977). The centers and medians of a graph. Operations Research,
25(4):641–650.

Mladenović et al., 2003 Mladenović, N., Labbe, M., and Hansen, P. (2003). Solving the p-center
problem with tabu search and variable neighborhood search. Networks, 42(1):48–64.

Pacheco and Casado, 2005 Pacheco, J. A. and Casado, S. (2005). Solving two location models
with few facilities by using a hybrid heuristic: a real health resources case. Comput. Oper. Res.,
32(12):3075–3091.

ReVelle and Eiselt, 2005 ReVelle, C. and Eiselt, H. (2005). Location analysis: A synthesis and
survey. European Journal of Operational Research, 165(1):1–19.

Teodorović and Dell’Orco, 2008 Teodorović, D. and Dell’Orco, M. (2008). Mitigating traffic con-
gestion: solving the ride-matching problem by bee colony optimization. Transport. Plan. Techn.,
31:135–152.

264



THE EFFECTS OF USING A SELF-LEARNING SHAKE PROCEDURE IN THE VARIABLE
NEIGHBORHOOD SEARCH
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Abstract:
In this paper, we propose a Self-Learning Shake procedure (SLS) that is incorporated in the basic Variable

Neighborhood Search method (VNS). The SLS procedure leads the VNS to a neighborhood of the current best
solution, by using the experience from previous iterations when solving a considered problem instance. The
VNS method with the proposed SLS procedure was tested and compared with the standard VNS for solving the
well-known Multiple-Level Uncapacitated Facility Location Problem (MLUFLP). The obtained results show
that the implemented SLP procedure provides significant reduction of CPU time, when compared to the standard
shaking procedure in the VNS method.

Keywords: Variable Neighborhood Search, Self-Learning Shake, Metaheuristics, Multi-Level Uncapacitated
Facility Location Problem

1. INTRODUCTION

Variable neighborhood search (VNS) is a metaheuristic method based on local search principles, proposed by
Mladenović and Hansen [13, 8]. The basic idea of the VNS is to perform a systematic change of neighborhoods
within a local search, in order to to identify a better solution. Many variants and extensions of the basic VNS are
developed for solving complex optimization problems and handling problem instances of large dimensions. The
VNS and its variations have been successfully applied to a wide variety of NP-hard optimization problems, such
as: the traveling salesman problem and its variants [8, 14], clustering problems [8], the linear ordering problem
[5], timetabling problems [2, 3], location-allocation problems [7], the maximum diverse grouping problem [16],
the multiprocessor scheduling problem [4], etc. An overview of VNS-based approaches and applications can be
seen found in [8] and [10].

In each iteration of the basic VNS, a neighborhood of the current solution is being restructured. When the
VNS achieves a local optimum, we randomly move to a solution in its neighborhood, no matter if this solution
is better or not (Shaking phase). Starting from the new solution, we try to find a new local extremum (Local
Search phase). If the found local extremum is better than the current best solution, we move to the newly found
solution, and start the search in its neighborhood. Otherwise, we continue search in a new neighborhood of the
current best solution. These steps are iteratively applied until a stopping criterion is satisfied.

In this paper, we propose a modification of the shaking phase of the VNS, named the Self-Learning Shake
(SLS), in order to improve the overall performance of the basic VNS method. In each iteration of the proposed
VNS with the SLS procedure, we exploit the experience from previous VNS iterations, in order to choose the
neighborhood structure of the incumbent best solution where the VNS will continue the exploration. We have
implemented the SLS within the VNS algorithm that is designed for solving the well-known Multiple-Level
Uncapacitated Facility Location Problem [6, 12]. The proposed VNS with the Self-Learning Shake procedure is
benchmarked on the set of MLUFLP problem instances and the results are compared with the results of the basic
VNS with standard Shake procedure for solving the MLUFLP. The computational results show a significant
improvement in the sense of running times that the algorithm needed to reach its best solutions.

The remainder of the paper is organized as follows. In Section 2, we present the Multiple-Level Uncapac-
itated Facility Location Problem (MLUFLP) and give its mathematical formulation. Section 3 describes the
VNS approach with the proposed Self-Learning Shake procedure for solving the MLUFLP. The results of com-
putational experiments on the set of MLUFLP instances are presented and discussed in Computational results
section. Comparisons of performance of the VNS with the implemented SPS procedure with the performance of
the standard VNS are illustrated and analyzed in the same section. In Section 5, we draw out the conclusions
and give some directions for future work.
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2. THE MULTI-LEVEL UNCAPACITATED FACILITY LOCATION PROBLEM

The Multilevel Facility Location Problem is an NP-hard optimization problem, since it represents a generalization
of the well-known Uncapacitated Facility Location Problem (UFLP) [11]. A set D of n clients, and a set F
of m facilities are given. Differently from the UFLP, in the Multilevel Facility Location Problem, we assume
that the set of facilities is partitioned into k levels, denoted as F1, . . . ,Fk Transportation costs ci j for each pair

(i, j) ∈
k−1⋃
l=1

(Fl+1×Fl)
⋃
(D×Fk) are given, and fixed costs fi for establishing a facility i ∈ F are assumed.

To each client j ∈ D, we assign a valid sequence p ∈ P of facilities from the set P = Fk× . . .×F1 of all
valid sequences of facilities. A feasible solution is evaluated as the sum of fixed costs of locating facilities
and the clients’ transportation costs. The transportation cost of a client j ∈ D that is assigned to a sequence
p = (ik, . . . , i1), p ∈ P is equal to cp j = c jik + cikik−1 + . . .+ ci2i1 . The objective of the MLUFLP is to minimize
the sum of the total transportation costs and the fixed costs for locating facilities.

Let us introduce two sets of binary variables. A binary variable yi, i ∈ F takes the value of 1 if a facility at
location i ∈ F is established, and 0 otherwise. Variable xp j, p ∈ P, j ∈ D is also binary, with the value of 1 if
a client j is assigned to a valid sequence p ∈ P, and 0 otherwise. Using this notation, the MLUFLP may be
written as in [6]:

min ∑
i∈F

fiyi + ∑
p∈P

∑
j∈D

cp jxp j (1)

∑
p∈P

xp j = 1, for each j ∈ D, (2)

∑
p3i

xp j ≤ yi, for each i ∈ F, j ∈ D, (3)

xp j ∈ {0,1} , for each p ∈ P, j ∈ D, (4)

yi ∈ {0,1} , for each i ∈ F. (5)

The objective function (1) minimizes the sum of overall transportation costs and the fixed costs for locating
facilities. By constraints (2), we guarantee that each client is assigned to a valid sequence of facilities. Constraints
(3) ensure that each facility in a valid sequence assigned to a client is open. Variables xp j and yi are binary,
which is stated by constraints (4) and (5), respectively.

3. THE VNS WITH SELF-LEARNING SHAKE PROCEDURE FOR SOLVING THE MLUFLP

In this section, we describe the VNS algorithm with the proposed Self-Learning Shake (SLS) for solving the
MLUFLP. In the initialization phase of the VNS, an initial solution is randomly generated, and its feasibility is
checked. The initial solution is corrected to be feasible, if necessary. We also define a finite set of neighborhood
structures, denoted as N1,N2, ...,Nkmax . Neighborhoods Nk, k = 1,2, ...,kmax, may be induced by different metrics
or quasi-metrics defined in the solution space S. In VNS implementations from the literature, neighborhoods
Nk, k = 1,2, ...,kmax are usually nested in the sense of metric that is used, i.e., N1(X)⊆ N2(X)⊆ ...⊆ Nkmax(X),
where Nk(X) represents the k-th neighborhood of a solution X ∈ S.

Starting from a feasible initial solution, the proposed VNS algorithm iterates through different neighborhood
structures looking for improvements. Each iteration of our VNS consists of two steps: a Self-Learning Shake
(SLS) and a Local Search (LS) procedure. In the SLS phase, we first decide in which neighborhood Nk,
k ∈ {1,2, ..,kmax} of the current best solution X the algorithm will move. This decision is based on experience
from previous VNS iterations, i.e. which neighborhood structures showed to be promising in finding an
improvement while solving the considered problem instance. Once the neighborhood Nk is chosen, the SLS
procedure leads the VNS to a randomly chosen solution from Nk(X). A Local search phase is then applied,
starting from the chosen solution, no matter if it is better than the current best solution or not. If the found local
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optimum is better than the incumbent best solution, we move there, update the best solution, and update the
set of promising neighborhood structures for the tested problem instance. In the next VNS loop, we repeat the
SLS and LS phases by using a new neighborhood structure Nk′ , k′ ∈ {1,2, ..,kmax}, which is chosen based on
the elements of the set of promising neighborhood structures. This set stores the information on neighborhood
structures that have a potential to be used in the next VNS iterations. It is expanded in each VNS loop in which
the algorithm produced a global improvement.

By shaking procedure, we make random moves that enable us to explore promising neighborhoods of the
current solution. The local search phase attempts to improve the quality of a new solution in the promising
neighborhood. The described iterative process stops if the a pre-defined stopping condition is met and the best
found solution is returned. The pseudocode of the proposed VNS with SLS procedure is shown in Algorithm 1.

Algorithm 1 VNS with SLS
Select the set of neighborhood structures Nk, k = 1,2, ...,kmax
X = Get_an_initial_solution()
SH =Initialize_shake_history()
repeat

k = choose a number between 1 and kmax from SH
X ′ = Shake(X, k)
X ′′ = Local_search(X’)
if X ′′ is better than X then

X = X ′′

Update SH by using values X , X ′′, k
end if

until stopping condition is met

3.1. Initialization part of the VNS with SLS

In the proposed VNS with SLS procedure, we have used the Reduced Variable Neighborhood Search method
(RVNS) for obtaining an initial feasible solution for the VNS. The Reduced Variable Neighborhood Search is a
variant of the basic VNS method, obtained by removing the Local Search step from the VNS cycle [9]. The
RVNS method is generally faster compared to the classical VNS for solving problems of larger dimensions,
since we omit the time-consuming Local Search procedure. However, omitting the local search step usually
results in lower solution quality of the RVNS compared to the basic VNS. Because of its efficiency, the RVNS is
often used for generating initial solution for the VNS or some other optimization method.

An initial feasible solution of the RVNS is generated in a random way. The RVNS algorithm runs until the
maximal number of iterations without improvement NRV NS = 200 is reached. The best solution obtained by the
RVNS is used as the initial solution of the proposed VNS method with SLS procedure. The stopping criterion
of the VNS with SLS is the same as in the RVNS, i.e., the best solution is not improved within NV NS = 200
consecutive iterations. Parameters NRV NS and NV NS related to stopping criterion may be changed, if necessary.

In the initialization part of the proposed VNS with SLS we also need to initialize Shake History SH. We
initially put a single value, denoted as kstart , in the set SH. The value of kstart is considered as a parameter value
that is experimentally determined. The initialization of Shake History will be explained in details in Section 3.4.

3.2. The representation of solutions

The proposed VNS algorithm uses a binary representation of solutions. A solution is represented by a binary
string of length m, where m = |F |. Each bit in the string corresponds to one potential location for installing a
facility. If the bit on the i-th position in the binary string has the value of 1, it indicates that a facility is open at
i-th location. A bit with the value of 0 in the string denotes that a facility is not established at corresponding
location.

We say that the distance between two solutions X and X ′ in the search space S is equal to k if and only
if these solutions differ in k locations. The metric function can be defined as ρ(X ,X ′) = |X\X ′| = |X ′\X |,
∀X ,X ′ ∈ S. By neighborhood Nk(X) we denote the set of solutions X ′ such that X and X ′ involve at most k
different locations of established facilities. More precisely, X ′ ∈ Nk(X) ⇔ ρ(X ,X ′)≤ k.
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3.3. Objective function calculation

From the solution’s code we obtain the indices of established facilities, which further give us the values of
variables yi, i = 1,2, ..,m. Since it may happen that a code corresponds to an infeasible solution, we first check
if there exists at least one established facility at each level l, l = 1, ...,k. If this is not the case, we correct the
code by randomly locating one facility at each level with no previously established facilities. The procedure of
objective function calculation may be only applied to codes that correspond to feasible solutions.

The objective function is calculated by solving the subproblem of the MLUFLP, named the FixedMLUFLP.
It is obtained from the MLUFLP by fixing the established facilities and by adding the constraint ensuring that
each level contains an established facility. This additional condition in the FixedMLUFLP will be satisfied if the
individual’s code corresponds to a feasible solution. Since the FixedMLUFLP has a polynomial complexity, it
may be solved by using the dynamic programming approach described in [12].

After solving the FixedMLUFLP to optimality, the obtained solution gives the allocation of each client to
exactly one path from the set of valid paths P. Since we have the locations of open facilities and necessary
client-path assignments, its easy to calculate the objective function value (1) by summing the transportation
costs and fixed costs of opening facilities.

3.4. The Self-Learning Shake procedure

In each loop of the basic VNS with the standard Shake procedure, the algorithm first moves to the neighborhood
N1 of the current best solution X and performs a local search starting from a randomly chosen solution in N1. If
no improvement is found, we move to N2(X) and start a local search there. In this way, we successively explore
neighborhoods N1(X), N2(X),..., Nk(X), etc., until we obtain an improvement of the current best solution X ,
or a neighborhood structure with the largest order Nkmax is explored without success. In both cases, we reset
k = 1 and return to the first neighborhood structure in the pre-defined set. In the basic VNS with classic Shake
procedure, we do not favor any neighborhood structure. In each iteration, the neighborhoods Nk are explored
in a previously defined order, starting from N1 to Nkmax . The largest order of a neighborhood structures, i.e.
the value of kmax, usually depends on the problem characteristics, its complexity, the metric that is used on a
solution space, the dimension of a problem instance, etc.

We have noticed that moving to a neighborhood Nk(X) of the current best solution, followed by a local
search in a neighborhood of randomly chosen solution in Nk(X), requires running times that significantly differ
for different neighborhood structures Nk. For smaller values of k, k ∈ {1,2, ...,Nkmax}, Shake and Local Search
phases are performed significantly faster when compared to CPU times needed for larger values of k. For
example, Figure 1 shows average CPU times for Shake and Local Search steps for different values of k, when
solving the MLUFLP instance named mr1_2l_160_340.500. This instance involves 500 users, and 160 and 340
potential locations for facilities allocated on the first and the second level, respectively.

Figure 1 Average CPU times for Shake and Local Search steps for different values of k when solving the
MLUFLP instance mr1_2l_160_340.500
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We have also investigated for which values of k the best VNS solution has been improved, and in which
neighborhood is the improved solution situated, in respect to the initial one. We have run the basic VNS on
the instance mr1_2l_160_340.500 and made some observations on the neighborhood structures in which an
improvement was found. The results of our observations on the considered instance are presented in Table 1.

The first column of Table 1 contains the number of the current VNS iteration. In the next column we present
the value of k, for which the VNS found an improvement by using the neighborhood structure Nk, chosen by
standard Shake procedure. The third column contains the position of the improved solution, obtained by Local
Search procedure, in respect to the initial solution. This position denoted as kimpr, representing how far is the
new, improved solution from the initial one in the sense of the order of a neighborhood structure. The last
two columns contain the corresponding CPU time t (in seconds) and the Objective function value (Obj.Value)
for the found improvement. In this experiment, the maximal order kmax of a neighborhood structure is set to
kmax = min{20,m/3}, where m = |F |.

Table 1: Improvements of the basic VNS with standard Shake obtained while solving the MLUFLP instance
mr1_2l_160_340.500

Iteration no. k kimpr t[s] Obj.Value
8 7 2 97 7085.78
19 11 2 168 7076.41
28 9 8 225 6748.19
42 14 2 334 6713.49
58 16 2 475 6707.51

From the results presented in Table 1, it can be seen that the maximal order of neighborhood size where the
VNS found an improvement was k = 16, k ≤ kmax when solving this instance. In the case of k = 16, from the
last row of Table 1, we can see that kimpr = 2, which means that we could immediately find an improvement in
the neighborhood structure of order 2 of the current best solution, and this would certainly provide us significant
time savings. Similar situation occurs in other cases when the VNS reached an improvement, which can be seen
from previous rows of Table 1.

By analyzing the data presented in Table 1, we may conclude that the improvement obtained by explor-
ing the neighborhood structure of order k of the current best solution, would probably be reached if we
explore a neighborhood structure of order k′ that is close to min(k,kimpr). In the case of solving the instance
mr1_2l_160_340.500, the set of promising neighborhood structures is {2,2,8,2,2}. If we had explored the
neighborhood of the current best solution by using the values close to the ones stored in the set of promising
neighborhood structures, we would probably reach improvements for shorter CPU time. This time reductions
would be further reflected in overall run-time savings of the VNS. We also notice that the elements of the set of
promising neighborhood structures have relatively small values.

In this study, we have designed the Self-Learning Shake procedure, which was incorporated in the VNS
frame in order to increase the efficiency of the algorithm. The proposed Self-Learning Shake Procedure is
applied as follows. In the initialization part of the VNS, the set of promising neighborhood structures SH is
initialized and a single value of kstart = 5 is stored in the set. This initial value is pre-determined according to
previous computational experience with basic VNS, and represents a parameter value that may be changed by
the user.

Every time when we obtain an improvement X ′ of the current best solution X , we add the value of
min(k,kimpr) to the set of promising neighborhood structures SH. Here k denotes the order of neighbor-
hood Nk(X) where the improved solution X ′ is found, while kimpr indicates how far is the improved solution X ′

from the initial one. In the next VNS loop, the SLS procedure takes randomly chosen value k′ by using normal
distribution N(avg,

√
avg), where avg denotes the average value of elements that are currently stored in the set

SH. The chosen value k′ is the order of neighborhood of the current best solution to be explored looking for
the new improvement. In this way, we favor the neighborhood structures which showed to be promising in
finding better solutions during the previous VNS iterations. However, by using normal distribution, we leave the
possibility of choosing relatively large neighborhoods within the SLS procedure.

In Table 2 we present the improvements of the proposed VNS with SLS procedure obtained while solving
the MLUFLP instance mr1_2l_160_340.500. The results are resented in the same way as in Table 1.

As it can be seen from Table 2, the improvements obtained by the proposed VNS with SLS procedure
coincide with the ones obtained by the basic VNS with standard Shake. By comparing the values presented in
column t[s] of Tables 1-2, we observe that the CPU time needed for reaching the improvements is generally
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Table 2: Improvements of the proposed VNS with SLS procedure obtained while solving the MLUFLP instance
mr1_2l_160_340.500

Iteration no. k kimpr t[s] Obj.Value
16 5 2 143 6962.50
26 4 2 195 6909.79
42 4 2 268 6903.57
50 5 7 308 6844.47
53 3 5 324 6707.51

shorter when the SLS procedure was used. We also notice that the values of k in the second column of Table 2
are relatively small and generally close to the values of kimpr from the third column of Table 2.

In order to experimentally confirm time-savings obtained by using the described SLS procedure, we have
benchmarked the proposed VNS with SLS on several data sets for the MLUFLP, including problem instances of
real-life dimensions. The computational results and their analysis is presented in the next section.

4. EXPERIMENTAL RESULTS

In this section, we present computational results and comparisons of the proposed VNS with SLS procedure and
the basic VNS with standard Shake for solving the MLUFLP. All computational experiments were carried out
on an Intel Core i7-860 2.8 GHz (quad-core processor) with 8GB RAM memory under Windows 7 Professional
operating system. Both VNS-based approaches were implemented by using a .NET Framework.

Computational experiments in this study were carried out on several sets of the MLUFLP instances from
the literature. In order to obtain more reliable results, both VNS with SLS and basic VNS methods were run
10 times with different random seeds on each considered MLUFLP instance. Note that both approaches used
RVNS for obtaining an initial feasible solution, as it was described in Section 3.1. In order to provide fair
comparisons, we used the same stopping criterion parameter NV NS = 200 for the proposed VNS with SLS and
basic VNS method.

In our experiments, we used the following MLUFLP data sets:

Standard ORLIB instances from [1], initially designed for the UFLP. This data set contains 50≤ n≤ 1000
users and 16≤ m≤ 100 potential locations for opening facilities, sited on k = 1 level;

Modified UFLP data set, proposed in [12]. These instances are generated from standard ORLIB instances
[1] and involve 50≤ n≤ 1000 users and 16≤m≤ 100 potential facility locations, distributed on 2≤ k≤ 4
levels;

Large scale M∗ instances, introduced in [15]. We have considered M∗ instances with 300 ≤ n ≤ 1000
users and 300≤ m≤ 1000 potential sites for facilities, located on k = 1 level;

Large-scale MLUFLP instances, derived from M∗ data set, and presented in [12]. We have tested
modified M∗ instances that contain 300≤ n≤ 1000 users and 300≤m≤ 1000 potential facility locations,
distributed on 2≤ k ≤ 5 levels.

For more detailed explanation on the benchmark data set for the MLUFLP we refer to [12]. The MLUFLP
instances from [6] are not available, but they are mostly based on standard ORLIB data set for the UFLP.

In Table 3 we present computational results and comparisons on data sets described above. In the first
column, the instance’s name is given, containing the information on the original instance, the number of levels,
potential locations for facilities on each level, and the number of clients respectively. For example, the instance
capa_2l_30_70.1000 is obtained by modifying the ORLIB instance capa and involves 1000 clients and 2 levels
with 30 and 70 potential locations for opening facilities on the first and the second level, respectively.

The remaining columns of Table 3 show the results of the basic VNS with the standard Shake and the
proposed VNS with SLS procedure, respectively. The columns 2–6 and 7–11 contain the following data:

Best solution – Best.Sol., marked with an asterisk ∗, if it coincides with the optimal solution known in
advance. Optimal solutions for the considered problem instances are taken from [12];
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Running time needed to reach the Best.Sol. for the first time – solt (in seconds). The best values in
columns solt [s] are bolded;
Corresponding total running time – exect (in seconds). Best total running times in columns exect [s] are
bolded;
Average gap – agap (in percents) from the optimal Opt.Sol. or the best solution through all runs (in cases
when Opt.Sol. is not known);
Standard deviation – σ (in percents) from the optimal Opt.Sol. or the best solution through all runs.

Table 3: Results

Instance
basic VNS VNS with SLS

Best.Sol. solt [s] exect [s] agap[%] σ [%] Best.Sol. solt [s] exect [s] agap[%] σ [%]

cap71_1l_16.50 932615.75* 0 0 0.00 0.00 932615.75* 0 0 0.00 0.00
cap71_2l_6_10.50 1813375.51* 0 0 0.00 0.00 1813375.51* 0 0 0.00 0.00
cap71_3l_2_5_9.50 4703216.31* 0 0 0.00 0.00 4703216.31* 0 0 0.00 0.00
cap101_1l_25.50 796648.44* 0 1 0.00 0.00 796648.44* 0 1 0.00 0.00
cap101_2l_8_17.50 1581551.39* 0 1 0.00 0.00 1581551.39* 0 1 0.00 0.00
cap101_3l_3_7_15.50 3227179.81* 0 0 0.00 0.00 3227179.81* 0 0 0.00 0.00
cap131_1l_50.50 793439.56* 0 4 0.00 0.00 793439.56* 0 3 0.00 0.00
cap131_2l_13_37.50 1592548.45* 0 3 0.00 0.00 1592548.45* 0 2 0.00 0.00
cap131_3l_6_14_30.50 3201970.46* 0 3 0.00 0.00 3201970.46* 0 2 0.00 0.00
capa_1l_100.1000 17156454.48* 8 31 0.11 0.33 17156454.48* 5 15 0.52 0.77
capa_2l_30_70.1000 31524957.41 2 19 0.71 1.02 31524957.41 2 9 0.86 1.02
capa_3l_15_30_55.1000 40725103.25 1 14 0.00 0.00 40725103.25 1 9 4.18 7.00
capa_4l_6_12_24_58.1000 54643362.80 1 16 0.20 0.53 54643362.80 1 9 0.78 1.03
capb_1l_100.1000 12979071.58* 10 33 0.52 0.68 12979071.58* 7 18 1.11 0.71
capb_2l_35_65.1000 25224163.28 1 17 1.24 1.57 25224163.28 1 10 2.07 1.81
capb_3l_12_25_63.1000 34978486.51 1 16 0.00 0.00 34978486.51 1 10 1.04 2.75
capb_4l_6_13_31_50.1000 53034149.83 5 19 0.84 1.69 53034149.83 4 10 0.93 1.66
capc_1l_100.1000 11505594.33* 10 31 0.25 0.36 11505594.33* 7 17 0.55 0.48
capc_2l_32_68.1000 22762468.84 31 47 1.10 0.63 22762468.84 13 22 1.44 1.28
capc_3l_13_27_60.1000 35540649.43 2 19 1.01 1.46 35540649.43 2 10 1.79 1.81
capc_4l_4_9_27_60.1000 57017358.04 1 18 0.70 0.70 57017358.04 1 12 1.63 1.98
mq1_1l_300.300 3591.27* 10 68 0.00 0.00 3591.27* 10 41 0.05 0.16
mq1_2l_100_200.300 8341.29 9 48 1.62 1.60 8341.29 9 30 2.38 1.44
mq1_3l_30_80_190.300 12994.87 27 71 1.77 1.52 12994.87 24 44 3.02 1.89
mq1_4l_18_39_81_162.300 18048.03 6 38 1.10 1.21 18048.03 7 24 1.52 1.19
mq1_4l_20_40_80_160.300 17648.01 6 37 3.08 1.93 17648.01 6 23 4.38 2.11
mr1_1l_500.500 2349.86* 62 378 0.15 0.30 2349.86* 62 232 0.86 1.21
mr1_2l_160_340.500 6707.51 475 697 2.06 1.00 6707.51 324 420 2.03 1.21
mr1_3l_55_120_325.500 10911.32 40 248 1.32 1.32 10911.32 40 166 1.32 1.32
mr1_4l_30_65_140_265.500 15311.47 177 346 1.07 0.83 15311.47 147 216 1.22 0.81

Columns Best.Sol. in Table 3 show that both basic VNS and the VNS with SLS procedure reach the same
solutions, which coincide with optimal solutions in cases when optimal solutions are previously known. Low
values of average gap presented in columns agap[%] and standard deviation given in column σ [%] indicate
good stability of both VNS-based methods in producing best/optimal solutions in all runs.

The CPU times presented columns solt [s] and exect [s] indicate running time improvements achieved by
implementing the SLS procedure in the VNS frame. In average, the basic VNS achieved the best solution in 30
seconds, while the proposed VNS with SLS needed 22 seconds in average for all considered problem instances,
which is around 36.36% faster compared to the basic VNS. The instance mr1_2l_160_340.500 was the most
time-consuming for both tested VNS approaches: the basic VNS needed 475 seconds to reach the best-known
solution, while the VNS with SLS procedure returned the same solution within 324 seconds.

The advantage of the proposed SLS strategy is more obvious when analyzing total running times given in
columns exect [s], since we used the same stopping criterion parameter NV NS = 200 for both VNS methods. The
values presented in columns exect [s] show that the VNS with SLS needs shorter total execution times when
solving all tested instances, with exception of six small size problem instances with n = 50 clients, where both
methods have the same performance.
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Note that for all small-size problem instances involving n = 50 client nodes, solution and execution times
for both benchmarked methods are almost zero. The reason is that these instances are easy to solve and the
RVNS method, which is used in the initialization phase, almost instantly produces a feasible solution that is
equal to the optimal one. This has happened in each run of both VNS-based algorithms and therefore, the values
of average gap and standard deviation are 0%.

In average, the basic VNS needed 74 seconds until the termination criterion was satisfied, while the proposed
VNS with SLS needed only 45 seconds to finish its runs, considering all tested data set. It means that the
SLS procedure provided solutions around 64.44% faster compared to the basic VNS. Again, the instance
mr1_2l_160_340.500 was the most time-consuming for both tested VNS approaches: the basic VNS needed
697 seconds, while the VNS with SLS procedure finished its run within 420 seconds.

5. CONCLUSIONS

In this paper, we propose a Self-Learning Shake (SLS) procedure, which represents a modification of the
standard Shake in the basic Variable Neighborhood Search method. The idea is to use the experience from
previous VNS iterations to choose the neighborhood structure of the incumbent best solution where the VNS
will continue the exploration. The SLS uses the set of promising neighborhood structures, which is initialized at
the beginning of the VNS run, and updated in each VNS iteration. The Reduced Variable Neighborhood Search
method is used for finding a feasible initial solution for the VNS-based method.

We have designed the VNS algorithm with the described SLS procedure for solving the well-known Multiple-
Level Uncapacitated Facility Location Problem. The proposed VNS with SLS procedure was benchmarked and
compared with the basic VNS with standard Shake on the set of MLUFLP problem instances from the literature.
The computational results show a good stability of the proposed VNS with SLS in returning best-known
and optimal solutions of all instances in the considered data set. The implemented SLS procedure provided
significant time savings, in comparison with the standard Shake in the basic VNS, when solving the MLUFLP
problem instances. The presented results show the potential of the proposed SLS procedure for improving the
efficiency of the VNS method for solving the MLUFLP and similar facility location problems.
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Abstract: Given an undirected and connected graph G = (V,E) and a bounded positive integer b, the Vertex
Separator (VS) problem consists of finding the set of vertices C, whose removal divides G into two separated
components A,B, where max{|A|, |B|} ≤ b. This NP-hard optimization problem appears in a wide range of
applications. For instance, in telecommunication networks, a separator determines the capacity and brittleness
of the network. In the field of graph algorithms, the computation of balanced small-sized separators is very
useful, especially for divide-and-conquer algorithms. In bioinformatics and computational biology, separators
are required in grid graphs providing a simplified representation of proteins. This paper presents a new heuristic
algorithm based on the Variable Neighborhood Search (VNS) methodology for computing vertex separators. We
compare our procedure with the state-of the-art methods (two branch-and-bound procedures recently published).
Computational results show that our procedure obtains the optimum solution in all of the small and medium
instances, and obtains high-quality results in large instances. Although the branch-and-bound methods assess
the optimality of the solution found, they need large computing time. On the other hand, our procedure obtains
almost all optima in a small fraction of that time (without assessing the optimality of the solution found).

Keywords: Combinatorial optimization, Metaheuristics, VNS, Graph separators

1. INTRODUCTION

Consider a graph G = (V,E), where V is the set of vertices and E the set of edges. Let c j be the cost associated
with each vertex j ∈ V . A separator in G is usually defined as a subset of vertices or edges whose removal
disconnect the graph. Separators are also known by other names, including bisectors, bifurcators, balanced cuts,
and partitions.

In this paper we particularly focus on the Vertex Separator (VS) problem, which consists of finding a partition
of V into three non-empty subsets A,B and C, such that there is not any edge between A and B, the size of both
sets are bounded by a positive integer b (which is usually a function of |V |), and the sum of the weight of the
vertices in C is minimized.

A solution x of the VS problem for a given graph G can be represented as three sets A,B, and C such that
A∪B∪C =V and A∩B = A∩C = B∩C = /0. Therefore, the value of the objective function, Sep, of a solution,
x = {A,B,C}, is defined as Sep(x,G) = ∑

j∈C
c j.

The optimization problem can be formulated as follows:

min ∑
j∈C

c j

s.t.
max{|A|, |B|} ≤ b
∀i ∈ A∧∀ j ∈ B,(i, j) /∈ E

Notice that the VS problem is completely equivalent to maximizing the sum of the weight of the vertices in
A and B (see for instance [14]).

Figure 1.(a) shows an illustrative example of a graph G with five vertices and six edges. Figure 1.(b) depicts
a possible solution, where sets A,B, and C are represented as dashed rectangles. If we assume, for the sake of
simplicity, that each vertex has a cost of 1, the value of this solution is 1 since there is only one vertex in the set
C.

This optimization problem was originally introduced in [5] in the context of VLSI design. However,
finding balanced separators of small size become an important task in several contexts. For instance, in
telecommunication networks, a separator determines the capacity and brittleness of the network ([3, 4]). In
the field of graph algorithms, the computation of balanced small-sized separators is very useful, especially for
divide-and-conquer algorithms (see [2] for a larger description). In bioinformatics and computational biology,
separators are required in grid graphs providing a simplified representation of proteins.
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Figure 1 Example of a graph (a) and a possible Vertex Separator solution (b)

Finding the minimum vertex separator of a general graph is a NP-hard problem [6]. Therefore, exact
approaches only solve instances of moderate size. In particular, Souza and Balas [14] proposed a mixed integer
programming formulation, and investigated the VS polytope and the convex hull of incidence vectors of vertex
separators. This theoretical study was afterwards included in a branch-and-cut procedure. Computational
results showed that the exact method was able to optimally solve instances with size ranging from 50 to 150 in
moderate computing time. Biha and Meurs [18] introduced new classes of valid inequalities and a simple lower
bound. Computational experiments showed that the new exact procedure was able to solve to optimallity all the
instances introduced in Balas and Souza [13] in shorter computing time. Therefore, this method emerges as the
state-of-the-art regarding exact procedures.

Much of the previous work on the VS problem is based on designing approximation algorithms. Lipton
and Tarjan [1] showed that an n-vertex planar graph has a balanced separator of size O(

√
n). However, most

of the papers approximate the VS problem by solving the Edge Separator (ES) problem. In particular, these
approaches first design an approximation algorithm for the ES problem and then adapt this algorithm to the VS
problem. See for instance, Leighton and Rao [8] or Arora et al. [12] with an approximation ratio of O(logn)
and O(

√
logn), respectively. This approach works well on graphs with bounded degree. However, for general

graphs, the situation is completely different (Feige et al. [11]). The best approximation algorithm for the VS
problem was introduced in Feige et al. [15] . In particular, they proposed linear and semidefinite program
relaxations, and rounding algorithms for these programs. They obtained an O(

√
log(opt)) approximation,

where opt is the size of the optimal separator.
Despite the fact that this problem has been the subject of extensive research, it has been mainly ignored in

the heuristic and metaheuristic community. As far as we now, there is only one heuristic method introduced in
Souza and Balas [13]. In particular, the unique objective of this method is to generate feasible solutions for the
branch-and-cut procedure. The method first solves the linear relaxation of the original problem. Then, starting
from the fractional solution, it constructs an integer solution by sequentially rounding up (when it is possible)
the fractional variables using a greedy function. After each rounding up, some variables are rounded down to 0
to fulfill the constraints of the problem.

In this paper, we propose a Variable Neighborhood Search (VNS) approach [10] for the Vertex Separator
problem. This metaheuristic has been successfully applied to a large number of optimization problems. See for
instance [21, 20, 19, 22, 16]. We particularly exploit the advantages of the Reduced Variable Neighborhood
Search (RVNS) variant to design an efficient and effective solving procedure for the VS problem. Section 2
introduces the constructive procedure designed for this problem. Section 3 describes a new shake procedure,
designated to balance intensification and diversification. Section 4 is devoted to describe the VNS procedure
itself, and how it uses the constructive and the shake procedures. Section 5 reports on an extensive computational
experience to validate the proposed algorithm by comparing its performance and computing time with the
state-of-the-art methods. Finally, Section 6 summarizes the main conclusions of our research.

2. CONSTRUCTIVE PROCEDURE

Level algorithms (see [9]) are constructive procedures based on the partition of the vertices of a graph in
different levels, L1, . . . ,Ls, such that the endpoints of each edge in the graph are either in the same level Li or
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1: procedure Constructive(T )
2: T = {L1,L2, . . . ,Ls}
3: limit← bs/2c
4: i← 1
5: j← s
6: f ullA← false
7: f ullB← false
8: while (i < limit) or ( j > limit) do
9: if (|A|+ |Li|< b) and not f ullA then

10: A← A∪Li
11: else
12: f ullA← true
13: critical← i
14: limit← i+1
15: end if
16: if (|B|+ |L j|< b) and not f ullB then
17: B← B∪L j
18: else
19: f ullB← true
20: critical← j
21: limit← j−1
22: end if
23: i← i+1
24: j← j−1
25: end while
26: for all v ∈ Lcritical do
27: N(v)→{u ∈V : (u,v) ∈ E}
28: NA(v)→ N(v)∩A
29: NB(v)→ N(v)∩B
30: if |NA(v)|= /0 then
31: B→ B∪{v}
32: else if |NB(v) = /0 then
33: A→ A∪{v}
34: else
35: C→C∪{v}
36: end if
37: end for

Algorithm 1: Pseudocode of Constructive procedure

in two consecutive levels, Li and Li+1. This level structure guarantees that vertices in alternative levels are
not adjacent. Our constructive procedure generates the level structure by using an Breadth-First Search (BFS)
method. This algorithm receives as input parameter a vertex v. The method then constructs a spanning tree
rooted at v. Therefore, if a graph has |V | vertices, we can construct |V | different spanning trees.

Algorithm 1 shows the pseudo-code of our constructive procedure. In particular, it receives as input parameter
an spanning tree T and returns a feasible solution of the VS problem. The algorithm starts by identifying the
set of levels of the tree (step 2). We then initialize a set of auxiliary variables (steps 3 to 7). The algorithm
tries to alternatively assign one level of the tree to each set. In particular, level L1 is assigned to A, then level
Ls is assigned to B. If both sets are not full, we perform another iteration assigning L2 and Ls−1 to A and B,
respectively (see steps 9 to 24). This logic is maintained until we reach the medium level (bs/2c) or one of the
subsets is filled (tested at steps 9 and 16). If neither A nor B reaches the maximum capacity, the critical level is
bs/2c. Otherwise, the critical level is the one that fills the corresponding set (see steps 13 and 20). Once a set is
complete, the other set is filled with the remaining levels but the critical.

The elements in the critical level are processed in steps 26 to 37. In particular, for each vertex, we first test
its adjacent vertices in A or B (steps 28 and 29). If the corresponding vertex has not adjacent in A, it can be
assigned to B or viceversa (steps 30 to 33). Finally, if the vertex has adjacents in A and B, it is assigned to C.
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1: procedure Shake(x,k)
2: x = {A,B,C}
3: Cand← RandomlySelect(A∪B,k)
4: A← A\Cand
5: B← B\Cand
6: for all c ∈C do
7: f easA← Feasible(A∪{c})
8: f easB← Feasible(B∪{c})
9: if ( f easA and f easB) then

10: if ((|A|< |B|)) then
11: A← A∪{c}
12: else
13: B← B∪{c}
14: end if
15: else if f easA then
16: A← A∪{c}
17: else if f easB then
18: B← B∪{c}
19: end if
20: end for
21: for all c ∈Cand do
22: f easA← Feasible(A∪{c})
23: f easB← Feasible(B∪{c})
24: if ( f easA and f easB) then
25: if ((|A|< |B|)) then
26: A← A∪{c}
27: else
28: B← B∪{c}
29: end if
30: else if f easA then
31: A← A∪{c}
32: else if f easB then
33: B← B∪{c}
34: else
35: C←C∪{c}
36: end if
37: end for

Algorithm 2: Pseudocode of Shake method

3. SHAKE METHOD

There are several optimization problems where the structure of the solution barely allows the designing of
an efficient local search. The VS problem falls in this category. In particular, a solution x is defined as three
disjoint subsets A,B, and C. In that solution moves become quite complex. For instance, removing one vertex in
A (symmetrically in B) and inserting it in B (symmetrically in A) does not change the objective function. In
this line, removing vertices from A or B and inserting them in C deteriorates the objective function. Finally,
removing a vertex from C and inserting it in A or B is hardly ever possible since the new solution is usually
unfeasible.

As a consequence, designing a VNS method for the VS problem then requires to implement "intelligent"
shake procedures. Notice that most of the VNS algorithms use the shake function as a strategy to escape from
local optima by randomly perturbing the incumbent solution. This strategy has been successfully used in several
contexts ([7, 17]). However, as it was aforementioned this option is not adequate for the VS problem. Therefore,
the shake procedure not only must diversify but also intensify the search.

The shake function proposed in this paper, Shake(x,k) is shown in Algorithm 2. It first identifies the three
disjoint sets A,B, and C (step 2). Then, we identify the set of k vertices (called Cand) which will be perturbed.
In order to diversify the search, those vertices are selected from A∪B at random (step 3). Then, the method
generates a partial solution by removing the selected k vertices (steps 4 and 5). On that partial solution, we
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1: procedure RVNS(x,kmax, tmax)
2: repeat
3: k← 1
4: repeat
5: x′← Shake(x,k)
6: if Sep(x′,G)< Sep(x,G) then
7: x← x′

8: k← 1
9: else

10: k← k+1
11: end if
12: until k = kmax
13: t← CPUTime()
14: until t > tmax
15: end RVNS

Algorithm 3: Pseudocode of RVNS

try to reduce the objective function by removing elements from C and inserting them in A or B (intensification
stage). We first test if removing one element of C and inserting it in A (step 7) or B (step 8) is feasible. We
consider the function Feasible(A∪{c}), which returns true if the insertion of c does not exceed the bound b
(i.e., A∪{c} ≤ b) and NB(c) = /0. The functionality of Feasible(B∪{c}) is completely symmetric.

The insertion of one element in either A or B can be separated in three different cases (steps 9 to 19). If it is
possible to insert the element in both sets, we insert it in the set with the minimum cardinality to have roughly
equally-sized sets (steps 10 to 14). Otherwise, we insert the element in the only set which generates a feasible
solution (steps 15 to 19).

Finally, the shake procedure ends by inserting the k removed elements, first, in A or B (again, maintaining
the size of the sets as equal as possible). When it is not possible, the element is finally inserted in C (see steps
21 to 37).

4. REDUCED VARIABLE NEIGHBORHOOD SEARCH

Variable Neighborhood Search (VNS) is a methodology for solving optimization problems based on changing
neighborhood structures. In recent years, a large amount of VNS variants have been proposed. Just to mention a
few of them: Variable Neighborhood Descent (VND), Reduced VNS (RVNS), Basic VNS (BVNS), Skewed
VNS (SVNS), General VNS (GVNS) or Reactive VNS. We refer the reader to [10, 17] for excellent reviews of
this methodology.

Let Nk with 1≤ k ≤ kmax be a finite set of pre-selected neighborhood structures, where Nk(x) is the set of
neighbor solutions of x in the k−th neighborhood and kmax is the largest neighbor that is going to be explored.
When solving an optimization problem by using different neighborhoods structures, the VNS methodology
proposes to explore them in three different ways: (i) random, (ii) deterministic, or (iii) mixed, which hybridizes
both, deterministic and random. In this paper, we focus on the RVNS variant, which consists of exploring
(generating) solutions at random in each Nk neighborhood. This variant does not consider the application of a
local search procedure. In fact, the values of the generated solutions are directly compared with the value of the
incumbent solution, updating the best solution in case of improvement.

The pseudo-code of RVNS is shown in Algorithm 3. It has three input arguments: the initial solution
(generated with the constructive method proposed in Section 2), the largest predefined neighborhood (kmax), and
the maximum computing time (tmax). The RVNS begins the search in the first neighborhood structure (step 3).
Then, the incumbent solution is perturbed using the function Shake, in step 5, obtaining a new solution x′ (see
Section 3). In step 6, it is decided whether the RVNS performs a move, which implies that x′ is better than x,
or not. If so, the incumbent solution is then updated (step 7) and the method resorts to the first neighborhood
(step 8). Otherwise, (i.e., x′ is worse than x) RVNS explores a larger neighborhood by increasing k (step 10).
Steps 5 to 11 are repeated until kmax is reached. This parameter determines the maximum number of different
neighborhoods to be explored in the current iteration when there is no improvement in the solution. Finally,
steps 3 to 13 are repeated until tmax is reached.

In order to diversify the search the RVNS is executed |V | independent iterations. Specifically, it considers in
each iteration a different spanning tree constructed with a Depth-First Search algorithm. The whole method
then returns the best solution found.
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5. COMPUTATIONAL EXPERIMENTS

This section reports the computational experiments that we have performed for testing the efficiency of the
proposed RVNS for solving the VS problem. The algorithm was implemented in Java SE 6. We have considered
four set of instances previously used in this problem. DIMACS instances come from the DIMACS challenge on
graph coloring. The graphs included in this set do not have more than 150 vertices, with the exception of the
instance myciel7 which has 191 vertices.

The second class of instances is derived from the Matrix Market graphs (MM graphs for short). This
collection consists of a set of standard test matrices M = Muv arising from problems in linear systems, least
squares, and eigenvalue calculations from a wide variety of scientific and engineering disciplines. The graphs
are derived from these matrices by considering an edge (u,v) for every element Muv 6= 0.

Three categories of MM graphs were generated. The first one, called MM-I, corresponds to all matrices
with 20 to 100 columns. The second category, called MM-II, was obtained from the matrices whose number of
columns range from 100 to 200. The third category of instances, denoted by MM-HD, only contains graphs
with at least 35% of density.

We compare the results of our RVNS with those obtained by De Souza and Balas [13] and Biha and Meurs
[18]. In our opinion, the performance of the computers where the algorithms were executed does not differ very
much. We provide the main characteristics of the computers to facilitate the computing time comparison.

De Souza and Balas (SB) [13]: Pentium 4 processor, with 2.5 GHz and 2 GB of memory.
Biha and Meurs (BM) [18]: Pentium M740 processor, with 1.73 GHz and 1 GB of memory.
Fernandez-Lopez et al. (RVNS): Intel Core 2 Duo T6400 processor, with 2.0 GHz and 3 GB of memory.

Tables 1, 2, 3, and 4 report the experimental results, where each line corresponds to one specific instance. In
all these tables, the first column contains the instance name (Instance) followed, in parenthesis, by the number
of vertices of the graph and the density. The second column contains the optimal solution value (Opt.), the third
and fourth columns give, respectively, the running times in seconds of both exact procedures (SB Time and
BM Time). Finally, the fifth and the sixth columns contain the value of the objective function found by our
procedure (RVNS) and its associated computing time in seconds (Time).

The easiest instances are those in set MM-I, reported in Table 1. Our RVNS procedure matches all optima in
0.13 seconds while BM and SB need 7.87 seconds and 48.46 seconds, respectively. Obviously the other two
methods guarantees the optimality of the solution, but employ much more CPU time.

Instances reported in Table 2 have a moderate difficulty to be solved. As we can see our RVNS maintains a
really short computing time (1.43 seconds on average), which compares favorably with those obtained by SB
(147.92 seconds) and BM (53.98 seconds). Our method finds the optimal solution in 19 instances (out of 20). In
the only instance where the RVNS does not match the optimal solution, it finds a solution one unit below the
optimum.

Table 3 contains the most difficult instances in the set MM-HD. In this case, our method does not match the
optimum solution in 6 instances (out of 39). However, the average objective function attained by the RVNS
(72.21) is extremely close to the average of the optima (72.49). Regarding the CPU time, our method again
exhibits a remarkable performance (0.46 seconds on average) compared with SB (13.74 seconds) and BM (13.67
seconds).

Table 4 reports the results of the tree methods over a different set of instances. In particular, those instances
obtained from the DIMACS challenge on graph coloring. Again, our method presents outstanding results,
obtaining the optimal solution in all instances but one. In addition, in that instance, it obtain a solution one
unit below the optimum. The RVNS needs only about one second to find these results, while its competitors
consumes about 600 seconds (obviously assessing that the solution found is the optimum).
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Table 1: Results on the MM-I instances.

Instance Opt. SB Time BM Time RVNS Time
ash219 (85, 0.06) 79 0.18 1.19 79 0.32
ash85 (85, 0.17) 72 2.87 8.61 72 0.35
bcspwr01 (39, 0.16) 36 0.02 0.13 36 0.02
bcspwr02 (49, 0.15) 44 0.06 0.48 44 0.05
bcsstk01 (48, 0.55) 30 1.63 0.06 30 0.03
bfw62a (62, 0.34) 59 0.05 0.58 59 0.11
can24 (24, 0.57) 16 0.05 0.00 16 0.00
can61 (61, 0.47) 46 0.82 2.11 46 0.11
can62 (62,0.11) 56 0.15 0.50 56 0.11
can73 (73, 0.25) 53 21.82 8.27 53 0.16
can96 (96, 0.20) 72 1131.60 154.92 72 0.44
curtis54 (54, 0.24) 46 0.20 0.63 46 0.07
dwt66 (66, 0.12) 62 0.06 0.31 62 0.10
dwt72 (72,0.07) 68 0.07 0.50 68 0.23
dwt87 (87, 0.19) 77 0.90 3.03 77 0.39
dwt_59 (59, 0.15) 51 0.30 0.97 51 0.10
fidap005 (27, 0.67) 18 0.04 0.11 18 0.01
fidapm05 (42, 0.61) 30 0.10 0.42 30 0.02
ibm32 (32, 0.36) 24 0.07 0.31 24 0.01
impcol_b (59, 0.19) 49 0.59 1.53 49 0.08
pores_1 (30, 0.41) 22 0.09 0.20 22 0.01
steam3 (80, 0.23) 72 0.81 1.83 72 0.20
west0067 (67, 0.19) 56 0.51 1.58 56 0.13
will57 (57, 0.19) 53 0.05 0.53 53 0.08
Average 49.63 48.46 7.87 49.63 0.13

Table 2: Results on the MM-II instances.

Instance Opt. SB Time BM Time RVNS Time
arc130 (130, 0.93) 88 137.42 99.33 88 0.49
ash331 (104, 0.06) 97 0.82 2.81 97 0.91
bcspwr03 (118, 0.08) 112 0.38 2.42 112 1.38
bcsstk04 (132, 0.68) 84 80.01 26.80 84 1.21
can_144 (144, 0.16) 126 443.49 31.25 126 1.51
gre_115 (115, 0.09) 95 28.77 82.81 95 1.31
L125.ash608 (125, 0.05) 118 0.50 2.38 118 1.75
L125.bcsstk05 (125, 0.35) 101 54.29 30.81 101 1.27
L125.can_161 (125, 0.16) 97 1800.00 580.80 97 1.44
L125.can_187 (125, 0.13) 111 23.22 16.98 111 0.99
L125.dwt_162 (125, 0.12) 116 1.15 8.36 116 1.64
L125.dwt_193 (125, 0.38) 95 73.74 29.72 95 0.99
L125.fs_183_1 (125, 0.44) 98 36.21 35.02 97 0.98
L125.gre_185 (125, 0.15) 104 31.40 30.58 104 1.69
L125.lop163 (125, 0.16) 109 33.22 16.03 109 1.25
L125.west0167 (125, 0.06) 121 0.22 1.91 121 1.70
L125.will199 (125, 0.05) 119 0.35 2.56 119 1.17
lund_a (147, 0.26) 118 155.29 45.89 118 2.60
rw136 (136, 0.07) 121 57.57 28.88 121 2.36
west0132 (132, 0.06) 126 0.42 4.30 126 1.89
Average 110.45 147.92 53.98 107.75 1.43
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Table 3: Results on the MM-HD instances.

Instance Opt. SB Time BM Time RVNS Time
L100.cavity01 (100, 0.37) 85 3.52 10.66 85 0.57
L100.e05r0000 (100, 0.64) 70 14.94 7.94 70 0.38
L100.fidap001 (100, 0.68) 64 9.82 5.14 64 0.37
L100.fidap002 (100, 0.82) 66 2.38 6.23 66 0.31
L100.fidap021 (100, 0.41) 85 2.64 5.47 85 0.55
L100.fidap022 (100, 0.68) 62 30.62 13.99 62 0.39
L100.fidap025 (100, 0.41) 82 5.41 13.58 82 0.53
L100.fidap027 (100, 0.81) 69 4.15 23.44 69 0.35
L100.fidapm02 (100, 0.62) 69 6.35 25.13 69 0.43
L100.rbs480a (100, 0.52) 73 11.91 13.95 73 0.37
L100.steam2 (100, 0.36) 76 30.98 8.87 76 0.47
L100.wm1 (100, 0.60) 74 11.65 27.78 72 0.42
L100.wm2 (100, 0.61) 76 7.37 18.49 75 0.42
L100.wm3 (100, 0.59) 77 4.79 19.66 76 0.47
L120.cavity01 (120, 0.42) 99 16.57 16.38 99 0.98
L120.e05r0000 (120, 0.59) 90 7.51 9.83 90 0.76
L120.fidap001 (120, 0.63) 82 22.56 37.53 82 0.80
L120.fidap002 (120, 0.82) 68 37.86 10.45 68 0.55
L120.fidap021 (120, 0.43) 98 17.36 16.77 98 0.93
L120.fidap022 (120, 0.60) 84 94.06 30.78 84 0.87
L120.fidap025 (120, 0.39) 102 9.27 9.61 102 1.02
L120.fidap027 (120, 0.85) 83 9.07 50.72 83 0.58
L120.fidapm02 (120, 0.65) 86 12.29 42.95 86 0.81
L120.rbs480a (120, 0.46) 88 98.84 21.28 88 0.89
L120.wm2 (120, 0.47) 98 19.27 18.78 94 1.01
L80.cavity01 (80, 0.38) 65 2.22 4.58 65 0.25
L80.e05r0000 (80,0.68) 60 0.96 7.94 60 0.20
L80.fidap001 (80,0.72) 54 0.98 3.14 54 0.19
L80.fidap002 (80, 0.77) 53 1.71 3.33 53 0.16
L80.fidap021 (80,0.43) 65 2.43 4.03 65 0.23
L80.fidap022 (80,0.76) 41 10.05 2.17 41 0.11
L80.fidap025 (80,0.38) 68 1.14 2.63 68 0.32
L80.fidap027 (80,0.80) 56 1.18 4.47 56 0.18
L80.fidapm02 (80,0.65) 53 1.97 3.28 53 0.19
L80.rbs480a (80,0.58) 62 0.97 3.50 62 0.17
L80.steam2 (80,0.40) 61 3.15 4.22 61 0.25
L80.wm1 (80,0.57) 59 11.13 8.64 57 0.20
L80.wm2 (80,0.58) 61 2.89 7.36 61 0.21
L80.wm3 (80,0.55) 63 3.81 8.41 62 0.22
Average 72.49 13.74 13.67 72.21 0.46

Table 4: Results on the DIMACS instances.

Instance Opt. SB Time BM Time RVNS Time
david (87, 0.11) 81 0.19 0.98 81 0.55
DSJC125.1 (125, 0.09) 91 1800.00 9783.08 90 0.63
DSJC125.5 (125, 0.50) 74 1800.00 8.61 74 0.62
DSJC125.9 (125, 0.90) 22 794.36 0.70 22 0.33
games120 (20, 0.09) 102 429.02 121.05 102 1.31
miles1000 (128, 0.40) 110 13.62 19.06 110 1.81
miles500 (128, 0.14) 119 2.11 7.16 119 1.96
miles750 (128, 0.26) 113 9.83 62.80 113 1.59
myciel3 (11, 0.36) 8 0.00 0.00 8 0.00
myciel4 (23, 0.28) 17 0.03 0.11 17 0.01
myciel5 (47, 0.22) 37 0.28 0.83 37 0.07
myciel6 (95, 0.17) 76 5.14 12.09 76 0.77
myciel7 (191, 0.13) 156 160.59 880.88 156 9.85
queen10_10 (100, 0.30) 67 1800.00 105.77 67 0.38
queen11_11(121, 0.27) 81 1800.00 456.78 81 0.65
queen12_12 (144, 0.25) 97 1800.00 1245.08 97 1.16
queen6_6 (36, 0.46) 21 1.42 0.02 21 0.02
queen7_7 (49, 0.40) 31 7.78 0.06 31 0.04
queen8_12 (96, 0.30) 65 1800.00 77.30 65 0.36
queen8_8 (64, 0.36) 43 42.44 0.03 43 0.11
queen9_9 (81, 0.33) 55 1067.50 14.38 55 0.22
Average 69.80 634.97 609.37 69.76 1.07
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6. CONCLUSION

In this paper, we propose a Reduced Variable Neighborhood Search (RVNS) method to deal with the Vertex
Separator (VS) problem. We present a very effective constructive procedure which allows the method to find
very promising regions in the search space. In order to diversify the search, the RVNS is started from different
initial solutions. In addition, we also present a shake procedure which balances intensification and diversification.
We provide an extensive experimental comparison with the best previous method in the state of the art over a set
of 104 instances. Experimental results show that the proposed algorithm algorithm find the optimal solution in
most of the cases consuming really short computing times.
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Abstract: This paper introduces a new integer linear formulation (ILP formulation) for addressing memory
allocation problem. The first formulation was given in [6]. Formulated model was solved and compared with
formerly existed model by using IMB ILOG CPLEX optimizer. Numerical experiments have been tested on real
instances and instances expanded for our specific problem for both models. We show that our model preform
faster then model proposed in [6] on major number of instances.

Keywords: Electronic design, ILP, Memory allocation, VNS

1. INTRODUCTION

In this paper we will produce a model for optimization problem which can be described as follows: A given
number of data structures with given size and given access cost have to be placed in a given number of memory
banks (with limited memory capacity) and one external memory bank (with unlimited memory capacity) in
such a way that execution time to a particular problem, written in a specified program language as a list of all
binary operations that those data are involved, is minimal. A list of program operations can be characterized by
a weighted graph where vertices represents data structures and are adjacent if there is an operation in which
they are jointly involved with access cost represented by an edge weight. A given problem is in [6] referred
as MemExplorer problem. The term data structures refers to the variables (scalars, arrays, structures) of the
applications, where size and access time are defined for each variable. The number of data structures depends
on program code. On the other hand and because of technical reasons, the number of memory banks is limited
by the electronic device. Due to the fact that external memory is capacity unlimited and represents a mass
memory storage, data structure access time will be p times slower than access time from internal memory. On
the other hand, if we have two data structures, named α and β, mapped to the same internal memory bank, with
access time a and b, operation access time in which they are jointly involved (e.g. α+β) will last a+b instead
of max{a,b} when they are mapped to a different internal memory banks. For such two data we say that they
are conflicting. If one data structure involved in conflict is allocated in external memory, while the other one is
in internal memory, access time for specific conflict will be multiplied by p, while if both data structures are
allocated in external memory, access time will be multiplied by 2p. The first mixed integer linear formulation
(MILP formulation) for MemExplorer problem was described in [6]. We are presenting a new model with linear
integer cost function and linear integer constraints. The main reason for constructing a new model is because
feasible solution to MemExplorer problem can not be obtain form the feasible solution to mentioned MILP
formulation unless it is optimal solution.

2. PREVIOUS WORK

The idea for speeding up data loading time comes from video applications where a large amount of data has to be
handled in real time. In paper [4], where authors presented exploration methodology for data dominated video
applications, a relationship between memory management and power consumption of electric systems was given.
That formalized methodology was based on two observations. The first observation is related to optimizing
memory architecture, while the second one refers to the power consumption of the address generators, which are
of the same magnitude as that of data path and therefore address generators are better optimized using specialized
techniques. Although each operating system has different memory management methods, in [6, 9, 12] was
assumed that memory management of applications was written in C code. We will assume the same in order
to compare our results with the results given in [6, 9]. Therefore, the problem is to minimize the total time
accessing the data structures and loading them to appropriate memory banks in order to perform operations
listed in C code. A MILP formulation for MemExplorer problem together with an exact mathematical model,
Tabu Search (TS) and Variable Neighborhood Search (VNS) metaheuristics based approach, was presented in
[6]. An optimal solution for MemExplorer problem was computed on real instances from electronic community
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and on DIMACS instances which were expanded for specific problem by using a LocalSolver 1.0. The same
instances were used in paper [15] where the same model for MemExplorer problem was solved using integer
linear programming and TS techniques. Optimal solution was reached by using IBM ILOG CPLEX optimizer.
Both of these two works are assuming that data structures cannot be split. In [7] memory allocation problem was
solved as a version of bin packing where data structures can be split, but each bin may contain at the most two
parts of items. This problem was for the first time presented by Chung [17]. By the same authors, who presented
MemExplorer problem, in [8], a new approach to cash memory management was given. Instead of splitting data
structure, they split time into time intervals, into which the applications are going to be implemented by the
embedded system, which requires accessing to data structures. Together with a model, they proposed iterative
metaherusitics which aim at determining which data structure should be stored in cache memory at each time
interval in order to minimize reallocation and conflict cost. The same problem was presented in [9] together
with two more, simpler, models which are prefacing this one. If all memory banks have no capacity constraints,
or they are large enough for holding all the data structures, then MemExplorer problem is similar to k-weighted
coloring graph problem. In the k-weighted coloring graph problem, where each memory bank is represented
by a different color, and each vertices is representing a different data structure, we need to color all vertices
with at the most k different colors in such a way that no adjacent vertices are colored with the same color and
the number of different colors is minimized. In such a way, adjacent vertices can be loaded at the same time
because they are allocated in different memory banks. Graph coloring problem is NP hard problem [15] and can
be formulated as a special case of a memory allocation problem. This implies that a memory allocation problem
is NP hard as well. Because of its NP hardness, as it was aforementioned in earlier work, MemExplorer problem
is solved in two ways: by using exact methods and metaheuristics.

3. A NEW MODEL FOR A MEMORY ALLOCATION PROBLEM

Let us assume that we have m data structures. Each data α, α = 1,2, ..,m with size aα and access cost eα,
α = 1,2, ..,m can be placed only in one of n+ 1 available memory banks. Let us define a binary matrix X
represented by xα, j where:

xα j =

{
1 if data α is mapped into a memory bank j
0 otherwise α = 1, ...,m, j = 0, ...n. (1)

Because each data is mapped to the exactly one memory bank, equation xα0 + xα1 + ...+ xαn = 1 states for
all α = 1, ..,m. Data structure can be allocated in a particular memory bank only if there is enough empty space
for allocating it. The size of each memory bank is given by c j, j = 0, ...,n where external memory bank, named
zero, is with unlimited size, c0 = ∞, while all other banks, named j = 1, ...,n are internal, with given size c j,
0 < c j < ∞. If a memory bank is hosting one or more data α, α = 1, ...,n then the sum of size of all hosted data
cannot exceed its size. Therefore, if memory bank j, j = 0, ...,n is hosting a set of data A = {α1,α2, ...,αk},
k ≤ m, then aα1 +aα2 + ...+aαk ≤ c j states for that memory bank j, and because xα, j = 1 is only if data α is
mapped by j and xα, j = 0 otherwise, also states aα1xα1 j +aα2xα2 j + ...+aαk xαk j ≤ c j. Hence, ∑

m
α=1 aαxα j ≤ c j

for all α, α = 1, ...,m. The loading time for each data depends on its host, and hence if data structure α is
mapped to an internal memory bank then it is characterized by an access cost eα but, if it is mapped to an
external memory, access cost will be peα (loading from a mass data storage is p times slower then loading from
internal). As mentioned before, data structures can be called in pair (case when they are conflicting). Let us
denote set of all paired data structure by P with cardinality o. Loading time for data structures pair named α

and β which is allocated on internal memory j, j ∈ {1,2, ...,n} is denoted by bαβ, while loading time for the
same pair is pbαβ (p = const, p > 0) if one of the data is placed in external and 2pbαβ if both data structures are
placed in external memory. Time loading data structures α and β, which are placed in two different internal
memory banks, costs nothing. So, for two data, α and β which are conflicting we have 4 different cases:

α and β are both mapped to the same internal memory bank j,
α is mapped to an internal, while β is mapped to the external memory bank,
α is mapped to the external, while β is mapped to an internal memory bank,
α and β are both mapped to the external memory bank.

The first and the last bullet are for the case when both data are in the same memory bank, which gives us
xα jxβ j = 1. In the same way, if data are in the different memory banks then, by the construction, xα jxβ j = 0. Let
us define matrix Y represented by yαβ j in such a way that

yαβ j =

{
1 if data α and β are both mapped into the memory bank j
0 otherwise j = 0, ...,n (2)
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Because yαβ j takes value 1 only if both data are located in the same memory bank and 0 otherwise, we can
interpret it also as yαβ j = xα jxβ j. If C code demands that the same data is used twice, e.g. α(i+ 1) = α(i)
we say that the data structure is conflicting itself (α,α). The problem is to place all data structures in such a
way that time loading program is minimal. Let us assume that all data are initially mapped into an external
memory. Time accessing data will be calculated only if that particular data has to change location. So, for
each program, we have to calculate the total time spent accessing data structures, loading data structures and
the time spent loading their conflicts listed in C code. The total time spent for accessing all data moved to
internal memory bank is ∑

m
α=1 ∑

n
j=1 eαxα j. If some data are mapped in external memory, then time accessing

such data will be p∑
m
α=1 eαxα0. Because variables yαβ j are constructed in such a way that they are equal to 1 if

data α and β associate conflict (α,β) are both hosted by the same, internal, memory bank j, and equal to zero
otherwise, then bαβ ∑

n
j=1 xα jxβ j = bαβ ∑

n
j=1 yαβ j represents the time conflicting that pair hosted in any internal

memory bank. If one or both data associate conflict (α,β) is mapped into external memory bank, then total
time accessing such conflict is ∑

n
j=1 bαβxα jxβ0 +∑

n
j=1 bαβxα0xβ j +2pbαβxα0xβ0 which can be shorter written as

∑(α,β)∈P pbαβ
(xα0 + xβ0). Finally, assuming that time program execution is function cost, we can create a model:

min f (X ,Y ) =
m

∑
α=1

n

∑
j=1

eαxα j + p
m

∑
α=1

eαxα0 + ∑
(α,β)∈P

bαβ

n

∑
j=1

yαβ j + ∑
(α,β)∈P

pbαβ(xα0 + xβ0) (3)

n

∑
j=0

xα j = 1, α = 1, ...,m (4)

n

∑
α=1

aαxα j ≤ c j, j = 0, ...,n (5)

xα j + xβ j−2yαβ j−1≤ 0, (α,β) ∈ P, j = 0, ..,n (6)

xα j + xβ j−2yαβ j ≥ 0, (α,β) ∈ P, j = 0, ..,n (7)

xα j,yαβ j ∈ {0,1} (8)

The function cost is given by (3). Constraint (4) ensures that each data is mapped into only one memory bank.
Constraint (5) ensures that no capacity constraints will be exceeded. Constraint (6) and (7) ensures that if both
data are mapped into the same memory bank then yαβ j is equal to 1 and 0 otherwise. The last equation keeps
xαβ and yαβ j binary. Therefore, this model uses (n+o)(m+1) binary variables, while in previous model there
were n(m+1) binary and o integer variables. Feasible solution to MemExplorer can be obtain from feasible
solution of our mathematical model as it was proven in lemma below.

Lemma: Feasible solution to mathematical model (3)-(8) corresponds to the feasible solution MemExplorer
problem and cost function value of mathematical model is equal to the cost of MemExplorer problem.

Proof. Let us assume that there is (X ,Y ) feasible solution to mathematical model (3)-(8). If xα j = 1 we will say
that data α, α = 1, ..,m is allocated to memory bank j, j = 0, ...,n and xα j = 0 if it is not. Constraint (4) can be
written as xα0 + xα1 + ...+ xαn = 1 for each data α, α = 1, ...,m and because of interpretation of variable xα j,
j = 0, ..,n we have that there exists exactly one j such that xα j = 1 which means that for all other j ∈ {1, ...,n}\ j
is xα j = 0. Therefore, each data α is allocated at exactly one memory bank. Constraint (5) can be written
as a1x1 j + a2x2 j + ...+ anxn j ≤ c j for each memory bank j, j = 0, ...,n, and because xα j is equal to 1 only if
data α is allocated to memory bank j, let us mark data α1,α2, ..,αk, k ≤ m such that xαs j = 1, s = 1,2, ..,k and
xαs j = 0 otherwise. Now, constraint (5) is equal to aα1 +aα2 + ...+aαk ≤ c j for each memory bank j, j = 0, ...,n
which means that the total size of all data allocated to each memory bank j doesn’t exceed its size. From
constraints (6), (7) and (8) follows that feasible vector yαβ j takes value 1 if and only if xα j = 1 and xβ j = 1.
Therefore, yαβ j = xα jxβ j = 1. Now, let us prove that cost function of mathematical model is equal to cost of
MemExplorer problem: Each data has to be loaded and because of its location, access time for each data α

will cost eα or peα if data is allocated to external memory, which means that, the total time loading data is
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equal to the first two sums of cost function f (X ,Y ). Loading time for conflict (α,β) is represented by the third
and fourth sum of the cost function f (X ,Y ) and is equal to 0 when both data are allocated to different internal
memory banks bαβ ∑

n
j=0 xα jxβ j = bαβ ∑

n
j=0 yαβ j = 0, bα,β when they are allocated to the same internal memory

bank (bαβ ∑
n
j=0 yαβ j = bαβyαβ j = bαβ), pbα,β when one of the data is allocated to an internal and the other one

to an external memory bank (p∑
n
j=1 bαβxα0xβ j + p∑

n
j=1 bαβxα jxβ0 = pbαβxβ0(1− xα0)+ pbαβxα0(1− xβ0) ) and

2pbαβ if both data are allocated to an external memory bank (2pbαβxα0xβ0) which is given by the third and
the fourth sum. Finally, as interpretation of feasible solution to mathematical model satisfies conditions to
MemExplorer problem and the cost function to mathematical model fits to the cost to MemExplorer problem,
the proof is done. J

4. COMPUTATIONAL RESULTS

This section presents results given on two types of instances, both given by Marc Sevaux and can be found on
[18] under the name INSTANCES_MAP_STA.zip on an AMD Athlon(tm) 64x2, Dual-Core Processor TK-53,
799 MHz and 2.00 GB of RAM. The first type of instances is marked as LBS and it is a collection of real
instances provided by [19], while the second one is marked as DMC and it originates from [20]. Algorithm
for presented model and model proposed in [6] has been implemented in C++ and compiled with IBM ILOG
CPLEX solver. Table 1 contains the results.

Table 1: Cost and CPU time for two models for MemExplorer problem

Instances ILP formulation MILP formulation

Set Name n o m Cost Time Cost Time

LBS compressdy 6 6 2 347392 0.391 347392 0.703
LBS volterrady 8 6 2 273 0.235 273 0.672
LBS lmsbdy 8 7 2 33566800 0.25 33566800 0.766
LBS lmsbvdy 8 8 2 190430 0.265 190430 0.641
LBS lmsbv01dy 8 8 2 182671 0.25 182671 0.406
LBS lmsbvdyexpdy 8 8 2 332574 0.25 332574 0.453
LBS spectraldy 9 8 2 26504 0.09 26504 1.437
LBS adpcmdy* 10 7 2 69840 0.218 69840 0.703
LBS cjpegdy 11 7 2 229448 0.25 229448 0.578
LBS turbocodedy 12 22 3 3147 0.33 3147 3.093
DMC myciel3 11 20 10 132799 0.407 132799 0.485
LBS lpcdy 15 19 2 27874 0.391 27874 0.625
LBS gsm_newdy 19 17 2 73792 0.234 73792 0.484
LBS gsmdy 19 18 2 1030050 0.437 1030050 0.609
LBS gsmdycorrdy* 19 18 2 89058 0.578 89058 1
DMC myciel4 23 71 19 293892 1.11 293892 0.875
DMC queen5_5 25 320 19 317280 21.328 317280 7.719
LBS treillisdy 33 61 2 4325.31 3.078 4325.31 11.719
DMC queen6_6 36 580 15 447853 6.875 447853 8.437
DMC myciel5 47 236 11 10955600 1.641 1.11E+07 7200
DMC queen7_7 49 952 19 605905 15.703 605905 18.11
DMC queen8_8 64 1456 16 67842900 21.859 7.27E+07 7200
LBS mpegdy 68 69 2 4452.5 0.64 4452.5 38.453
DMC queen9_9 81 2112 19 109534000 34.031 109556000 7200
DMC myciel6 95 755 20 32096700 14.671 3.84E+07 7200
DMC queen8_12 96 2736 10 _ inf 3.61E+08 7200
LBS mpeg2enc2dy 130 239 2 9958.67 81.203 9958 3430.67
DMC myciel7 191 2360 13 _ inf 2.98E+08 7200
DMC zeroin 211 4110 13 _ inf 1.95E+08 7200

The first three columns of the Table 1 represents the main features of the instances (the type, the name, n -
number of data structures, o - number of conflicts and m - number of internal memory banks). Instances marked
with "*" differs from original proposed instances in one thing: Conflict data named 0 are replaced with conflict
data named 10. The next four columns represents the results, given in two columns which reports the cost and
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CPU time (in sec.) for each model and with maximum time execution of 2h. In table, instances have been
sorted in increasing order by two parameters, number of data and number of conflicts. Each instance consists of
number of data, their size and loading time, number of internal memory banks with their size and conflict pairs
listed together with loading time for each pair. Instances labeled as LBS doesn’t have specified value p and
hence, given results are for p = 16. Instances named queen8_12, myciel7 and zeroin, for proposed model, could
not be tested in IBM ILOG CPLEX solver because of variable limitation, but for all other instances optimal
value has reached by less then 100 sec. and in 92.31% cases faster then by using model proposed in [6].

5. CONCLUSION

This paper presents new ILP formulation for addressing memory problem. The solution to proposed ILP
formulation is feasible to MemExplorer and the solution to MemExplorer problem is feasible to proposed ILP
formulation as well, which wasn’t the case with previous model. All variables are binary. New ILP formulation
gives us result for a less time than previous MILP formulation on major number of instances. For large instances
(eg. n > 95, o > 2300) it is not possible to test proposed model in IBM ILOG CPLEX because of number of
variables limitations. In that case using metaheuristics is useful. Addressing memory problem can be solved in
more then one time interval by using this model as well, which implies necessity of metaheuristic approach for
proposed model in future.
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Abstract: Disruption Management is an emerging field, where operational research techniques are used to
deal with delays in many environments. Yu Gang defines the concept of Disruption Management as «in the
beginning of an economic cycle an optimal or quasi optimal plan is obtained by the use of some optimization
models. When an original planning is executed, disruptions, which are caused by several internal or external
factors, may occur from time to time. As a result, the original planning cannot remain optimal or even Feasible.
For this reason, we need to prepare a new revised plan reflecting the constraints and objectives of the evolved
environment while minimizing the negative impact of disruption».In this work we present a rescheduling model
based on Variable Neighborhood Search methaheuristic for the vehicles routing problem with time windows
when one or more vehicles require preventive maintenance activities after the supply of a set of customers.

Keywords: vehicle routing problem, variable neighborhood search, disruption management, VRPTW

1. INTRODUCTION

Supply chain is composed by many activities as supply and production. For a long time, research on logistics
aims to optimize these activities since this optimization has eliminated the waste of time. The transport activity
is one of the most important activities in logistics. Better organization of this activity mainly vehicles routing
presents an economic potential. Because of this economic importance, researchers have paid great interest to
the vehicle routing problems. The majority of studies concerned with the planning of the supply chain are
placed in an environment where all vehicles are available. However, in reality this is not the case. Indeed,
physical resources such as vehicles may be unavailable for various raisons: breakdowns, preventive maintenance
implemented by the maintenance department, or other. Vehicles can therefore be unavailable during certain
periods, where dates and times are fixed and known beforehand (deterministic case). Among the first studies that
have treated disruption management Yu and Yang in [1] are the first to explore issues related to real-time control
of airline operations, and the successful application of their ideas has led to a growing interest in disruption
managements, the basic idea was conflict management when an unexpected event occurs. Techniques for
disruption management are used in several areas such as production planning in [2] project management in [3],
single machine scheduling in [4], parallel machine scheduling in [5] and a dynamic dial and ride problem in [6].
There are few studies in the literature that deal with the disruption management in the supply chain among these
studies there are [7], [8] and [9]. The main difference is that in our paper disruptions will happen at a given time.
The work presented here is an attempt to solve analytically the model of disruption management problems in
vehicle routing problem with time windows VRPTW. The distinctive traits of this paper may be summarized as
the following; in section 1 a definition of the rescheduling problem is given, which is different from a classic
VRPTW due to deviation between the original planning and the one after disruption. In the rescheduling model
there is no interest in treating all customers, only those, which have not been supplied in their time window, will
be treated, so we try to reintegrate them into other routes. In Section 2 the VNS methaheuristic is proposed to
deal with the disruption management, in Section 3 we describe the parallel version of the VNS methaheuristic
and in Section 4 we find the proposed replanification model. We conclude in Section 5 by the found results and
finally we end with conclusions and perspectives for this work.

2. Disruption Managment For The Vehicule Routing Problem With Time Windows

Disruption management can be defined as the efforts to re-solve or recover a situation after a disruption occurs,
in general all parameters that defined the VRPTW can be disrupted. In this paper only vehicle breakdowns are
treated i.e. vehicles, which require maintenance activities.
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In this paper we are trying to find a new schedule for a VRPTW after that a number of vehicles shall be
subjected to maintenance activities. As shown in figure 1 , a rectangle represents a depot, a circle represents
a customer. When the vehicle R3 is running according to an initial schedule, it must undergo maintenance
activities at moment T therefore it cannot be used to provide services to customers i, j and k. Thus, vehicles R1
and R2 will be used to serve these customers instead of R1. This is an example of replanning not served customer
of disrupted vehicle. It is therefore necessary to provide a backup method to make a decision immediately and
effectively when a maintenance event occurs.

Figure 1 Example of buckup plan for not served customers

3. VNS For The VRPTW

Proposed by Hansen and Mladenovic in [11], variable neighborhood search VNS is a metaheuristic based on
the concept of systematic change of neighborhoods during the search, knowing that there are several rules of
crucial importance to governor this change. The basic method Basic VNS works in several stages described in
Algorithm 1 Firstly it requires the definition of different neighborhood structures, denoted V1...VMAX generally
from different sizes. A relation order between these structures is defined in terms of problem. From an initial
solution s, a neighbor of s is selected randomly using the neighborhood structure V1. If the solution obtained
after the application of a local search method (which is defined) is better than the initial solution, then VNS
resumes the search from this solution. Otherwise, a solution is selected using a neighborhood of upper range,
here is the neighborhood V1. Local search is applied to this solution, and so on. This method allows escaping
from a local optimum if it is a local optimum for neighborhood for a range smaller than the max.

Algorithm 1 basic steps of VNS
Initialization: choose a set of neighborhood structure Nk,k = 1, ...,kmax, choose a distribution function of
random variable, choose a local search method, an initial solution x and define the stopping criterion.
repeat

K← 1
repeat

Shaking: generate randomly a solution y from the kth neighborhood y∈Nk(x);kth neighborhood y∈Nk(x);

Local search: apply local search methods with y initial solution to obtain a local optimum denoted y′

change:if the local optimum y′ is better than x then change (x← y′) and continue the search procedure
with N1(K = 1) , else k→ k+1

until K < Kmax
until the stopping criterion is checked

3.1. Initial Solution

In this work we used The Nearest Neighbor algorithm for which Solomon in [12] proposed a cost function to
generate a initial solution. The nearest-neighbor heuristic

every route by finding the unrouted customer closest(in terms of a measure)to the depot. At every subsequent
iteration, the heuristic searches for the customer closest to the last customer added to the route. This search is
performed among all the customers. The mentioned cost function is defined as follows:
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Ci j = γ1Di j + γ2Ti j + γ3Vi j (1)

γ1 + γ2 + γ3 = 1,γ1 ≥ 0,γ2 ≥ 0,γ3 ≥ 0, i is in the partial solution, j is not in the partial solution.with:
Di j := Euclid distance from i to j.
Ti j :=Time difference between completing i and starting j.
Vi j :=Time remaining until last possible start of j following i.

3.2. Shaking

Generation of the whole neighborhood structure is the important part of the basic VNS, in this paper five
adjacent structures were designed. There is Intra-route where changes are made in the same route and Inter-route
where changes are made between two different routes.

Intra Route Neighberhood

1. Two−opt: Introduced by Croes in [13], the basic idea is replacing two arcs in a route by two others of
the same route while inversing the direction of the route.

2. Or−opt Introduced by Or in [14] for the traveling salesman problem . The basic idea is to relocate a set
of consecutive vertices. This is achieved by the relocation of three arcs in the original route by another
while maintaining the same orientation of route.

Inter Route Neighberhood

1. Two−opt∗: Introduced by Potvin in [15]. The basic idea of the Two-opt* is to combine two routes to
insert the last customers of a given route after the first customer of another route while maintaining the
orientation of the route.

2. Exchange: Introduced by Taillard in [16]. This operator enables the exchange of a value of γ customers
between two different routes where in our case γ ∈ [1,5].

3. Relocate: Introduced by Lin [17]. The basic idea is to change the location of a customer in another
route. In our case we exchanged the location of γ customers located consecutively in the original route
withγ ∈ [1,5].

Table 1: set of neighborhood structure with Kmax = 12

K Operator Segment length
1 Two-OPT 1
2 Two-OPT* 1
3 Or-Opt 2
4 Relocate 1
5 Relocate 2
6 Relocate 3
7 Exchange 1
8 Exchange 2
9 Exchange 3

10 Exchange 4
11 Exchange 5
12 Exchange 6

3.3. Local Search

To ameliorate the solution obtained through the shaking process, it will be subjected to a Variable Neighborhood
Descent (VND) algorithm. The variable neighborhood descent is a strategy of local enhanced amelioration. The
idea is to systematically change between different neighborhoods structures N1..Nn. In this work parameters
used in VNS are the same used in VND except in the local search phase we used five heuristics with the best
improvement strategy; Two−opt, Relocate with the relocation of one vertex, Two−opt∗, Exchange with the
exchange of one and two vertexes.
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3.4. Acceptance Criterion

After shaking and local search phases have been completed, the resulting solution should be compared with the
current one. Deciding whether it will be selected or not we adopted an acceptance criterion. In the basic VNS
only solutions that improve the cost will be chosen, but we can easily found in a local optimum. Thus, in most
cases, therefore it is essential to have a strategy to accept not Improvement solution under certain conditions.
We put in place a system that is inspired by the simulated annealing (SA) [18]. Thus, our method could be
considered as hybridization between VNS and Simulated Annealing. We prefer to consider it as a VNS since
majority of the method is dominated by VNS. More specifically, the solution obtained after the local search
procedure is always accepted if the quality of the solution obtained is better and it is also accepted with a cost
higher than the current solution with a probability exp(−( f (x′)− f (x)/T )) with f (x) the cost of the solution
.The acceptance of a solution with a higher cost depends on the temperature T and the deference between the
cost of the new solution and the current solution. The temperature T decreases linearly in n/k steps during the
search, where n represents the total number of iterations. Thus, in each k iteration, T is reduced by an amount
T ∗n/k. The resulting method is called Skewed VNS which is an extension of VNS proposed by Mladenovic
and Hansen in [19] .In this approach, a solution is not only measured by its objective function, but also by its
distance from the current solution. This can promote solutions that are more distant from the current solution. A
solution x′′is accepted if f (x′′)−αp(x,x′′).

4. Cooperative Neighborhood VNS (CNVNS)

Proposed by Crainic et al in [27] by applying the cooperative multi-search method to the VNS metaheuristic.
This parallelization method is based on the central-memory mechanism. Each individual search, which is a
VNS, access to the current overall best solution without disturbing its normal proceedings. Individual VNS
processes communicate only with a central process called master. The master keeps, updates, and communicates
the current overall best solution. Solution updates and communications are performed following messages from
the individual VNS processes. The master also initiates and terminates the algorithm. To initiate the process, a
RVNS (no local search phase) is executed until 1000 unsuccessful trials (with kmax = 2) are observed. Each
search process implements the same VNS metaheuristic (local search uses First Improvement, Fast Inter-change,
and kmax=p ). It proceeds with the normal VNS exploration for as long as it improves the solution (that is, it
repeats the sequence (return to first neighborhood, shake, local search). When the solution is not improved, it is
communicated to the master (if better than the one at the last communication) and the overall best solution is
requested from the master. The search is then continued starting from the best overall solution in the current
neighborhood.

5. Replanification model for the disruption management in the vehicle routing problem with
time windows

After solving the classic vehicle routing problem with time windows, periods of unavailability of vehicles were
taken into account. In the supply chain. When the vehicle is not available for a given period, customers who
are not supplied become increasingly impossible to be served in their time windows if several measures are
not taken into account. It is therefore necessary to introduce a method of reordering the vehicles to make an
immediate and effective decision when an event of maintenance is planned. Unserved customers will be inserted
into other routes. In this section, the concept of ’Rescue Possibility’ RP is proposed to express the possibility of
saving an unserved customer of disrupted vehicle. Based on the concept of RP , all unserved customers can be
attributed to vehicles that have not been subjected to maintenance activities.

5.1. Rescue Possibility

When a vehicle becomes unavailable for a period of time, unserved customers of this vehicle must be assigned
to other vehicles, if it is possible, to serve customers affected by the unavailability of vehicles. Rescue method
proposed here is based on the concept of rescue possibility. We define it as the sum of delays for a vehicle when
it finished its tour. If a vehicle delays more than the permitted time, the subsequent customers will be definitely
not served in time. And if a vehicle delays less than the permitted time, some of the subsequent customers
will possibly be not served in time. As we said, the concept of rescue possibility describes the possibility of
saving a customer.Rescue Possibility of a vehicle can be formulated as in equation (2) where n is the number of
customers who were not served by the i− th vehicle; T Di j stands for time disruption that happens to the j− th
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customer of i− th vehicle. If the real beginning service time is greater than the last permitted time of the j− th
customer T Di j=the real beginning time-the permitted latest time

RPi =
m

∑
j=1

T D j (2)

Once we chose the customer that has the minimum disruption, it is important to know how to choose route
to insert him. In this section, we present a selection method based on rescue possibility where we choose the
route that has the minimum value of Disruptioni shown in equation 4. In our case the choice of route will be
in a set of routes named N(Re) shown in equation (3) where this set includes the neighboring routes. A route
is considered neighborhood if it contains customers who are geographically close to a customer of the actual
route of re with re is the route that contains the customer to be inserted (disrupted customer). In cases where it is
impossible to insert the relevant customer in a neighboring route re, we move on to other routes based on the
value of Disruptioni. The limit d is a defined constant;

N(re) = {r j ∈ Ir| min
ck∈rJ ,cP∈R j

(d(ck,cp)< d)} (3)

The notation Ir refers to the set of all routes with Disruptioni = 0. Let T D j be the delay time of the j− th
customer, m the number of customers not served on time. Disruptioni represents the disruption of the i− th
route.

Disruption j =
m

∑
j=1

T D j (4)

T D j =

{
RTj−LTj, RTJ > LTj

0, RTj ≤ LTj
(5)

Figure 2 shows the paradigm of distruption mangment. Firstly intial planning and unavailability parametres
presented as maintenances activities of vheiculs act as input parameters when executing the initial planning. The
input parameters include the index of the unavailable vehicle, start time and period of unavailability. The system
calls a function to automatically calculate the deviations from the initial execution plan. For small deviations,
the original planning can continue to execute with little or no adjustment. If the difference between the real and
the initial planning exceeds a threshold, the replanifcation procedure is performed.

Figure 2 Disruption management for the VRPTW
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6. Numerical Results

6.1. Benchmark Problems

The algorithm has been implemented in Java , and executed on a 2.53 GHz intel Core i5 with 4GB RAM.The
proposed approach is tested by the classical set of 56 benchmark problems of Solomon [26]. These problems
consist of six different types (R1,C1,RC1,R2,C2,RC2), Two problems are selected for each type, are R101,
R111, C105, C107, RC101, RC103, R202, R205, C201, C206, RC208 and RC205. For the original planning,
the VNS algorithm is also used to solve the classical VRPTW.Parameter settings are (γ1,γ2,γ3) = (0,1,0),
l1 = 1, l2 and l3 ∈ [0,1], d = 10, initial temperature value of T0 = 10, the stoping criteria for the VNS algorithm
is iteration number, we set it to 50 iterations both for the initial schedule and for the rescue method phase.
Parameters used for the CNVNS are the same used in VNS with 6 VNS process.All results founded with 8, 10
and 12 process are the same founded with 6 VNS process .

In table 2: a comparison is made between the twelve optimal solutions obtained by the CVNS and optimiza-
tion by an improved ant colonie in [21], taboo search methaheuristic in [22], an improved genetic algorithm in
[23] ,an improved ant colony in [24], simulated annealing in [29] and general Variable Neighborhood Search in
[28]. The results from the comparison can be summarized as follows:

Compared with the IACS-SA, which is an improved simulated annealing the VNS have been obtained, 12
or close better solutions for 12 problems (100%);
Compared with the MACS-IH, which is an improved ant colony the CNVNS have been obtained, 10 or
close better solutions for 12 problems (90%);
Compared with the GenSAT, which is an improved genetic algorithm, the VNS obtains 11 better or close
Solutions of the 12 Problems (92%);
Compared with the SATabu, which is a tabu search algorithm, the CNVNS obtains 11 better or close
solutions of the 12 Problems (92%);
Compared with the HCAO, which is an improved ant colonies algorithm and it is the most recent article
that deals with a VRPTW, the CNVNS have obtains 9 better or close solutions of 12 problems. (75%)
Compared with the VNS, which is general Variable Neighborhood Search , the CNVNS have obtains 9
better or close solutions of 12 problems. (75%)

Table 2: comparison between different heuristics (NV: number of Vehicles C:cost)

Problems IACS-SA MACS- IH GenSAT SATabu HACO VNS CNVNS
NV C NV C NV C NV C NV C NV C NV C

R101 19 1671 19 1651 19 1677 19 1655 18 1611 19 1642 19 1618
R111 11 1112 10 1097 10 1151 12 1091 12 1090 12 1072 12 1068
C105 10 829 10 829 10 829 10 829 10 829 10 829 10 829
C107 10 829 10 829 10 829 10 829 10 831 10 829 10 829
RC101 15 1653 14 1697 14 1669 14 1678 14 1634 14 1651 14 1651
RC103 11 1285 11 1262 11 1262 12 1196 11 1133 12 1328 12 1280
R202 4 1102 3 1192 4 1176 6 1078 6 1130 6 1076 6 1066
R205 3 1033 3 994 3 1128 5 1049 4 1037 5 995 5 995
C201 3 592 3 592 3 591 3 592 3 592 3 591 3 591
C206 3 588 3 588 3 588 4 654 3 589 3 588 3 588
RC205 4 1344 4 1298 4 1389 6 1426 4 1346 7 1225 7 1225
RC208 3 848 3 829 3 919 5 943 3 830 5 826 5 823

Table 3: shows the comparison between the best solutions known from the literature, results from [26] and
solutions obtained by the proposed algorithm. The solutions obtained by the proposed approach are better than
those in the literature for problems R111, RC205, RC202 and RC2-08 whose solutions for problems RC205 and
R111 are remarkably improved.
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Table 3: comparison with the best results

Problems Best- known solutions CNVNS Relative error (%)
R101 1611 1618 +0.4
R111 1091 1068 -2.1
C105 829 829 0
C107 829 829 0

RC101 1634 1651 +1
RC103 1196 1280 +0.3

R202 1078 1066 -1.1
R205 994 995 +0.1
C201 592 591 -0.1
C206 588 588 0

RC205 1297 1225 -5.8
RC208 828 823 -0.6

To see the impact of maintenance activities on the execution of a given plan, we conducted a series of
experiments using the same scenario of unavailability of vehicles with different periods in the initial planning
throughout the horizon planning, we assume that a single maintenance activity may be planned, the first is a
short period, the second corresponds to an average period. Concerning the parameter γ that corresponds to
levels of disruption, it was set to 1 and 2. Short disruptions periods are defined to be within a short interval
γ∈ [1.0,0.025T 0] and average interval within a average interval γ∈ [0.5,0.05T0 ]̧ knowing that T0 is the planning
horizon, for example for the problem R101,T0 = 230. As shown in table 4 different disruption periods were
performed to obtain different results. As expected as the unavailability period of vehicle increase, deviation
between the original schedule and after correction increases. In addition, in terms of solution quality, we can see
that the recovery procedure per-forms consistently better than to continue with the original planning. In the
problems type 2, the amelioration was more important than the problems type 1. If the vehicle continues to
run with the original planning, most customers will deviate from their time windows and deviations become
noticeable.

Table 4: Results for different duration of the disruption (NV: number of VehiclesC: cost)

Rescheduling procedure Original plan
γ = 1 γ = 2 γ = 1 γ = 2

NV C NV C NV C NV C
R101 20 1645 20 1670 19 1673 19 1702
R111 13 1080 13 1121 12 1128 12 1197
C105 10 828 10 828 10 828 10 1022
C107 10 828 10 828 10 828 10 927
RC101 15 1690 15 1771 14 1710 14 1771
RC103 13 1395 13 1433 12 1430 12 1501
R202 6 1120 6 1178 6 1184 6 1210
R205 6 1022 6 1100 5 1110 5 1162
C201 3 612 3 677 3 670 3 701
C206 3 612 3 672 3 668 3 691
RC205 7 630 7 677 7 1398 7 1430
RC208 5 1278 5 1065 5 1131 5 1189

7. Conclusion

In this paper, we present a rescheduling model for the vehicle routing problem with time windows in case of
unavailability of vehicles due to maintenance activities of at a given time and for a defined period after that a
subset of customers have been visited. The objective function is to find a new planification that minimizes the
deviation from the original planning. Although the problem of replanification is complicated by a variety of
factors, this paper provides an approach based on VNS to treat this type of problem. Experiments were equally
carried out to study how different disruptions affect replanificaion problem. Experimental results also showed
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that the CVNS algorithm produces consistently high performance for the problem of replanification. Future
work will be directed towards expanding the model with the addition of other constraints.

Appendix

Best found Solution

Problem R1-11: Number of vehicles 12; total distance: 1068.39
<1, 2, 31, 52, 72, 66, 67, 21, 33, 71, 1>
<1, 8, 20, 65, 50, 37, 48, 49, 83, 61, 90,1 >
<1 ,74, 73, 24, 68, 40, 56, 26, 55, 27,1 >
<1,62, 17, 87, 45, 39, 44, 15, 101, 38, 99, 0 >
<1, 53, 89, 63, 12, 64, 91, 11, 32, 1>
<1, 84, 46, 47, 9, 19, 7, 1>
<1 ,54, 1>
<1,41, 3, 88, 98, 96, 14, 1 >
<1 ,95, 93, 60, 100, 6, 85, 18, 92, 86, 94, 97, 1>
<1 , 29, 7, 80, 79, 30, 25, 69, 81, 13, 1>
<1,43, 58, 16, 42, 23, 76, 57, 75, 5, 22, 59, 1>
<1,28, 70, 51, 34, 82, 10, 36, 35, 4, 78, 1>
Problem R2-02: Number of vehicles 6; total distance: 1066.13
< 1 ,28, 70, 2, 51, 30, 77, 80, 79, 82, 10, 52, 21, 67, 36, 35, 4, 69, 78 , 1 >
<1,84, 46, 48, 37, 64, 65, 12, 20, 63, 89, 53, 19, 6, 85, 9, 83, 8,49, 50, 47, 18, 61, 90, 1>
<1 ,27, 22, 73, 76, 40, 68, 24, 57, 5, 55, 56, 26, 25, 8, 13, 1>
<1,96, 93, 43, 1, 6, 15, 39, 45, 17, 62, 87, 92, 100, 97, 7, 54, 98,44, 101, 38, 99, 86, 94, 60, 95, 1 >
<1 ,29, 34, 66, 72, 31, 91, 11, 33, 71, 32, 1>
<1 ,41, 74, 3, 88, 58, 42, 23, 75, 14, 59, 1>
Problem RC2-05: Number of vehicles 7; total distance: 1225.91
<1, 93 , 63 , 68 , 72 , 73 , 62 , 82 , 97 , 95 , 96, 85,57,67, 0 >
<1 ,3, 46, 6, 9, 47, 5, 4, 2, 71, 101, 1>
<1 , 70, 83, 12, 16, 17, 48, 15, 74, 79, 13, 10, 11, 14, 18, 61, 1 >
<1, 66, 84, 65, 20, 22, 24, 58, 100, 53, 87, 88, 60, 76, 98, 75, 26, 78, 59, 1>
<1, 43, 40, 37, 45, 39, 42, 41, 36, 38, 44, 55, 1 >
<1 ,32, 30, 28, 29, 34, 31, 64, 86, 52, 77,19, 49, 50, 23, 25, 21,90, 27, 33, 35, 51, 94, 92, 81, 1 >
<1, 91, 99, 89, 54, 80, 8, 7,56, 69, 1 >
Problem RC2-08: Number of vehicles 5; total distance: 823.8
<1, 70, 99, 89,54,13, 12, 14, 16, 17, 18, 48, 74, 80, 8, 3, 2, 4, 6, 46, 5, 9, 47, 7, 101, 71, 69, 1>
<1 ,93, 96, 68, 63, 85, 52, 86, 64, 77, 90, 34, 33, 31, 29, 27, 28, 30, 32, 35, 51, 57, 92, 81,1 >
<1 , 66, 65, 25, 23, 21, 50, 20, 19, 49, 22, 24, 26, 58, 67, 1>
<1, 95, 94, 72, 82, 62, 43, 45, 44, 41, 37, 36, 38, 39, 40, 42, 73,55, 97, 1>
<1 ,91, 83, 100, 53, 87, 75, 78, 59, 76, 98, 60, 88, 10, 11, 15,79, 61, 56, 1 >
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Abstract: In this study, an efficient exploration of an online social network is considered. Given the set of
users that possibly have common property or share the same interest, the goal is to minimize the amount of
time searching for defined characteristics, while both connection parameters between user and control nodes
and interaction between control devices is taken under consideration. A mathematical model is developed and
solved by an iterated simulated annealing method (ISA), which uses a short-term memory of undesirable moves
from previous iterations while exploring the search space. When the memory storage becomes full, an iterated
local search to jump to a randomly chosen solution in a distant area of the search space is applied. Two data
sets with up to 2 500 users in a considered social network are generated. For small-size data sets with up to 100
nodes optimal solutions in a very short CPU time are obtained. Small average values of the average gap and
standard deviation on medium-size and large-scale data set show stability of the ISA, while the small average
computational time shows algorithm’s efficiency.

Keywords: Online social network, Simulated annealing, Iterated local search, Short-term memory

1. INTRODUCTION

Social networking sites enable users to connect with their friends or colleagues, to post comments and updates
and swap ideas, or to participate in various events and activities, while sharing their interests. A social network
is generally defined as a system that allows individuals to construct a profile, articulate a list of other users
with whom they share a connection and view their list of connections and those made by others [4]. The model
of network is used to represent the users and a interactions between them on a certain social site. In this way
Facebook and LinkedIn are studied in [5], Twitter in [9], while blog sites are studied in [8].

Since social networks sites became widely popular and a global phenomenon, numerous studies and methods
of automated data collection and visualization processes has been developed in order to investigate various
aspects of their use. There are several software products based on data mining techniques that explore online
social networks. For example, Gephi [3] is an open-source tool for visualizing and analysing large networks
graphs and is used for exploring and manipulating networks. Various software have been also introduced for
measuring online social influence. Their analysis is done on data taken from certain social network and measures
the size of a person’s network, the content created, and purports to measure how other people interact with that
content. In that way, influential people in interest-based communities are identified.

Some concepts from network-based studies in optimization theory may be used for research into online
networks. Facility location models ([13], [15], [7], [16]), hub networks ([6], [2]) and network-flow models
[1] are good examples that may be adopted for this purpose. In this paper, the problem of efficient analysis of
an online social network is considered. Developed mathematical model provides new information on linking
behaviours and flow between user nodes. The goal is to design an efficient search strategy to identify nodes
that exchange information containing certain keywords and can be identified as nodes that belong to the same
interest group. More precisely, the goal of the problem is to determine locations for resource nodes, such that all
user nodes from given social networks are analysed the most efficiently with the established control devices.
The interaction between control nodes is also taken under consideration.

The paper is organized as follows. In Section 2 mathematical formulation of the problem under consideration
is presented. The proposed simulated annealing approach is explained in detail in Section 3. In Section 4,
computational results on the generated small-size and large-scale instances with up to 2 500 nodes are discussed.
Finally, some conclusions and possibilities for future work are made in Section 5.

2. MATHEMATICAL FORMULATION

Let M = {1,2, . . . ,m} denotes the set of users and N = {1,2, . . . ,n} the set of resources. Let matrix E =
[ei j]i∈M, j∈N (with ei j ≥ 0) represents the data flow units that originate from user i and are directed to user j
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and matrix F = [ f jk] j,k∈N (with f jk ≥ 0) represents costs of establishing connections between resources. By
definition, for all j ∈N, f j j = 0. Let U =M∪N (|U |=m+n) and W = {ei j : i∈M, j ∈N}∪{ f jk : j,k∈ n}. The
dense weighted graph G = (U,W ) represents the network that consists of users, resources and interconnections
between them.

The goal of the problem is to determine locations for exactly p resource nodes, such that the following
conditions hold:

user node i ∈M is assigned to the closest established resource node j ∈ N;
each user node is assigned to some resource node;
the sum of costs between established resources from the set N is minimal;
objective function is equal to the sum of costs between established resources and the sum of all assignments
of users to resource nodes.

The problem formulation uses binary decision variables xi j, y jk and z j, where:

xi j =

{
1 if user i is assigned to resource node j,
0 otherwise,

y jk =

{
1 if resource node j is connected to resource node k,
0 otherwise,

z j =

{
1 if resource node i is established,
0 otherwise.

Using the notation above, the mathematical formulation of the problem can be written as:

min
i, j,k

∑
i∈M

∑
j∈N

ei jxi j + ∑
j∈N

∑
k∈N

f jky jk (1)

such that:

xi j ≤ z j, ∀i ∈M, ∀ j ∈ N, (2)

∑
j∈N

xi j = 1, ∀i ∈M, (3)

∑
j∈N

z j = p, (4)

∑
k:eik>ei j

xik + z j ≤ 1, ∀i ∈M, ∀ j ∈ N, (5)

y jk ≤ z jzk, ∀ j,k ∈ N, (6)

∑
j∈N

∑
k∈N

y jk = p−1, (7)

∑
j∈N ′

∑
k∈N ′

y jk ≤ |N ′|−1, ∀N ′ ⊆ N,1≤ |N ′| ≤ p, (8)

xi j,y jk,z j ∈ {0,1}, ∀i ∈M, ∀ j,k ∈ N. (9)
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The objective function (1) minimizes the sum of costs between established resources and the sum of all
assignments of users to resource nodes. By constraints (2) and (3) it is ensured that each user node is assigned
to exactly one, previously established control device. Constraint (4) indicates that exactly p control nodes are
established. By constraint (5), each node is assigned to the established control device with minimal exploration
costs. If a control node j is established (z j = 1), then the assignment of user i to any resource k more distant
from i than j is not allowed. Constraints (6) show that edge ( j,k) ∈ N×N exists only if control nodes j,k ∈ N
are established. By constraints (7) and (8) it is ensured that the set of selected edges that connect established
control devices forms spanning tree. Constraint (7) shows that there are exactly p−1 such edges, while the
constraints (8) show that the chosen set of edges contains no cycles. To see that these constraints eliminate
all cycles in { j,k ∈ N×N : y jk = 1}, suppose that there is a cycle Cr = v1v2 . . .vrv1, such that, for each edge
e = (s, t) (t is equal to 1 if s = r and s+1 otherwise) from Cr, yst = 1. Then, for the set N ′ = {v1,v2, . . . ,vr},
the equality

∑
s∈N ′

∑
t∈N ′

yst = yv1v2 + yv2v3 + · · ·+ yvr−1vr + yvrv1 = r > |N ′|−1 (10)

is contradiction with the set of constraints (8). Constraints (9) reflect the binary nature of decision variables xi j,
y jk and zk.

It is obvious that if, for all i ∈M and j ∈ N, values of ei j are set to 0, the proposed optimization problem
becomes k-Minimum Spanning Tree (k-MST) problem. Therefore, it is NP-hard as a generalization of the
k-MST problem, which was proved to be NP-hard in [11].

Example 1. Consider a network with m = 16 user nodes and n = 6 potential locations for resource nodes.
Exactly p = 4 resources are to be established. Matrices E and F are given as

E =



83 24 31 63 53 72
74 58 94 43 11 15
8 86 47 79 39 28
14 55 63 29 3 30
37 47 12 12 25 10
20 29 15 66 43 9
14 35 85 13 19 60
78 31 58 26 91 17
58 83 52 23 36 10
17 58 71 98 31 87
25 31 21 33 20 7
27 66 25 93 9 76
28 46 19 4 82 97
83 2 32 28 35 19
28 47 10 58 69 73
33 24 94 81 54 64



and F =


0 87 75 95 90 47

54 0 7 16 69 80
10 58 0 58 8 15
88 90 28 0 63 61
99 11 23 94 0 70
8 64 30 67 48 0

 . (11)

The optimal solution of the example is presented in Figure 1. The established resource nodes are 1, 3, 5 and
6 and the corresponding objective function value is equal to 253. User nodes 3, 7, 10 and 16 are assigned to
resource node 1, users 1, 13 and 15 are assigned to resource node 3 and users 2, 4 and 12 are connected to node
5. Remaining users (5, 6, 8, 9, 11 and 14) are connected to the last established node 6. Connections between
user and resource nodes and resource nodes itself are presented in Figure 1.

3. SIMULATED ANNEALING METHOD FOR SOLVING THE PROPOSED PROBLEM

3.1. Representation of the solutions

Each solution in the SA algorithm is represented by vector y = (y1,y2, . . . ,yn) where yr, 1 ≤ r ≤ n is 1 if
resource r is open and 0 otherwise. In the following, the notation O(y) = {y ∈ N : yr = 1} and C(y) = {y ∈
N : yr = 0} is used to represent the resources that are opened and closed for a solution y, respectively. While
exploring the search space, for each state y, the proposed simulated annealing approach uses the neighbourhood
Neighbourhood(y) defined as

Neighbourhood(y) = {Transpose(y,r1,r2) : r1 ∈ O(y),r2 ∈C(y)}, (12)
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Figure 1 Optimal solution of the Example 1

where Transpose(y,r1,r2), with r1 < r2, is given by

Transpose(y,r1,r2) = (y1, . . . ,yr1−1,1− yr1 ,yr1+1, . . . ,yr2−1,1− yr2 ,yr2+1, . . . ,yn). (13)

3.2. Calculating the value of vector y

For a given vector y, its value is calculated as follows. For each user node i a minimal value of ei jmin among
all established resource nodes j is found. First, the value is equal to the sum of ei jmin for all i ∈ {1,2, . . . ,m}.
After that, the value of the shortest path that connects all established resource nodes is added. It is equivalent
to calculating the minimal spanning tree (MST) on a graph which consists of all established resource nodes.
For calculating MST, Prim’s algorithm is used. Since the considered graph is dense, it is unnecessary to use
any improvement of simple version of Prim’s algorithm [14] that runs in O(n2). The pseudocode of the fitness
function is presented in Algorithm 1. Here, the MST (G) denotes the minimal spanning tree value of the graph
G.

Algorithm 1 Value of vector y

1: for all i ∈ {1,2, . . . ,m} do
2: min = ∞

3: for all j ∈ {1,2, . . . ,n} do
4: if y[ j] = 1 and e[i][ j]< min then
5: min = e[i][ j]
6: end if
7: end for
8: sum = sum+min
9: end for

10: Create complete graph G whose nodes’ indices are bits i in chromosome such that y[i] = 1
11: sum = sum+MST (G)
12: return sum

3.3. Simulated annealing approach

Simulated Annealing originated in statistical mechanics. It is based on a Monte Carlo model that was used by
Metropolis et al. [12] to simulate a collection of atoms in equilibrium at a given temperature. Kirkpatrick et al.
[10] were the first who applied Simulated Annealing to solve combinatorial optimization problems. Simulated
Annealing algorithms differ mainly with respect to the following four factors: neighbourhood search, annealing
schedule, equilibrium test and termination criteria.

The iterated simulated annealing method is presented in Algorithm 2. Initial solution y(1) is generated
randomly by uniform distribution. For generating an solution’s code, a random value of i1 ∈ {1,2, . . . ,n} is
chosen and the bit value at the position i1 is set to 1. In the same way positions i2, . . . , ip are randomly chosen
such that i2 ∈ {1,2, . . . ,n} \ {i1}, i3 ∈ {1,2, . . . ,n} \ {i1, i2}, . . . , ip ∈ {1,2, . . . ,n} \ {i1, . . . , ip−1} and the bit
values at positions i2, . . . , ip are set to 1. Algorithm stops when the maximal number MaxIter = 50 000 of
iterations is achieved. In each iteration, algorithm is repeated until improvement exists, which is controlled by

301



boolean variable ok. If f (y)> f (y(k)) and an arbitrary probability p is less then value of cooling function pk,
the value of ok is set to f alse. Function pk depends on the values of f (y) and f (y(k)) and the current number of
iterations k and is equal to

pk = e−k( f (y(k))− f (y)). (14)

This method also uses short-term memory T , in the similar way that is used in the tabu search. Maximal
length of the list T is set to 10. Is there is no improvement of the solution when bit pair (r1,r2) is chosen, then
(r1,r2) is added to T . Move (r1,r2) is then forbidden in the following 15 iterations. It sometimes may happen
that there is no improvement of the current solution for a large number of iterations. If that parameter become
larger than 1 000, an approach similar to iterated local search (ILS) is then applied. It consist of choosing an
array of length MaxDist of pairs (ri

1,r
i
2), 1≤ i≤MaxDist, such that new value of y(k) is equal to

Transpose(. . .(Transpose(Transpose(yk,r(1)1 ,r(1)2 ),r(2)1 ,r(2)2 ), . . . ,r(MaxDist)
1 ,r(MaxDist)

2 ). (15)

In this implementation, value of MaxDist is equal to n/3, where n is the length of vector y(k). This ILS
approach provides additional improvements of solution and prevents the convergence of the SA algorithm to a
local optimum.

Algorithm 2 Iterated simulated annealing method

1: Choose initial solution y(1)

2: y∗ = y(1), f ∗ = f (y∗)
3: k = 1
4: while Termination() = f alse do
5: k = k+1
6: ok = true
7: while ok do
8: Choose arbitrary r1 such that yr1 ∈ O(y(k))
9: Choose arbitrary r2 such that yr2 ∈C(y(k))

10: if (r1,r2) ∈ T then
11: Repeat process of choosing r1 and r2
12: end if
13: y = Transpose(y(k),r1,r2)
14: if f (y)< f ∗ then
15: y∗ = y(k), f ∗ = f (y∗)
16: y(k) = y
17: else
18: p ∈U [0,1]
19: if p < pk then
20: y(k) = y
21: else
22: ok = f alse
23: Add move (r1,r2) to the tabu list T
24: end if
25: end if
26: end while
27: if Repetition() = MaxRepetitions then
28: for i = 1, i≤MaxDist, i = i+1 do
29: y(k) = Transpose(y(k),r1,r2)
30: end for
31: end if
32: end while

4. COMPUTATIONAL RESULTS

All computational experiments were carried out on an Intel Core i5-2430M processor on 2.4GHz with 8GB
DDR3 RAM memory under Windows 7 operating system. The MA implementation was coded in C# program-
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Table 1: Notation used for presenting computational results

Notation Description
A or B name of the data set

m number of users in a social network
n number of potential resources’ locations
p number of resources that needs to be established

r(ET) optimal solution of the current instance obtained by the total enumeration
technique (ET)

t(ET) total ET running time in seconds
r(ISA) the best solution value of ISA method, with mark Opt in cases where it reached

an optimal solution
t(ISA) average running time in seconds in which the ISA reaches the best or the

optimal solution
agap average gap in percents of the ISA solution from the optimal solution or the

r(ISA)
σ standard deviation in percents of the ISA solution from the optimal solution or

the r(ISA)

ming language. On each instance from the considered data set, the MA was run 15 times with different random
seeds.

In order to verify the optimality of the ISA solutions for the small size instances, a total enumeration
technique has been developed. This technique simply checks all subsets of V and computes minimal objective
value using the same objective function. Since all possible subsets of V are examined, the obtained minimal
objective value is obviously the optimal solution.

Two sets of instances for computational experiments are generated: small-size (A), and large-scale (B). The
values of parameters n, m and p for each data set are given in Tables 2 and 3. For 1≤ i≤ m and 1≤ j,k ≤ n,
parameters ei j and f jk are chosen uniformly from the interval [0,1 000].

The notation used for column headings in Tables 2 and 3, presented in remaining part of this section, is given
in Table 1.

In Table 2 the optimal solutions for 40 small-size tested instances is presented, previously obtained by
total enumeration technique that checks all possible solutions. The average running time for the enumeration
technique is 351.18. The results given in the Table 2 show that the proposed iterated simulated annealing
approach reaches optimal solutions previously obtained by total enumeration technique in very short CPU time.
The average running time of the algorithm is 0.014 seconds, which is significantly shorter (around 25 084 times)
compared to the total enumeration technique. The average gap and standard deviation values are both 0%, which
indicates that the proposed algorithm provides optimal solutions always in all 15 executions.

For the large-scale data set mentioned above, no optimal solution is found due to time limit imposed on total
enumeration technique. In cases when no optimal solution was obtained, the ISA method provides solutions
presented in Table 3 (large-scale instances). As it can be seen from Table 3, the ISA algorithm quickly reaches
the best solutions. The average CPU time is 40.134 seconds.

The presented computational experiments clearly demonstrate the robustness of the proposed iterated
simulated annealing algorithm with respect to both solutions’ quality and running times, even on large-scale
problem instances.

5. CONCLUSION

In this paper, the problem of efficient exploration of data flow within an online social network is considered.
The mathematical model that minimizes the total execution time of the process is developed. Both connection
parameters between user and resource nodes and interaction between control devices is taken under consideration.
Two data sets containing instances with up to 2 500 user nodes are generated. Since instances with more than
100 user nodes could not be solved to optimality by exact algorithm in a reasonable execution time, a hybrid
approach that combine iterated local search approach with simulated annealing technique is designed in order to
tackle real-life problem dimensions.

The results of exhaustive computational tests on two data sets show efficiency and stability of the proposed
algorithm. Small-size data set with up to 100 users is more than 25 000 times faster that exact algorithm, while
the values of the agap and σ are equal to 0. Small average values of the agap and σ on large-scale data set,
with real-life dimensions with up to 2 500 user nodes, show stability of the algorithm, while the small average
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Table 2: Results of EA and MA on small-size data set

S m n p r(ET) t(ET) r(ISA) t(ISA) agap σ

1 15 4 2 6 049 0.002 Opt 0.001 0.000 0.000
2 15 4 3 3 583 0.007 Opt 0.001 0.000 0.000
3 16 4 3 3 765 0.014 Opt 0.001 0.000 0.000
4 16 5 3 3 946 0.021 Opt 0.001 0.000 0.000
5 16 5 4 3 896 0.020 Opt 0.001 0.000 0.000
6 17 5 4 4 547 0.020 Opt 0.001 0.000 0.000
7 17 6 3 3 096 0.040 Opt 0.001 0.000 0.000
8 18 6 3 3 770 0.039 Opt 0.001 0.000 0.000
9 19 6 3 4 059 0.019 Opt 0.001 0.000 0.000

10 20 6 3 4 350 0.005 Opt 0.001 0.000 0.000
11 25 5 3 5 188 0.002 Opt 0.001 0.000 0.000
12 27 5 3 5 081 0.002 Opt 0.001 0.000 0.000
13 27 6 3 6 358 0.005 Opt 0.001 0.000 0.000
14 27 6 4 4 911 0.005 Opt 0.001 0.000 0.000
15 27 7 4 6 250 0.009 Opt 0.001 0.000 0.000
16 28 7 4 4 460 0.009 Opt 0.001 0.000 0.000
17 28 8 5 4 906 0.018 Opt 0.001 0.000 0.000
18 30 8 5 3 920 0.018 Opt 0.001 0.000 0.000
19 30 10 5 5 389 0.071 Opt 0.001 0.000 0.000
20 31 10 5 4 003 0.070 Opt 0.001 0.000 0.000
21 50 10 5 6 922 0.071 Opt 0.002 0.000 0.000
22 55 10 5 8 202 0.071 Opt 0.002 0.000 0.000
23 55 12 5 7 978 0.301 Opt 0.002 0.000 0.000
24 57 12 6 7 548 0.299 Opt 0.003 0.000 0.000
25 57 15 6 7 170 2.372 Opt 0.009 0.000 0.000
26 60 15 6 7 434 2.390 Opt 0.008 0.000 0.000
27 60 15 7 4 941 2.400 Opt 0.011 0.000 0.000
28 65 15 7 7 300 2.401 Opt 0.011 0.000 0.000
29 65 20 9 5 076 46.701 Opt 0.025 0.000 0.000
30 70 20 10 5 920 16.680 Opt 0.026 0.000 0.000
31 100 15 5 12 366 0.475 Opt 0.008 0.000 0.000
32 100 15 6 11 509 0.506 Opt 0.011 0.000 0.000
33 100 15 8 9 698 0.550 Opt 0.012 0.000 0.000
34 100 20 9 8 847 17.494 Opt 0.032 0.000 0.000
35 100 20 10 7 716 22.998 Opt 0.035 0.000 0.000
36 100 20 12 6 455 63.591 Opt 0.030 0.000 0.000
37 100 25 12 6 307 3 602.385 Opt 0.073 0.000 0.000
38 100 25 15 5 427 3 015.742 Opt 0.080 0.000 0.000
39 100 25 15 5 299 3 016.343 Opt 0.080 0.000 0.000
40 100 25 15 5 650 4 233.014 Opt 0.099 0.000 0.000

Average 5 982 351.180 Opt 0.014 0.000 0.000
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Table 3: Results of EA and MA on small-size data set

L m n p r(ISA) t(ISA) agap σ

1 200 30 10 15 617 0.162 0.000 0.000
2 200 30 10 15 993 0.093 0.000 0.000
3 200 30 10 15 049 0.130 0.000 0.000
4 200 30 10 14 010 0.131 0.000 0.000
5 200 30 10 14 583 0.166 0.000 0.000
6 200 35 15 9 254 0.209 0.000 0.000
7 200 35 15 10 377 0.242 0.000 0.000
8 200 35 15 10 874 0.698 0.000 0.000
9 200 35 15 8 719 0.228 0.000 0.000

10 200 35 20 8 312 0.440 0.000 0.000
11 500 45 20 21 096 8.512 0.101 0.186
12 500 45 20 19 724 5.583 0.013 0.040
13 500 45 20 19 968 4.401 0.028 0.056
14 500 50 20 18 917 5.773 0.100 0.201
15 500 50 25 16 209 7.123 0.247 0.208
16 500 55 25 16 045 8.307 0.567 0.400
17 500 55 25 15 686 7.678 0.396 0.253
18 500 60 25 16 007 5.941 0.437 0.332
19 500 60 25 16 016 10.501 0.357 0.256
20 500 60 25 15 042 5.334 0.737 0.379
21 1 000 60 10 77 195 8.301 0.018 0.030
22 1 000 60 10 78 471 3.440 0.000 0.000
23 1 000 70 20 42 130 13.400 1.296 0.577
24 1 000 70 20 39 737 16.079 0.482 0.331
25 1 000 80 30 26 553 25.542 0.572 0.488
26 1 000 80 30 27 357 26.199 0.602 0.409
27 1 000 90 40 20 028 35.253 0.494 0.591
28 1 000 90 40 18 864 31.665 1.079 0.644
29 1 000 100 50 16 081 32.741 2.314 0.914
30 1 000 100 50 15 490 43.231 0.832 0.679
31 2 500 100 20 10 3475 15.744 0.377 0.347
32 2 500 100 20 10 4250 29.921 0.602 0.399
33 2 500 150 30 66 878 33.978 0.896 0.538
34 2 500 150 30 67 226 56.393 0.384 0.227
35 2 500 200 50 38 442 100.610 0.196 0.167
36 2 500 200 50 40 124 174.739 1.003 0.563
37 2 500 200 75 25 374 120.801 0.854 0.446
38 2 500 220 75 26 079 240.110 0.860 0.470
39 2 500 220 100 19 390 280.748 0.824 0.450
40 2 500 220 100 19 927 244.813 0.776 0.521

Average 29 264 40.134 0.436 0.278
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computational time shows algorithm’s efficiency. Thus, the proposed ISA algorithm represents a promising
method for this and similar problems related to online social networks involving large number of users.
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Abstract: The simplex algorithm is the most widely-used method for solving linear programming problems. 
Pricing is the operation of the selection of an improving non-basic variable in order to enter the basis in 
each iteration of the algorithm. Pricing is one of the most time-consuming steps in simplex type algorithms 
and it is essential to reduce the time taken to perform this step. In this paper, we perform a computational 
comparison in which the pricing operation is computed with eight different pivoting rules: (i) Bland’s rule, 
(ii) Dantzig’s rule, (iii) Greatest Increment Method, (iv) Least Recently Considered Method, (v) Partial 
Pricing Rule, (vi) Queue Rule, (vii) Stack Rule, and (viii) Steepest Edge Rule; and incorporate them with the 
revised simplex algorithm. All pivoting rules have been implemented in MATLAB and the test set used in the 
computational study is the Netlib (Optimal, Kennington, and Infeasible) set of linear problems. 

Keywords: Linear Programming, Revised Simplex Method, Pricing, Pivoting Rules, MATLAB. 

1. INTRODUCTION 
Linear Programming (LP) is the process of minimizing or maximizing a linear objective function 

1

n

i i
i

z c x


 to a number of linear equality and inequality constraints. Simplex algorithm is the most widely  

used method to solve linear programming problems (LPs). We assume that the problem is in its standard 
form. Formulating the linear problem, we can describe it as shown in (LP-1): 

 

min            c

  Ax = b

                 x 0

T x

subject to


 (LP-1) 

where mxnA R ,   nc,  x R , mb R , and T denotes transposition. We assume that A has full rank, 

rank(A)=m, m<n. Simplex algorithm searches for the optimal solution by moving from one feasible solution 
to another, along the edges of the feasible set. The dual problem associated with the linear problem (LP-1) is 
shown in (DP-1): 

 

min            b

  A w +s = c

                 s 0

T

T

w

subject to


 (DP-1) 

where w  Rm and s  Rn. BA  is an mxm non-singular sub-matrix of A, called basic matrix or basis. The 
columns of A which belong to subset B are called basic and those which belong to N are called non basic. A 
column Al is selected in each step in order to enter the basis and a column Ar to leave the basis. The variable 
l is called entering variable and is computed according to a pivoting rule.  

A crucial step in solving an LP with the simplex algorithm is the selection of the entering variable and it 
is performed in each iteration. Good choices can lead to a fast convergence to the optimal solution, while 
poor choices lead to worst execution times or even no solutions of the LPs. A pivoting rule is one of the main 
factors that will determine the number of iterations that simplex algorithm performs (Maros & Khaliq 1999). 
Many pivoting rules have been proposed in the literature. Eight of these are presented and compared in this 
paper; namely, (i) Bland’s rule, (ii) Dantzig’s rule, (iii) Greatest Increment Method, (iv) Least Recently 
Considered Method, (v) Partial Pricing Rule, (vi) Queue Rule, (vii) Stack Rule, and (viii) Steepest Edge 
Rule. 
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Thomadakis (1994) has compared five pivoting rules: (i) the Dantzig's rule, (ii) the Bland’s rule, (iii) the 
Least-Recently Considered Method, (iv) the Greatest-Increment Method, and (v) the Steepest-Edge rule. The 
author examined the trade-off between the number of iterations and the execution time per iteration and 
concluded that: (i) Bland's rule requires the shortest execution time per iteration, but it usually needs many 
more iterations than the other methods to converge to the optimal solution, (ii) Dantzig's rule and Least 
Recently Considered Method perform comparably, but the latter requires fewer iterations in cases where 
degenerate pivots exist, (iii) the computational cost per iteration in the Greatest Increment Method is greater 
than the aforementioned methods, but it usually leads to fewer iterations, and (iii) the Steepest-Edge rule 
requires fewer iterations than all other pivot rules and the computational cost of this method is lower than 
Greatest Increment Method but higher than the other three methods. 

To the best of our knowledge, Thomadakis' report (1994) is the only paper that compares some of the 
most widely-used pivoting rules. This paper is an extension of the work of Thomadakis (1994) where eight 
well-known pivoting rules are compared. Furthermore, Thomadakis (1994) has focused on the number of 
iterations and the execution time per iterations, while we also investigate the total execution time of the 
simplex algorithm relating to the pivoting rule that is used. 

The structure of the paper is as follows: in Section 2, a brief description of the revised simplex algorithm 
is presented. In Section 3, eight widely-used pivoting rules are presented and analyzed. In Section 4, the 
computational comparison of the pivoting rules is presented over the Netlib set (Optimal, Kennington and 
Infeasible LPs). Finally, the conclusions of this paper are outlined in section 5. 

2. REVISED SIMPLEX METHOD 
Using a basic partition A=[B  N], the linear problem (LP-1) can be written as: 

 

min            c

  A x +A x  = b

                  x , x 0

T T
B B N N

B B N N

B N

x c x

subject to





 (LP-2) 

The solution of the linear problem 1 , 0B B Nx A b x   is called a basic solution. A solution ( , )B Nx x x is 
feasible if x 0 . Otherwise the solution is infeasible. The solution of the linear problem (LP-2) is computed 
by the relation Ts c A w  , where 1( )T

B Bw c A   are the simplex multipliers and s are the dual slack 
variables. The basis B is dual feasible if 0s  . A formal description of the revised simplex algorithm 
(Dantzig et al. 1953) is given below. 
 

Table 1: Revised Simplex Algorithm 
Step 0. (Initialization).  

Start with a feasible partition (ΑΒ, ΑN). Compute 1
BA   and vectors xB, w and sN. 

Step 1. (Test of optimality). 
if 0s  then STOP. The linear problem (LP-2) is optimal. 
Step 2. (Choice of the entering/leaving variable). 
Choose the index l of the entering variable using a pivoting rule. Variable xl enters the basis. 
Compute the pivot column 1

. .l B lh A A  
if 0lh  then STOP. The linear problem (LP-2) is unbounded. 
else 
    Choose the leaving variable xB[r] = xk using the following equation: 

 [ ]

[ ] [ ]min : 0B r

B r B i
il

il il

x x
x h

h h

 
   

 
  

Step 3. (Pivoting). 

Swap indices k and l. Update the new basis inverse 
1

BA


. Go to Step 1. 

 

3. PIVOTING RULES 
Eight pivoting rules are presented in this section: (i) Bland’s rule, (ii) Dantzig’s rule, (iii) Greatest Increment 
Method, (iv) Least Recently Considered Method, (v) Partial Pricing Rule, (vi) Queue Rule, (vii) Stack Rule, 
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and (viii) Steepest Edge Rule. Some necessary notations should be introduced, before the presentation of the 

aforementioned pivoting rules. Let l be the index of the entering variable and 
___

lc  be the difference in the 

objective value when the non-basic variable lx  is increased by one unit and the basic variables are adjusted 
appropriately.  

3.1. Bland's Rule 
Bland's rule (Bland 1977) selects as entering variable the first among the eligible ones, that is the leftmost 
among columns with negative relative cost coefficient. Although Bland's rule avoids cycling, it has been 
observed in practice that this pivoting rule can lead to stalling, a phenomenon where long degenerate paths 
are produced. 

3.2. Dantzig's Rule 
The first pivoting rule that was used in the simplex algorithm is Dantzig's rule or largest coefficient rule 

(Dantzig 1963). This pivoting rule selects the column lA  with the most negative 
___

lc . It guarantees the largest 

reduction in the objective value per unit of non-basic variable 
___

lc  increase. Although its worst-case 
complexity is exponential (Klee & Minty 1972), Dantzig's rule is claimed as simple but powerful enough to 
guide simplex algorithm into short paths (Thomadakis 1994). This is the first proposed pivoting rule for the 
simplex algorithm and has been widely-used in simplex implementations (Bazaraa et. al. 1990, 
Papadimitriou & Steiglitz 1982). 

3.3. Greatest Increment Method 
According to the Greatest Increment Method (Klee & Minty 1972), the variable with the largest total 
objective value improvement is selected as the incoming variable. Greatest Increment Method calculates the 
improvement of the objective value for each non-basic variable and then selects the variable that offers the 
largest improvement in the objective value. Although this pivoting rule can lead to fast convergence to the 
optimal solution, this advantage is eliminated by the additional computational cost per iteration. Finally, 
Gärtner (1995) constructed LPs that Greatest Increment Method showed exponential complexity. 

3.4. Least Recently Considered Method 
In the first iteration of the algorithm, the incoming variable l is selected according to Bland's rule, that is the 
leftmost among columns with negative relative cost coefficient. In the next iterations, the Least Recently 
Considered Method (Zadeh 1980) starts searching for the first eligible variable with index greater than l. If 
l n  then Least Recently Considered Method starts searching from the first column again. Least Recently 
Considered Method prevents stalling and it performs fairly well in practice Thomadakis (1994). However, its 
worst-case complexity has not been proved yet.  

3.5. Partial Pricing Rule 
Partial Pricing methods are variants of the standard rules that take only a part of non-basic variables into 
account. In the computational study presented in Section 4, we have implemented the partial pricing rule as 
variant for Dantzig's rule. In static partial pricing, non-basic variables are divided into equal segments with 
predefined size and the pricing operation is carried out segment by segment, until a reduced cost is found. In 
dynamical partial pricing, the segments' size is determined dynamically during the execution of the 
algorithm. 

3.6. Queue Rule 
Queue is a FIFO (First-In-First-Out) data structure, where the first element added to the queue is the first one 
to be removed. In the pivoting rule of queue, two queues are constrcuted; the first one holds the indices of 
the basic variables, while the other the indices of the non-basic variables. The entering and leaving variables 
are selected from the front of the corresponding queue. The variable, which is extracted from the front of the 
queue that holds the basic variables, is inserted to the end of the queue that holds the non-basic variables. 
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Respectively, the variable, which is extracted from the front of the queue that holds the non-basic variables, 
is inserted to the end of the queue that holds the basic variables. 

3.7. Stack Rule 
Stack is a LIFO (Last-In-First-Out) data structure, where the last element added to the stack is the first one to 
be removed. In the stack rule, the entering and leaving variables are selected from the top of the 
corresponding stack. The variable, which is extracted from the top of the stack that holds the basic variables, 
is inserted to the top of the stack that holds the non-basic variables. Respectively, the variable, which is 
extracted from the top of the stack that holds the non-basic variables, is inserted to the end of the stack that 
holds the basic variables. 

3.8. Steepest Edge Rule 
Steepest Edge Rule or All-Variable Gradient Method  (Goldfarb & Reid 1977) selects as entering variable 
the variable with the most objective value reduction per unit distance. Although this pivoting rule can lead to 
fast convergence to the optimal solution, this advantage is debatable due to the additional computational cost. 
Approximate methods have been proposed in order to improve the computational efficiency of this method 
(Świętanowski, 1988, Vanderbei 2001). 

4. COMPUTATIONAL RESULTS  
Computational studies have been widely-used in order to examine the practical efficiency of an algorithm or 
even compare algorithms. The computational comparison of the aforementioned eight pivoting rules has 
been performed on a quad-processor Inter Core i7 3.4 GHz with 32 Gbyte of main memory and 8 cores. The 
revised simplex method and the pivoting rules have been implemented using MATLAB Professional 
R2012b. MATLAB is a powerful programming environment and is especially designed for matrix 
computations.  

The test set used in the computational study was the Netlib set (Optimal, Kennington and Infeasible LPs) 
(Gay 1985, Carolan et al. 1990). The Netlib library is a widely-used suite for testing the computational 
performance of linear programming algorithms and contains many real world LPs. Ordóñez and Freund 
(2003) have shown that 71% of the Netlib LPs are ill-conditioned. Hence, numerical difficulties may occur. 
Table 2 presents some useful information about the Netlib set. The first column includes the name of the 
problem, the second the number of constraints, the third the number of variables, the fourth the non-zero 
elements of matrix A and the fifth the optimal objective value. The test bed includes 40 optimal and 5 
infeasible LPs from Netlib and 3 Kennington LPs that do not have ranges and bounds sections in their mps 
files. 

Table 3 presents the results from the total execution time of the revised simplex algorithm combined with 
the aforementioned pivoting rules, while Table 4 the iterations needed. The results are also graphically 
illustrated in Figures 1 – 2, where the average execution time and the average number of iterations are 
presented, respectively. In Tables 3 – 4 and Figures 1 – 2, the following abbreviations are used: (i) Bland’s 
rule – BR, (ii) Dantzig’s rule – DR, (iii) Greatest Increment method – GIM, (iv) Least Recently Considered 
method – LRCM, (v) Partial Pricing rule – PPR, (vi) Queue rule – QR, (vii) Stack rule – SR, and (viii) 
Steepest Edge rule – SER. For each instance we averaged times over 10 runs. All times in Table 3 and Figure 
1 are measured in seconds. A limit of 70,000 iterations was set that explains why there are no measurements 
for some pivoting rules on specific instances. Finally, the objective value calculated using each pivoting rule 
was accurate with a precision of 8 decimal digits. 

From the following results, we observe that only Dantzig's rule has solved all instances, while Bland's 
rule solved 45 out of 48 instances, Greatest Increment method 46 out of 48, Least Recently Considered 
method 45 out of 48, partial pricing 45 out of 48, Queue's rule 41 out of 48, Stacks' rule 43 out of 48, and 
Steepest Edge rule 46 out of 48. Furthermore, Dantzig's rule requires the shortest execution time both on 
average and on almost all instances. On the other hand, Steepest Edge rule has the worst execution time both 
on average and on almost all instances. Despite its computational cost, Steepest Edge rule needs the fewest 
number of iterations than all the other pivoting rules, while Bland's rule is by far the worst pivoting rule in 
terms of the number of iterations.  
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Table 2: Statistics of the Netlib set (Optimal, Kennington and Infeasible LPs) 
Name Constraints Variables Non-zeros A Objective value 

25FV47 822 1,571 11,127 5.50E+03 
ADLITTLE 57 97 465 2.25E+05 

AFIRO 28 32 88 -4.65E+02 
AGG 489 163 2,541 -3.60E+07 

AGG2 517 302 4,515 -2.02E+07 
AGG3 517 302 4,531 1.03E+07 

BANDM 306 472 2,659 -1.59E+02 
BEACONFD 174 262 3,476 3.36E+04 

BLEND 75 83 521 -3.08E+01 
BNL1 644 1,175 6,129 1.98E+03 
BNL2 2,325 3,489 16,124 1.81E+03 

BRANDY 221 249 2,150 1.52E+03 
CRE_A 3,517 4,067 19,054 2.36E+07  
CRE_C 3,069 3,678 16,922 2.53E+07  

DEGEN2 445 534 4,449 -1.44E+03 
E226 224 282 2,767 -1.88E+01 

FFFFF800 525 854 6,235 5.56E+05 
ISRAEL 175 142 2,358 -8.97E+05 
ITEST2 10 4 17 Infeasible 
ITEST6 12 8 23 Infeasible 
KLEIN1 55 54 696 Infeasible 
KLEIN2 478 54 4,585 Infeasible 
KLEIN3 995 88 12,107 Infeasible 
LOTFI 154 308 1,086 -2.53E+01 
OSA-07 1,119 23,949 167,643 5.36E+05 
SC50A 51 48 131 -6.46E+01 
SC50B 51 48 119 -7.00E+01 
SC105 106 103 281 -5.22E+01 
SC205 206 203 552 -5.22E+01 

SCAGR7 130 140 553 -2.33E+06 
SCFXM1 331 457 2,612 1.84E+04 
SCFXM2 661 914 5,229 3.67E+04 
SCFXM3 991 1,371 7,846 5.49E+04 

SCORPION 389 358 1,708 1.88E+03 
SCRS8 491 1,169 4,029 9.04E+02 

SCTAP1 301 480 2,052 1.41E+03 
SCTAP2 1,091 1,880 8,124 1.72E+03 
SCTAP3 1,481 2,480 10,734 1.42E+03 

SHARE1B 118 225 1,182 -7.66E+04 
SHARE2B 97 79 730 -4.16E+02 
SHIP04L 403 2,118 8,450 1.79E+06 
SHIP04S 403 1,458 5,810 1.80E+06 
SHIP08L 779 4,283 17,085 1.91E+06 
SHIP08S 779 2,387 9,501 1.92E+06 
SHIP12L 1,152 5,427 21,597 1.47E+06 
SHIP12S 1,152 2,763 10,941 1.49E+06 

STOCFOR1 118 111 474 -4.11E+04 
STOCFOR2 2,158 2,031 9,492 -3.90E+04 
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Table 3: Total Execution Time 
Name BR DR GIM LRCM PPR QR SR SER 

25FV47 - 63.26 - - - - - 6,504.45
ADLITTLE 0.03 0.06 0.02 0.04 0.02 0.03 0.03 0.04 

AFIRO 0.01 0.004 0.005 0.01 0.01 0.01 0.01 0.004 
AGG 0.06 0.05 0.10 0.07 0.07 0.07 0.07 0.20 

AGG2 0.14 0.11 0.41 0.11 0.11 0.13 0.15 1.24 
AGG3 0.22 0.13 0.49 0.26 0.22 0.20 0.29 1.39 

BANDM 1.33 0.48 0.80 1.28 1.08 - 1.98 1.88 
BEACONFD 0.02 0.02 0.02 0.02 0.03 0.02 0.02 0.02 

BLEND 0.05 0.03 0.07 0.77 0.06 2.06 0.09 0.04 
BNL1 181.40 20.92 30.20 95.43 53.20 - - 264.11 
BNL2 - 211.51 - - - - - - 

BRANDY 1.69 0.16 0.34 0.51 0.67 0.39 0.78 0.56 
CRE_A 1,205.65 100.33 4,156.39 3,109.87 145.63 287.45 210.48 5,567.89
CRE_C 830.45 84.59 255.67 325.41 224.20 320.35 165.39 2,801.39

DEGEN2 15.89 2.48 5.01 39.64 15.67 - 9.20 16.86 
E226 1.31 0.25 0.95 0.69 0.76 - 0.86 2.21 

FFFFF800 4.04 0.49 3.31 1.39 1.98 - 2.48 15.90 
ISRAEL 0.12 0.12 0.16 0.17 0.14 0.15 0.19 0.41 
ITEST2 0.002 0.002 0.002 0.002 0.002 0.002 0.002 0.002 
ITEST6 0.002 0.002 0.003 0.002 0.003 0.003 0.003 0.003 
KLEIN1 0.02 0.03 0.07 0.05 0.04 0.06 0.05 0.05 
KLEIN2 2.25 0.45 0.46 1.42 1.07 0.77 1.63 1.29 
KLEIN3 24.05 6.80 3.68 17.75 19.33 7.34 71.12 15.22 
LOTFI 0.27 0.12 0.39 0.16 0.20 0.25 0.23 0.75 
OSA-07 8.95 6.31 14.07 3.86 22.11 14.11 9.54 - 
SC50A 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 
SC50B 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 
SC105 0.03 0.02 0.03 0.03 0.03 0.03 0.04 0.04 
SC205 0.10 0.11 0.16 0.15 0.11 0.16 0.16 0.30 

SCAGR7 0.10 0.05 0.11 0.10 0.08 0.10 0.12 0.08 
SCFXM1 1.73 0.40 1.43 0.82 1.32 0.84 2.03 2.92 
SCFXM2 17.81 2.54 7.86 8.01 11.29 12.34 9.87 15.64 
SCFXM3 45.65 7.98 48.13 28.67 33.16 29.65 - 80.67 

SCORPION 0.28 0.24 0.30 0.26 0.27 0.27 - 0.41 
SCRS8 - 1.30 4.83 - - 3.73 1.62 29.40 

SCTAP1 0.50 0.16 0.77 0.37 0.49 0.34 0.48 2.77 
SCTAP2 5.28 3.60 38.04 6.92 7.08 5.29 6.97 58.28 
SCTAP3 9.64 6.20 92.85 10.50 17.10 10.72 13.70 335.03 

SHARE1B 0.58 0.09 0.22 0.26 0.32 0.20 0.41 0.37 
SHARE2B 0.07 0.03 0.06 0.05 0.06 0.06 0.06 0.06 
SHIP04L 0.89 0.85 3.22 0.95 0.99 1.44 1.41 2.43 
SHIP04S 0.33 0.32 1.19 0.38 0.37 0.54 0.48 1.06 
SHIP08L 6.39 4.01 13.14 4.65 5.86 7.99 6.25 15.79 
SHIP08S 1.21 0.59 2.36 0.68 0.78 1.26 0.99 5.91 
SHIP12L 9.84 9.14 33.19 9.76 11.08 13.79 12.00 39.77 
SHIP12S 1.35 1.13 5.54 1.38 1.42 2.21 1.75 5.32 

STOCFOR1 0.07 0.03 0.06 0.06 0.06 0.05 0.08 0.05 
STOCFOR2 140.14 34.04 81.46 84.34 98.13 85.65 120.56 130.13 
AVERAGE 56.00 11.91 104.51 83.49 15.04 19.76 15.20 346.14 
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Table 4: Number of Iterations 
Name BR DR GIM LRCM PPR QR SR SER 

25FV47 - 6,522 - - - - - 1,510 
ADLITTLE 198 118 82 239 209 172 205 100 

AFIRO 24 11 9 18 20 18 20 10 
AGG 106 73 69 124 111 104 108 69 

AGG2 184 141 127 167 132 157 172 122 
AGG3 300 153 145 386 293 234 359 134 

BANDM 1,654 544 279 1,561 1,346 - 2,467 252 
BEACONFD 40 22 22 30 23 31 31 22 

BLEND 170 102 104 3,069 198 7,280 271 60 
BNL1 36,078 4,447 1,643 25,096 12,673 - - 866 
BNL2 - 8,517 - - - - - - 

BRANDY 4,401 360 275 1,368 1,876 999 2,165 330 
CRE_A 64,132 5,487 3,098 14,856 4,867 13,985 12,045 1,801 
CRE_C 52,134 5,126 2,854 21,098 14,378 18,654 11,345 1,530 

DEGEN2 7,415 844 569 19,392 6,678 - 4,014 441 
E226 2,687 522 285 1,585 1,664 - 1,673 235 

FFFFF800 6,499 457 403 1,890 2,517 - 3,523 253 
ISRAEL 371 363 150 492 416 394 505 141 
ITEST2 4 4 4 4 4 4 4 4 
ITEST6 4 4 4 4 4 4 4 4 
KLEIN1 90 190 102 276 182 267 225 117 
KLEIN2 2,515 554 231 1,623 1,245 832 1,972 466 
KLEIN3 7,805 2,411 602 6,114 6,840 2,408 24,398 1,263 
LOTFI 708 351 191 431 527 570 577 144 
OSA-07 6,405 1,059 860 3,546 7,011 4,015 3,330 - 
SC50A 33 30 28 33 30 29 38 27 
SC50B 29 31 30 34 31 31 34 30 
SC105 73 66 53 69 81 70 106 56 
SC205 141 139 124 221 155 211 235 115 

SCAGR7 241 87 87 236 164 207 268 73 
SCFXM1 1,756 403 388 1,025 1,486 836 2,007 286 
SCFXM2 5,378 786 1,198 3,101 4,013 4,421 2,689 541 
SCFXM3 7,745 1,227 2,453 4,854 4,578 4,801 - 789 

SCORPION 155 112 117 157 141 154 - 111 
SCRS8 - 658 348 - - 2,639 1,155 373 

SCTAP1 814 284 284 614 675 491 684 167 
SCTAP2 2,283 1,132 1,378 2,653 2,348 2,300 2,329 333 
SCTAP3 2,501 2,862 1,733 2,582 3,426 2,683 2,972 619 

SHARE1B 1,860 200 92 762 955 493 1,134 162 
SHARE2B 294 104 100 220 276 212 249 77 
SHIP04L 368 227 241 500 326 508 572 211 
SHIP04S 243 208 167 412 240 337 282 152 
SHIP08L 3,788 469 443 1,479 2,130 2,093 1,317 377 
SHIP08S 1,696 237 237 522 457 774 571 224 
SHIP12L 1,795 733 731 1,751 1,668 1,892 1,460 633 
SHIP12S 929 378 432 990 665 1,032 758 324 

STOCFOR1 235 69 70 206 200 131 212 70 
STOCFOR2 11,034 1,617 2,013 6,010 5,890 5,541 9,145 1,386 
AVERAGE 5,273.67 1,050.85 540.33 2,928.89 2,069.98 2,000.34 2,270.47 369.78 
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Figure 1: Average Execution Time 

 

 
Figure 2: Average Number of Iterations 

 

5. CONCLUSION 
The selection of the entering variable is a crucial step in the revised simplex algorithm and should be 
carefully designed in order to economize this operation. Eight well known pivoting rules have been reviewed 
and compared in this paper. The computational study over 48 Netlib LPs showed that only Dantzig's rule 
solved all instances. Furthermore, Dantzig's rule performs better than the other pivoting rules in terms of 
execution time. Finally, the Steepest Edge rule requires the fewest number of iterations, but it has the worst 
execution time compared to the other pivoting rules. 

As future work, we aim to include some other well-known pivoting rules, like Devex and some multiple 
pricing techniques. Furthermore, we aim to implement revised simplex algorithm in a GPU (Graphical 
Processing Unit). Dantzig's rule, which showed the best performance in computational terms, will be 
included in this implementation.  
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Abstract: Agriculture is a significant strategic factor in Republic of Serbia and implementation of best or at 
least appropriate technologies in agricultural production could create possibility to get higher returns of 
good quality products. This way of production would create a lower product price and Serbia could reduce 
food import and, at the same time increase food export. One of the most productive way for nutrition and 
protection of agricultural crops on large fields is usage of agriculture aviation. Use of aircrafts in the 
technology of growing these crops would give better results in terms of yield and quality and also it will be 
necessary to use aircrafts due to underground water. The subject of this paper is application of simple plant 
location model in one company in Serbia to determine number of agricultural airfields which will be used for 
farming of the land and allocation of fields to specific airfields.  

Keywords: Simple plant location model, agriculture aviation, allocation. 

1. INTRODUCTION 

1.1. Agriculture aviation problem  
Agriculture has long been the mainstay of Serbia’s economy. Although less than one-fourth of economically 
active Serbs are now employed in farming (compared with nearly three-fourths in 1948), cropland occupies 
nearly two-thirds of Serbia’s territory. The principal area of commercial agriculture is the Vojvodina region 
and lowlands south of the Sava and Danube rivers, including the valley of the north-flowing Morava River.  

Despite the obvious needs, agriculture aviation in Serbia isn’t appropriately developed. Necessity for 
research and analysis of technically - technological systems in agriculture aviation stems from the economic 
importance of its further development. At this moment (Serbia is in transition), aviation isn’t appropriately 
used (average flight of airplane is 36 hours in the last five years) and has no clear direction of development 
(Jakovljevic, 2006). It is therefore necessary to perform a systematic analysis of parameters that will further 
influence on the choice including the number, the types of aircraft and the extent of their application.  

Agriculture aviation is used for nutrition and protection of agricultural crops. Future trend in modern 
agriculture is application of protection products with lower volumes of fluid use. 

Climatic conditions and soil management are also important and they demand usage of aircraft in 
agriculture. The protection is lowest in years that are dry, like the year 2000th, when the protection was 
conducted on 36,807 ha. 

There are more than 300 airfields in Serbia, but only 30 of them are registered. Therefore, in the future, it 
would be effective for Serbian agriculture to use these airfields in agricultural industry.   

1.2. Application of Location analysis in Agriculture   

Location theory has found its use in agriculture since the early days of the field. The theory of spatial 
equilibrium and optimal location and the foundations of agricultural location theory are traced back to the 
classical work of von Thunen in 1826. He investigated the impact of the distance from the market on the use 
of agricultural land. 

Lucas and Chhajed (2004) gives an overview of application of location analysis in field of agriculture. 
Mladenović (2004) states common classification of location problems into (a) continual, (b) discrete, and (c) 
network models. Location problems in agriculture exhibit several features, such as their large scope and size, 
or the consideration of multiple and often conflicting objectives and, thus, demonstrate increased levels of 
complexity and realism. Common in agriculture are location– allocation problems, in which the number of 
facilities, their locations, and these interactions all become decision variables. Moreover, these location–
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allocation problems themselves are often complicated by routing decisions, leading to location–allocation-
routing models.  

Lucas and Chhajed (2004) presents six groups of location analysis application in agriculture: a cotton-
ginning problem, the location of grain sub-terminals, the collection and processing of rubber, the fresh citrus 
packing industry, the cattle-slaughtering industry and The Bangladesh grain model. These applications of 
location analysis in agriculture do not consider solving of airfield location problems.   

1.3. The Simple plant location model 
The simple plant-location problem (SPLP), also known as the uncapacitated facility-location problem, is one 
of the fundamental and most studied models in facility-location theory. The objective is to choose, from a set 
of potential facility-locations on a network, which ones to open to minimize the sum of opening (or fixed) 
costs and service (or variable) costs to satisfy the known demands from a set of customers. Although the 
origins of the plant-location problem go back to the pioneering work of Weber (1909), the actual of SPLP 
may be attributed to Stollsteimer (1963), Kuehn and Hamburger (1963), and Balinski (1965). Since that time 
numerous articles have been published that deal with the properties and solution of the mathematical model, 
e.g., see the surveys in Krarup and Pruzan (1983), Labbé et al. (1995) and the books by Mirchandani and 
Francis (1990), Francis et al. (1992), and Daskin (1995). Despite the inherent assumptions of the model that 
may limit its practicality, the SPLP has gained considerable importance as a basic model in several 
combinatorial problems dealing, e.g., with vehicle dispatching, set covering, set partitioning, assortment, 
and, more recently, information retrieval and data mining (Pentico 1976, 1988; Tripathy et al. 1999). In view 
of the size of facility-location problems that being tackled in practice today, ability to solve very large SPLPs 
is becoming more important. Mladenovic et al. (2006) develop a new methodology for solving the SPLP 
using variable neighborhood search (VNS) to obtain a near-optimal solution, and they show that VNS with 
decomposition is a very powerful technique for large-scale problems, up to 15,000 facilities × 15000 users. 
Hansen et al. (2007) emphasized the fact that the SPLP is finding other applications in such areas as cluster 
analysis, computer and telecommunications network design, information retrieval, and data mining.   

1.4. Mathematical model 

Let us denote by I a set of potential facilities ( 1,...,i m ) and J a set of users or customers ( 1,...,j n ). The 
simple plant location problem (SPLP for short) may be written as 

,
1 1 1
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m m n

p i i ij ij
x y

i i j

z f y c x
  

    (1) 
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0,    ,ijx i I j J      (5) 

where if  denotes the fixed cost for opening facility i , ijc  is the distribution cost for satisfying the demand of 

user j  from facility i , iy  is a Boolean variable equal to 1 if facility i  is opened, and 0 otherwise, ijx  is the 

fraction of demand of user j satisfied from facility i .  
This problem has mn m  variables and mn n  constraints. The objective function expresses that the 

sum of fixed costs for open facilities and distribution costs from (one of) these facilities to each user must be 
minimized. The if  and a ijc are assumed to be positive. Once iy  are fixed, the values of the ijx  are easily 

determined; for each j , ijx  is chosen as equal to 1 for some i  with iy = 1 and minimum distribution cost ijc  

(ties may be broken arbitrarily).  
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2. APPLICATION OF SPLP IN AGRICULTURE AVIATION IN SERBIA 
Application of SPLP model in real-world planning circumstances is presented in this section. 

Simple plant location model is applied on large agriculture filed of company X which is situated near 
Belgrade. Company X is one of the leading companies in food production and production of this corporation 
is main base for meat and milk industry, industrial and other vegetables used in food industry. This company 
is considered as the premier supporter of the stable supply of high quality forage, fresh produce and dairy 
products to the local and regional markets. They own 9 large agriculture fields with different crops: wheat, 
barley, corn seed, corn mercantile, soy etc. They use land mechanization and agriculture aviation for 
nutrition and protection of agricultural crops. This spring they processed 15000 ha of arable land with land 
mechanization and two aircrafts. Underground water represents great problem and limiting factor for 
successful fulfillment of agro technical deadlines. These deadlines are especially important in corn 
production, since corn is cultivated on 62.72% sawn area. Use of aircrafts in the technology of growing these 
crops would give better results in terms of yield and quality and also it will be necessary to use aircrafts due 
to underground water. (Jakovljević, 2006)  

Subject of SPLP model application was one of nine agriculture fields with 9000 ha which is divided into 
245 small fields and one part of land is unusable. Map of this part of land is presented in Figure 1. This part 
of land has 9 airfields. Company had a problem to determine which of the airfields to activate, and how to 
allocate 245 fields to specific airfields. Each airfield is represented by a green node. 
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Figure 1: Map of arable land divided into fields 

 
Two groups of costs are summed up in the objective function (1). In our example, the first group are fixed 

costs of opening the airfield. Fixed cost if  presented in (1) denotes the cost for opening facility i  and in our 

example this cost presents the sum of costs for opening of the airfields, security and maintenance costs.  The 
second includes distribution costs, but in this case it is assumed that these costs are proportional to distance 
between center of fields and airfields. In order to equalize units of two groups of variables in objective 
functions, model requires the conversion of the distances to distribution costs with unitary distribution cost 
of 1 EUR/km. 

In this example distribution costs ijc  for satisfying the demand of user j  from facility i presented in (1) 

are distances between center of these fields and airfields. Distances between center of these fields (which 
have been earlier calculated) and airfields were calculated using Euclidean metric, where one distance unit 
represents 0.5 kilometers. Euclidean metric was used due to rectilinear aircraft movement.  

The Euclidean distance between points p and q (6) is the length of the line segment connecting them ( ). 
If p = (p1, p2,..., pn) and q = (q1, q2,..., qn) are two points in Euclidean n-space, then the distance from 

p to q, or from q to p is given by: 
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2 2 2
1 1 2 2( , ) ( , ) ( ) ( ) ( )n nd p q d q p q p q p q p         (6) 

Several simulations were undertaken in order to suggest the best location and also to see the extent to 
which the modeling results were sensitive to changes in fixed costs unit size.  

First, situation with fixed costs of airfields which are 7000 cost unit is analyzed. In this case, distribution 
costs (see table 2) were too small compared to fixed costs, therefore the solution was to activate all nine 
airfields. Each field was allocated to nearest airfield, and the value of objective function was 63572,25 cost 
units. This is not surprisingly. Nine groups of fields located around each airfield can be seen on the map.   

Next solution refers to the most realistic agricultural planning situation, where less than nine airfields are 
to be located. As noticed, fixed costs were 99% of total objective function value, so distribution cost had no 
influence on the solution. Fixed and distribution costs differ by two orders of magnitude, for example:  

9f  = 7000 cost unit compared to 19d  = 10,57403 cost unit 

As can be seen, they differ by a factor of about 100. In order to put these numbers in the same order of 
magnitude, fixed cost were divided by 100. These costs are presented in table 1: 
 

Table 1: Fixed costs for each airfield 
Airfield 1 2 3 4 5 6 7 8 9 
Fixed cost 70 70 70 70 70 70 70 70 70 
 

Fixed costs are the same for each airfield – this is the case because all the airfields approximately are of 
the same size and capacity with same costs for opening – therefore the costs are the equal. Differences 
between these costs could occur as a result of frequency of use of the airfield in the past period – more 
frequency means better maintenance followed by lower fixed cost at present. 

Distribution costs between center of one example field (field 1) and every airfield are presented in table 2.  
 

Table 2: Distribution cost between center of field 1 and airfields 
Airfield 1 2 3 4 5 6 7 8 9 
Field 1 3,07472 4,34427 7,69806 9,86206 7,93396 6,27875 12,11549 13,63764 10,57403
 

The model has 2214 binary variables and 2450 constraints. The model was solved with Cplex and exact 
solutions were obtained. 

Solution of the problem is usage of 5 airfields instead of the nine existing. The following airfields should 
be activated: 1, 4, 6, 7 and 8 (figure 2) and total costs are 1019.128840 cost units. The number of fields 
allocated to the specific airfield is presented in the table 3. 

 

 
Figure 2: Map with chosen airfields 
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Table 3: Number of fields allocated to the airfields 

Airfield 1 2 3 4 5 6 7 8 9 
Number 
of fields 

44 0 0 29 0 91 52 29 0 

 
Red nodes represent chosen airfields. Fields allocated to the specific airfield are situated mainly around 

airfields.  Most of the fields are allocated to airfield number 6, which is central airfield in the cultivation 
area. This is not a surprise: most of the fields are located in that area. Allocated fields are not graphically 
presented on the map, but could be presented in direct contact with authors.   

Within the limits of the experiments conducted in this real world and agriculture planning context, it is 
shown that this model is applicable to this type of problem. Of course, additional factors must be included 
solving these type of problem. 

3. CONCLUSION 
This study was originally undertaken independently from the management of the company X. Even in its 
simplest formulation, the model helps the management to orient their decision for airfields location rapidly 
and easily. Authors are convinced that a simple tool helps decision making and that the management should 
include the modeling results in business analysis including their possible preferences, so as to bridge the gap 
between measurability optimality and unpredictable and unmeasurable compromises. Management of the 
company would maybe consider several more criteria into consideration for choosing airfield location, for 
example, proximity to the central airfield (main) or proximity to the important roads, etc. 

Many questions require further investigations. For the authors, this is only the beginning of solving this 
problem in agriculture. Following factors must be taken into consideration and built in the model: 
 Is it possible that 91 fields can be cultivated from only one airfield? Possible not. So, capacity of each 

airfield must be analyzed and added into the model. Capacity of airfield implies calculation of total 
area of fields which can be cultivated from each airfield in a given period of time.  

 Distance traveled by plane depends on a capacity of the fuel tank, tanks for chemicals, and the 
number of over flights cultivating specific areas.  

 There are three types of aircraft used in agriculture: light, medium and heavy planes have tanks with 
various volumes, so this is very important factor for the analysis. 

The results of this research could serve as an initial base for future optimization in agriculture aviation, 
where solutions could increase productivity and decrease energy supplying. Authors will consider a discrete 
formulation that is more convenient for real world land-use planning purposes. 
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Abstract: There is no defined methodological approach which would evaluate and rank the quality 
objectives of processes in food supply chain (FSC) in uncertain environments which is one of the basic 
problems in improving and managing the processes. The quality objectives of primary production process 
are defined by knowledge and experience of management team. The fuzzy rating of the relative importance of 
each pair of the identified quality objectives and uncertain quality objective values are described by 
linguistic expressions which are modelled by triangular fuzzy numbers. The weight vector of criteria is 
calculated by the extent analysis method on fuzzy Analytic Hierarchical Process (AHP). The rank of quality 
objectives is calculated at the time period. The rank of quality objectives corresponds to the rank of 
triangular fuzzy numbers which describe weighted values of quality objectives. The proposed model is 
illustrated by an example.  

Keywords: Quality objectives, food supply chain, fuzzy sets, fuzzy AHP. 

1. INTRODUCTION 

Continuous quality improvement of all processes and all products in food supply chains (FSCs) is one of the 
basic standard requirements for food safety management (ISO 22000:2005). The considered problem is 
nowadays one of the most active research topics in quality management domain. The opinion of the authors 
is based on the World Health Organization data about significant increase in diseases caused by 
unsatisfactory quality of the food consumed in both developed and developing countries, which further 
induces numerous and diverse health care problems that lead to the increase in production costs in FSCs. 

The food supply chain consists of all the entities (companies and individuals) who are directly and/or 
indirectly involved in all processes and flows of product, information, money, knowledge from suppliers to 
consumers. In each FCS can be identified in the key business processes. One of the most important process 
in FSCs is the primary production process. Improving the process quality in FSCs is based on the 
measurement results of process characteristics, that is, of the values of process objectives (ISO 9000:2004) 
over the period of time. It is therefore necessary for management team to define process objectives. In 
general, the objectives of the business processes are defined on the basis of selected characteristics of 
processes, which should give a clear picture of process objectives. It should be noted that the objectives 
generally do not have an equal importance. To make a successful process improvement, it is necessary to 
take into consideration the relative importance of objectives as well as their value. Determining values and 
the relative importance of identified objectives is performed by management team. Their ratings are based on 
their knowledge, experience, current data, etc. 

In the literature, there are almost no papers in which the objective values of processes are determined in 
an exact way. The purpose of this paper is to propose a two-stage fuzzy model (FMGV) for determining 
values of identified objectives on the process level. In the first stage, the relative importance of process 
objectives is determined. In the second stage, the quality objective values are calculated. According to the 
weighted quality objective values, the order of management activities to be undertaken in order to improve 
primary production process in FSCs is determined. 

Different types of uncertainties exist in FSCs which operate in a changing environment. Development of 
mathematical theories, especially fuzzy set theory [1,2] made it possible for these vagueness and 
uncertainties to be described quantitatively. It can be said that fuzzy set theory is a powerful tool for 
mathematical modelling of imprecisions, vagueness and arbitrariness. In the presence of imprecise, vague 
and approximate data it can simulate the human way of thinking in decision-making process [3]. 

Contributions of this paper are the following: (1) it handles uncertainty in relative importance of quality 
objectives and uncertainty in their current values using fuzzy sets, (2) it proposes a fuzzy model for 
calculating weighted values of quality objectives in different time periods and (3) rank of process objectives 
is determined according to the weighted quality objective values; on the basis of  the rank of process 

329



objectives, management team can quickly take appropriate measures in order to improve the quality 
objective of a process which has the worst value in the time period. 

The paper is organized in the following way. The problem statement is given in Section 2.  Modelling of 
uncertainty in relative importance of quality objectives and their values in different time periods are 
presented in Section 3. In Section 4, a case study used to verify the developed algorithm is presented. 
Conclusions are presented in Section 5. 

2. PROBLEM STATEMENT 

In this section  the problem statement  of evaluating and ranking the objectives of processes in FSC is 
described. T time period in which objectives are measured and ranked is discretized into smaller time period 
t, t = 1, .., T. On the basis of the obtained results management team determines the  appropriate management 
measure in each time period, respectively, which enhances the performance of objectives, that is to say, 
improves the primary production process in FSC. 

In general, many objectives can be identified in the processes in FSC which are formally represented by 
the index set G= 1,..., ,..,g G  Where: g is index for identified objective and G is the total number of 

identified objectives. 
The hypothesis that the importance of quality objectives in the considered process of FSC is not equal is 

introduced. Relative importance of quality objectives is set by the pair-wise comparison matrix of the 

relative importance of quality objectives 
~

W . Authors believe that this method of determining the relative 
importance of quality objectives is closer to human reasoning. In the literature, there are numerous papers in 
which this approach of setting the relative importance of considered entities is used [4,5,6]. Matrix elements 

~

W  are linguistic statements that are modelled by triangular fuzzy numbers 

 '
' ' '

~
' '; , , , , 1,.., ;gg

gg gg gg
W x l m u g g G g g   . Weight of each objective g, g = 1, .., G is calculated by using 

the extent analysis based on fuzzy AHP [7]. The elements of weight vector are crisps. It is assumed that the 
importance of objectives during the period T doesn't   change almost nothing. 

Quality objective value g, g = 1, .., G at time t, t = 1, .., T is obtained on the basis of  the management 
team evaluation. It is reasonable to assume that the values of the objectives change over time. The 
management team uses predefined linguistic expressions for describing the quality of objective values. These 

linguistic expressions are modelled by triangular fuzzy numbers.  
~

; , , , 1,.., ; 1,..,gt gt gt gtv y l m u g G t T   . 

For the analysis of the possibility of primary production process improvement in FSCs the following 
tasks are important. 

Determining the weighted value of each quality objective identified in time period t, 

 
~

; , , , 1,.., ; 1,..,gt gt gt gtV z L M U g G t T   . For management team carrying out the analysis, the following 

task is important: to determine which quality objective g in time period t has the lowest weighted value. 

Answer to this question is given by comparing triangular fuzzy numbers 
~

, 1,.., ; 1,..,gtV g G t T  . In this 

paper, the procedure which is proposed  in [8,9] is used. First, *

~

g tV  with the lowest modal value is found and 

the fuzzy elements 
~

, 1,.., ; 1,..,gtV g G t T   are ranked in increasing order of their modal values 

gtM , 1,.., ; 1,..,g G t T  . The first in this sequence is *

~

g tV . The rank of fuzzy 

numbers,
~

, 1,.., ; 1,..,gtV g G t T  , corresponds to the rank of quality objectives in the time period t, t = 1, .., 
T. These ranked fuzzy numbers are further analyzed to determine a measure of belief that one fuzzy number 
is smaller than the other one, and a measure of belief that it is not. This procedure is applied in order to 
determine the measure of belief that a fuzzy number, which is ranked the highest, is smaller than another 
fuzzy number which has a lower rank position, and (2) Determining the management evaluation of primary 

process production in FSC in time period t, 
~

tO  , T = 1, .., T which is given as an average value of all 

weighted values of  identified objectives in the processes in  FSC. Ranking of triangular fuzzy numbers 
~

Ot  , 
T = 1, .., T is important for the monitoring of  management team activities over time T. 
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3. MODELLING OF UNCERTAINTIES 

In this section, the modelling of uncertainties that exists in the considered problem is described. All 
uncertainties are described by predefined linguistic expression which is modelled by fuzzy sets [1,2].The 
most used triangular fuzzy numbers offer a good compromise between descriptive power and computational 
simplicity. Fuzzy sets of higher types and levels have not as yet played a significant role in applications of 
fuzzy sets theory [10]. 

3.1 Modelling relative importance of quality objectives 

In this paper, pair-wise comparison matrix of relative importance of quality objectives, 
~

W  is constructed. It 
is assumed that management team makes a decision by consensus. These linguistic expressions are modelled 

by a triangular fuzzy number  '
' ' '

~
' '; , , , , 1,.., ;gg

gg gg gg
W x l m u g g G g g    with the lower and upper bounds 

' ',
gg gg

l u  and modal value 'gg
m , respectively. The value in domain of each of these three fuzzy numbers is 

defined on real set of numbers which belongs to the interval [1-5]. The value 1 means that quality objective g 
and ' ', , 1,...,g g g G  have equal relative importance. The value 5 means that quality objective g over process 

objective ' ', , 1,...,g g g G  has very strong importance. 

If strong relative importance of quality objective 'g  over quality objective g holds, then pair-wise 

comparison scale can be represented by the fuzzy number ' '

' ' '

1~ ~ 1 1 1
, ,g g gg

gg gg gg

W W
u m l

            
. If 'g g  

( ', 1,...,g g G ) then relative importance of quality objective g over process objective 'g  is represented by 
single point 1 which is a triangular fuzzy number (1,1,1). 

In this paper, the fuzzy rating of each management team member can be described by using five linguistic 
expressions which are given in the following way: 

low important-  
~

1 ;1,1,2R x   

moderately important-  
~

2 ;1,2,3R x   

strongly important-  
~

3 ;2,3,4R x  

very strongly important-  
~

4 ;3,4,5R x    

most important-  
~

5 ;4.5,5R x  

 
Weight of each identified objective g, , 1,..,gw g G  is given by using method which is presented in [7]. 

3.2 Моdelling of quality objective values 

As the values of quality objectives are not measurable, one can introduce a realistic assumption that it is 
closer to the human way of thinking that these values should be described using linguistic expressions. Also, 
the values of quality objectives for each time period t, t = 1, .., T can be different. These values are estimated 
by management team which uses predefined linguistic expressions which are modelled by triangular fuzzy 

numbers,   
~

; , , , 1,.., ; 1,..,gt gt gt gtv y l m u g G t T   . Lower, upper bound and modal value of triangular  

fuzzy numbers  are marked as  gt gtl , u , gtm , respectively. 

In this paper, the values of process objectives can be described by seven predefined linguistic 

expressions:  very low value-  
~

1 1,1,2v    

low value-  
~

2 1,2,3v    

medium low value-  
~

3 1.5,3,4.5v   

medium value-  
~

4 2.5,5,6.5v    
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medium high value-  
~

5 5.5,7,8.5v    

high value-  
~

6 7,8,9v    

very high value-  
~

7 8,9,9v   

Domains of triangular fuzzy numbers 
~

, 1,.., ; 1,..,gtv g G t T   are defined on the real set numbers into 
interval [1-9] (analogy to Saaty’s measurement scale) [11]. The value 1, that is, 9 means that quality 
objective has the lowest, that is to say, the highest value in considered time period t, t=1,..,T. 

4. ALGORITHM OF PROPOSED FMGV 

The Algorithm for ranking of process objectives has the following steps: 
Step 1. Pair-wise comparison matrix of relative importance of process objectives in FSC is 

constructed: 

'

~
', g,g 1,..,GggW    

  (1) 

The weight vector of quality objectives, 
1g xG

W w     is calculated by using procedure which is given in [7]. 

Step 2. Calculate the weighted value of quality objective g, in time period t: 

~ ~

gV w vgt gt          1,..,g G ; t=1,..,T  (2) 

Step 3. Ranking of triangular fuzzy numbers 
~

V , g 1,..,Ggt  in each time period t by using method 

which is presented in [8,9]. At the first place in the rank is quality objective, *g   which is associated to the 

lowest value *

~

V , g 1,..,Gg t  . The quality objective *g  has the worst characteristic in time period t, t=1,..,T. 

Step 4. Calculate degrees of belief that any
~

Vgt , *g g , is smaller than *

~

Vg t  using the method given 
in [8,9]. 

5. CASE STUDY 

During last decade, the Centre for quality of Faculty of engineering in Kragujevac realized a large number of 
projects related to the development and implementation of management systems for the purpose of 
improving the processes in FSCs. A food company is randomly chosen, in which ISO 900:2005 is applied 
and certified. The illustrative example offering real-life data is obtained in the chosen FSC. The business 
processes in chosen FSC are mapped by using a flow diagram. The primary production process is 
considered. Time period in which the objective values of primary production process in FCS are measured is 
12 months. This time period is discretized in such a way that the discretization step is 4 months (one quarter). 

Management team defined the following objectives in the primary production process in FSC: 
Raw material quality level (g=1), Process quality level (g=2), Environmental quality level (g=3), Product 

quality level (g=4) and Quality control level (g=5). 
The relative importance of identified objectives is given in a matrix form: 

~ ~ ~ ~

3 2 1 2

~ ~ ~ ~

3 2 1 1

~ ~ ~ ~

2 2 2 2

~ ~ ~ ~

1 1 2 2

~ ~ ~ ~

2 1 2 2

1,1,1 1/ R 1/ R R 1/ R

R 1,1,1 R R R

R 1/ R 1,1,1 1/ R R

1/ R 1/ R R 1,1,1 R

R 1/ R 1/ R 1/ R 1,1,1

 
 
 
 
 
 
 
 
 
  

 

The weight vector is  0.12 0.27 0.21 0.22 0.17W   

The estimated values of quality objectives for each time period t, t=1,..,4 are presented in Table 1: 

332



Table 1: Fuzzy rating of quality objective values in different time periods 
 t=1 t=2 t=3 t=4 
g=1 high value very high value medium high value medium value 
g=2 medium value high value high value medium high value 
g=3 low value medium value medium low value very low value 
g=4 medium high value low value medium value low value 
g=5 medium low value medium value medium high value medium low value 

 
By applying the proposed Algorithm (Step 3 to Step 7) one determines the weighted values of considered 

quality objectives at the time period t, t=1,.,T , rank of quality objectives in each time period and degree of 
belief that the quality objective which is placed at the second place in the rank has worse characteristics than 
the quality objective which is at the first place.  These calculated values are presented in Table 2 to Table 5.  

According to the given results management team makes a plan of measures, for each quarter, to be taken 
in order to improve the quality and performance of objectives and thus improve the quality of primary 
production process which is one of the requirements of ISO 9000. The plan of measures implies that the 
management team should identify all the causes that lead to a performance reduction in the considered 
quality objectives at the time period, and consequently define and implement management measures and 
monitor the realization of management measures. 
 
Table 2: The weighted values and rank of quality objectives in time period t=1 

The weighted values of 
quality objectives 

Rank of quality objectives Degree of belief that the quality 
objective has smaller weighted value 
than the first ranked quality objective 

 
~

11 0.84,0.96,1.08V   
3 0 

 
~

21 0.67,1.35,1.75V   
4 0 

 
~

31 0.21,0.42,1.063V   
1 1 

 
~

41 1.21,1.54,1.87V   
5 0 

 
~

51 0.25,0.51,1.093V   
2 0.81 

 
On the basis of the obtained results it can be concluded that in the first quarter of the considered year (t = 

1) the quality objective noted as environmental quality level (g = 3) has the worst performance. The quality 
objective noted as quality control level (g = 5) is in the second place. Degree of belief that the quality 
objective noted as quality control level (g = 5) may have worse performance that the quality objective noted 
as environmental quality level (g = 3) is quite large and is 0.81.The obtained results indicate that the 
management team should consider the need to simultaneously take the appropriate actions in order to 
improve both of the quality objectives in the first quarter. 
 
Table 3: The weighted values and rank of quality objectives in time period t=2 

The weighted values of 
quality objectives 

Rank of quality objectives Degree of belief that the quality 
objective has smaller weighted value 
than the first ranked quality objectives 

 
~

12 0.96,1.08,1.08V   
4 0 

 
~

22 1.89,2.16,2.43V   
5 0 

 
~

32 0.52,1.05,1.136V   
3 0.18 

 
~

42 0.22,0.44,0.66V   
1 1 

 
~

52 0.42,0.85,1.11V   
2 0.36 
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In the second quarter, the quality objective noted as product quality level (g = 4) has the worst 
performance. On the basis of the calculated degree of beliefs it can be concluded that all other quality 
objectives in the time period have a significantly better performance than the quality objective noted as 
product quality level (g = 4). This results clearly shows that the management team should focus on finding 
possibilities to improve the performance of product quality level. 
 
Table 4: The weighted values and rank of quality objectives in time period t=3 

The weighted values of 
quality objectives 

Rank of quality objectives Degree of belief that the quality 
objective has smaller weighted value 
than the first ranked quality objective 

 
~

13 0.66,1.084,1.02V   
2 0.7 

 
~

23 1.89,2.16,2.43V   
5 0 

 
~

33 0.31,0.63,1.15V   
1 1 

 
~

43 0.55,1.1,1.43V   
3 0.56 

 
~

53 0.93,1.19,1.44V   
4 0.28 

 
In the third quarter, the quality objective of environmental quality level (g = 3) has the worst 

performance. However, we need to mention that the degree of belief that the quality objectives which are 
noted as  raw material quality level(g = 1) and product quality level (g = 4) indicate that these two objectives 
have very bad characteristics in the considered time period. In the plan of management actions to be taken in 
order to improve the primary production process , it is necessary to include the quality objectives (g = 1) and 
(g = 4). 
 
Table 5: The weighted values and rank of quality objectives in time period t=4 

The weighted values of 
quality objectives 

Rank of quality objectives Degree of belief that the quality 
objective has smaller weighted value 
than the first ranked quality objective 

 
~

14 0.3,1.0.6,1.078V   
4 0.24 

 
~

24 1.49,1.89,2.29V   
5 0 

 
~

34 0.21,1.0.21,0.42V   
1 1 

 
~

44 0.22,1.0.44,0.66V   
2 0.91 

 
~

54 0.26,1.0.51,0.93V   
3 0.35 

 
On the basis of the obtained results it can be concluded that in the last quarter of the considered year (t = 

4) the quality objective noted as environmental quality level (g = 3) has the worst performance. Degree of 
belief that quality objective noted as product quality level (g = 4) is 0.91 indicates that the management team 
should simultaneously undertake management measures that will lead to improvements in both quality 
objectives. 

The results show that the quality objective noted as environmental quality level (g = 3) has the worst 
performance during the year. This result is expected due to the fact that strict European regulations on the 
quality of water used for drinking are not enforced in Serbia, there are no explicit rules for waste recycling, a 
lot of companies has not introduced a number of standards related to the environmental management and 
protection, etc. Improving the quality objectives can be primarily achieved by applying  ISO 1400. 

6. CONCLUSION 

Changes occurring in business environment require the application of the principles of continuous 
improvements of quality objectives in FSCs which is the fundamental characteristic of ISO 9001:2000. In 
order to improve a process in the shortest possible period of time, it is necessary that the management team 
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in each FSC should undertake certain activities directed toward highest priority quality objectives, i.e. the 
objectives that have the biggest influence on the process efficiency. 

In general, quality objectives ranking problems adhere to uncertain and imprecise data which cannot be 
expressed by numerical values. It is appropriate to use linguistic expressions instead of numerical values for 
describing all uncertainties which exist in the considered problem. All uncertainties existing in the 
considered problem are modelled in this paper by triangular fuzzy numbers.  

In this paper, relative importance of each pair of the considered criteria is evaluated by using linguistic 
variables. Weight vector is obtained by applying extent analysis approach for the synthetic extent values of 
the pair-wise comparison for handling fuzzy AHP. The use of fuzzy AHP does not involve cumbersome 
mathematical operation.  

Rank of quality objectives in the primary production process in FSC at each time period is given 
according to the rank of triangular fuzzy numbers with which weighted values of quality objectives are 
described.  

All the changes, as those in the number of quality objectives or their relative importance, or    
membership function shapes of fuzzy numbers can be easily incorporated into the model.  

It should be mentioned that the proposed model presented in this paper can be easily extended to the 
analysis of other processes  in different industrial engineering research areas. 
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Abstract: In this study, the system under consideration consists of two stages, a wholesaler and a retailer. 

The wholesaler follows a continuous review (s, S) policy and as a Vendor Manager of the whole supply chain 

network, he manages the Retailer’s inventory level. We model this supply chain network as a continuous 

Markov process with discrete states. After the exploration of the transition matrices, we develop a 

computational algorithm in order to generate the performance measures for different values of the system’s 

characteristics. The major task is to compare the current VMI results, with the results we gained when we 

modeled the same supply chain network, where both wholesaler and retailer were following the (s, S) 

continues review policy.  

Keywords: Supply chain management, VMI, performance measures, Markov analysis. 

1. INTRODUCTION 

A supply chain consists of several stages where items are produced, transformed, assembled, packaged and 

distributed to consumers. The simplest structure is the linear structure where the nodes are linear arranged 

and every node is the supplier to its downstream node and the internal customer to its upstream node. As we 

already know, the way the system is arranged has a serious impact on the performance measures. Besides the 

topology of the supply chain network, the stock management mode that the whole system follows has a 

significant influence to its performance. 

One famous, over the Supply Chain Management, stock policy is the Vendor Managed Inventory (VMI). 

Actually, VMI is a streamlined approach to inventory management and order fulfillment. VMI involves 

collaboration between suppliers and their customers (e.g. distributor, retailer, or product end user) which 

changes the traditional ordering process (datalliance.com). The supplier generates replenishment orders for 

the customer based on demand information. The process is guided by mutually agreed upon objectives for 

the customer's inventory levels, fill rates, and transaction costs. In other words, the supplier (Vendor) is the 

one who decides what the customer’s inventory stock level should be. 

There is a lot of research that pertain to VMI models. Nachiappan and Jawahar (2007) [1] suggest a 

generic algorithm for optimal operating parameters, such as sales quantities and prices, of a VMI system in a 

two-echelon supply chain. Dong and Xu (2001) [2] evaluate how the VMI approach affects a supply chain 

model in the aspect of cost. Bookbinder, Gumus and Jewkes (2009) [3] try to calculate the benefits of VMI 

in a manufacturer-retailer system by examining three cases: First, when there is independence in the decision 

making process, second, the VMI model, when the manufacturer initiates orders on behalf of the retailer, and 

third, when both the manufacturer and the retailer are controlled by the same corporate entity. Southard and 

Swenseth (2008) [4] provide empirical evidence that sufficient economic benefits could be achieved with the 

use of a technology-enable VMI system. They found out by measuring the inventory costs, the delivery costs 

and the stock outs, that the VMI approach outperforms the traditional delivery methods. Also, Yao (2005) 

[5], develop an analytical model that explores how important supply chain parameters affect the cost savings 

to be realized from collaborative initiatives such as VMI and how benefits, such as inventory cost reduction, 

maybe generated from supply chain integration.  There are a lot of researchers who present generally the 

benefits of VMI strategy [6, 7, 8, 9]. Finally, Darwish and Odah (2010) [10] develop a model for a supply 

chain with single vendor and multiple retailers under VMI mode of operation and they suggest an efficient 

algorithm in order to find the global optimal solution. 

All the above studies introduce the benefits of the VMI approach in an inventory cost-based manner. In 

this paper, we will try to figure out how a VMI policy will affect the performance measures of a traditionally 

delivered two-staged supply chain system with the same parameters and characteristics. 
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2. THE SYSTEM AND THE MODEL 

The supply network under consideration consists of a distribution center (DC), a manufacturer and a retailer, 

linearly connected. The retailer is the one who deals with the system’s external demand. The demand is pure 

Poisson with mean rate λ. The inter-arrival times between successive customers-demands (DC-wholesaler & 

wholesaler-retailer) are exponentially distributed with rate µ. The wholesaler uses (S, s) continuous review 

replenishment policy, which means that when the inventory level drops to s, an order is set to the DC so as to 

increase it up to its initial level S. We assume that the DC is saturated and it has endless stock.  

In our previous work [11], we took under consideration the above model with the assumption that the 

retailer follows also the same (S, s) continuous-review replenishment policy. We modeled it as a continuous 

time -the state of the system can be changed at any moment- Markov process with discrete state space {I(t), t 

≥ 0} where {I (t), t ≥ 0} denote the inventory level (on hand) at time t, 0 ≤ I(t) ≤ S.. After that we structured 

the transition matrices of this specific system and we developed computational algorithms to generate them 

for different values of system characteristics. Then we calculated the system’s performance measures, such 

as Fill Rate and Work-In-process, from the derivation of the steady state probabilities. 

In the present work, we installed the VMI replenishment policy by taking into account that the wholesaler 

is the Vendor Manager of the whole supply network and it’s the one who decides what the retailer’s 

inventory stock level should be. In that way, we divide the supply chain into echelons, where the wholesaler 

is the upstream border of the first echelon, and it is not only responsible for the retailer’s performance but 

also for the performance of the whole first echelon. 

 

  
 

Figure 1: The structure of the VMI model 
 

 

 

The structure and the dimension of the transition matrix is affected by the system parameters, which in 

our case is the ordering policy of the wholesaler (S, s) and the retailer’s inventory level R. The dimension of 

the transition matrix is: 

 

D=(r+1)*(S-r+1)+(r+1)*r/2 

 

 

 
 

Figure 2: The transition matrix of (6, 4)-2 policy 

 

demand     λ 

1st echelon 2nd echelon 
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The next step in order to be able to figure out the patterns within the transition matrix, is to divide the 

matrix into several sub-matrices depending on the quantity of the parameters. After that, we develop a 

generative algorithm which forms the transition matrix for every possible policy that can occur in our system 

and for all the system’s parameters. Through the algorithm we calculate the system’s state probabilities and 

the performance measures. 

3. NUMERICAL RESULTS 

In this section we are going to demonstrate several inventory policies. As we have already said, the system’s 

characteristics are the wholesaler’s ordering policy (S, s) and replenishment rate µ2, the retailer’s Inventory 

level r and replenishment rate µ1, and the external demand λ. We developed a computational algorithm, in 

MATLAB 7.0, where the transition matrix is formed and the system is solved. We must say that we have 

validated the results through the simulation program ARENA.  

VMI vs Traditional 

In order to be able to compare the two replenishment policies, we have to add some restrictions. First, we 

have to retain the system’s maximum inventory level equal for both approaches. That means that the sum of 

the wholesaler’s and retailer’s inventory levels in the traditional approach should be equal with the 

wholesaler’s inventory level in the VMI approach (S1+S2=S). The second restriction refers to the retailer’s 

inventory level. Due to the fact that the retailer is the one who deals with the system’s external demand, we 

need to keep the retailer’s inventory level in the VMI approach equal with the retailer’s reorder point in the 

traditional approach (s1=r). 

The results that we came up with, shows that the Fill-Rate (FR), which is a performance measure that 

deals with the satisfaction of the external demand, it’s way better when the supply chain follows the VMI 

approach. For instance, when the VMI policy is (5,3)-2 the FR is 0,7236. In the traditional approach when 

the policy is (2,1)(3,2), the FR drops to 0,6204. 

 

Table 1: VMI vs Traditional (where λ=µ1= µ2=1) 

VMI FR traditional FR 

(S,s)-r   (S2,s2)(S1,s1)   

(5,3)-2 0,7236 (2,1)(3,2) 0,6204 

(6,3)-2 0,7335 (3,1)(3,2) 0,6891 

(6,3)-2 0,7335 (2,1)(4,2) 0,6827 

(5,3)-1 0,4979 (3,2)(2,1) 0,6204 

(5,3)-2 0,7236 (2,1)(3,2) 0,6204 

(6,4)-3 0,8414 (2,1)(4,3) 0,6411 

 

VMI (the q approach) 

The second data analysis focuses on how the performance measures  will fluctuate when we keep 

constant the wholesaler’s order quantity. To demonstrate that, we keep the wholesaler’s re-order point equal 

to 1, and we increase the wholesaler’s and retailer’s maximum inventory level. 

 

Table 2: VMI (q approach) (where λ=µ1= µ2=1) 

q=3 FR q=4 FR q=5 FR q=6 FR 

(4,1)-1 0,48 (5,1)-1 0,4848 (6,1)-1 0,4878 (7,1)-1 0,4897 

(4,1)-2 0,6521 (5,1)-2 0,6721 (6,1)-2 0,6873 (7,1)-2 0,6966 

(4,1)-3 0,7016 (5,1)-3 0,7393 (6,1)-3 0,7594 (7,1)-3 0,7779 

(4,1)-4 0,7058 (5,1)-4 0,7601 (6,1)-4 0,7903 (7,1)-4 0,8091 

(5,1)-5 0,7619 (6,1)-5 0,7992 (7,1)-5 0,8233 

(6,1)-6 0,8 (7,1)-6 0,8272 

(7,1)-7 0,8275 
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Chart 1: VMI (q approach) (where λ=µ1= µ2=1) 

 

What we observe is that when we increase the order quantity, the Fill-Rate slightly increases. Also, the 

Fill-Rate increases, as we keep the order quantity constant, and we increase the retailer’s inventory level. 

VMI (the r approach) 

In the third data analysis we run the algorithm for every possible inventory policy among the wholesaler and 

the retailer from [(4,1) – 1] to [(7,6) – 7], in order to find out which parameter has major impact to the 

system’s Fill-Rate.  

 

Table 3: VMI (r approach) (where λ=µ1= µ2=1) 

  FR   FR   FR             

(4,1)-1 0,4800 (4,2)-1 0,4923 (4,3)-1 0,4925             

(4,1)-2 0,6521 (4,2)-2 0,6919 (4,3)-2 0,6687             

(4,1)-3 0,7016 (4,2)-3 0,7539 (4,3)-3 0,7124             

(4,1)-4 0,7058 (4,2)-4 0,7692 (4,3)-4 0,7215             

  FR   FR   FR   FR         

(5,1)-1 0,4848 (5,2)-1 0,4948 (5,3)-1 0,4979 (5,4)-1 0,4971         

(5,1)-2 0,6721 (5,2)-2 0,7062 (5,3)-2 0,7236 (5,4)-2 0,6975         

(5,1)-3 0,7393 (5,2)-3 0,7818 (5,3)-3 0,8087 (5,4)-3 0,7559         

(5,1)-4 0,7601 (5,2)-4 0,7972 (5,3)-4 0,8366 (5,4)-4 0,7717         

(5,1)-5 0,7619 (5,2)-5 0,8000 (5,3)-5 0,8407 (5,4)-5 0,7752         

  FR   FR   FR   FR   FR     

(6,1)-1 0,4878 (6,2)-1 0,4961 (6,3)-1 0,4987 (6,4)-1 0,4994 (6,5)-1 0,4989     

(6,1)-2 0,6873 (6,2)-2 0,7180 (6,3)-2 0,7335 (6,4)-2 0,7384 (6,5)-2 0,7151     

(6,1)-3 0,7594 (6,2)-3 0,8052 (6,3)-3 0,8344 (6,4)-3 0,8414 (6,5)-3 0,7845     

(6,1)-4 0,7903 (6,2)-4 0,8348 (6,3)-4 0,8731 (6,4)-4 0,8825 (6,5)-4 0,8057     

(6,1)-5 0,7992 (6,2)-5 0,8409 (6,3)-5 0,8849 (6,4)-5 0,8966 (6,5)-5 0,8120     

(6,1)-6 0,8000 (6,2)-6 0,8421 (6,3)-6 0,8880 (6,4)-6 0,8996 (6,5)-6 0,8134     

  FR   FR   FR   FR   FR   FR 

(7,1)-1 0,4897 (7,2)-1 0,4968 (7,3)-1 0,4990 (7,4)-1 0,4996 (7,5)-1 0,4998 (7,6)-1 0,4995 

(7,1)-2 0,6966 (7,2)-2 0,7236 (7,3)-2 0,7373 (7,4)-2 0,7432 (7,5)-2 0,7448 (7,6)-2 0,7263 

(7,1)-3 0,7779 (7,2)-3 0,8189 (7,3)-3 0,8418 (7,4)-3 0,8555 (7,5)-3 0,8574 (7,6)-3 0,8044 

(7,1)-4 0,8091 (7,2)-4 0,8541 (7,3)-4 0,8845 (7,4)-4 0,9039 (7,5)-4 0,9062 (7,6)-4 0,8298 

(7,1)-5 0,8233 (7,2)-5 0,8665 (7,3)-5 0,8971 (7,4)-5 0,9230 (7,5)-5 0,9259 (7,6)-5 0,8382 

(7,1)-6 0,8272 (7,2)-6 0,8690 (7,3)-6 0,9007 (7,4)-6 0,9286 (7,5)-6 0,9328 (7,6)-6 0,8407 

(7,1)-7 0,8275 (7,2)-7 0,8695 (7,3)-7 0,9014 (7,4)-7 0,9295 (7,5)-7 0,9340 (7,6)-7 0,8413 

 

What we observe here is that the satisfaction of the external demand is bonded with the retailer’s 

inventory level. After that, it is also important to keep the wholesaler’s inventory level and the reorder point 

as high as possible in order to be able to replenish the retailer efficiently.  
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Chart 2: VMI (r approach) (where λ=µ1= µ2=1) 

4. CONCLUSIONS  

Comparing the two approaches (Table 1), we see that the VMI’s Fill-Rate (FR), is better than the FR of the 

traditional approach for most inventory policies. By that we confirm most of the literature review that it is 

better for the wholesaler to have access to information about the system’s external demand and to be 

responsible as Vendor Manager for the retailer’s replenishment policy. 

Also, from the two approaches we observe that the retailer’s inventory level (r) has major impact to the 

system’s Fill-Rate. It is also important to keep the wholesaler’s reorder point (s) in a high level. An 

interesting direction for our model is to set a maximum inventory level for the whole system (S+r) and to 

search which combination of the system’s parameters maximizes the performance measures. 

In the future we will try to calculate some other performance measures, such as Work-In-Process and Cycle 

Time, and then we will try to expand our model to a three-stage system and compare the numerical results. 
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Abstract: In this paper the most commonly used inventory control policies i.e. the order quantity/reorder 
point, (r, Q), the periodic review replenishment interval order up-to, (R, T), the periodic review 
replenishment batch ordering (r, nQ, T), and the (s, S, T) are revisited. Through a unified presentation of 
their average cost, this paper reviews the comparisons (in cost terms) between the above mentioned policies 
and EOQ type approximations. 

Keywords: EOQ, heuristics, continuous review, periodic review, stochastic demand. 

1. INTRODUCTION 
In this paper the most commonly used inventory control policies are considered and comparisons with the 
classical EOQ with backorders are undertaken.  

The first policy is the continuous review order quantity / reorder point (r, Q) policy. According to this 
policy an order of fixed quantity Q is placed when the inventory position drops to a fixed reorder point r. The 
average total cost consisting by ordering, holding and backlogging cost is jointly convex in (r, Q) (Zipkin 
1986, Zheng, 1992). 

The second policy is periodic review, replenishment interval, order up-to (S, T) policy. By applying this 
policy the inventory position is reviewed every T periods and if required an order is placed to bring the 
inventory position up to S.  Rao (2003) claimed that the average total cost (consisting by review ordering 
holding and backlogging cost) is convex (S, T), while Liu and Song (2012) argued that this cost at optimal S 
it is unimodal in  T. 

The third policy is the periodic review, batch ordering, (r, nQ, T), policy. In relation to this policy, 
inventory status is reviewed periodically at interval of length T. An order is placed if the inventory position is 
less than or equal to r and the ordering quantity is chosen to be an integer multiple of some fundamental 
quantity Q i.e. the ordering quantity is nQ, n=1, 2, 3…. The value of n is chosen to be the largest integer 
such that after the order is placed the inventory level is less than or equal to S=r+Q (Hadley and Whitin, 
1963).  

The forth policy is the periodic review (s, S, T) policy. According to this policy, inventory status is 
reviewed periodically at interval of length T and an order is placed if the inventory position is less than or 
equal to s. In such a case a sufficient quantity is ordered to bring the inventory level up to S (S>s) (Hadley 
and Whitin, 1963).  

The paper is organised as follows. Section 2 gives the notation and assumptions used. Average cost for all 
models are given in section 3. In sections 4 and 5 the EOQ with backorders is derived as special cases of 
(r,Q) and (S, T) models. Theoretical results and numerical studies in relation to cost comparison between 
different models are reviewed in section 6. Finally conclusions are given is section 7. 

2. Notation and Assumptions 
While some additional notation is introduced later, the following is a list with the notation used:    

( )D t   Cumulative demand in a time interval [L, L+t].  
μ   Demand rate (mean demand per unit time). 
L   Replenishment lead-time. 
Q  Order quantity (for (r, Q) policy) or Batch-size quantum (for (r, nQ, T) policy). 
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T  Length of review interval. 
r   Reorder level (for (s, S, T) policy r coincides s)  
S  Upper inventory position limit. 
,h p  Inventory holding and backorder cost (per unit per unit time) respectively. 

oK  Fixed ordering cost (per ordering decision). 

rK   Fixed review cost (per review). 
C   Average total cost (per unit time). 
H   Average inventory holding and backorders cost (per unit time). 

oP   Probability of ordering at any review epoch. 
,x x   The functions max(0, )x x   and max(0, )x x   . 

 
We study a single-echelon inventory installation controlled. ( )D t , the cumulative demand in any time 

interval of length t, satisfies the conditions: (a) It is a stochastically increasing and linear in t, positive 
random variable, with mean μt, density and distribution functions f(x,t) and F(x,t) respectively (see Zipkin 
1986); (b) It has stationary and independent increments (see Serfozo and Stidham 1978, Browne and Zipkin 
1991). Note that these assumptions hold if the demand follows a compound Poisson or a Normal distribution 
(see Rao 2003). For Normal demand with ( ( ))E D t μt and 2( ( ))Var D t σ t , where μ  (the demand rate) and 
σ  are positive constants, in order to ensure that Pr( ( ) 0) 1D t   , t  needs satisfy the relation 3μt σ t . For 
the Poisson demand with ( ( ))E D t  ( ( ))Var D t λt , where λ  (the demand rate) is a positive constant. To 
ensure positive demand at any review interval (i.e. Pr( ( ) 0) 1D T   ), T  need satisfy  5 /T λ . 

3. AVERAGE COST FUNCTIONS FOR ALL MODELS  

3.1. Average cost for (r, Q) model  
The clasic form of average cost, as have been used by Hadley and Whitin (1963) and Zheng (1992), consists 
by three parts: ordering, inventory cost and backlogging cost. 

Let G(r,Q)(I(t)) be the rate at which the expected inventory costs accumulate at time L+t when the 
inventory position at time t is I(t), then  

( , ) ( ( )) [ ( ( ) ( )) ( ( ) ( )) ]r QG I t E h I t D L t p I t D L t       .                                                                     (1) 
As the inventory position is in steady state, we note it as y=I(t) to be in line with the notation of Zheng 

(1992), (1) becomes; 
( , ) ( ) [ ( ( )) ( ( )) ]r QG y E h y D L p y D L     .                                                                     (2) 

 
Since y  is uniformly distributed on (r, r+Q] and independent of the lead-time demand the average cost is 

 ( , ) ( , )( , ) ( , )o
r Q r Q

K
C r Q H r Q

Q


                                                                                                                 (3) 

where  

( , ) ( , )( , ) ( , )
r Q

r Q r Q

r

H r Q G y L dy


  .                                                                                                                  (4) 

Thus 

( , ) ( , ) ( ) ( ) ( , ) .
2

r Q

o
r Q

r y

K μ Q h p
C r Q h r μL x y f x L dxdy

Q Q

 
                                                                 (5) 

3.2. Average cost for (S, T) model  
The average cost, as have been used by Hadley and Whitin (1963) and Rao (2003) is the sum or review 
ordering, inventory and backlogging cost. 

The system inventory position at any 0 t T  is given by:  
( ) ( )I L t S D L t    .                                                                                                                               (6) 

( , ) ( , )S TG S t  represents inventory and backlogging cost at any instant t : 
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Therefore, the total average inventory cost ( , ) ( , )S TH S T is obtained by averaging over the entire order cycle: 
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S

H S T G S t dt
T

T h p
h S L x S f x L t dxdt
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                                                 (8) 

The total average cost ( , ) ( , )S TC S T  per unit time is: 

  ( , ) ( , )
( ( ) 0)( , ) ( , )r o o

S T S T

K K P D L t
C S T H S T

T

  
  .                                                                        (9) 

3.3. Average cost for (r, nQ, T) model  
Under (r, nQ, T) policy the system inventory position immediately after any review instant is given by 

( )S X Q , where X(Q) is a uniform random variable (0, )U Q  and S r Q   is a real variable providing an 
upper limit for the system inventory position. Since the lead time is fixed, at any time instant L t , [0, ]t T , 

( )I L t  is:   
( ) ( ) ( )I L t S X Q D L t     .                                                                             (10) 

For stationary demand, ( )I L t  is also stationary with a distribution that depends on that of its 
constituents variables.  

Following Hadley and Whitin (1963) and Lagodimos et al. (2012a) average total cost per unit time can be 
expressed as: 

( , , ) ( , , )
( , )( , , ) ( , , )r o o

r nQ T r nQ T

K K P S Q
C S Q T H S Q T

T


  .    (11) 

The first term is the fixed costs, consisting of the review cost incurred every T  time units at each review 
epoch and the ordering cost incurred at the review epochs where actual replenishment orders are released (so 
respective cost coefficient is multiplied by the ordering probability oP ). The second term is the sum of 
average inventory holding and backordering costs. So oP  and ( , , )r nQ TH  are required for the determination of 
average total cost per unit time. 

The ordering probability oP , which represents the probability that the demand between two consecutive 
review instants leads to an ordering decision at the second review epoch (see Hadley and Whitin 1963 and 
Lagodimos et al, 2012a), is: 

0

1=Pr( ( ) ( ) )) = ( , )
Q

o

Q

P X Q D T Q f y x T dxdy
Q



    .                               (12) 

Let 
( , , ) ( , , ) [( ( ) ] [( ( ) ]r nQ TG S Q L t hE I L t pE I L t          

                               
0

( ( )) ( ) ( , )
2

Q

S

Q h p
h S μ L t y S f y x L t dxdy

Q


         .                                        (13)                    

Average inventory holding and backorders cost per unit time can be obtained by averaging over all [0, ]t T : 

( , , ) ( , , )
0

1( ,  , ) ( , , )
T

r nQ T r nQ TH S Q T G S Q t dt
T

  .                                                     (14) 

Remark 1 
When 0Q  , (10) reduces to (6) so ( , , )r nQ T  policy degenerates to ( , )S T  policy.  
 
Remark 2 

( , , ) ( , , )r nQ TG S Q t  is identical to (5) i.e. the average holding and backordering cost expression for (r, Q) policy 
with reorder level S Q , order quantity Q  and lead time L t . 
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3.4. Average cost for (s, S, T) model  
Under the ( , , )s S T  policy the inventory position after any review instant is ( , )S X T , where S s    
and ( , )X T  is a stationary non-negative random variable, being the output of a (so called) stochastic 
clearing renewal process, varying in [0, ) .  

So ( )I L t  at any time instant L t , [0, ]t T  is:   
( ) ( , ) ( )I L t S X T D L t     .                   (15) 

For stationary demand, ( )I L t  is also a stationary random variable with a distribution that depends on 
that of its constituents variables (which are mutually independent).  

Following Hadley and Whitin (1963) and Lagodimos et al. (2012b) the average total cost per unit time 
can be written as: 

( , , ) ( , , )
( , )( , , ) ( , , )r o o

s S T s S T

K K P T
C S T H S T

T

 
  .      (16) 

The first term represent the fixed costs, consist of the review cost incurred at each review epoch and the 
ordering cost incurred only at the review epochs where orders are actually released (so oK is multiplied by 
the ordering probability )oP . The second term gives the sum of average holding and backordering cost.  

The ordering probability oP  is:  

0

=Pr( ( , ) ( ) )) = ( , ) ( , , )o

x

P X T D T f y T g y T dydx




   




    .    (17) 

We used the convolution for the density of the variable ( , ) ( )X T D T  . Observe that the ordering 
probability ( , )oP T  is independent of S  (and also of L ).  
       ( , , ) ( , , , ) [( ( , ) ( )) ] [( ( , ) ( )) ]s S TG S T L t hE S X T D L t pE S X T D L t                    

 

0 0

( ) ( , ) ( ( )) ( , ) ( , , )
S x

S x

h S x y f y L t dy p y S x f y L t dy g S x T dx



 



 
        

 
    .   (18) 

A convolution for the density of  ( , ) ( )X T D L t   . So, average inventory cost per unit time prevails as 
the average over all [0, ]t T , all t  values contributing uniformly to this average (see Serfozo and Stidham 
1978): 

( , , ) ( , , )
0

1( , , ) ( , , , )
T

s S T s S TH S T G S T L t dt
T

   .                                                                       (19) 

We use the cost modelling adopting by Lagodimos et al (2012b), which differs from that in Hadley and 
Whitin (1963) in relation to the decision variables used. Specifically, instead of the reorder level s , the 
variable S s    is used. As a result, structural relationships between the ( , , )s S T  policy models and those 
for previous presented periodic review policies, and particularly the ( , , )s nQ T  batch ordering policy have 
been recognized. .   
 
Remark 4 
The cost for the ( , , )s nQ T  policy can be directly obtained from that for ( , , )s S T  simply by replacing   by 
Q  and ( , , )g x T  by 1/ Q .  
 
Remark 5 
The ( , )S T  base stock policy constitutes a limiting case of either ( , , )s S T  or ( , , )s nQ T , with 0  and 

0Q   respectively. So both policies effectively degenerate to base stock. 

4. THE DERIVATION OF EOQ THROUGH ( , )r Q  MODEL 

This section provides an overview of results obtained by Zheng (1992) and Gallego (1998) in relation to 
derivation of EOQ as special case of ( , )r Q  model. Spesifically if the demand is deterministic with rate μ 
then (2) becomes  

( , ) ( ) [ ] [ ]d
r QG y h y L p L y                                                                                                       (20) 
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and the total cost  is: 

( , ) ( , )
1( , ) ( ) ( ) ( )

r Q r Q
d d
r Q r Q

r r

K K h p
C r Q G y dy y L dy L y dy

Q Q T T T





 
 

         .                                         (21) 

The first-order optimality condition given by the Newsvendor relation for the deterministic demand case is 

0

1 Pr[ ( ) ]
Q h hQ

D L y r dt L r
Q h p h p

     
   

or 

( ) hQ
r Q L

h p
 


.                                                                 (22) 

Equation corresponds (22) to the deterministic optimal reorder point in the classical EOQ model.  
Replacing now ( )r Q  from (22) in (21) we obtain the deterministic ( , ) ( ( ), )d

r QC r Q Q  which leads to the 

determination of optimal Q . The first order condition for minimum, ( , ) ( ( ), )
0

d
r QC r Q Q

Q





,  leads to the 

known optimal order quantity interval, Q*, for classical EOQ model with backorders: 
* 2 ( )
d

K h p
Q

hp

 
                                                                (23) 

While the optimal cost is: 
* * 2( ( ), )

( )d

K hp
C r Q Q

h p





.                                                            (24) 

 
5. THE DERIVATION OF EOQ THROUGH (S, T) MODEL  

It is known that there is a standard procedure for determining ,min ( , )S T C S T  (Rao, 2003). Differentiating in 
S  (based on the known convexity of G ) we obtain the respective first-order condition for global minimum. 
Writing ( , )( ) arg min ( , )S S TS T C S T  this obtains the form of the classical Newsvendor condition: 

( )

0 0

1 1Pr[ ( ) 0] ( , )
T T S Tp p

I t dt f x L t dxdt
T h p T h p

    
    .                                                             (25) 

Solving (25), ( )S T  is obtained for any .T  Replacing this in the total cost function, the problem reduces to 
the one-dimensional optimization ( , )min ( ( ), )T S TC S T T . As we mentioned in introduction, Liu and Song 
(2012) argued that ( , )min ( ( ), )T S TC S T T is unimodal in T so finite T -search suffices to determine optimal 
T . 

We now consider the (S, T) model assuming that the demand rate is constant and equals to   therefore 
(7) reduces to: 
 ( , ) ( , ) [( ) ] [( ) )]d

S TG S t h S L t p S L t          .                                                                       (26) 
 
So the first-order optimality condition given by the Newsvendor relation for the deterministic demand 

case, for any S  and 0 t T  , gives 

 
( )

0 0

1 1 ( )Pr[ ( ) 0]
S T L

T p p S T L p
I t dt dt

T h p T h p T h p


 



 
     

     

or 

( ) Tp
S T L

h p

 


.                                                                (27) 

This deterministic Newsvendor equation corresponds exactly to the deterministic optimal order-up-to 
level (in terms of the inventory position) in the classical EOQ formulation.  
Replacing now ( )S T  from (24) in the total cost function we obtain the deterministic ( , ) ( ( ), )d

S TC S T T  which 
leads to the determination of optimal T .  
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                 (28) 

From first order condition for minimum, ( , ) ( ( ), )
0

d
S TC S T T

T





, the known optimal replenishment interval, 

T*, for classical EOQ model with backorders prevails: 
* 2 ( )

d

K h p
T

hp


                                                                   (29) 

and its optimal cost: 
* * 2( ( ), )

( )d

Khp
C S T T

h p





.                                                           (30) 

 

6. COST COMPARISONS  
In order to highlight the usefulness of EOQ model in systems with stochastic demand the following results 
are cited: 

Theorem 1 (Zheng, 1992)  
* * * *

( , ) ( , )
1 * *

( , )

( ( ), ) ( ( ), )

( ( ), )
r Q d d r Q

r Q

C r Q Q C r Q Q 1
R  <

8C r Q Q


  

Theorem 2 (Rao, 2003)  
* * * *

( , ) ( , )
2 * *

( , )

( ( ), ) ( ( ), )

( ( ), )
S T d d S T

S T

C S T T C S T T 1
R  <

8C S T T


  

It is worthwhile to note that in numerical study provided by Zheng (1992), in 80% of problems, which 
were tested the relative cost increase, R1, was bellow 1% while the worst R1 was 2.9%. 

In numerical study in Rao (2003) the results are also similar, R2 was within 0.25% for over 50% of the 
problems the average value of R2 was 0.63% and the maximum was 3.1%. 

Recently Lagodimos et al. (2012b) using the input data come from Zheng (1992) and Rao (2003) studied 
the relative cost performance of all three standard periodic review policies when globally optimized. 
Comparing ( , , )s S T  with ( , , )r nQ T , the maximum cost deviation is very small, not exceeding 1.7%. But, 
even the simple ( , )S T  base stock policy, when globally optimized, performs very well, showing a maximum 
deviation of only 4.9%. This provides firm evidence that all standard periodic review policies, when globally 
optimized, have marginal cost differences, thus encouraging the use of the simple base stock policy in 
practical applications. These observations along with theorem 2 strengthen the usefulness of EOQ type 
approximations in inventory systems with stochastic demands.  

In addition the EOQ based cost models provide good lower bounds for both (r,Q) and (S, T) policies, so 
these bounds could be used for the development of algorithms that determine the decisions variables for 
these policies but also for the other periodic review policies through the relations they have with (S, T) 
policy.  

In addition the EOQ based cost models provide good lower bounds for both (r, Q) and (S, T) policies. So, 
these bounds could be used for the development of algorithms that determine the decision variables for these 
policies, but also for the other periodic review policies because of their relation with (S, T) policy. 

7. CONCLUSION 
In this paper the well known inventory policies, (r, Q), (S, T,), (r, nQ, T), (s, S, T), were revisited. Our main 
aim was to emphasize the usefulness of EOQ even when the demand is stochastic, as this is supported by 
theoretically results and numerical studies. However some additional aspects are as follows: a) The relations 
between inventory policies are highlighted. b) A unified way for derivation of their average cost is provided. 
c) The classical EOQ with backorders as special case of (r, Q) and (S, T) models is derived. d) Existing cost 
comparisons between policies are reviewed.  
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Abstract: We study the behavior of a popular metaheuristic optimization algorithm, namely Particle Swarm
Optimization (PSO), on the single-item dynamic lot sizing problem with returns and remanufacturing. The most
suitable variants of the algorithm are identified and applied after the necessary modifications. The performance
of the algorithm is assessed on an extensive test suite employed in previous studies. Its performance is compared
with that of the adapted Silver-Meal algorithm as well as with its recently enhanced versions. The results
suggest that PSO is very competitive and can be considered as a promising alternative for solving the considered
problems.

Keywords: Lot sizing, Inventory, Remanufacturing, Particle Swarm Optimization

1. INTRODUCTION

In recent years, manufacturers have paid growing attention to reuse activities that provide material waste
reduction via the recovery of some content of used products. Motivation behind these product recovery
activities is two-fold: growing environmental concerns and potential economical benefits. In several countries
environmental regulations are in place, rendering manufacturers responsible for the whole life cycle of the
product they produce. A common example of these regulations is take-back obligations after usage [7]. Even
in the absence of such regulations, the expectations of environmentally conscious consumers put pressure on
companies to consider environmental issues in their manufacturing process. Nowadays, a green image, which
can be obtained by implementing recoverable manufacturing systems, has become a powerful marketing tool
and provides a significant competitive advantage to companies that seek to have a place in the global market.

Remanufacturing is a typical example for economically attractive reuse activities by transforming used
products into like-new ones. After disassembly, modules and parts are extensively inspected. Problematic parts
are repaired or, if not possible, replaced with new ones. These operations allow a considerable amount of value
to be incorporated in the used product to be regained. Remanufactured products have usually the same quality
as the new products and are sold for the same price, but they are less costly. Examples of remanufacturable
products include mostly high-value components such as aircraft or automobile engines, aviation equipment,
medical equipment, office furniture, machine tools, copiers, computers, electronics equipment, toner cartridges,
cellular telephones, and single-use cameras, among others [9, 21].

Dynamic or Economic Lot Sizing (ELS), i.e., planning manufacturing/production orders over a number of
future periods in which demand is dynamic and deterministic, is one of the most extensively researched topics
in production and inventory control. However, the ELS problem with Remanufacturing options (ELSR), as
an alternative for manufacturing, has received quite a bit of attention in the reverse logistics literature. The
ELSR problem can be described as follows: in every period over a finite, discrete time horizon, a retailer faces a
deterministic and dynamic demand for a single type of product, and receives a deterministic amount of returned
used items. In order to meet demand, the retailer can either place an order for newly manufactured items or
send some of its returned used product to be remanufactured. The retailer maintains separate inventories for
the serviceable product and the returned one. When ordering newly manufactured product or remanufactured
product, the retailer incurs a fixed setup cost. In addition, in each period the retailer incurs holding costs for
storing the serviceable and the returned product in inventory.

Various different variants of the ELSR problem have been studied. In [17] the classical Wagner-Whitin
model [23] is extended by introducing a remanufacturing process. The authors showed that there exists an
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optimal solution that is a zero-inventory policy, and gave a dynamic programming algorithm to determine the
periods where products are manufactured and remanufactured. Golany et al. [8] considered a variant of ELSR
with disposal of returned used products at a cost, and showed that this problem is NP complete under general
concave production and holding costs. Pineyro and Viera [14] studied the ELSR problem with fixed production
and disposal setup costs, as well as with linear production, holding, and disposal costs. Also, they proposed a
Tabu Search procedure with the aim of finding a near-optimal solution.

Teunter et al. [20] studied ELSR with separate as well as joint setup for manufacturing and remanufacturing.
For the case of joint setup cost, they provided an exact polynomial-time dynamic programming algorithm. They
also studied and compared the computational performance of modified versions of three well-known heuristics,
namely Silver-Meal (SM), Least Unit Cost, and Part Period Balancing, for the separate and joint setup cost
cases. Schulz [18] proposed a generalization of the SM-based heuristic introduced by Teunter et al. [20] for the
separate setup cost case. The enhanced SM variants exhibited significantly better performance in terms of the
average percentage error to the optimal solution.

Recent works on the Wagner-Whitin and relevant inventory optimization problems [15, 16], have shown
the potential of effectively solving these problems by using modern population-based optimization algorithms.
Although the studied algorithms are primarily designed for real-valued optimization, proper modifications
of their operation as well as of the problem’s formulation can render them applicable also on integer and
mixed-integer problems, as the one under consideration.

The reported nice performance triggered our interest in studying their behavior also on the ELSR problem.
Specifically, we selected the highly promising and popular Particle Swarm Optimization (PSO) algorithm and
assessed its performance on the test suite used by Schulz [18], comparing its performance with the reported
one for the SM-based variants. The aim of the study was to probe the potential of PSO to serve as promising
alternative for tackling the ELSR problem, enriching the algorithmic artillery for this type of problems.

The rest of the paper is organized as follows: Section 2 constitutes the basic formulation of the problem,
while the PSO algorithm is described in Section 3. Section 4 reports the obtained results and the paper concludes
with Section 5.

2. ORIGINAL MODEL FORMULATION

The original problem considered in our study consists of the dynamic lot sizing model with both remanufacturing
and manufacturing setup costs, as it was introduced by Teunter et al. [20] and studied by Schulz [18]. This
problem emerged as an extension of the original Wagner-Whitin problem [23] and considers a manufacturer that
produces a single product over a finite planning horizon. At each time period, there is a known demand for the
product as well as a number of returned items that can be completely remanufactured and sold as new. If the
remanufactured items that are stored in inventory are inadequate to satisfy the demand, an additional number of
items is manufactured. The aim is to determine the exact number of remanufactured and manufactured items
per time period, in order to minimize the total holding and setup cost under various operational constraints.

In order to formally describe the considered model, we will henceforth use the following notation that closely
follows the presentation of Schulz [18]:

t: time period, t = 1,2, . . . ,T .

Dt : demand for time period t.

Rt : number of returned items in period t that can be completely remanufactured and sold as new.

hR: holding cost for the recoverable items per unit time.

hM: holding cost for the manufactured items per unit time.

zR
t : number of items that are eventually remanufactured in period t.

zM
t : number of manufactured items in period t.

KR: remanufacturing setup cost.

KM: manufacturing setup cost.

yR
t : inventory level of items that can be remanufactured in period t.

yM
t : inventory level of ready-to-ship items in period t.

349



Now we can define the main cost optimization problem as follows [18]:

min C =
T

∑
t=1

(
KR

γ
R
t +KM

γ
M
t +hR yR

t +hM yM
t

)
, (1)

where:

γ
R
t =

{
1, if zR

t > 0,

0, otherwise,
γ

M
t =

{
1, if zM

t > 0,

0, otherwise,
(2)

are binary decision variables denoting the initiation of a remanufacturing or manufacturing lot, respectively.
Naturally, the model is accompanied by a number of constraints [18]:

yR
t = yR

t−1 +Rt− zR
t , t = 1,2, . . . ,T, (3)

yM
t = yM

t−1 + zR
t + zM

t −Dt , t = 1,2, . . . ,T, (4)

zR
t 6 Qγ

R
t , t = 1,2, . . . ,T, (5)

zM
t 6 Qγ

M
t , t = 1,2, . . . ,T, (6)

yR
0 = yM

0 = 0, (7)

γ
R
t ,γ

M
t ∈ {0,1}, yR

t ,y
M
t ,zR

t ,z
M
t > 0, t = 1,2, . . . ,T. (8)

The constraints defined in Eqs. (3) and (4) guarantee the inventory balance taking into consideration the incoming
and outcoming items. Equations (5) and (6) guarantee that fixed costs are introduced whenever a new lot is
initiated. The parameter Q is a sufficiently large number; Schulz [18] suggests the use of the total demand
during the planning horizon. Finally, Eqs. (7) and (8) ensure that the inventories are initially empty, as well as
that all parameters assume only reasonable values.

Teunter et al. [20] have identified some interesting properties of the considered model. Firstly, there is a
possibility of attaining optimal solutions that do not adhere to the zero-inventory property. Secondly, although
theoretically the (mixed-integer) problem can be solved to optimality, there is strong evidence that it is NP hard.
This conjecture was stated by Teunter et al. [20] and strengthened by the findings in [18], offering motivation
for the use of heuristic algorithms such as the adapted Silver-Meal and its improvements proposed in these
sources. Also, it triggered our interest in tackling the problem with the metaheuristic algorithm described in the
following section.

3. PARTICLE SWARM OPTIMIZATION

Particle Swarm Optimization (PSO) is a stochastic, population-based metaheuristic algorithm. It was introduced
by Eberhart and Kennedy [5] as an alternative to the dominant Evolutionary Algorithms (EAs) [1] for solving
numerical optimization problems. Since its development, PSO has gained increasing scientific interest. This
is attributed to its verified efficiency in a plethora of challenging optimization problems, as well as to its
easy implementation. Today, PSO is placed in a salient position among the state-of-the-art of metaheuristic
optimization algorithms, counting a large number of applications in diverse scientific fields [2, 12] as well as an
extensive bibliography [6, 3, 10, 13].

The main search engine of PSO consists of a group of cooperative search agents that iteratively probe the
search space. Putting it formally, consider the n-dimensional global optimization problem:

min
x∈X⊂Rn

C(x).
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and let the set of indices I = {1,2, . . . ,N}. A swarm S of size N, is a set of search points defined as:

S = {x1,x2, . . . ,xN},

where each search point, also called a particle, is an n-dimensional vector defined as:

xi = (xi1,xi2, . . . ,xin)
T ∈ X , i ∈ I.

Each search point is allowed to move within the search space. For this purpose, an adaptable position shift, also
called the velocity of the particle, is used and defined as follows:

vi = (vi1,vi2, . . . ,vin)
T , i ∈ I.

Moreover, each particle retains in memory the best position it has ever visited in the search space, i.e., the
position with the lowest objective value:

pi = (pi1, pi2, . . . , pin)
T , i ∈ I.

If t denotes the algorithm’s iteration counter (it shall not be confused with the time period counter used in
Section 2), then it holds that:

pi(t) = xi(τ),

where:

τ = arg min
κ∈{0,1,...,t}

{
C
(
xi(κ)

)}
.

The best positions constitute a sort of experience for the particles. Sharing this experience produces cooperation
among the particles, guiding their search towards the most promising regions of the search space.

The information-sharing is based on the concept of neighborhood [19]. A neighborhood of the i-th particle
is defined as a set of the indices of all the particles with which, it exchanges information:

NBi,s = { j1, j2, . . . , js} ⊆ I,

while it holds that i ∈ NBi,s. Thus, the neighborhood’s best position, pgi , where:

gi = arg min
j∈NBi,s

{
C(p j)

}
,

is used along with pi to update the i-th particle at each iteration.
The user-defined parameter s, also called the neighborhood size, has direct impact on the magnitude of

information-sharing among the particles. Hence, it can affect the exploration/exploitation properties of the
algorithm. In the special case where s = N, the whole swarm constitutes the neighborhood of each particle.
This case defines the so called global PSO model, usually denoted as gbest. On the other hand, strictly smaller
neighborhoods define local PSO models, denoted as lbest.

The particles that will constitute each neighborhood are usually derived from specific abstract schemes that
assume a spatial organization of the particles’ indices. Such schemes are called neighborhood topologies and
they can have crucial impact on PSO’s performance because they determine the information flow among the
particles. A widely used neighborhood topology is the ring [11], where all particles’ indices are assumed to be
organized on a ring in ascending order, assuming that indices recycle after N. According to this topology, each
particle assumes as immediate neighbors the particles with its adjacent indices.

Up-to-date there are various PSO variants proposed in the literature. One of the most popular is the
constriction coefficient PSO introduced by Clerc and Kennedy [4]. According to it, the particles’ motion is
dictated by the following equations:

vi j(t +1) = χ

[
vi j(t)+ c1R1

(
pi j(t)− xi j(t)

)
+ c2R2

(
pgi, j(t)− xi j(t)

)]
, (9)

xi j(t +1) = xi j(t)+ vi j(t +1), (10)

where, i = 1,2, . . . ,N; j = 1,2, . . . ,n; the parameter χ is the constriction coefficient; c1 and c2 are constants also
called the cognitive and social parameter, respectively; and R1, R2, are random variables uniformly distributed
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Table 1: Parameter values for the test problems provided by Schulz [18].

Parameter Description Value(s)

Setup costs KM ,KR ∈ {200,500,2000}
Holding cost for ready-to-ship products hM = 1

Holding cost for ready-to-ship products hR ∈ {0.2, 0.5, 0.8}
Demand for time period t Dt ∼N

(
µD,σ

2
D
)
, µD = 100, σ2

D = 10%,20% of µD

(10% small variance, 20% large variance)

Returns for time period t Rt ∼N
(
µR,σ

2
R
)
, µR = 30%,50%,70% of µD, σ2

R = 10%,20% of µR

(10% small variance, 20% large variance)

Table 2: Parameter values for the PSO algorithm.

Parameter Description Value(s)

Number of experiments per problem instance 30

Maximum number of function evaluations 108

PSO model and neighborhood topology lbest model with ring topology of radius r = 1

(gbest model also tested but with inferior results)

PSO restart frequency 104 iterations

in the range [0,1]. It shall be noted that a different value of R1 and R2 is sampled for each i and j in Eq. (9) per
iteration.

The best positions of the particles are also updated at each iteration, as follows:

pi(t +1) =

 xi(t +1), if C
(

xi(t +1)
)
<C

(
pi(t)

)
,

pi(t), otherwise,
i ∈ I. (11)

This variant of PSO is supported by thorough theoretical analysis [4]. The analysis implied the default general-
purpose parameter values χ = 0.729, c1 = c2 = 2.05. This is considered to be a satisfactory setting that produces
balanced convergence speed for the algorithm. Nevertheless, alternative settings have also been studied by
Trelea [22].

Although PSO was initially proposed for continuous optimization problems, it has been applied also on
integer and mixed-integer problems. The simplest yet frequently adequate modification that is required is the
rounding of the real values to the closest integer for the integer variables of the problem. Also, the absolute
minimum value of each velocity component of the particles can be set to 0.5 for these variables. This promotes
the exploration properties of the particles, since absolute velocity values lower than 0.5 result in rounding at the
same integer value. Further applications of PSO on integer and discrete optimization problems can be found
in [13].

4. EXPERIMENTAL RESULTS

The PSO algorithm was applied on the test suite used by Schulz in [18], which is an extended version of the
one in [20]. It consists of a full factorial study of various problem instances with a common planning horizon
of T = 12 time periods. The setup costs, KM and KR, as well as the holding costs, hM and hR, assume three
different values each. The demands and returns are drawn from normal distributions with both large and small
deviations. The mean of the returns’ distribution assumes also three different values (return ratios). The exact
configuration of the test problems is reported in Table 1.

For each specific combination of parameter values, 20 different problem instances were produced by
Schulz [18]. The specific test suite was selected in our study because it contained a large number of 6480
different problem instances. Also, it facilitated comparisons with the results reported in [18] for the adapted SM
algorithm and its enhanced versions, in order to gain better insight of the PSO’s performance.

PSO was applied with the default parameter set and the lbest model, although the gbest model was also
considered but exhibited inferior performance. It shall be noticed that the selected PSO variant promotes
exploration rather than exploitation. This is a premature yet clear indication that success is related to the
exploration property of the algorithm. All the parameter values of PSO are summarized in Table 2.
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Table 3: Percentage cost error for all instances as well as for different variance of demand, returns, and return
ratios.

Algorithm Average St. Dev. Maximum
All Instances SM2 7.5% 7.9% 49.2%

SM4 6.1% 7.6% 47.3%
SM+

2 6.9% 7.9% 49.2%
SM+

4 2.2% 2.9% 24.3%
PSO 4.3% 4.5% 49.8%

Demand Small SM2 7.2% 7.9% 43.6%
Variance SM4 6.0% 7.6% 47.3%

SM+
2 6.6% 7.9% 43.5%

SM+
4 2.1% 2.8% 18.9%

PSO 4.4% 4.6% 49.8%
Large SM2 7.8% 8.0% 49.2%
Variance SM4 6.1% 7.5% 43.9%

SM+
2 7.2% 8.0% 49.2%

SM+
4 2.4% 3.0% 24.3%

PSO 4.1% 4.5% 48.3%
Returns Small SM2 7.3% 7.8% 47.2%

Variance SM4 6.1% 7.6% 47.3%
SM+

2 6.8% 7.8% 47.2%
SM+

4 2.2% 2.9% 21.1%
PSO 4.3% 4.6% 46.7%

Large SM2 7.7% 8.0% 49.2%
Variance SM4 6.1% 7.5% 46.3%

SM+
2 7.1% 8.0% 49.2%

SM+
4 2.3% 2.9% 24.3%

PSO 4.2% 4.5% 49.8%
Return Ratio 30% SM2 5.5% 5.5% 31.3%

SM4 3.7% 4.5% 28.5%
SM+

2 4.9% 5.4% 31.3%
SM+

4 1.2% 1.8% 12.1%
PSO 3.5% 3.1% 45.5%

50% SM2 8.5% 9.4% 40.1%
SM4 7.3% 8.2% 41.8%
SM+

2 8.0% 9.3% 39.8%
SM+

4 2.3% 2.7% 16.2%
PSO 4.1% 4.0% 34.0%

70% SM2 8.4% 8.0% 49.2%
SM4 7.2% 8.7% 47.3%
SM+

2 8.0% 8.0% 49.2%
SM+

4 3.3% 3.5% 24.3%
PSO 5.1% 5.9% 49.8%

For each problem instance, 30 independent experiments of PSO were conducted resulting in a total number
of 6480× 30 = 194400 independent experiments. The optimal value per problem instance was known and,
naturally, the main optimization goal was to achieve the lowest possible percentage error from the optimal
solution. The algorithm was always initialized with uniformly distributed random swarms (populations). Each
experiment was terminated as soon as the optimal solution was found or a fixed computational budget (maximum
number of function evaluations) was reached. Then, the final solution’s percentage error was recorded and, after
the end of the 30 experiments, the sample of these values was statistically analyzed with respect to its mean,
standard deviation, and maximum value.

The obtained statistics were compared to the corresponding values reported in the thorough analysis of
Schulz [18] for four versions of the adapted SM heuristic. The first version refers to SM with the options of
(a) manufacture only or (b) remanufacture (and manufacture if necessary), henceforth denoted as SM2.The
second version refers to SM2 with the additional options of (c) manufacturing first and remanufacture later or
(d) remanufacture first and manufacture later, henceforth denoted as SM4. Moreover, comparisons included the
enhanced versions SM2+ and SM4+ that are derived from the previous ones by additionally checking if their
solutions admit one of the following improvements: (i) two consecutive time windows can be combined or (ii) a
remanufacturing lot can be increased [18].

All numerical results are reported in Tables 3-6. Specifically, Table 3 reports the average, standard deviation,
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Table 4: Percentage cost error for different levels of manufacturing setup cost.

Algorithm Average St. Dev. Maximum
KM=200 SM2 4.3% 4.5% 20.2%

SM4 3.4% 3.6% 17.6%
SM+

2 3.5% 4.0% 20.2%
SM+

4 2.3% 2.6% 13.5%
PSO 4.0% 3.1% 45.5%

KM=500 SM2 5.4% 5.2% 25.1%
SM4 3.9% 3.9% 19.3%
SM+

2 4.8% 4.9% 23.7%
SM+

4 2.1% 2.5% 12.8%
PSO 4.5% 4.1% 27.5%

KM=2000 SM2 12.8% 9.9% 49.2%
SM4 10.9% 10.4% 47.3%
SM+

2 12.6% 9.9% 49.2%
SM+

4 2.3% 3.4% 24.3%
PSO 4.4% 5.9% 49.8%

Table 5: Percentage cost error for different levels of remanufacturing setup cost.

Algorithm Average St. Dev. Maximum
KR=200 SM2 10.9% 9.1% 49.2%

SM4 6.6% 7.8% 40.2%
SM+

2 10.0% 9.4% 49.2%
SM+

4 1.9% 2.1% 11.8%
PSO 5.7% 5.5% 49.8%

KR=500 SM2 7.9% 6.6% 34.7%
SM4 8.1% 8.2% 47.3%
SM+

2 7.3% 6.6% 34.7%
SM+

4 3.4% 3.2% 19.1%
PSO 3.8% 4.1% 37.4%

KR=2000 SM2 3.7% 6.0% 29.4%
SM4 3.5% 5.7% 25.7%
SM+

2 3.6% 5.9% 29.4%
SM+

4 1.4% 2.9% 24.3%
PSO 3.3% 3.5% 45.5%

and maximum values of the percentage errors for the aforementioned variants of the SM algorithm as well as
for PSO. The first block of the table refers to all problem instances, followed by three blocks that refer to the
special cases of small and large variance for demand and returns, as well as to different return ratios. Tables 4-6
complement the results for different values of the manufacturing and remanufacturing setup cost, as well as for
different holding costs of the recoverable items.

A first inspection of the results clearly reveals that PSO is very competitive to the SM variants with respect
to their average percentage errors and standard deviations. Indeed, in all cases reported in Table 3, PSO attained
lower averages than the SM variants, with the exception of the SM4+ approach. Undoubtedly, the results offer
strong evidence that PSO can be considered as promising alternatives for solving the considered problems.

Regarding the different test cases, the values of KM and KR seemed to affect the relative performance of
the algorithms more than the rest of the parameters. In fact, PSO exhibited their largest standard deviations
for KM = 2000, as we can see in Tables 4 and 5. On the other hand, the variance of demand and returns, the
different return ratios as well as the value of the holding cost hR, were all accompanied by identical relative
ordering of the algorithm’s performance.

Regarding the time-complexity of the proposed algorithm, it ranged from a few seconds (in the cases where
the optimal solution was attained) up to 2 to 3 minutes for the cases where the number of function evaluations
was exceeded. The reported times are indicative, since they heavily depend on the implementation, the hardware,
and the machine’s load at the time of execution. In our case, no effort was paid to optimize the running time
of the algorithm. All times refer to execution on Ubuntu linux servers with Intelr Core™ i7 processors, 8GB
RAM, occupying all the available cores.
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Table 6: Percentage cost error for different levels of holding cost.

Algorithm Average St. Dev. Maximum
hR=0.2 SM2 5.9% 8.0% 42.9%

SM4 5.3% 8.0% 47.3%
SM+

2 5.8% 8.0% 42.9%
SM+

4 1.7% 2.5% 21.1%
PSO 4.5% 5.2% 49.8%

hR=0.5 SM2 7.5% 7.7% 49.2%
SM4 6.5% 7.6% 42.4%
SM+

2 7.0% 7.7% 49.2%
SM+

4 2.3% 3.0% 24.3%
PSO 4.3% 4.5% 45.5%

hR=0.8 SM2 9.1% 7.7% 44.4%
SM4 6.3% 7.0% 40.3%
SM+

2 8.1% 7.8% 44.4%
SM+

4 2.8% 3.0% 20.6%
PSO 4.0% 3.9% 42.9%

5. CONCLUSIONS

We studied the behavior of a popular metaheuristic optimization algorithm, namely PSO, on the single-item
dynamic lot sizing problem with returns and remanufacturing. The algorithm was tested on a large number of
problems previously used in relevant studies. Its performance was compared with two variants of the adapted
SM algorithm, namely SM2 and SM4, as well as with their recently proposed enhanced versions, SM2+ and
SM4+.

Preliminary experiments identified the PSO model with the most effective parameter set. The selected
approach was thoroughly analyzed on the test problems after introducing the necessary modifications in the
formulation of the corresponding optimization problem and its structure. The results suggested that PSO can
be considered as promising alternative for solving such problems, verifying its nice performance reported in
previous works for similar lot sizing problems.

Future work will contribute towards the direction of developing more refined versions of PSO in order to
further enhance its performance on the specific problem type. Specialized operators may offer the desirable
performance boost. Also, different metaheuristics will be considered for the specific type of problems.
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Abstract: This paper presents some of the results obtained by studying Petri nets’ capability for modelling 
and analysis of production planning system in correlation with supply chain key performance indicators. A 
simulation model using a timed, hierarchical Coloured Petri Net (CPN) and software package CPN Tools 
was developed. The goal was to apply this simulation model, for determination of production triggering 
decision in relation with stock cover level and customer service level requirements, based on forecasted 
demand, production capacities and defined lot sizes. 

Keywords: production planning, customer service level, stock cover, Petri nets. 

1. INTRODUCTION 
In the context of fast changing environment, facing new circumstances in everyday business and fully 
dynamic supply chain, continuous performance improving has become a critical issue for every production 
company. The objective of this paper is to use Petri nets in process of decision making for triggering new 
production cycle, based on values of selected supply chain key performance indicators (KPI). In an effort to 
gain a further understanding of potential ways of managing uncertainty in production planning, authors 
evaluate connections between production and level of customer satisfaction. Decision on triggering new 
production is directly connected to performance of customer satisfaction with direct relation to proper 
management of finished products inventory level, by using two supply chain KPIs: customer service level 
and stock cover.  

This paper is organized in seven sections. After introduction part, second section describes related work 
with conceptual foundations. Problem description with relevant constraints is explained in details in section 
tree. Fourth section gives the basics of Petri nets. In fifth section, production planning CPN model is 
presented. Simulation and numerical results with case study are described in section six. In last section 
authors made conclusions with explanation of further research directions. 

2. RELATED WORK 
In this paper authors evaluate impact of demand uncertainty on decision on triggering a new production 
cycle, further described as a model for production planning under uncertainty. According to (Galbraith, 
1973) uncertainty depends on level of information required to perform business activity and available set of 
information. Uncertainty in production companies according (Ho, 1989) is categorized into environmental 
(demand and supply uncertainty) and system uncertainty within the production process (production lead 
time, quality uncertainty, failure of production process, etc). According to study presented by (Lane & 
Szwejczewski, 2000), a wide range of manufacturing plants identified responsive production planning and 
control system as the most important factor in achieving good delivery performance and demand satisfaction 
(the ranking of this factor was significantly higher than the rankings of worker flexibility and quick 
changeovers on production line). This fact represent one of important reason to focus more on customer 
service as external performance, once when internal performance is already achieved on certain level. 

Key measures of performances within production companies, according to (Lin & Chen, 2005) are 
recognized in measuring the level of customer satisfaction. Basic concepts of customer satisfaction and 
relevant related approach measurement levels were described in (Meyr, 2009), while further development of 
customer service level and customers selection in make-to-stock (MTS) production environment was 
mentioned by authors in (Lecic et.al, 2010). As well, authors evaluate possibilities for maximization of 
customer service level in production company with limited production capacity and customer classification 
(Babarogic et.al, 2012). Inventories available on sock ready to be delivered to customer according to 
identified demand are in direct correlation with customer service level. 
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Stock cover is key performance indicator measuring the number of days of forecasted consumption which 
the current stock level can face. In other words, stock cover represents length of time that available inventory 
will last if forecasted consumption will happen. In (Dellaert & Jeunet, 2005) authors evaluated behavior of 
lot-sizing rules in a multilevel context, when forecast demand is subject to changes within the forecast 
window and relevant lead time. According to (Okulewicz, 2009), making the supply system ready to satisfy 
the needs of customers only generates unnecessary costs, which the customer has to absorb. In order to 
achieve certain level of customer service, the same author emphasis the importance of keeping adequate 
stock level and keeping additional safety stock. 

Managing customer service level or stock cover represents highly complex problem that most of 
production companies in everyday business are facing. Dealing with these two KPIs is even more complex if 
we understand that they are leading to different directions. High stock assumes high customer service level, 
and at the same time stock needs to be minimized to deliver working capital reduction and overall company 
efficiency. According to (Wadhwa et.al, 2006), horizontal collaboration offers enormous opportunity in the 
form of reduced working capital coupled with increased service levels. The same authors point out the 
importance of permanent reduction in working capital to increase sales and higher customer satisfaction. 
Combined approach of managing in parallel customer service level and stock cover was done by (Fernandez 
et.al, 2010). They evaluated three main problems: the increasing pressure to reduce working capital, the 
growing variety of products and the fulfillment of a demanding service level. 

3. PROBLEM DESCRIPTION 
Production planning is directly impacted by two different factors: satisfaction of customer orders and 
finished goods available inventories; both represent important characteristics of overall performance of 
production companies. According to time horizon, production planning models can be classified as a long 
planning horizon (e.g., one year) called strategic planning models, and short planning horizon (e.g., one 
week) known as tactical production planning models. Model described in this paper represent tactical 
production planning model focused on production triggering decision on weekly level.  

Production system, simulated in this paper, is based on batch production with fixed lot size. Production 
capacity is limited and cannot be extended in short term. For the purpose of analysis, this model considers 
only one production line with limited capacity. Detail line description, as groups of different machines or 
working centers, is not important for such analyses as well as setup resources, time and costs. Observed 
system represents flow production with multi-product type of production. From inventory perspective, 
described model can be classified as production planning model in MTS environment with production 
capacity constraints. Inventories of finished goods are playing important role in overall production system 
performance. There is no specified limit on total inventory capacity.  In order to ensure minimization of 
working capital, overall goal is minimization of inventory on stock. Model does not evaluate work-in-
progress in production system. Initial inventories are not neglected, and they are taken by assumption as 
“healthy” stock, representing average stock to cover monthly demand. Products are limited with shelf life, 
due to fact that shelf life is much higher than expected stock cover and will not represent constraints in 
modeling. 

Demand for products is flexible and order's backlog is not possible to satisfy in next time period. Demand 
forecasting is important factor which impact, in correlation with customer service level and overall stock 
cover calculation, on production triggering decision. Production is triggered by calculated stock cover based 
on forecasted sales, in order to ensure certain level of customer service. Production quantities are mainly 
based on demand forecasts and they not depend on individual customer orders. Products are stocked by the 
manufacturer until request to fulfill customer demand in MTS environment appears. In order to deliver the 
final products to customers on time, MTS strategy initializes production before the actual demands’ 
occurrence, and orders are fulfilled from the stocks of finished goods inventory. 

Qualitative measurements in supply chain are mostly focused on customer satisfaction, through order lead 
time and order fill rate as their priority. Customer's order satisfaction directly depends on company readiness 
and capabilities to deliver products according to customer request (quantity, time, price, place, quality). 
According to (Chan, 2003), whether the customer response time can be reduced or not, level of customer 
satisfaction directly depends on the product availability (when the customer places an order, some available 
stock can be used to fill the placed order immediately). In this paper, authors evaluate only one parameter of 
customer satisfaction which will be presented as capability to satisfy quantity ordered by customer. Customer 
service level is presented as fill rate, indicates ratio between delivered and ordered quantity.  

Appropriate level of available finished goods inventory represents important factor of overall production 
system performance. Therefore, each production company has goal to reduce working capital incorporated in 
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finished goods inventory. Main indicator for tactical measurement of working capital is Stock cover, which 
represents the level of available inventories needed to satisfy demand in certain period of time according to 
forecasted demand. Inventory management addresses important decision when a stock should be replenished 
which directly trigger new production cycle. 

4. PETRI NETS 
A Petri net (PN) is a particular type of a directed graph, together with an initial state called initial marking. 
The graph of a PN is a directed, weighted, bipartite graph consisting of two kinds of nodes: places and 
transitions. Arcs connect either a place with a transition or a transition with a place. In modelling, places 
represent conditions, and transitions represent events (Murata, 1989). Coloured Petri nets are high-level PN 
which represents a graphic language for constructing models and analyzing their properties. CPN 
successfully combines the capabilities of PN with the capabilities of a high-level programming language 
(Jensen & Kristensen, 2009). 
  

Definition: A coloured Petri net is a nine-tuple CPN=(∑, P, T, A, N, C, G, E, I) satisfying the following 
requirements (Jensen & Kristensen, 2009): 

(i)   is a finite set of non-empty types, called colour sets. 
(ii) P is a finite set of places. 
(iii) T is a finite set of transitions. 
(iv) A is a finite set of arcs such that: PT= PA= TA=Ø. 
(v) N is a node function. It is defined from A into P×T  T×P. 
(vi) C is a colour function. It is defined from P into ∑. 
(vii) G is a guard function. It is defined from T into expressions such that: 

t T :[Type(G(t)) Bool Type(Var(G(t))) ]     . 
(viii) E is an arc expression function. It is defined from A into this expression: 

MSa A :[Type(E(a)) C(p(a)) Type(Var(E(a))) ]      . 

(ix) I is an initialization function. It is defined from P into this closed expression: 

MSp P :[Type(I(p) C(p) ]   . 

 
For modelling and simulation of the practical problems, CPN is represented by a graphic form that 

enables visualization of system dynamics. The graphical form includes two parts: a Graph which represents 
the net elements graphically and enables textual inscriptions; and a Declaration, which defines all the types 
(colours), variables, constants and functions that are used to describe the system behaviour. (ISO/IEC, 2004). 

The dynamic of a PN is modelled by firing a transition which consists of: removing token from its input 
places and adding token to output places. This flow of tokens illustrates the flows of control and data within 
the model.  

5. CPN OF PRODUCTION PLANNING SYSTEM 
In order to model a production planning system with reference to supply chain performance indicators, 

the following CPN extensions were used: hierarchical CPN, which enables modelling into hierarchies of 
layers and Timed CPN (TCPN), which introduces time and delay into model. The described system was 
modelled using CPN Tools - a tool for editing, simulating, and analyzing Colored Petri nets (CPN, 2013). 
The net structure consists of six modules (pages) organized in three hierarchical level (Figure 1).  
 

Top
CSL
SC
LAUNCHING

Decision
Production

 
Figure 1. CPN hierarchy of production planning system 
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Declaration of color sets, function and values used in the net is shows in Figure 2.  
 
     colset UNIT = unit; 
     colset UNITT=UNIT timed; 
     colset INT = int; 
     colset INTT=INT timed; 
     colset QUANTITY=INT; 
     colset TYPE=with p1|p2; 
     colset PRODUCT=product TYPE *QUANTITY timed; 
     colset LAUNCH=product TYPE *QUANTITY*QUANTITY timed; 
     fun csl(x,y)=100 * x div y; 
     fun sc(x,y)=100 * x div y; 
     fun rest(x,y) =if (x>=y) then x-y else 0; 
     fun addition (x,y)=if(x>=y) then y else 0; 
     fun cap (x,y)=if(x>=y) then x-y else x; 
     fun InTime() = IntInf.toInt (time()); 
     val sclmin; 
     val scmin; 
     val capacity; 

 

Figure 2. CPN declaration of production planning system 
 

The top level of the model, shown in Figure 3 represents the whole system. Calculation of customer 
service level (CSL) and stock cover (SC) and making decision about production launching are presented by 
means of substitution transitions which are further modeled by subnets. The central place of the net is place 
called “stock” which keeps information about the current level of finished goods inventory. The subpage 
CSL is shown in Figure 4.  
 

()()

LAUNCHING

LAUNCHING

SC

SC

CSL

CSL

for sc

UNIT

sc

PRODUCT

stock

PRODUCT

csl

PRODUCT

CSL SC

LAUNCHING

 
Figure 3. Top-level CPN of production planning system 
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(r,csl(l,m));

for SC

Out UNIT

for delivery

PRODUCT

delivered

PRODUCT

for CSL

PRODUCT

demand

PRODUCT

csl

Out PRODUCT

stock

I/O PRODUCTI/O

Out

Out

 
 

Figure 4. Sub-net CSL 
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The subpage CSL consists of three main parts:  
 The place “demand”. The initial marking of this place contains customer demands per periods. 

Information about customer demand is transferred to the other part of the net by firing the transition 
“Information transfer”. 

 The transition “fulfilment” and its surrounding places. By firing this transition, information about 
customer demand and stock level are consumed from input places. The amount of product to be 
delivered and a new level of stock are determined using this information and function “rest” and 
corresponding tokens are produced in output places.  

 The transition “CSL” and its surrounding places. Based on customer demand and delivered amount of 
product, CSL is calculated using function “csl” and the corresponding token is produced in the output 
place “csl”.  

 
The sub-page SC, shown in Figure. 5 consists of one transition which firing produces one token with the 

value of SC. The initial marking of the place “forecast” contains the data about demand forecast per periods. 
 

(p,k)

()

(q,l)

(r,n)

sc

[q=p]

input (q,l,k);
output (r,n);
action
(q,sc(l,k));

for SC
In

UNIT

forecast

PRODUCT

stock
I/O PRODUCT

sc
Out

PRODUCT

Out

I/O

In  
Figure 5. Sub-net SC 

 
A sub-page Launching, shown in Figure 6, comprises two sub-pages on the lower hierarchical level. 

These sub-pages were used to model the decision to launch production and actual production.  
 

Production

Production

Decision

Decision

new week
UNIT

triger

TYPE

sc
In PRODUCT

stock
I/O PRODUCT

csl
In PRODUCTIn I/O

In

Decision Production

 
 

Figure 6. Sub-net Launching 
 

The decision process is modeled by sub-net Decision (Figure 7). According to the obtained values of CSL 
and SC expressed as markings of the places “csl” and “sc”, only one of the transitions “Launching” and “Do 
not launch” can fire. This rule is modeled using guard functions for the both transitions. If transition 
“Launching” fires, token appear in the place “trigger” which launch the production.  

The subpage Production is shown in Figure 8. It consists of two main parts: the top part which deals with 
the available production capacity at any moment of the simulation, and the bottom part which models the 
duration of the production process and the filling stock with new product. Place “new week” determines 
priority between transition “new week” and transitions “Launching-Do not launch”. At the beginning of each 
week, this priority ensures that available capacity refreshes is performed before deciding on commencement 
of production. 
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Figure 7. Sub-net Decision 
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Figure 8. Sub-net Production 

6. SIMULATION AND NUMERICAL RESULTS – CASE STUDY 
The system parameters used in this case study are calculated based on 14 weeks observation, for two 
products, at one medium size real Fast-moving consumer goods (FMCG) company. Simulation starts from 
the assumption that the initial system (current setup) was stable and remained stable for a certain time period. 
Simulation is done in order to understand and evaluate potential improvements in production planning on 
tactical level (improving customer service level, reducing inventory on stock) and strategic level (changing 
lot size, expanding/reducing production capacity). For both levels, without balancing between different key 
measures and constraints, a demand uncertainty can lead to performance gaps and decreasing efficiency. The 
overall performance of production planning system is measured with two KPIs: CSL and SC. The initial net 
marking come from demand forecasts, actual customers’ orders, installed production capacity and lot sizes. 
Installed production capacity is 200 units per period (week), while lot size is 120 units for product 1 (p1) and 
110 units for product 2 (p2). Initial marking for demand forecast and actual customers’ orders are shown in 
Table 1. 
 
Table 1. Initial marking for demand forecasts and customers’ orders 

Product Variable w1 w2 w3 w4 w5 w6 w7 w8 w9 w10 w11 w12 w13 w14 

p1 
Order 35 75 29 48 40 52 29 59 67 82 96 88 45 23 

Forecast 36 66 95 55 47 56 55 35 54 76 43 31 58 101 

p2 
Order 50 122 55 129 40 346 70 102 112 16 83 28 40 28 

Forecast 67 82 110 102 83 101 71 35 53 107 48 34 63 111 

 
The model designed in CPN tools is suitable for simulation of production planning system with different 

values of parameters: stock per product (stock), CSL per product and SC per product. Simulation is done for 
two products, with 50 replications. Simulation results can be summarized into two groups: (1) results per 
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product which show KPIs oscillations and trends (supporting tactical decisions) and (2) experiments with 
model’s parameters in order to generate different scenarios (supporting strategic decisions). 

Figure 9 shows level of inventory for both products in 14 weeks period of simulation. It can bee seen that 
level of inventory of p2 is very low in period from week 6 till week 9, while the level of inventory of p1 is 
very low in weeks 10 and 11. 
 

 
Figure 9. Level of inventory in time 

 
Figure 10 gives CSL - capability of production system to satisfy orders received from customers in this 

time period. 
 

 
Figure 10. CSL in time 

 
Working capital is represented with KPI SC in Figure 11. During the simulation, stock cover is calculated 

as numbers of weeks of forecasted demand (taking only absolute demand for n+1 week) satisfied by 
available level of inventory. 

 
Figure 11. SC in time 

 
In order to balance between two KPIs (maximization of CSL and minimization of SC), one of the 

simulation results is tactical decision for triggering production or not. Simulation results for both products, 
with decision when is needed to trigger production, when production is actually done, and when is missed 
are shown in Table 2. 
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Table 2. Production triggering decision per product and relevant KPIs 
 Product 1 (p1) Product 2 (p2) 
    production    production 

Time stock csl sc requested confirmed missed stock csl sc requested confirmed missed 
w1 75 100 2,08    100 100 1,49 110 x  
w2 0 100 0 120 x  88 100 1,07 110  o 
w3 120 0 0 120  o 33 100 0,3 110 x  
w4 72 100 1,3 120  o 110 25 1,07 110 x  
w5 32 100 0,68 120 x  180 100 2,16    
w6 120 61 0 120 x  0 52 0 110  o 
w7 211 100 3,83    0 0 0 110 x  
w8 152 100 4,34    8 100 0,22 110 x  
w9 85 100 1,57 120  o 6 100 0,11 110 x  
w10 3 100 0,03 120  o 100 100 0,93 110 x  
w11 0 3 0 120 x  127 100 2,64    
w12 32 100 1,03 120 x  99 100 3,73    
w13 107 100 1,84 120  o 59 100 0,93 110 x  
w14 84 100 0,83 120 x  141 100 1,27 110  o 

 
Strategic decision about capacity investments or assigning free capacity can be done based on system 

performance obtained from described CPN model. In order to generate deferent scenarios, simulation of 
production planning system with different simulation parameters was done. Different scenarios can be used 
as supporting tool for strategic decision to expand capacity of production line, to assign free capacity to other 
products (portfolio expansion) or to change production lot size per product. Varying mentioned parameters 
(production capacity, lot sizes for p1 and p2) we have made four scenarios. All simulations are replicated 50 
times, and then the average values are calculated. Values of parameters and simulation results are shown in 
Table 3. 

Table 3. Results of different scenarios simulation 

Variable 
current 
setup 

scenario 
1 

scenario 
2 

scenario 
3 

scenario 
4 

Capacity 200 120 230 200 200 
fix lot p1 120 120 120 110 200 
fix lot p2 110 110 110 90 200 

capacity loss 85,7 5,7 60,51 48,76 0 
stock p1 71,38 72,11 105,66 88,89 144,15 
stock p2 73,71 70,04 106,99 88,54 156,14 
csl p1 82,27 82,34 96,22 94,37 94,66 
csl p2 80,23 79,28 91,68 89,75 91,7 
sc p1 1,3262 1,3666 1,9569 1,634 2,6413 
sc p2 1,0568 0,9877 1,5519 1,3094 2,3893 

 
All four scenarios results were compared with current setup (capacity 200 units, lot p1 120 units, lot p2 110 
units). The following conclusions can be made: 
- Scenario 1 (capacity 120 units, lot p1 120 units, lot p2 110 units) with capacity decreased from 200 units 

to 120 units, gives small changes in CSL and SC, while capacity usage is much higher comparing to 
starting solution. Decision based on this scenario is to use free capacity for new opportunities. 

- Scenario 2 (capacity 230 units, lot p1 120 units, lot p2 110 units) assume small investment to upgrade 
installed capacity by 15%, (generate much higher CSL for both products p1 by 17% and p2 by 14%, 
while stock cover is roughly 47% higher than in current setup for both products. At the same time, non 
used capacity is 29% lower than in current setup, with far higher stock on both products. As production is 
not triggered every week, free capacity can be used for new opportunities: whole week can be assigned to 
different portfolio or for insourcing another production. 

- Scenario 3 (capacity 200 units, lot p1 110 units, lot p2 90 units) is based on the same capacity as installed, 
but lot size for p1 and p2 were changed to 110 and 90 units respectively. Simulation results demonstrate 
improvement of CSL for both products (p1 by 15% and p2 by 12%); SC is roughly 23% higher (but still 
in expected 2 weeks defined stock cover); almost half of installed capacity is not used (48,7%).  
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- Scenario 4 (capacity 200 units, lot p1 200 units, lot p2 200 units) is based on the same capacity as 
installed, but lot sizes for p1 and p2 weer changed to 200 units per product. Simulation results show no 
capacity loss, improved CSL, but SC and inventory level is much higher than in current setup or in other 
scenarios which is not acceptable solution. 

Analyzing all suggested scenarios, scenario 3 can be recommended as best for strategic decision within 
current market dynamics. Scenario 3 ensuring higher CSL, with potentially acceptable SC increase (again 
less than two weeks), just with small adjustment of lot sizes (10% and 20% respectively) and without 
investment in production capacity. In case of developing market with expected growth of demand, scenario 2 
is much better than scenario 1. With small investments in capacity company can generate improvement of 
CSL, and support expected market growth. In opposite situation, in case of mature market environment, 
scenario 1 shows much better performance (even compared with current setup), while decreasing capacity 
can generates savings, without investment in working capital and without impact on customer service level. 

7. CONCLUSION 
The goal of this paper was to develope CPN model of production planning system based on supply chain 
KPIs: CSL and SC. CPN model was used for simulation of tactical production planning (improving customer 
service level, reducing inventory on stock) and strategic planning (changing lot size, expanding/reducing 
production capacity). Developed model was used for simulation of production planning in medium size real 
FMCG company. 

Without any changes in CPN structure and with small adjustment of declaration and initial markings, 
model can be extended for more than two products and for different production lines. A slight modification 
in the CPN model would enable priority of production based on achieved level of CSL, current stock level or 
trend in forecasted demand. Current CPN model can also be extended in order to simulate demand forecast 
based on different forecasting techniques (Exponential smoothing, Moving average, Trend estimation, etc.) 
or adding new KPIs (demand forecast accuracy) with evaluating impact of forecast accuracy on stock cover 
oscilations and customer service level trends. 
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Abstract: In today’s competitive and global environment, supply chain management and its applications 
have become very important for all organizations. Organizations can improve their competitive force by 
selecting proper business partners for their supply chain process. Supply chain comprises a worldwide 
network of suppliers, factories, warehouses, distribution centers and retailers through which raw materials 
are acquired, transformed and delivered to the end user. Various methods have been applied to supply chain 
management in order to reduce costs and delivery period and also gain competitive advantage. Methods 
such as neural networks, analytic hierarchy, fuzzy programming and rough set theory have been applied to 
supply chain management. Rough set theory was developed by Pawlak in the beginning of 1980s. It is a new 
mathematical tool to deal with intelligent data analysis and data mining. Rough set can reduce decision 
complexity and improve the efficiency of decision. By that way applying rough set can be seen as feasible 
and scientific for supply chain management. In this paper, the factors affecting the choice of suppliers are 
considered and then rough set theory has been applied to these data in order to determine the suitable 
supplier for an organization.  

Keywords: Rough Set Theory, Supply Chain, Rule Extraction. 

1. INTRODUCTION 
As organizational capabilities improved further in the 1990s, managers began the realize that material and 
service inputs from suppliers had a major infact on their ability to meet customer needs. This led to an 
increased focuse on the supply base and the responsibility of purchasing (Monczka et.al, 2009). Supply chain 
management has a major impact on product and service quality. This increases the importance of the 
relationship between purchasing, external suppliers and quality. Especially selection of appropriate suppliers 
has become more important and various methods have been widely used in this process. While developing 
algorithms for supply chain management, the various attributes of uncertainty and their impact on the supply 
chain should be carefully evaluated. Rough set theory has been widely used in the problems under complex 
and uncertain situations.  

In this paper, rough set theory is used in supplier selection decision and rules are generated by using 
rough set theory. These rules facilitate the decision making process and help the managers make the optimal 
decision for supplier selection process. This is an effective method that decreases uncertainty and 
complexity.   

2. SUPPLY CHAIN MANAGEMENT 
The supply chain is the network of organizations that are involved through upstream and downstream 
linkages, in the different processes and activities that produce value in the form of products and services in 
the hands of ultimate consumer (Christopher, 2010).  Stevens (1989) defined the supply chain as a series of 
activities in planning, coordinating and controlling materials, components and finished products from 
suppliers to consumers. Lee and Billington (1992) considered a supply chain as a value chain during the 
transition process from raw material to the market. The ability to manufacture, distribute, generate services, 
and provide added-value activities were all included in the supply chain (Chiang, 2011). 

Supply chain management concept originated from the recognition that the process of transforming raw 
materials into final products and delivering those products to customers is becoming increasingly complex. 
Supply chain comprises a worldwide network of suppliers, factories, warehouse, distribution centers and 
retailers through which raw materials are acquired, transformed and delivered to the end user (Olugu and 
Wong, 2009). 
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The change in global macro and micro economic scenario has prompted campanies to give more 
importance to supply chain management. Mentzer et al. (2001) defined supply chain management as, “the 
systemic, strategic coordination of the traditional buiness functions and the tactics across these business 
functions within a particular company and across businesses within he supply chain, for the purposes of 
improving the long-term performance of the individual companies and the supply chain as a whole” (Tiwari 
et al, 2012). 

Supply chain management has a major impact on product and service quality in many cases, companies 
are seeking to increase to proportion of parts, components and services that outsource in order to concentrate 
on their own areas of specilization and competence. This increases the importance of the relationship 
between purchasing, external suppliers and quality. A supply chain is a set of three or more organization 
linked directly by one or more of the upstream or downstream flows of products, services, finances and 
information from a source to a customer. Supply chain management endorses a supply chain orientation and 
involves proactivity managing the to way moment and coordination of goods, services, information and 
funed from raw material through and user. Accordingly to the this definition supply chain management 
requires the coordination of activities and flows that extent across boundaries (Monczka et.al., 2009) 

In 1995, Coleman et al. classified the supply chain management into 3 categories (Chiang, 2011). 
 Flow of Goods Approach: Every joint node linking suppliers to the consumer and production 

logistics was defined as the supply chain management. 
 Managing Flow of Goods and Information: The management and analysis to achieve the best result 

for the entire system that included information flow and logistics would formulate the supply chain 
management. 

 Integrative Value Added Approach: The supply chain would extend to end customers with the added 
value of the resource flow and marketing activities, and ensure that these activities could provide the 
best possible value to the customer, especially on the relationship and transactions.The first page 
should includes: 

3. ROUGH SET THEORY 
Rough sets theory is proposed by (Pawlak, 1982) in the beginning of 1980’s and it is based on the 
assumption that knowledge can be obtained from each object in the universe (Nguyen and Slezak, 1999, 
Pawlak, 2002). 

In rough sets theory, the objects, characterized by the same information, have the same existing 
knowledge; this means they are indiscernible. Indiscernibility relationship produced using this way forms the 
mathematical basis of the rough sets theory. The sets of the same indiscernible objects are called “elementary 
set” and form the smallest building blocks (atoms) of the information about the universe. Some combinations 
of those elementary sets are called “crisp set”, otherwise the set is called “rough set” Each rough set has 
boundary region. For example, like the unclassified objects with certainty. Significantly, rough sets, in 
contrast precise sets, cannot be characterized by the information of their elements. A rough set and a precise 
set pair are called the lower and upper approximation of the related rough set. Lower approximation contains 
all the objects belong to the set but upper approximation contains the objects that may belong to the set. The 
differences between these lower and upper approximations define the boundary region of the rough set. The 
lower and the upper approaches are two basic functions in the rough sets theory.  
The basic concepts of rough set theory will be explained below: 

3.1. Information Systems 
In rough sets theory, a data set is represented as a table and each row represents a state, an event or simply an 
object. Each column represents a measurable property for an object (a variable, an observation, etc.).  This 
table is called an information system. More formally, the pair  A,U  represents an information system. 

U is a finite nonempty set that is called universe and A is a finite nonempty set of properties. Here, 
for Aa , aVUa : . The set aV   is called the value set of a .  Another form of information systems is 

called decision systems. A decision system (i.e., decision table) expresses all the knowledge about the model. 
A decision system is   dU  A,  form of any information system. Here, Ad  are decision 

attributes. Other attributes  da A  are called conditional attributes. Decision attributes can have many 
values, but usually they have a binary value like True or False (Komorowski, et.al., 1998; Hui, 2002). 
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3.2. Indiscernibility 
Decision systems, which are a special form of information systems, contain all information about a model 
(event, state). In decision systems, the same or indiscernible objects might be represented more than once or 
the attributes may be too many. In this case, the result table will be larger than desired. The relation about 
indiscernibility is as follows: 

If a pair of relation XXR  is either reflective (if an object relates to itself xRx ), symmetrical (if 
xRy then yRx ) or transitive (if xRy and yRz  then xRz ) then it is an equivalence relation. The equivalence 

class of Xx   element contains all Xy  objects, where xRy . Provided that  A,U  is an information 

system, then there is an equivalence relation between any AB  and a  BIND : 

        yaxBaaUyxBIND  |, 2                                            (1) 

 BIND , B is called indiscernibility relation. If    BINDyx , , then the objects x  and y  are 

indiscernible with the attributes in B . The equivalence class of indiscernibility relation B is represented 
by  Bx  (Komorowski, et.al., 1998, Komorowski et.al., 1999). The indiscernibility relation  BIND  

separates a universal set U , given as a pair of equivalence relation, into an  rXXX .,,........., 21  

equivalence classes family. All equivalence classes family  rXXX .,,........., 21  defined by the relation 

 BIND  in set U  forms a partition of set U  and it is represented by B . The equivalence classes family 
B  is called classification and represented by the expression  BINDU / . The objects belonging to the 

same equivalence classes iX  are indiscernible; otherwise, the objects are discernible by attributes subset B . 

The equivalence classes iX ,  r.,,.........2,1  of  BIND  relation are called elementary sets B  in an 

information system  .  
 Bx shows an elementary set B  containing the element x  and it is defined by the following equation (2): 

   yxINDUyx B  |                          (2) 

A sequenced pair   BINDU ,  is called approximation space. Any finite combination of elementary 

sets in an approximation space is called a set defined in the approximation space (Binay, 2002). A  
elementary sets of an information system  A,U  are called the atoms of information system  . 

3.3. Set Approximations 
The basic idea underlying the rough sets theory is to generate the set approaches using the pair relation 

 BIND . If X  cannot be accurately defined using the attributes of A , then the lower and upper 

approximations are expressed.  Let us assume that  A,U  is an information system and AB  and 

UX  . X  can be approached only using the information contained in B , when X  generates B -lower 

approximation and B -upper approximations, represented by XB  and XB , respectively. Here, the lower 
and upper approximations are defines as follows: 
 

  XxxXB B  |                      (3) 

   XxxXB B|                     (4) 
 

The objects in XB , B are classified certain members of X  on the base of the information contained 

in B .The objects in XB  can be classified probable members of X  on the base of the information 
contained in B .  
 

  XBXBXBN B                                 (5) 
 

The equation (5) is called B -boundary region of X , and then it comprises the objects that cannot be 
classified certainly members of X  on the base of the information contained in B . 
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The rough membership function quantifies the degree of the relative overlap between the set x  and the 

equivalence  B
x  class to which x  belongs. Rough membership function is defined as follows: 

   : 0,1B
X x U   and  

 
 

BB
X

B

x X
x

x



                                (6) 

The formulae for the lower and upper set approximations can be generalized to some arbitrary level of 

precision 
1

,1
2

    
 by means of the rough membership function as shown below. 

  | B
XB X x x                                    (7) 

  | 1B
XB X x x                                    (8) 

 

B X  and B X  lower and upper approximations here are called as variable precision rough set 
(Ziarko, 1993). 

Accuracy of approximation and rough membership function notions explained above are instrumental in 
evaluating the strength of rules and closeness of concepts as well as being applicable in determining 
plausible reasoning schemes (Komorowski et.al., 1999). 

3.4. Relative Reduct and Core 

Let P  and Q  be two equivalence relations on universe U . The “ P  positive region of Q ” denoted by 

 QPOS p  is a set of objects of U . From the definition of the positive region, PM   is said to be “ Q -

dispensable in P ”, if and only if           QINDPOSQINDPOS MPINDPIND            

Otherwise, M  is “Q -indispensable in P ”. If every M  in P  is “Q -indispensable”, then P  is “Q -

independent”. As a result, the “ Q -reduct of P ” denoted by S , is the “ Q -independent” subfamily of P  and 

   QPOSQPOS PS   (Lihong et.al., 2006). 

Finding a minimal reduct is NP-Hard (Skowron and Rauszer, 1992). One can also show that the number 
of reducts of an information system with n attributes may be equal to (Komorowski, et.al., 1998). 

 








2/n

n

  

The intersection of reduction sets is called core attribute set and can be denoted as below. 

   PREDPCORE QQ 
. 

Core attribute set can also be obtained from discernibility matrix. 

3.5. Rule Induction from Complete Decision Table 

A decision table is an information system   dAUT  ,  such that each Aa  is a condition attribute and 

Ad   is a decision attribute. Let dV  be the value set  uddd .,,........., 21  of the decision attribute d . For 

each value di Vd  , we obtain a decision class   ii dxdUxU  |  where 

dVUUUU  ..........21  (i.e., dVu  ) and for every iUyx , ,    ydxd  . The B -positive 

region of d  is defined by        
dVB UBUBUBdPOS  ..........21 .  

A subset B  of A  is a relative reduct of T  if    dPOSdPOS AB   and there is no subset B  of B  

with    dPOSdPOS AB  . 

We define a formula      nn vavava  ..........2211  in T  (denoting the condition of a rule) 

where Aa j   and 
jaj Vv    nj 1 . The semantics of the formula inT  is defined by 

             nnTnn vxavxavxaUxvavava  .,,.........,|.......... 22112211   
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Let   be a formula      nn vavava  ..........2211  in T .  

A decision rule for T  is of the form  idd  , and it is true if      iTiT
Udd  . 

The accuracy and coverage of a decision rule r  of the form  idd   are respectively defined as 

follows. 

accuracy  
 

 
T

Ti

i

U
UrT




,,            (9) 

coverage  
 
i

Ti

i U

U
UrT


,,          (10) 

In the evaluations iU  is the number of objects in a decision class iU  and  
T

  is the number of 

objects in the universe 
dVUUUU  ..........21  that satisfy condition   of rule r . Therefore, 

 
TiU   is the number of objects satisfying the condition   restricted to a decision class iU  (Kaneiwa, 

2010). 
In this study, different kinds of rules are generated based on the characteristics from the decision table 

using ROSE2 (Rough Set Data Explorer) software.  
ROSE2 is a modular software system implementing basic elements of the rough set theory and rule 

discovery techniques. It has been created at the laboratory of Intelligent Decision Support Systems of the 
Institute of Computing Science in Poznan. 

4. AN APPLICATION 
To supplier choice in supply chain is a complex problem containing qualitative and quantitative factors, the 
enterprises must do comprehensive analysis to tangle and untangle factors. (Zhanglin and Hongliang, 2006) 
In modern supply chain management, the criterion of appraisal suppliers usually include: Technical Ability, 
Marketing Capability, Cost Control, Payment Delay, Infrastructure and Equipment, Deliveries and 
Shipments and Order Quality. These are the attributes of data table. Here the universe set consists of 
suppliers. The historical data of suppliers are given in Table 1.  

 

 1521 ,........,, XXXU   

 721 ,......,, aaaA   

 
Table 1: The Original (Historical) Data Table 

Attribute a1 a2 a3 a4 a5 a6 a7  
Suppliers Technical 

Ability 
Marketing 
Capability 

Cost 
Control 

Payment 
Delay 

Infrastructure 
and Equipment 

Deliveries and 
Shipments 

Order 
Quality 

Decision 

X1 Good Good Average Poor Good Average Poor Satisfactory 
X2 Good Average Good Good Average Good Average Beneficial 
X3 Poor Good Good Poor Average Average Poor Non-beneficial
X4 Average Good Good Good Average Average Good Beneficial 
X5 Average Average Good Good Good Good Average Beneficial 
X6 Good Poor Average Good Poor Poor Average Non-beneficial
X7 Poor Good Average Average Good Good Average Satisfactory 
X8 Good Poor Average Poor Poor Average Good Non-beneficial
X9 Good Average Average Good Good Good Average Beneficial 
X10 Poor Good Average Good Good Average Average Satisfactory 
X11 Poor Average Average Poor Good Average Poor Non-beneficial
X12 Poor Good Average Average Poor Average Good Satisfactory 
X13 Good Good Average Average Good Average Average Beneficial 
X14 Good Poor Good Average Good Average Good Satisfactory 
X15 Poor Poor Average Average Average Good Average Non-beneficial
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The digitization of Table 1 is shown in Table 2. 
 

Table 2: The Digitization of Decision Table 
Attribute a1 a2 a3 a4 a5 a6 a7  
Suppliers Technical 

Ability 
Marketing 
Capability 

Cost 
Control 

Payment 
Delay 

Infrastructure 
and 

Equipments 

Deliveries 
and 

Shipments 

Order 
Quality 

Decision 

X1 2 2 1 0 2 1 0 1 
X2 2 1 2 2 1 2 1 2 
X3 0 2 2 0 1 1 0 0 
X4 1 2 2 2 1 1 2 2 
X5 1 1 2 2 2 2 1 2 
X6 2 0 1 2 0 0 1 0 
X7 0 2 1 1 2 2 1 1 
X8 2 0 1 0 0 1 2 0 
X9 2 1 1 2 2 2 1 2 
X10 0 2 1 2 2 1 1 1 
X11 0 1 1 0 2 1 0 0 
X12 0 2 1 1 0 1 2 1 
X13 2 2 1 1 2 1 1 2 
X14 2 0 2 1 2 1 2 1 
X15 0 0 1 1 1 2 1 0 

 
The simplified identification and estimated decision making cost is shown in Table 3. 

 
Table 3: Simplified Identifiable Relationship Table 

Conditional 
Attribute Sets 

 
Element Number 

Lower 
Approximation 

Upper 
Approximation 

Accuracy of 
Approximation 

         CSatisfactory X1,X7,X10,X12,X14 5 5 1.000 
CBeneficial X2,X4,X5,X9,X13 5 5 1.000 

     CNon-beneficial X3,X6,X8,X11,X15 5 5 1.000 
 
LEM2 (Grzymala-Busse, 1992), (Grzymala-Busse and Lakshmanan, 1996), EXPLORE ( Stefanowski and 
Vanderpooten, 2001), MODLEM-Entropy and MODLEM-Laplace (Grzymala-Busse, and Stefanowski, 
2001) algorithms are used for supplier selection problem given in Table 1 with ROSE2 package programme. 
Some of the decision rules generated for this problem are given below: 
 
rule 1. IF (Technical_Ability = 0) AND (Marketing_Capability = 2) AND (Cost_Control = 1) THEN 
(Decision = 1) 
rule 2. IF (Technical_Ability = 2) AND (Order_Quality = 0) THEN (Decision = 1) 
rule 3. IF (Marketing_Capability = 0) AND (Cost_Control = 2) THEN (Decision = 1) 
rule 4. IF (Marketing_Capability = 1) AND (Payment_Delay = 2) THEN (Decision = 2) 
rule 5. IF (Technical_Ability = 2) AND (Marketing_Capability = 2) AND (Payment_Delay = 1) THEN 
(Decision = 2) 
rule 6. IF (Payment_Delay = 1) AND (Order_Quality = 2) THEN (Decision = 1) 
rule 7. IF (Technical_Ability = 0) AND (Marketing_Capability = 2) AND (Cost_Control = 1) THEN 
(Decision = 1) 
rule 8. IF (Technical_Ability = 0) AND (Marketing_Capability = 2) AND (Payment_Delay = 1) THEN 
(Decision = 1) 
rule 9. IF (Technical_Ability = 0) AND (Marketing_Capability = 2) AND (Order_Quality = 1) THEN 
(Decision = 1) 
rule 10. IF (Technical_Ability = 0) AND (Infrastructure_and_Equipment = 2) AND (Order_Quality = 1) 
THEN (Decision = 1) 
rule 11. IF (Technical_Ability = 2) AND (Marketing_Capability = 1) THEN (Decision = 2) 
rule 12. IF (Marketing_Capability = 1) AND (Cost_Control = 2) THEN (Decision = 2) 
rule 13. IF (Marketing_Capability = 1) AND (Deliveries_and_Shipment = 2) THEN (Decision = 2) 
rule 14. IF (Cost_Control = 2) AND (Order_Quality = 1) THEN (Decision = 2) 
rule 15. IF (Payment_Delay = 2) AND (Infrastructure_and_Equipment = 1) THEN (Decision = 2) 
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rule 16. IF (Technical_Ability = 2) AND (Infrastructure_and_Equipment = 2) AND (Order_Quality =1) 
THEN (Decision = 2) 
rule 17. IF (Marketing_Capability < 0.5) AND (Cost_Control < 1.5) THEN (Decision = 0) 
rule 18. IF (Technical_Ability < 0.5) AND (Payment_Delay < 0.5) THEN (Decision = 0) 
rule 19. IF (Technical_Ability < 0.5) AND (Marketing_Capability >= 1.5) AND (Cost_Control < 1.5) THEN 
(Decision = 1) 
rule20. IF(Marketing_Capability >= 1.5) AND (Payment_Delay < 0.5) AND (Infrastructure_and_Equipment 
>= 1.5) THEN (Decision = 1) 
rule 21. IF (Infrastructure_and_Equipment >= 1.5) AND (Order_Quality >= 1.5) THEN (Decision = 1) 
rule 22. IF (Technical_Ability >= 0.5) AND (Marketing_Capability >= 0.5) AND (Payment_Delay >=0.5) 
THEN (Decision =2) 
rule 23. IF (Marketing_Capability < 0.5) AND (Cost_Control < 1.5) THEN (Decision = 0) 
rule 24. IF (Technical_Ability < 0.5) AND (Payment_Delay < 0.5) THEN (Decision = 0) 
rule 25. IF (Technical_Ability < 0.5) AND (Marketing_Capability >= 1.5) AND (Cost_Control < 
1.5) THEN (Decision = 1) 
rule 26. IF (Marketing_Capability < 0.5) AND (Infrastructure_and_Equipment >= 1.5) THEN 
(Decision = 1) 
rule 27. IF (Technical_Ability >= 0.5) AND (Order_Quality < 0.5) THEN (Decision = 1) 
rule 28. IF (Technical_Ability >= 0.5) AND (Marketing_Capability >= 0.5) AND (Payment_Delay 
>= 0.5) THEN (Decision = 2) 
 

For instance when we consider Rule 10; we see that the technical ability is poor, infrastructure and 
equipment are good and order quality is average. Because of these reasons the decision for this supplier will 
be satisfactory. When we consider Rule 27; we see that the technical ability is good/average and order 
quality is poor. Because of these reasons the decision for this supplier will be satisfactory. When we consider 
Rule 28; we see that the technical ability is good/average, marketing capability is good/average and payment 
delay is good/average. Then the decision for this supplier will be beneficial. Similar interpretations can be 
made for other rules.  

5. CONCLUSION 
Rough set theory has been widely used in the problems under complex and uncertain situations. Supply chain 
management concept originated from the recognition that the process of transforming raw materials into final 
products and delivering those products to customers is becoming increasingly complex. While developing 
algorithms for supply chain management, the various attributes of uncertainty and their impact on the supply 
chain should be carefully evaluated. In this paper, rough set theory is used in supplier selection decision and 
rules are generated by using rough set theory. These rules facilitate the decision making process and help the 
managers make the optimal decision for supplier selection process. This is an effective method that decreases 
uncertainty and complexity. According to the results, we can say that applying rough set theory into supplier 
choice of supply chain is feasible and reasonable.  
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Abstract: A key element of reverse logistics system is the collection or acquisition of used product discarded 
by last owners or consumers. This paper observes the problem of waste materials collection processes, 
which in essence comprises pick-up recyclables from collection points and transferring them to a recycling 
facility. Having in mind experience from forward supply chain management, and potentials of joint 
coordination of transportation and inventory decisions, this research propose modeling approach that 
simultaneously considers collection vehicles routing and recyclables inventories optimization in reverse 
logistic system. The problem studied in this paper can be described as multi period reverse inventory routing 
problem of collecting one type of recyclables with time windows and with objective to provide continuous 
supply of the recycling facility under minimal transport costs. To solve the problem we propose mixed 
integer linear programming model. 

Keywords: Inventory Routing Problem, Recyclables collection, Mathematical programming. 

1. INTRODUCTION 
In recent years, changes in social awareness about the necessity of preserving natural resources and the 
environment have resulted in efforts to take back end-of-life (EOL) consumer products. Namely, the global 
changes in the production and consumption patterns have resulted in shortening the products life cycle and 
earlier products discarding by end users or last owners. Consequently, this leads to generation of large 
amounts of wastes and creates increasing challenges for waste management systems. First step in solving this 
problem was introducing new waste management policies in a number of countries, and this new policies 
have very strong emphasis on material efficiency, redesign and reuse of products, recycling of EOL products 
and environmentally sound treatment of residues. Of the total waste generated in the EU, 31% is currently 
landfilled, 42% is recycled, 6% is incinerated with energy recovery and 21% is unaccounted for. Landfilling 
and incineration contribute to pollution of the air, water and soil as well as noise and other nuisances. 
Furthermore, the economic costs of municipal waste and hazardous waste management alone amount to 
around €75 billion a year [1]. Recycling rate in EU15 in 2005 was about 41%-up from 22% in 1995 [2]. It is 
expected that the recycling rate may increase even more rapidly, due to the emerging recognition of the 
economic and environmental benefits of recycling, compared to other waste management option e.g. 
incineration.  

As a consequence, the growth on environmental policy, related to EOL products, has favored the 
development of reverse logistics systems. A key element of reverse logistics system is the collection or 
acquisition of used product discarded by last owners or consumers. It is the first and crucial activity of 
reverse logistics system that triggers the others activities. Therefore, the focus of this paper is to consider the 
problem of waste materials collection processes, which comprises pick-up recyclables from collection points 
and transferring them to a recycling facility. Because the recyclables value is relatively low, realization of 
reverse logistics processes, particularly those related to its collection, introduces the relatively high costs. 
Collection of solid waste and recyclables typically represented the single largest percentage of municipal 
solid waste management budgets, from 39% to 62% of total system costs in USA [3]. On the other side, 
efficient and cost effective recycling in treatment facilities requires adequate supply with collected 
recyclables. A significant amount of research has been focused on the design and optimization of logistics 
systems with reverse flows, and a review on this topic was presented by Bostel et al. in [4]. Teixeira et al. in 
[5] described a study of planning vehicle routes for the collection of urban recyclable waste in Portugal. Kim 
et al. in [6] presented a vehicle routing problem for the transport of EOL consumer electronic goods for 
recycling in South Korea. Aksen et al. in [7] observed a biodiesel production company that collects waste 
vegetable oil from source points that generate waste in large amounts. The authors proposed selective and 
periodic IRP approach which was inspired by real life case of one company in Istanbul. 
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Having in mind experience from forward supply chain management, and potentials of joint coordination 
of transportation and inventory decisions, this research propose modeling approach that simultaneously 
considers collection vehicles routing and recyclables inventories optimization in reverse logistics system. 
The simultaneous optimization of vehicle routing and inventory management is known as inventory routing 
problem (IRP). For more details regarding the IRP we recommend the most recent review paper by Coelho et 
al. [8]. From there, the problem studied in this paper can be described as multi period reverse IRP of 
collecting one type of recyclables with the objective to provide continuous supply of the recycling facility 
under minimal transport costs. To solve the problem we propose mixed integer linear programming (MILP) 
model that is able to solve relatively small scale problems. 

The remaining part of this paper is organized as follows. The problem description and mathematical 
formulation is given in Section 2. Section 3 presents test instances and computational results. Finally, some 
concluding remarks are given in Section 4. 

2. MATHEMATICAL FORMULATION 
We observe multi period many-to-one reverse logistic system where single type of recyclable is generated at 
spatially distributed nodes and must be transported to a single recyclable facility. Homogenous vehicle fleet 
is used for collecting and transportation of recyclable from nodes to recyclable facility. We assume full 
collection of node's recyclables which means that when a vehicle visits a node all available recyclables are 
collected. One vehicle can visit more than one node in a single route, while one node can be visited only by a 
single vehicle per each day of planning horizon. Number of nodes in a single route is mainly limited by 
maximal vehicle's capacity. All collection nodes have limited storage capacity and deterministic daily 
intensity of generated recyclable that can be different between nodes. The recyclable facility has unlimited 
storage capacity. Vehicle can visit a collection node only in given time window that can be different between 
nodes. 

Recyclable facility has its production capacity which is defined by maximal recyclables quantity that can 
be used in production process. This production capacity should be fully utilized; in other words, recyclables 
inventory level at facility should satisfy maximal production in each day of planning horizon. Additionally, 
in order to minimize operational costs vehicles should travel as less as it is possible and this represents the 
secondary objective for decision maker.  

2.1. Notation 
We use the following notation in the proposed MILP model. 

 

Sets 
I  - set of nodes (0 for recycling facility, 1 and higher for collection nodes) 
T  - set of days in planning horizon 
V  - set of vehicles 
 

General parameters 
dij  - travel distance between nodes i and j 
K  - vehicles capacity 
Si  - inventory level at the beginning of planning horizon in node i 
P  - productivity of recyclable factory 
qi  - daily generated quantities of recyclables in node i 
Qi  - storage capacity in node i 
tser  - node service time 
bi  - start of time window for node i  
ei  - end of time window for node i  
M  - big number in objective function 
M2  - big number in constraints (19) 
 

Decision variables 
Ut - recyclables shortage for full productivity of recyclable facility in day t 
xt

vi  - quantity of collected recyclables at node i with vehicle v in day t 
zt

i  - inventory level at the beginning of day t in node i 
st

vi  - arriving time of vehicle v at node i in day t 
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2.2. MILP formulation 
The MILP formulation of the multi period reverse IRP with recyclables collection is presented in this 
section. Model formulation presented here primary minimizes recyclables shortage for full productivity of 
recyclable facility, and secondly minimizes vehicles total travel distance. Objective of the proposed model is 
given with equation (1), subject to constraints (2)-(20). 
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     1 - if vehicle v visits node i in day t  
pt

vi =              
     0 - otherwise

     1 - if vehicle v travels directly from node i to node j in day t
yt

vij  =  
        0 - otherwise
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Big number M2 should be large enough so that constraints (19) are always valid for cases when a vehicle 

does not travel from node i to node j. This can be achieved if M2 is set to maximal working time. We assume 
that vehicles speed is one minute per unit of distance.  
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Constraints (2) forbid recyclables collection from recycling facility. Constraints (3) define if a node i is 
being visited by a vehicle v in day t. The starting inventory level of recyclables at the beginning of planning 
horizon in all nodes is set by constraints (4). The starting inventory level for t>1 for recycling facility is 
defined by constraint (5), and for collection nodes is defined by constraints (6). Constraints (7) forbid 
inventory shortages in all nodes, and constraints (8) limit inventory level in nodes to its storage capacity. 
Quantity of recyclables shortages at facility per each day of planning horizon is defined by constraints (9) 
and (10). Constraints (11) limit the maximum collected recyclables per a single vehicle to its capacity. One 
node can be visited by only one vehicle per each day and this is defined by constraints (12). Constraints (13) 
and (14) ensure that vehicles must collect all available recyclables from a node that is being visited. 
Constraints (15) define that sum of all active incoming arcs to visited node must be equal to 1 and constraints 
(16) define that sum of all active outgoing arcs from visited node also must be equal to 1. Vehicles arriving 
time at nodes must be in given time windows for each node, which is defined by constraints (17). Constraints 
(18) ensure that a vehicle time of arrival at successor node has greater value than arrival time at predecessor 
node in one route. Also, these constraints eliminate subtours for each route. Constraints (19) define the 
binary nature of decision variables, and constraints (20) define decision variables that take positive integer 
values. 

3. COMPUTATIONAL RESULTS 
In order to test the MILP model we have generated four groups of instances (G1, G2, G3, and G4) that are 
different by vehicle fleet or time window length: G1 instances have 3 vehicles that can transport up to 8 units 
of recyclables (K=8) and 30 minutes node's time window length; G2 instances have 3 vehicles that can 
transport up to 8 units of recyclables (K=8) and 60 minutes node's time window length; G3 instances have 2 
vehicles that can transport up to 12 units of recyclables (K=12) and 30 minutes node's time window length; 
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G4 instances have 2 vehicles that can transport up to 12 units of recyclables (K=12) and 60 minutes node's 
time window length.  It was our intention to evaluate the impact of vehicle type and number as well as 
restrictiveness of time windows on solutions obtained from MILP model. Each group contains 10 instances 
with the following parameters: 

 one recyclable facility and 10 collection nodes (I=10); 
 planning horizon of 4 days (T=4); 
 the spatial coordinates of collection nodes are randomly generated as integers in a square [-50, 

50] units and the location of the depot is in the center of that square (coordinates (0, 0)); 
 travel distance between nodes i and j is calculated as Euclidian distance; 
 productivity of recyclable factory is set to P=20; 
 inventory level in recyclable facility at the beginning of planning horizon is randomly generated 

as integers between [P, P + P/5]; 
 daily generated quantities of recyclables qi in node i is randomly generated as integers between 

[1,3]; 
 inventory level in each collection node at the beginning of planning horizon is randomly 

generated as integers between [qi, qi*1.5], with additional condition that sum of all collection 
node's beginning inventory levels must be between P and P+P/10; 

 storage capacity in node i is equal to vehicles capacity (Qi=K); 
 node service time is set to tser=10; 
 maximum working time is set to 8 hours (bi=0 min, ei=480 min); 
 start of time window bi for node i is randomly generated to have any full hour value between 60 

to 360 min for G2 and G4 instances, and to have any half hour value between 60 to 390 min for 
G1 and G3 instances; 

 end of time window ei for node i is set to bi+60 min for G2 and G4 instances, and for G1 and G3 
instances ei is set to  bi+30 min; 

 big number in objective function is set to M=100; 
 big number in constraints is set to M2=480. 
 

To maintain certain degree of comparison between group instances, the spatial coordinates of collection 
nodes, the inventory levels at the beginning of planning horizon in all nodes and facility, and the daily 
generated quantities of recyclables qi are identical for respective instances in G1, G2, G3, and G4. For 
example, instance 1 has identical values of aforementioned parameters in all groups. Additionally, respective 
instances in G1 and G3 have identical time windows, as well as respective instances in G2 and G4. The 
Table 1 shows parameters for instance 2 in all four groups. 

 
Table 1: Input parameters for instance 2 in all four group instances 

 G1 G2 G3 G4 

i xi yi Si qi Qi bi ei xi yi Si qi Qi bi ei xi yi Si qi Qi bi ei xi yi Si qi Qi bi ei 

0 0 0 21 0 - 0 480 0 0 21 0 - 0 480 0 0 21 0 - 0 480 0 0 21 0 - 0 480

1 -41 28 1 1 8 210 240 -41 28 1 1 8 240 300 -41 28 1 1 12 210 240 -41 28 1 1 12 240 300

2 36 35 2 2 8 270 300 36 35 2 2 8 240 300 36 35 2 2 12 270 300 36 35 2 2 12 240 300

3 -26 -3 2 2 8 360 390 -26 -3 2 2 8 300 360 -26 -3 2 2 12 360 390 -26 -3 2 2 12 300 360

4 -22 41 1 1 8 150 180 -22 41 1 1 8 60 120 -22 41 1 1 12 150 180 -22 41 1 1 12 60 120

5 11 20 3 3 8 150 180 11 20 3 3 8 120 180 11 20 3 3 12 150 180 11 20 3 3 12 120 180

6 3 -24 4 3 8 120 150 3 -24 4 3 8 120 180 3 -24 4 3 12 120 150 3 -24 4 3 12 120 180

7 17 48 1 1 8 330 360 17 48 1 1 8 240 300 17 48 1 1 12 330 360 17 48 1 1 12 240 300

8 -21 6 1 1 8 330 360 -21 6 1 1 8 360 420 -21 6 1 1 12 330 360 -21 6 1 1 12 360 420

9 46 34 4 3 8 300 330 46 34 4 3 8 240 300 46 34 4 3 12 300 330 46 34 4 3 12 240 300

10 -42 48 3 3 8 360 390 -42 48 3 3 8 360 420 -42 48 3 3 12 360 390 -42 48 3 3 12 360 420

 
The results for four group instances are presented in Table 2 and 3. Objective function values and CPU 

time is given in Table 2. Two separate segments of objective function, recyclable shortage at facility and 
total travel distance of vehicles, are given in Table 3.  

As it was expected, instances with more restrictive time windows demands less computation and therefore 
incurs shorter CPU time (due to smaller space of possible solutions). This difference in CPU time is 
significant: CPU time of G1 instances in average has 88.40% lower value than in the case of G2 instances; 
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and CPU time of G3 instances in average has 81.10% lower value than in the case of G4 instances. On the 
other hand, because more restrictive time windows limit possible routing combinations, it is more difficult to 
collect enough recyclables for full production at recyclable facility. As a result, vehicles must travel over 
longer distances and recyclables shortages occur at recyclable facility. This drawback is more intense in the 
case of fewer vehicles (G3 and G4 instances): objective function of G2 instances in average has 3.98% lower 
value than in the case of G1 instances; and objective function of G4 instances in average has 18.36% lower 
value than in the case of G3 instances. 

When considering vehicle fleet impact on the MILP model solutions quality, larger fleet size of smaller 
capacity vehicles gives better value of objective function: objective function of G1 instances in average has 
15.26% lower value than in the case of G3 instances; and objective function of G2 instances in average has 
0.33% lower value than in the case of G4 instances. On the other hand, better solutions demands more 
computation resources: CPU time of G3 instances in average has 97.37% lower value than in the case of G1 
instances; and CPU time of G4 instances in average has 98.38% lower value than in the case of G2 instances. 

 
Table 2: Results obtained from the MILP model for four group instances (objective function and CPU time) 

Instance 

G1 G2 G3 G4 
Objective 
function 

CPU time 
[sec] 

Objective 
function 

CPU time 
[sec] 

Objective 
function 

CPU time 
[sec] 

Objective 
function 

CPU time 
[sec] 

1 1399 55.71 1332 36.99 1279 0.41 1223 1.29 

2 1462 79.69 1452 803.94 1973 0.66 1458 6.80 

3 1610 1.10 1463 45.68 2092 0.34 1679 0.57 

4 1549 5.91 1523 1.44 2444 0.32 1554 0.27 

5 1048 6.95 946 888.19 1015 0.49 759 0.95 

6 1352 23.80 1350 219.84 1280 0.32 1494 33.60 

7 1501 29.05 1377 104.68 2175 4.04 1344 0.74 

8 1060 23.59 1015 8.88 1065 0.57 1068 0.84 

9 1173 1.02 1188 222.96 1394 0.59 1137 1.21 

10 1261 111.28 1235 580.75 1113 1.13 1208 0.84 

Average 1341.5 33.81 1288.1 291.34 1583.0 0.89 1292.4 4.71 
 

Table 3: Recyclable shortage at facility and vehicles total travel distance for four group instances 

Instance 

G1 G2 G3 G4 
Recyclables 
shortage at 
facility 

Total travel 
distance 

Recyclables 
shortage at 
facility 

Total travel 
distance 

Recyclables 
shortage at 
facility 

Total travel 
distance 

Recyclables 
shortage at 
facility 

Total travel 
distance 

1 0 1399 0 1332 0 1279 0 1223 

2 0 1462 0 1452 7 1273 0 1458 

3 0 1610 0 1463 4 1692 1 1579 

4 0 1549 0 1523 11 1344 0 1554 

5 0 1048 0 946 0 1015 0 759 

6 0 1352 0 1350 0 1280 0 1494 

7 0 1501 0 1377 7 1475 0 1344 

8 0 1060 0 1015 0 1065 0 1068 

9 0 1173 0 1188 2 1194 0 1137 

10 0 1261 0 1235 0 1113 0 1208 

Average 0.0 1341.50 0.0 1288.10 3.1 1273.00 0.1 1282.40 

An example of solution routes for one instance in all four groups is presented in Figure 1. The MILP 
model was implemented through the CPLEX 12 on the Intel(R) Core(TM) i3 CPU M380 2.53 GHz with 6 
GB RAM. 
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Figure 1: Obtained routes per each day for instance 2 in all four observed group instances 

 

4. CONCLUSION 
In this paper we developed the MILP model for solving the multi period reverse inventory routing problem 
of collecting one type of recyclables with time windows and with objective to provide continuous supply of 
the recycling facility under minimal transport costs. The MILP model was able to solve small scale instances 
with different characteristics of vehicle fleet and time windows. Results from Table 2 show that use of 
smaller vehicles is more efficient considering observed objective function, especially in case of restrictive 
time windows. On the other hand, use of vehicles with smaller capacity implies the necessity of larger 
vehicle fleet which has a negative impact on overall costs. Also, larger fleet of vehicles incurs higher 
solution's CPU time. 

Future research should be focused on the developing heuristic approach for solving larger scale problems 
that are more realistic. Also, taking into consideration the cost of vehicle fleet size could bring the model 
closer to the real life application. 
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Abstract: Transport sector is one of the major energy consumers. Energy consumption in Serbia is growing 
every year. In situation of increasing global energy demands and rising energy costs, conserving energy 
becomes very important issue. Energy efficiency is one of the best and the most frequently used indicators of 
energy use. The main objective of this paper is estimating energy efficiency of transport modes in Serbia 
from 2001 to 2010. The data envelopment analysis method is employed in this paper because it does not 
require the assumption of functional relationship between input and output variables, and also integrates 
different variables expressed in different units in a single measure of efficiency. Several hypotheses are 
tested in this paper. The Rail transport is more energy efficient than the road transport. Key factors that 
affect energy efficiency are also identified. 

Keywords: Energy efficiency, erbian transport system, data envelopment analysis. 

1. INTRODUCTION 
Development of the transport system is good indicator of development and power of one country. Transport 
service demands in general case can be divided into transport requirements for the freight and transport 
requirements for the passengers. Transport demands grow every year, and therefore demand for energy too. 
In situation of the large energy consumption and the rising energy costs, energy efficiency measuring and 
monitoring becomes a necessity.  

The main objective of this paper is estimating energy efficiency of transport modes in Serbia from 2001 
to 2010. Serbia's geographical position causes a large volume of domestic and international cargo and 
passenger flows. Total energy consumption in Serbia has increased every year. This paper uses the DEA 
method for estimating energy efficiency because it does not require the assumption of functional relationship 
between input and output variables, and also integrates different variables expressed in different units in a 
single measure of efficiency. Factors that affect energy efficiency of transport systems are also investigated 
in this paper. The volume of international and domestic transport and available transport capacities, among 
others things are analyzed.  

The paper is organized in several sections. After short literature review, the section three describes 
Serbian transport system. The fourth section gives brief description of DEA method. Hypotheses are set in 
the fifth section, as well as input and output variables for the measuring energy efficiency. The results of 
efficiency measurement and hypotheses testing are described in section six. Overall conclusions of this paper 
are presented in the last section. 

2. LITERATURE REVIEW 
Energy efficiency is a generic term, and there is no one certain quantitative measure of energy efficiency. 

The problem of measuring energy efficiency of transport systems of individual countries has been 
recognized in the literature. Petterson (1996) defined energy efficiency as ratio between useful output and of 
the process and used input into a process. Energy Services Directive (2006/32/EC) defined energy efficiency 
as "a ratio between an output of performance, service, goods or energy, and an input of energy". According 
this directive energy efficiency transport is the ratio between total work and energy consumption, indicated 
as ton-kilometers (tkm) or passenger-kilometers (pkm) per kilowatt-hours (tkm/kWh or pkm/ kWh). There 
are also other approaches for defining energy efficiency: energy intensity (MJ/tkm) defined by Kamakate 
and Schipper (2009), fuel efficiency (koe/tkm) (koe means kilo-grams of oil equivalent) and emission 
efficiency (g CO2/tkm) by Perez-Martinez (2009) as well as CO2 efficiency (tkm/kg CO2) by Leonardi and 
Baumgartner (2004). 
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There are different approaches for measuring energy efficiency in transport. Ramanathan (2000) propose 
holistic approach based on the Data Envelopment Analysis (DEA) for estimating energy efficiency of 
different transport modes in India. Liimatainen and Pollanen (2010) analyze trends of energy efficiency in 
Finnish road freight transport in period from the 1995 to 2009, as well as forecast for the 2016. Koroneos and 
Nanaki (2007) make environmental assessment of the Greek transport sector. Ediger and Camdali (2007) 
estimate energy efficiency of the Turkish transport sector from the 1988 to 2004. Ramanathan (1996) 
investigated energy and environmental implications in the Indian transport sector. Holistic approach for 
measuring energy efficiency based on the DEA method is proposed in Ramanthan (2000). Ediger and 
Camdali (2007) analyzed energy efficiency in the Turkish transportation sector. Authors analyzed efficiency 
in 17 years period from 1998 – 2004.  

The importance of efficient logistics activities in globalization era is recognized in literature (McCray, 
1998; Pedersen, 2000; Andrejić et al, 2013). Dicken (1998) also emphasizes the importance of logistics in 
international trade flows. O’Connor (2010) investigates the importance of regions on city logistics activities 
using Global Logistics Index (GLI). The author also shows the impact of infrastructure on global city 
functions. Hesse and Rodrigue (2004) provide an overview of the emerging transport geography of logistics 
and freight distribution. They also provide an analysis the relationship between logistics and the core 
dimensions of the transport geography (flows, nodes/locations and networks). Some authors linking 
improvements in transport and logistics with improvements in import/export performances. Limao and 
Venables (2001) find that differences in infrastructure quality account for 40 % of the variation in transport 
costs for the coastal countries and up to 60 % for the landlocked countries. 

The LPI is used in the literature as the basis of different approaches. Kim and Min (2011) measure the 
efficiency of the supply chain of a country from a green perspective by proposing the green logistics 
performance index (GLPI) combining the LPI and the Environmental Performance Index (EPI). Authors 
suggested GLPI as a good indicator of a country’s green logistics efficiency, showing what impact the 
country’s logistics competitiveness has on its environment. Lau (2011) defined composite index for 
measuring green logistics performances. This approach is also based on the LPI. 

3. SERBIAN TRANSPORT SYSTEM 
Road and rail transport are dominant transport modes in the freight and in the passenger transport in Serbia. 
The share of road and rail is greater than 70% for the passenger and more than 60% for the freight transport 
(Figure 1). For that reason this paper analysis energy efficiency of road and rail transport in Serbia. Other 
transport modes are not analyzed. 
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Figure 1: Share of road and rail transport in total passenger kilometres and total road kilometres (Source: 
Statistical Yearbook of the Republic of Serbia 2011) 
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Observing all branches of transport in 2010, when compared with 2009, there was an increase in activity in 
all areas without exception. The largest growth was observed in the road transport. There was a fall in the 
passenger and in the freight transport in air transport, inland waterway and pipelines transport when compared 
to 2005. As for the air traffic, we can also notice a decrease in both the passenger, by 6.3% and in the freight 
traffic by 53.9%, which is due to general economic crisis and the crisis in our sole airline transporter. 

The growth in energy consumption in the road transport of 65% from period of 10 years is shown in 
Table 1. Tkm and pkm performances for the road transport also grow in this period. On the other side energy 
consumption in the rail transport decreased for 8% in ten year period. The passenger transport has also 
decreased for 50%, while freight transport increased for 25%. 

Table 1: Energy consumption and transport work in road and rail transport in Serbia 
Year Rail Road 

 Energy (TJ) tkm (106) pkm (106) Energy (TJ) tkm (106) pkm (106) 
2001 510 1283 1047 2604 444 4257 
2002 552 1409 944 2688 429 4086 
2003 552 1672 809 2562 423 3865 
2004 597 1660 821 2520 267 3676 
2005 564 1670 713 2982 645 4820 
2006 573 1929 684 3192 753 4515 
2007 534 1902 687 3360 1123 4456 
2008 492 1712 583 3570 1061 4719 
2009 438 1284 521 3696 1115 4582 
2010 471 1609 522 4284 1538 4653 

(Source: Transport and telecommunications in the Republic of Serbia 2001-2010) 
 

According Table 1 it is obvious that the volume of the rail freight transport is higher than the volume of 
the road freight transport. On the other side the road passenger transport is several times higher than the rail 
passenger transport. In this paper the DEA method is used for assessing energy efficiency of two transport 
modes.  

4. DATA ENVELOPMENT ANALYSIS 
The DEA is a non-parametric linear programming technique which enables the comparison of efficiencies of 
different DMUs, based on multiple inputs and outputs. The efficiency is relative and relates to the set of units 
within the analysis. Charnes et al. (1978) proposed a non-parametric approach for efficiency estimation, 
where they reduce multiple inputs to a single virtual input and multiple outputs reduced to a single virtual 
output using weighting coefficients. In the set of homogeneous units, the DEA finds the most efficient 
DMUs and according to them it defines the efficiency of other units. This method is also used for obtaining 
information about corrective actions of the inefficient DMUs. Obtained efficiencies are relative since they 
relate only to a set of the observed DMUs and they cannot be considered as absolute. 

The basic CCR (Charnes et al. 1978) model presents the basis of all present models. In the original form, 
this model presents the problem of fractional programming. According to the appropriate transformations, the 
model is reduced to the linear programming problem. In order to estimate the DMU efficiency it is necessary to 
have data of consumed input and realized output variables. In the process of the DEA method application, the 
CCR model is preferable as the initial model. As in linear programming problems, the CCR model also has two 
formulations: primal and dual. Dual formulation of the CCR model was used in this paper. 

5. ENERGY EFFICIENCY OF ROAD AND RAIL TRANSPORT IN SERBIA 
For measuring efficiency of the road and the rail transport one input and two output variables are used. Input 
variable is energy consumption expressed in terajoule (TJ), while output variables are ton-kilometers (tkm) 
and passenger (pkm). Capability of this model is proven in literature. Ramanathan (2000) use this model for 
measuring efficiency of the transport modes in India. The basic unit of measure in goods transport is 1 tkm 
which representing the one ton transport over a distance of one kilometer. On the other side the basic unit of 
measure in passengers’ transport is 1 pkm, representing the one person transport over a distance of one 
kilometer.  

This paper analyzes the efficiency of the road and the railway transport in the period of ten years, so 
efficiencies of 20 DMUs are benchmarked. The analysis is carried out with the DEA software efficiency 
measurement system (EMS), developed by the Operations Research Department at the University of 
Dortmund. The efficiency score are shown in Table 2. In the observed set only two the DMUs are efficient. 
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Rail transport in 2001 and 2007 (DMU 1 and DMU 7) has efficiency scores 100%, and represents DMUs 
with best combination of energy used and pkm and tkm performances. In the DEA terminology they are 
called benchmarks (or reference set) for the inefficient DMUs.  It is easy to see that the efficiencies of the 
rail are higher than the efficiency of the road. Average efficiency score of the rail is 0.94, while average 
efficiency score of the road is 0.69. In the observed period there are no efficient units in the road transport, 
while two DMUs from the rail subgroup (DMU1 and DMU 7) are efficient.   

Energy efficiency depends of different factors. Freight transport and available transport capacity affects 
energy efficiency. In that manner two hypotheses with several sub-hypotheses are set: 
 

H1: Increasing in the freight transport affects the energy efficiency of the transport system in Serbia.  
H1a: National freight transport affects the energy efficiency of the transport system in Serbia 
H1b: International freight transport affects the energy efficiency of the transport system in Serbia 

H2: Energy efficiency depends on the available capacity.  
 H2a: Freight transport capacity affects the energy efficiency 
 H2b: Passenger transport capacity affects the energy efficiency 
  

According Table 1 differences in energy efficiency of the road and the rail transport are observed. For 
statistical proof mention difference the next hypothesis is set: 
 

H3: There is a difference in the energy efficiency of the road and the rail transport 
 

The last hypothesis in this paper relates to redistribution of the freight transport between observed transport 
modes, in the observed case road and rail. Ramanthan and Parikh (1999) noted that change in modal split can 
improve energy efficiency. The fourth hypothesis is: 
 

H4: Change in transport redistribution affects the change in the energy efficiency of the transport system 
in Serbia 

 

In order to investigate mentioned hypotheses several tests are used. The results of hypotheses testing are 
given in the next section. 

6. RESULTS AND DISCUSSION 
In this section the DEA is employed to evaluate efficiency in the rail and the road transport in Serbia. The 
basic indicators used in this paper are given in Table 1. Trends in energy efficiency of the road and the rail 
transport are shown in Table 2. Factors that affect efficiency like national freight transport, international 
freight transport, freight capacity and passenger capacity are also shown. 

 

Table 2: Efficiency scores and important indicators 

DMU 
Efficiency  

(%) 
National 

(106 tkm)
International

(106 tkm)
Freight capacity  

(103 t)
Passenger capacity

(103)
DMU 1 Rail 2001 100.00% 800 483 618 52
DMU 2 Rail 2002 91.87% 878 530 588 51
DMU 3 Rail 2003 94.52% 1042 629 541 49
DMU 4 Rail 2004 87.56% 740 920 479 49
DMU 5 Rail 2005 88.11% 687 983 496 49
DMU 6 Rail 2006 94.51% 633 1296 439 49
DMU 7 Rail 2007 100.00% 577 1325 413 49
DMU 8 Rail 2008 97.71% 449 1263 406 49
DMU 9 Rail 2009 85.65% 399 885 456 49
DMU 10 Rail 2010 95.84% 588 1021 456 49
DMU 11 Road 2001 79.70% 322 122 54 132
DMU 12 Road 2002 74.11% 311 118 45 127
DMU 13 Road 2003 73.55% 307 116 38 125
DMU 14 Road 2004 71.12% 156 111 24 126
DMU 15 Road 2005 78.80% 363 282 30 136
DMU 16 Road 2006 68.96% 290 463 32 139
DMU 17 Road 2007 64.65% 438 685 30 133
DMU 18 Road 2008 64.44% 427 634 37 119
DMU 19 Road 2009 60.44% 418 697 40 133
DMU 20 Road 2010 52.95% 563 975 49 127

Average 81% 519.40 676.90 263.55 89.60
Standard deviation 14.36% 224.96 402.02 236.84 41.35
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Hypotheses mentioned in the previous section are tested here. The first sub-hypothesis H1a assumes that 
increasing in the national freight transport affects the energy efficiency of the transport system in Serbia. In 
order to test the hypothesis correlation between the efficiency scores and the national freight transport. 
According Table 3 positive correlation is observed (Table 3). In that manner subhypothesis H1a is proved. 
On the other side H1b assumes that increasing in international freight transport affects the energy efficiency 
of the transport system in Serbia. For significant level 0.01 H1b is rejected (Table 3). 

Table 3: Results of hypotheses H1 and H2 
H1a 

Pearson Spearman 

Correlation 0.563 Correlation 0.604 

Sig. (2-tailed) 0.010 Sig. (2-tailed) 0.005 

H1b 

Correlation 0.400 Correlation 0.407 

Sig. (2-tailed) 0.081 Sig. (2-tailed) 0.075 

H2a 

Pearson Spearman 

Correlation 0.861 Correlation 0.729 

Sig. (2-tailed) 0.000 Sig. (2-tailed) 0.000 

H2b 

Correlation -0.867 Correlation -0.743 

Sig. (2-tailed) 0.000 Sig. (2-tailed) 0.000 

According results of H1 some conclusions are made. Increasing in the national transport affects 
increasing in the energy efficiency of the transport system of Serbia, while increasing in the international 
freight transport does not affects increasing in the energy efficiency of the transport system in Serbia. 

Available capacity is prerequisite for transport demand satisfaction. In that sense the second hypothesis is 
set. As well as H1, H2 also has two sub-hypotheses. The results are presented in Table 3. According to the 
first subhypothesis the increase in the transport capacity affects the energy efficiency. The values of 
correlation coefficients in Table 3 confirm assumption. Hypothesis H2a is proved. The second sub-
hypothesis is related to passenger transport. The values of correlation coefficients for hypothesis H2b are 
negative. Hypothesis H2b is not verified. According results of H2 two main conclusions are made. 
Increasing in the transport capacity affects increasing in energy efficiency of the Serbian transport. On the 
other side increasing in the passenger capacity affects decreasing in efficiency of the Serbian transport. 

As mentioned before there is a difference in the efficiency scores for the road and the rail transport. 
According results of Kolmogorov – Smirnof non-parametrical test (Z=2.236, p=0.00) for the significant level 
0.01 there is a significant statistical difference in efficiency scores between the road and the rail transport.  
The rail transport is more energy efficient in comparison to the road transport. This can be explained by the 
fact that energy consumption in the road transport is higher than the consumption in the rail transport. 
Hypothesis H3 is proved.  

The previous analysis indicates that the rail transport is more energy efficient. In that sense, it is assumed 
that the transfer of tkm and pkm from the road transport to the rail can increase the energy efficiency of the 
transport system in Serbia. In the process of tkm and pkm redistribution three scenarios are made. Three 
scenarios include the transfer of a certain percentage of tkm and pkm from road to rail, the first scenario 
10%, the second 20% and the third 30%.  Change in tkm and pkm in the road and the rail transport affects 
the change in energy consumption. For the calculation of energy consumption in each scenario it is necessary 
to have specific energy consumption for each transport mode. In this paper the specific energy consumption 
factors that have been proposed in the Ramanthan and Parikh (1999) are used. The efficiency scores in three 
scenarios are presented in Figure 2.  

Energy efficiency of the transport system in Serbia has fluctuated considerably between 2001 and 2010. 
The average efficiency scores in three scenarios are higher than the original efficiency scores (Figure 2). 
Average efficiency scores for three scenarios are respectively 0.87, 0.87 and 0.86, while average efficiency 
for the original data is 0.81. Common to all scenarios is increase of energy efficiency of the rail transport, 
and decrease of energy efficiency of the road transport (Figure 2). Kruskal-Wallis and Median non – 
parametric tests are used for the hypotheses testing. The results are presented in Table 4. According results 
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there is no significant statistical difference in efficiency scores between three mentioned scenarios. In that 
manner for significant level of 0.01 the hypothesis H4 is rejected. 
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Figure 2: Efficiency scores for different scenarios 

 

Table 4: Results of hypotheses H4 

Kruskal Wallis  (p=0.01)   H4 

Chi - Square 4.193 

Asymp. Sig. (2-tailed) - p  0.243 

Median  (p=0.01)    

Z 2.4 

Asymp. Sig. (2-tailed) - p 0.494 
 

7. CONCLUSIONS 
Energy is essential not only for the social development but also for the economic growth. Energy is 
necessary for the basic needs and services and is a critical production factor in the all sectors and the 
industries. The important role of energy is obvious. Transport is the sector with significant energy 
consumption. This paper analyzed the trends of energy efficiency of the road and the rail transport in Serbia. 
For efficiency evaluation the most frequently used approach the DEA method is used. The advantage of the 
DEA is that it does not involve any assumption on the disaggregation of energy consumed in the terms of the 
passenger or the freight transport performance.  

Significant differences in energy efficiency scores between the road and the rail transport are observed. 
The national freight transport affects increasing in the energy efficiency of the transport system in Serbia. 
Factors that also affect the energy efficiency are the freight and the passenger capacities. In future models, it 
is necessary to predict changes in the Serbian transport sector, as well as redistribution of the transport 
between all transport modes. The special emphasis should be on inland waterway transport, which has great 
potential in Serbia. In order to improve the air transport in Serbia, it is necessary to introduce new air 
transporters, as well as improve existing transporter. Improving the energy efficiency of the Serbian transport 
system requires investments in vehicles, infrastructure and new energy sources.  

The use of energy is responsible for environmental degradation. Combustion of fossil fuels and fuel wood 
leads to air pollution by particulates and oxides of sulphur and nitrogen. Furthermore, climate change caused 
by the increasing concentration of greenhouse gases in the atmosphere has become a world-wide concern. 
Future research should include the mentioned factors in energy efficiency measurement models. 
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Abstract: Rapid urbanization, increasing industrialization, rising incomes and a more sophisticated form of 
consumerism are leading to an increase in the amount and toxicity of waste all over the world. Whether it is 
reused, recycled, incinerated or put into landfill sites, the management of household and industrial waste 
comes at a financial and environmental cost. This paper presents modeling approach that can be used for 
designing one part of recycling logistics network through defining optimal locations of collection points, as 
well possible optimal scheduling of vehicles for collection of recyclables. 

Keywords: Recycling, collection, location theory, scheduling. 

1. INTRODUCTION 
Managing solid waste well and affordably is one of the key challenges of the 21st century. Solid waste 
represents an enormous loss of resources in the form of both materials and energy. In addition, waste 
management itself creates environmental damage. The increase in municipal waste generation in OECD 
countries was about 58% from 1980 to 2000, and 4.6% between 2000 and 2005 [1]. In 2030, the non-OECD 
area is expected to produce about 70% of the world’s municipal waste, mainly due to rising incomes, rapid 
urbanization, and technical and economic development. During the past 10–20 years, high-income countries 
have been rediscovering the value of recycling as an integral part of their waste (and resource) management 
systems, and have invested heavily in both physical infrastructure and communication strategies to increase 
recycling rates. Their motivation is not primarily the commodity value of the recovered materials; rather, the 
principal driver is that the recycling market offers a competitive ‘sink’, as an alternative to increasingly 
expensive landfilling or incineration. Thus, recycling provide revenues through the sale of collected 
materials, ensures an adequate supply of raw materials for manufacturing recycled products and has 
important environmental benefits, including the conservation of energy, natural resources, and valuable 
landfill capacity. 

However, recycling as one solution for the waste management problem requires appropriate logistics 
network structure, as well as adequate realization of logistics activities in such a network. Typically, 
recycling encompasses collection of used products from generators at designated collection points, transport 
and sorting or testing operations at consolidation points (transfer points), then treatment options i.e. recycling 
at recycling facility and finally environmentally sound disposal for any part, component or entire product 
which cannot be recovered due any reason. Hence, recycling creates a reverse flow of products comparing to 
(forward) logistics. A key element of recycling logistics system is the collection or acquisition of used 
product. Separating municipal waste into fractions like paper, glass, plastic, metal, at the place where it is 
generated is one of the most efficient ways of collecting it so that it can later be recovered by recycling. To 
achieve this, it is essential to have an appropriate system of selective collection at source. The generators 
want their waste collected with the minimum amount of inconvenience, while disposal operators need to be 
given the waste in a way that is compatible with the treatments that they employ [2]. The success of a 
program of selective collection lies mostly in citizens’ participation, which determines the type and the 
amount of materials to be collected. Many studies demonstrated that the decision to participate in recycling 
activities is influenced by the provision of waste collection bins and easily accessible collection sites ([3], 
[4], [5]). Hence, an appropriate collection site can be selected by taking into consideration the geographic 
location, the ease and convenience to consumers, and the population distribution.  

However, the success of recycling schemes is not just dependent on public participation; it is also 
dependent on careful planning, effective design and tailoring to local needs. Due to the large number of 
factors that must be taken into account when establishing a separate collection system (which may be 
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economic, social, environmental or legal, among others), there is no single solution or alternative when it 
comes to designing them. The collection of municipal solid waste in general, as well recyclables one, is one 
of the most difficult operational problems faced by local authorities in any city. In recent years, due to a 
number of cost, health, and environmental concerns, many municipalities, particularly in industrialized 
nations, have been forced to assess their solid waste management and examine its cost effectiveness and 
environmental impacts, e.g. in terms of designing collection route [6]. Namely, the recyclables value is 
relatively low, realization of logistics processes, particularly those related to its collection, introduces the 
relatively high costs. On the other side, efficient and cost effective recycling in treatment facilities requires 
adequate supply with collected recyclables. For this reason, many authors have focused their research on 
how waste collection is influenced by design or logistic factors, such as collection staff, collection frequency, 
number of collection vehicles, distances to be walked by citizens, etc. ([8], [9], [3]). 

From here, the main intention of the research presented here is to propose modeling approach which can 
be used for designing one part of recycling logistic network, locating collection points for recyclable 
materials depending on the distance from end users to collection points. After determining the optimal 
locations, for collection points, we propose a model for truck scheduling for collection of used of materials at 
collection points.  

With this objective, the remaining part of the paper is organized as follows. Section two describes 
analyzed problem, while the next section presents the mathematical formulation. The numerical results of the 
modeling approaches for the case of Belgrade city are shown in section four. Finally, some concluding 
remarks are made in section five. 

2. PROBLEM DESCRIPTION 
Before recyclable materials can be processed and recycled into new products, they must be collected. Most 
residential recycling involves curbside recyclables collection, drop-off programs, buy-back operations, 
and/or container deposit systems. Collection of recyclables from commercial establishments is usually 
separate from residential recyclables collection programs, which is the case with this paper. Regardless of the 
type of collection system, convenience is the key to a successful recycling program. A convenient collection 
system will encourage generators to carefully sort recyclables by material type and to eliminate 
contaminants. The aim is, certainly, to provide larger quantities of these products because they represent an 
input in the recycling process. So, in order to model the influence of distance between users and collection 
points on the collecting of used products, we introduce the collection point’s catchment area (Fig.1). The 
catchment area models the influence of distance between end users and collection points, in the sense that for 
all end users and collection points, collection service may exist only when end users are within the certain 
(reasonable) distance from a collection point k. Therefore, catchment area denotes the area within the circle 
of certain predefined radius from the drop-off location. That is, any arbitrary end user can be allocated to the 
collection point only if it is located within the collection point’s catchment area. 

Rk – radius of the collection points catchment area k 

dki’ – distance between collection point k and end user i’

dki” – distance between collection point k and end user i”

k

i’ 

i” 

dki”

dki’ 
Rk 

 
Figure 1: Collection point’s catchment area 

 
Increasing reverse logistics flows introduce new issues in the areas of collection and vehicle routing. Two 

main differences with distribution logistics are the usually low value of the goods and the large degree of 
freedom in deciding the moment and method of collection. Collection of solid waste and recyclables 
typically represented the single largest percentage of municipal solid waste (MSW) management budgets—
from 39 percent to 62 percent of total system costs in USA (Figure 2) [7]. Effective planning of solid waste 
recycling programs is currently a substantial challenge in many solid waste management systems. One such 
concern is how to effectively distribute collection vehicles and crews in a growing metropolitan region. Until 
recently, in Serbia, there was an absence of specific legislation and plans to manage waste management 
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processes. Namely, an act that treats recyclables products as a part of municipal waste regulations was 
administered in May 2009. However, although this document forms certain base, more precise information 
about procedures that are related to used products need to be defined through technical instructions. Key 
factors that cause inefficient recyclables management in Serbia are the lack of collection network and 
adequate treatment facilities. So, the problem analyzed in this paper refers to find optimal location for 
collection points as well the scheduling plan for collection of recyclables in case of Belgrade city, where 
appropriate infrastructure for recyclables collection still doesn’t exists.  

 

 
Figure 2. MSW management system costs (adapted from [7]) 

 

3. MATHEMATHICAL FORMULATION  
The first phase of the recycling logistics network design refers to finding locations of collection points 

dependent on the radius of collection point catchment area (Fig. 3). 
 
 
 
 
 
 

Figure 3: Collection points of recycling logistics network 
 

For locating collection points in recycling logistics network which includes catchment area, the following 
mathematical formulation is proposed: 
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 1,0pDk
Y ,  1,0

piDk

X  (9) 

where	
Sets: 

 iNI ,...1   end users zones 

 kNK ,...1   potential collection points 

 pNP ,...1   product types 

Parameters:  
p  product type, Pp  

Gk   capacity of collection point k, Kk   

kid    road distance between end user zone i to collection point k , Ii , Kk   

Rk  radius of the catchment area for collection point k, Kk   
Fk            costs of opening collection points 
Variables: 

pikX   binary variable volume of  product p transported from end user zone i to collection site k.  

Yk p  binary variable, Yk=1 if collection point k is opened, otherwise Yk =0, Kk   

pDk
Y  represents a dummy node with infinite cost which prevents infeasibility in the solution 

procedure. k 

piDk

X  A dummy node was included to collect product flows from end user with a distance greater 

than Rk from any opened collection point k 
 
The objective function (1) minimizes the cost of opening collection points. The first set of constraints 

(Equation 2) ensures that all used products currently located at end user are transferred to collection points 
(guaranted that all products for recycling, currently at end users, are delivered to collection sites). Constraints 
3 and 4 represent collection points opening constraints, stating that used products from the end user i can be 
transferred to collection point k only if it is opened. Constraint set 5 regards the capacity of collection point. 
Set of constraints 6 and 7 represents the catchment area of the collection point k and allow allocation of end 
users to collection points only when the distance between end user and the collection point is within the 
predefined radius of the catchment area. Finally, last constraints define binary nature of variables.  

After determining optimal locations of collection points in recycling network, it is necessary to define if 
possible optimal scheduling plan of collecting recyclables.  

Min 
k t

t
kpMMaxV  (10) 
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k kpX   (18) 

0t
kX  (19) 

Where	
Sets:	

 tNT ,...1   planning horizon 

 kNK ,...1   collection points 

Parameters 
Qk   capacity of collection point k, Kk   

0
kS   quantity of recyclables in collection point k at the beginning of the planning horizon 
t
kS   quantity of recyclables in collection point k in day t 

MaxV maximal daily collected quantity 
M   big number in objective function 
Variables 
 

 t
kX   daily collected quantities of recyclables from collection point k in day t 
t
kp   binary variable; t

kp =1 if collection point k is served in day t, otherwise t
kp =0 

Objective function (10) minimizes maximal daily collected quantities and number of stops. Big number M 
should be large enough so that a maximal daily collected material is more important than number of vehicle 
stops in collection process. Constraint (11) ensures that collection point is served in day t. Constraint (12) 

represents inventory level for collection point
1
kz , while constraint (13) represents the quantity of recyclables 

in collection point k in case where t>1. Constraints (14) represent collected recyclables in day t for every 

collection point. Constraints (15)-(19) defines variable 
t
kX . 

4. NUMERICAL RESULTS 
Proposed modeling approach was tested at one part of Belgrade city, New Belgrade municipality (Figure 4.) 
The first stage of designing the logistics network is related to the determination of number of locations for 
the collection of recyclables based on the distance from the end users and potential locations for the 
collection. Model 1 is solved using the IBM ILOG CPLEX 12.2 software and the model results for different 
values of radius catchment area are presented Table 1. The distances from the end users to potential locations 
for the collection are determined using the GIS software, while the fixed costs of opening location were the 
same for all possible locations and amounts 150 euros. The waste quantities are estimated according to 
generated quantities in Belgrade (http://www.sepa.gov.rs/download/otpad.pdf). 

 

 
 

Figure 4. New Belgrade municipality 
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Table 1. The results obtained by solving the Model 1 

Local community  “Stari 
aerodrome” 
(Municipality New 
Belgrade) 

Objective function 
value 

Radius of collection 
point catchments area 

(m) 

Number of opened 
collection points 

4350 50 29 

2100 100 14 

1200 150 8 

 
Among 49 potential collection points model determined 29, 14 and 8, respectively depending from the 

radius of catchment area. Results obtained by solving Model 1 can be used to demonstrate impact of the 
catchment area radius to the expected number of users served (and from there quantity of waste textiles 
collected), as well as to the network configuration (number and structure of logistic nodes opened). After 
defining the optimal locations of collection points, we solved Model 2 in order to obtain truck schedule for 
every opened collection point. Capacity of collection point is set to be 20 kg, and we don-t have limits in 
number of vehicles and capacity of vehicles, because the main attention was only to get scheduling results, 
that is to see the what are the systems demands. Results obtained by solving Model 2 are given in Table 2, 
while example of visits to collection points for Rk=100m and t=7 days, Rk=150m and t=7 days and  Rk=50m 
and t=7 days are given in Tables  3, 4 and 5 respectively. 
 
Table 2. The results obtained by solving the Model 2 

Radius of the 
cachment area 

Planning 
horizon 

no. of opened 
collection points 

Objective 
function value 

MaxV 

R=50 m 
 
 

7 days 
29 

 
 

5331.563 131.5626 
14 days 10396.59 196.5896 

21days 
 No results in 
acceptable time 

 No results in 
acceptable time 

R=100 m 
 
 

7 days 14 
 
 

5840.388 140.3881 
14 days 11542.51 142.5109 
21days 17142.51 142.5109 

R=150 m 
 
 

7 days 8 
 
 

5235.862 135.8623 
14 days 10435.86 135.8623 
21days 15535.86 135.8623 

 
 
Table 3. The results obtained by solving the Model 2 (number of visits to collection points for t=7 days and 
Rk=100m 

Collection 
points 

Planning horizon 
0 1 2 3 4 5 6 

1 ■ ■ ■ ■ ■ ■ ■ 
5 ■ ■ ■ ■ ■ ■ ■ 
9 ■   ■    

18 ■ ■  ■  ■  
20 ■ ■ ■ ■ ■ ■ ■ 
24 ■ ■ ■ ■ ■ ■ ■ 
29 ■ ■ ■ ■ ■ ■ ■ 
35 ■ ■ ■ ■ ■ ■ ■ 
38        
40  ■   ■   
41   ■    ■ 
42   ■  ■   
46  ■  ■  ■  
47 ■       

 MaxV 90 140.3881 124.0196 135.8623 111.4495 123.1252 104.0196 
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Table 4. The results obtained by solving the Model 2 (number of visits to collection points for t=7 days and 
Rk=150m) 

Collection 
points 

Planning horizon
0 1 2 3 4 5 6 

2 ■ ■ ■ ■ ■ ■ ■ 
6 ■ ■ ■ ■ ■ ■ ■ 

16 ■ ■ ■ ■ ■ ■ ■ 
17 ■ ■ ■ ■ ■ ■ ■ 
23 ■ ■ ■ ■ ■ ■ ■ 
33 ■ ■ ■ ■ ■ ■ ■ 
39  ■   ■   
49 ■ ■ ■ ■ ■ ■ ■ 

MaxV 70 135.248 119.9409 119.9409 135.8623 119.9409 119.9409 
 
Table 5. The results obtained by solving the Model 2 (number of visits to collection points for t=7 days and 
Rk=50m) 
 
Collection 

points 
Planning horizon 

0 1 2 3 4 5 6 
1   ■     
2 ■   ■    
3 ■       
5 ■   ■    

10 ■   ■    
11 ■    ■   
13        
14  ■   ■   
16  ■  ■  ■  
17 ■    ■ ■  
18   ■   ■  
19  ■  ■    
20  ■   ■ ■  
21 ■ ■ ■ ■ ■  ■ 
24   ■  ■   
26  ■  ■  ■  
28  ■      
34  ■   ■   
35   ■  ■ ■  
36 ■   ■    
37 ■       
38        
39 ■       
40 ■       
41   ■     
42        
45   ■     
46   ■ ■    
47 ■       

MaxV 120 131.5626 130.5012 128.4323 124.1866 90.22104 11.67566 
 
As can be seen from the tables 3, 4 and 5, number of visits to collection points increases with the increase 

in radius of the catchment area. That is reasonable, having in mind that with the increase in radius of the 
catchment area, number of collection points decreases. Although this is relatively small numerical example, 
with no limitations in number of vehicles, capacity of vehicles and other realistic limitations, it must be 
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noticed that for the t=21 days and Rk=50 m, optimal solution for scheduling couldn’t be obtained in 
acceptable time.  

5. CONCLUSION 
Managing recyclables, in terms of minimizing the costs associated with its separation and transport whilst 
maximizing any value that can be gained through its recovery, is becoming of increasing interest as part of 
integrated supply chain management strategies. In this paper we proposed modeling approaches that can be 
used for modeling recycling logistics network. First, in order to correctly model the influence of distance 
between users and collection points on optimal locations, we introduced collection points catchment area. 
Additionally, for determining optimal scheduling plan for collection of recyclables, we proposed the second 
mathematical model.   

Although the results obtained give some answers, in sense of indicating complexity and importance of the 
problem, numerous aspects of the problem and application of approach proposed are still without answer, 
and need future research. Let introduce only some of them. Defining catchment area as a function of socio 
demographic and other relevant characteristics of potential users; aggregation concept to be applied for 
grouping users to be analyzed as a waste sources, with objective to make model tractable in real systems; 
introducing real limitations in vehicle scheduling like capacity constraints, working hours, possible routes, 
etc. 
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Abstract: New modes of production are concomitant with new modes of distribution, which brings forward 
the realm of logistics. As enhanced productivity is the primary benefit of mobile technologies, alongside with 
the goal to help maximize productivity, improve safety, increase vehicle utilization and reduce cost, the 
necessity arises to evaluate their usability and acceptance. To evaluate users’ subjective impressions about 
the system and their degrees of satisfaction the well-known questionnaire System Usability Scale (SUS) was 
employed in the study. Based on the SUS scores the results indicate that tablet is usable in field conditions. 
The results of the analysis can be adopted as a guideline for mobile application design user interface fine-
tuning in the future versions. 

Keywords: System Usability Scale, Tablet Computer, Logistics. 

1. INTRODUCTION 
New modes of production are concomitant with new modes of distribution, which brings forward the realm 
of logistics. Mobile technologies have developed rapidly the last couple of years resulting in many different 
types of mobile devices, a wide spectrum of mobile execution and development platforms, and many types 
of wireless network technologies. The unique features of mobile devices that could be explored include small 
screens, low display resolutions, non-traditional input methods, limited bandwidth, unreliability of wireless 
networks, changing mobile context (e.g., location) and limited memory. Nonetheless, further limitations are 
in terms of different input styles, due to the lack of established standards for gestures and their actions, small 
keypad, small memory and short battery life (Holzinger & Errath, 2007). Mobile applications use interactive 
interfaces, which are apparently complex and often faced with usability issues such as information overload, 
screen clutter, lack of task support and limited interaction mechanisms (Wesson et al., 2010; Ali, et. al., 
2012). 

Notwithstanding Tablet PCs provides transportation professionals the high tech tools needed to organize 
logistical operations, monitor product movement and communicate securely with field personnel, automatic 
back-up and storage of all documents on secure, remote server. They have become essential to the rail 
transport, port, trucking and airline sectors. Tablets deliver cost-effective functionality in any intermodal 
environment, from offices and rail yards to loading docks and trains. Mobile technologies that supply chain 
and logistics professionals implement facilitate tracking, communication, and process execution. They are 
rich in contents for navigation and messaging capabilities, the ability to capture engine data and telemetry, 
customer interaction, and hours-of-service information, and the durability required to operate reliably in the 
extreme environmental conditions. Tablet PC systems, offer tremendous advantages, including: on-the-spot 
general computing capability, real-time data capture, information sharing, including inventory visibility 
across entire supply chain - any time, from any location. In addition, wireless applications are enabling 
companies to better control purchasing, preventative maintenance, warranty and repair. They help 
transportation companies improve efficiency and productivity and cut fuel and other operating costs. 
Tablets could help fleets become more efficient when communicate with workers in real-time, reduce costly 
paperwork, eliminate data entry errors, track container locations, optimize asset utilization, improve 
customer service, scan bar codes and capture signatures, capture images of damaged items and maximize 
uptime, manage fuel costs and optimize delivery routes. Furthermore, increase staff productivity, by re-
assigning personnel to more critical activities, eliminate the need for costly system development and ongoing 
maintenance. These devices are garnering greater acceptance as a highly practical and relevant technology 
for use in the workplace. 
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The characteristics of mobile applications and the unique features of Tablet PCs become the main 
challenges in usability measurement. Usability guidelines for mobile applications are still lacking and 
relatively unexplored and unproven (Gong & Tarasewich, 2004, Azham & Ferneley, 2008). From 
engineering perspectives, usability is defined from two aspects which are hardware (physical) and software 
(system) (Han et al., 2001). Usability has been increasingly recognized as a significant quality dimension to 
determine the success of mobile applications and defined as the capability of a product to be understood, 
learned, operated and be attractive to users when used to achieve certain goals with effectiveness and 
efficiency in specific environments (Bevan, 1995, Hornbæk & Lai-Choong, 2007). Another widely accepted 
definition of the usability determines it as “the extent to which a product can be used with effectiveness, 
efficiency and satisfaction in a specified context of use” (ISO, 2002). Usability, in the latter sense, is a 
synonym for usability engineering. The Usability Engineering Lifecycle by Mayhew (1999) defines usability 
engineering to consist of four parts. The usability process can be divided into distinct phases as follows: 
requirements analysis, design/testing/development and installation. All the models and methods which aim to 
evaluate usability are useful but they still have some limitations. Many usability models and methods have 
been created in numerous areas (Treeratanapon, 2012). Most of questionnaires are helpful but they have been 
deployed to evaluate the usability of specific software systems as well. Usability helps mobile application 
easy to work but it cannot be directly measured. It has been studied by measuring various different usability 
parameters and metrics. The System Usability Scale (SUS) developed in 1986 by Digital Equipment 
Corporation is a ten-item scale giving a global assessment of Usability, operatively defined as the subjective 
perception of interaction with a system (Brooke, 1996). The SUS items have been developed according to 
the three usability criteria defined by the ISO 9241-11: (1) the ability of users to complete tasks using the 
system, and the quality of the output of those tasks (i.e., effectiveness), (2) the level of resource consumed in 
performing tasks (i.e., efficiency), and (3) the users’ subjective reactions using the system (i.e., satisfaction). 
The SUS has been used across a wide range of user interfaces, including standard OS-based software 
interfaces, Web pages and Web applications, cell phones, landline phones, modem and networking 
equipment, pagers, IVRs, speech systems, and video delivery hardware and software. 

The survey is technology agnostic, making it flexible enough to assess a wide range of interface 
technologies, from interactive voice response systems (IVRs) and novel hardware platforms to the more 
traditional computer interfaces and Web sites. Second, the survey is relatively quick and easy to use by both 
study participants and administrators. Third, the survey provides a single score on a scale that is easily 
understood by the wide range of people (from project managers to computer programmers) who are typically 
involved in the development of products and services and who may have little or no experience in human 
factors and usability. Finally, the survey is non-proprietary, making it a cost effective tool as well. 
Bangor et al. (2008) identify six major usages for SUS: 

1. Providing a point estimate measure of usability and customer satisfaction 
2. Comparing different tasks within the same interface 
3. Comparing iterative versions of the same system 
4. Comparing competing implementations of a system 
5. Competitive assessment of comparable user interfaces 
6. Comparing different interface technologies 

 

2. CURRENT STUDY 
Bearing in mind that the tablet PC provides a platform that combines data entry and retrieval with advanced 
communication and collaboration capabilities, in this paper the usage of such kind of device in field 
operations is considered. The experiment on the 8.4” tablet PC Prestigio MultiPad PMP3384B running 
Android OS has been conducted in order to investigate the functionality of schematic and satellite mobile 
maps and databases, and direct interaction with information displayed on the screen, in real conditions 
(Mitrović, et al., 2012a, 2012b). At the beginning of the experiment, 10 (half of them females) naive 
participants were asked to familiarize themselves with the Tablet PC interface. They practiced using the 
device until they were proficient.  

To evaluate users’ subjective impressions about the system and their degrees of satisfaction we utilized 
the well-known questionnaire System Usability Scale (SUS). SUS was developed as part of the usability 
engineering programme in integrated office systems development at Digital Equipment Co Ltd., Reading, 
United Kingdom (Brooke, 1996).  
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The scale has been made freely available for use in usability assessment, and has been used for a variety 
of research projects and industrial evaluations; the only prerequisite for its use is that any published report 
should acknowledge the source of the measure. 

The questionnaire is revised by experts with significant experiences in the related fields. The selected 
statements actually cover a variety of aspects of system usability, such as the need for support, training, and 
complexity, and thus have a high level of face validity for measuring usability of a system. The SUS presents 
half the questions with positive phrasing (e.g., “I thought the system was easy to use”) and the other half 
negatively (e.g., “I found the system unnecessarily complex”). Respondents should be asked to record their 
immediate response to each item, rather than thinking about items for a long time. 

It consists of ten statements, questionnaire items are presented below:  
1.  I think that I would like to use this system frequently.  
2.  I found the system unnecessarily complex.  
3.  I thought the system was easy to use.  
4.  I think that I would need the support of a technical person to be able to use this system.  
5.  I found the various functions in this system were well integrated.  
6.  I thought there was too much inconsistency in this system.  
7.  I would imagine that most people would learn to use this system very quickly.  
8.  I found the system very cumbersome to use.  
9.  I felt very confident using the system.  
10.  I needed to learn a lot of things before I could get going with this system. 

After users finishing answering the ten questions, the scale offers a formula which transfers the subjective 
impressions of users into the objective data information for analysis. The calculation procedure of the SUS 
score, involves first summing the score contributions from each item. Each item's score contribution range 
from 0 to 4. For items 1,3,5,7 and 9 the score contribution is the scale position minus 1. For items 2,4,6,8 and 
10, the contribution is 5 minus the scale position. Finally, the sum of the scores should be multiplied by 2.5 
to obtain the overall value of SU. 

The range of estimate score is from 0 to 100. The higher the score is, the more useful the system is and 
the more easily users can interact with it (Brooke, 1986, Isman & Isbulan, 2010). SUS yields a single number 
representing a composite measure of the overall usability of the system being studied. The principal value of 
the SUS is that it provides a single reference score for participants’ view of a product’s usability. As such, 
the individual statements that compose the SUS are secondary to the discussion of the instrument, in favour 
of the emergent score. 

3. RESULTS 
The best way to interpret a SUS score is to compare it to previous scores, benchmarks from the industry or to 
the overall SUS average value which is 68, according to Sauro’s (2011) researches. The findings for the SUS 
are summarized in Table 1 and 2.  
 

Table 1: SUS Statistics for Tablet PC usability evaluation (authors study) 
Statistic                              Overall          Usable Learnable 
Minimum                                     30 37.5 0 
Maximum                                  87.5 87.5 100 
Mean                                       68 67.5 70 
Variance                                 371.94 293.40 1006.25 
Standard deviation 19.29 17.13 33.44 
Standard error of the mean                  6.09 5.42 10.57 
Skewness                               -1.32 -1.13 -1.25 
Kurtosis                               0.72 0.33 0.59 
First quartile                             66.88 66.41 46.88 
Median                                     72.5 70.31 87.5 
Third quartile                            79.38 78.13 87.5 
Interquartile range                        12.5 11.72 40.63 
Critical z  (99.9%)                         3.08 3.08 3.08 
Critical d (99.9%)                          18.76   16.69 32.56 
99.9% confidence interval  upper limit 97.16 93.40 120.55 
99.9% confidence interval  lower limit 38.84 41.60 19.45 
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Of particular interest is that the central tendencies of the Bangor et al. (2008) and the Lewis & Sauro 
(2009), as well as for our study, Overall SUS distributions were not identical (with the mean of Overall SUS 
scores 70.14, 62.1 and 68 respectively). An average rating has been abstracted from over 500 studies, where 
the average SUS score has been 68 (Measuring Usability, 2010), as in our study. Besides the confidence 
intervals did not overlap, and also similar differences for the first and third quartile. The difference in central 
tendency between the data sets is most likely due to the different types of users, products, and tasks included 
in the data sets. The items selected for the SUS were those that provided the strongest discrimination 
between the systems. In his original paper, Brooke (1996) reported strong correlations among the selected 
items (absolute values of r ranging from 0.7 to 0.9), but he did not report any measures of reliability or 
validity.  For these reasons, he cautioned against assuming that the SUS was any more than a unidimensional 
measure of usability. An early assessment (using coefficient alpha) of the SUS indicated a reliability of 0.85 
(Lucey, 2004). 
 
Table 2: SUS Statistics from Bangor et al. (2008) and Lewis and Sauro (2009) 

 Bangor et 
al. (2008) 

Lewis and Sauro (2009) 

Statistic                    Overall       Overall   Usable Learnable 
Minimum                  0 7.5 0 0 
Maximum                 100 100 100 0 
Mean                        70.14 62.1 59.44 72.72 
Variance                   471.32 494.38 531.54 674.47 
Standard deviation 21.71 22.24 23.06 25.97 
Standard error of 

the mean                  
0.45 1.24 1.28 1.44 

Skewness                  NA −0.43 −0.38 −0.8 
Kurtosis                    NA −0.61 −0.6 −0.17 
First quartile            55 45 40.63 50 
Median                     75 65 62.5 75 
Third quartile           87.5 75 78.13 100 
Interquartile range   32.5 30 37.5 50 
Critical z  (99.9%)   3.09 3.09 3.09 3.09 
Critical d (99.9%)    1.39 3.82 3.96 4.46 
99.9% confidence 

interval  upper limit 
71.53 65.92 63.4 77.18 

99.9% confidence 
interval  lower limit 

68.75 58.28 55.48 68.27 

 
More recent estimates using larger samples have found its reliability to be just over 0.9 (0.91 from Bangor 

et al., 2008, using 2,324 cases; 0.92 from Lewis & Sauro, 2009, using 324 cases). Cronbach' Alpha for the 
SUS version employed in the present study is 0.87. 

This one-dimensional aspect of the SUS is both a benefit and a drawback, because the questionnaire is 
necessarily quite general. The traditional unidimensional structure (Kirakowski 1994, Brooke, 1996, Bangor 
et al.,2008) has been challenged by the more recent view of Lewis and Sauro (2009), assuming Learnability 
and Usability as independent factors. According to Lewis & Sauro (2009), eight items load on the usability 
factor and two items on the learneability factor. The two learneability terms are 4 (“I think that I would need 
the support of a technical person to be able to use this system”) and 10 (“I needed to learn a lot of things 
before I could get going with this system”). They stated that without any extra work SUS can provide not 
just the existing global score but also scores on two subscales; usability and learneability. Sauro (2011) 
provides the following rules to calculate scores for usability and learnability:  

1.  Start with scaling the scores the same way as with the regular SUS.  
2.  Learnability: total the scores for items 4 and 10 and multiply result by 12.5, which will scale the result 
from 0 to 100.  
3.  Usability: total scores for the rest eight items and multiply the result by 3.125 to scale the result from 0 
to 100. 
The results of our research into the factor structure of the SUS show that it would be possible to use the 

new Usable subscale in place of the Overall SUS, and are in accordance with the Sauro & Lewis (2012) 
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findings. The Overall scale and Usable subscale had an extremely high correlation (r = 0.974), and the 
reduction in reliability in moving from the 10-item Overall SUS to the eight-item. Nevertheless, The Overall 
scale and Learnable subscale demonstrated high correlation as well (r = 0.887), although scores on the 
learnability scale indicate higher mean values than the scores of the two other scales (Figure 1). We may 
conclude that the two-factor model with correlated factors outperformed both the factor models proposed in 
the literature to account for the measurement model of the SUS. 
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Figure 1: SUS scores for Overall scale, Usable and Learnable subscales 
 

Individual responses have been standardized on a per survey basis. Performing a t test on the standardized 
results shows that Statement 7 ("I would imagine that most people would learn to use this system very 
quickly") differ significantly from the responses on Statement 3 ("I thought the system was easy to use")   (t= 
2.3772, p< 0.04) (Figure 2). Participants tended to give Statement 7 a rating that was about average with 
respect to their other ratings. 

This finding could mean that there are characteristics of the statements that tend to result in generally 
positive or negative ratings. It could also be that participants tend to more strongly disagree with negative 
statements than they agree with positive statements. A third possible explanation is that participants had a 
bias toward the left side of the survey, as suggested by Friedman & Amoo (1999). The responses have a clear 
negative skew. 

By inspection, Statement 7 received the most extreme of all responses, while Statement 9 ("I felt very 
confident using the system") had the highest standard deviation of its standardized scores, at 1.02, above the 
others, which ranged from 0.94 to 0.99. 
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Figure 2: SUS scores for tablet 
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With a sufficient history of test scores for a basis of comparison, these data provide the usability 
practitioner with sufficient evidence that a given interface is- or is not- sufficiently usable in its current form. 
To get a better sense of how to use that information to interpret a raw SUS score, we can use Table 3 to 
convert the raw score into a percentile rank. In essence, this percentile rank tells us how usable our 
application is relative to the other products in the total database. This means that a score of 66 is considered 
more usable than 44% of the products in the Sauro (2011) database (and less usable than 56%). Anything 
with a percentile below 50% is, by definition, below average, and anything above 50% is above average. 
 
Table 3: Percentile Ranks for Raw SUS Scores 

Raw SUS Score Percentile Rank Raw SUS Score Percentile Rank 
5 0.3% 69 53% 
10 0.4% 70 55% 
15 0.7% 71 60% 
20 1% 72 63% 
25 1.5% 73 67% 
30 2% 74 70% 
35 4% 75 73% 
40 6% 76 77% 
45 8% 77 80% 
50 13% 78 83% 
55 19% 79 86% 
60 39% 80 88% 
65 41% 85 97% 
66 44% 90 99.8% 
67 47% 95 99.9999% 
68 50% 100 100% 

 
In the spirit of the relative (as opposed to an absolute) measurement of usability, there are 

recommendations to grade on a curve in which a SUS score of 68 is at the center of the range. Summarizing 
the results the mean SUS score gathered in the study is 68, the median is 72.5, the maximum is 87.5 and the 
minimum is 30. These scores indicate that tablet is usable. 

4. DISCUSSION  
There are factors, which will have an impact on the SUS results. According to Sauro (2011), one of the most 
important is user experience - how much experience users have with the system being evaluated. Besides, 
SUS is reliable, because it has shown to be more reliable and detect differences at smaller sample sizes than 
other, even commercial questionnaires. As sample size and reliability are unrelated, SUS can generate 
reliable results on a very small sample size. 

However, since we have found a relative correlation of Usability factors with Learnability ones, future 
studies should clarify under which circumstances researchers may expect to obtain Usability and Learnability 
scores to be associated or dissociated from each other (e.g., systems with high Learnability but low Usability, 
or vice versa, or what would be the optimal case, systems with both high Learnability coupled with high 
Usability). In the present study, users evaluated a single system (Tablet PC) and this might have boosted up 
the association of the two factors. Alternatively, our sample of users, might be considered a sample with high 
computer skills compared to the general population and this might have also boosted up the factor 
correlation. Other studies of the SUS should, then, consider different combinations of systems and users to 
test the generality of the correlation of the two factors. 

5. CONCLUSION 

Enhanced productivity is the primary benefit of mobile technologies, alongside with the goal to help 
maximize productivity, improve safety, increase fleet utilization and reduce cost. The results of our study 
showed that when configured, using the Tablet PC required minimal training and effort and yield substantial 
benefits, especially for inexperienced stuff. It was observed that the time needed for initial training in work 
with the Tablet PC device was very short, averaging less than 10 minutes. Overall, the initial reactions of our 
subjects were consistently supportive for the Tablet PC usability and acceptance. According to system 
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usability testing respondents seem to be were qualified for being involved in decisions regarding the 
evaluation and purchase of mobile solutions for warehousing or distribution center operations. The results of 
the analysis can be adopted as a guideline for mobile application design user interface fine-tuning in the 
future versions. The results of quantitative measurements and subjective assessments could be used as the 
guidelines to provide better solutions and to meet the demands of usability for mobile interaction 
applications. This contributes to the personnel level of satisfaction, while minimizing probability of error.  
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Abstract: In the highly competitive business environment, the success of travel agencies deeply depends on 
their achieved levels of customer satisfaction. Accordingly, it is important to understand better the main 
drivers affecting the choice and later evaluation of a tourism destination by consumers. This paper 
introduces conjoint analysis as an appropriate tool for evaluating the preferences and expectations of 
customers. A survey was conducted and the results based on a sample of 514 respondents, members of the 
youth population are presented. Moreover, it has shown that the information obtained through Conjoint 
analysis can be used to develop both marketing and communication strategies. 

Keywords: Preferences, tourism, conjoint analysis, marketing strategy. 

1. INTRODUCTION 
Tourism is the largest service industry worldwide, and it is the leading employer in both industrialized and 
developing countries (UNWTO 2011). The travel and tourism sector is very important for the economic 
well-being of both developed and developing countries. Even in the current economic crisis several 
international organizations argue that the tourist industry is a key driver for leading economies out of the 
crisis. Thus United Nations World Tourism Organization - UNWTO (2012) stated that tourism development 
“can make a significant contribution to the three pillars of sustainable development - economic, social and 
environmental”. 

According to the data of the World Tourist Organization and its Tourist vision for 2020 it is estimated 
that the number of international arrivals will amount to approximately 1.6 billion by 2020. Of the total 
number of arrivals in 2020, 1.2 billion will be interregional and 378 million will include long-distance 
travellers. If the number of tourist arrivals in various regions is considered, three most visited regions are 
Europe (717 million tourists), East Asia and the Pacific (397 million) and America (282 million), 
immediately followed by Africa, Middle East and South Asia (Table 1). 

 
Table 1: Tourist arrivals, market share and average growth rate (Source: Lopes et al. 2009) 

 Base Year Forecasts Market Share (%) Average Annual  
Growth Rate (%)  1995 2010 2020 

 Million 1995 2020 1995-2020 
World 565 1006 1561 100 100 4.1 
Africa 20 47 77 3.6 5.0 5.5 
Americas 110 190 282 19.3 18.1 3.8 
East Asia and the Pacific 81 195 397 14.4 25.4 6.5 
Europe 336 527 717 59.8 45.9 3.1 
Middle East 14 36 69 2.2 4.4 6.7 
South Asia 4 11 19 0.7 1.2 6.2 

 
On such a covered tourist market, the success of a tourist destination should be based on the tourists' 

motives analysis as well as on the research of their preferences. Over the years, various approaches have 
been developed that provide insight into the factors that determine tourist offers. Nevertheless, these have 
often been of limited use. Poor quality of available data at high costs, or the impossibility of obtaining better 
data, has resulted in untested models as well as models that do not include the variables that are managerially 
the most relevant. There are numerous studies dealing with the tourist preferences analysis, using various 
methods (see Mohamada and Jamil 2012; Kim et al. 2011; Hsu et al. 2009). 

The aim of this paper is to determine the preferences of young people in Serbia when choosing a tourist 
offer in order to be able to choose the suitable marketing strategy. For that purpose, in this paper we used 
Conjoint analysis. Conjoint analysis is a consumer research technique developed to provide a method for 
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determining the relative contributions of multiple factors to customer satisfaction. By using conjoint analysis 
it is possible to determine which attributes are important to certain customers, or market segments, in the 
selection of a travel destination. This information allows managers to allocate resources efficiently enough to 
respond to customer preferences most adequately. 

The paper is organized in the following way. Section 2 deals with the key factors affecting motivation for 
travelling as well as the criteria for the choice of the most favourable offer alternative. The Section 3 
describes Conjoint analysis, the method we proposed to determine the importance of a tourist destination 
attributes. In the scope of this study the survey was conducted and the most important findings are presented 
in Section 4. The fifth section deals with the final conclusions.   

2. KEY FACTORS OF YOUNG PEOPLE`S MOTIVATION FOR TRAVELLING 
Customers’ motives are defined as the immediate motivation, action driving force or the urge to purchase a 
certain product. Motives and drivers are terms that signify the need which has provoked tension strong 
enough to direct the consumer towards its satisfaction for the purpose of retrieving balance. A need becomes 
a motive when it reaches the sufficiently high level of intensity. Therefore needs represent motives taken in 
their more basic meaning (Maričić 2008)  

Motivation has been referred to as a psychological condition in which an individual is oriented towards 
and tries to achieve a kind of fulfillment. According to Moutinho (2000), motivation is the state of need or 
the condition which drives an individual to action which will provide him satisfaction. Motivation can be 
also described as energetic strength which drives the consumer’s behaviour and produces the purpose and the 
direction of that behaviour (Hawkins et al. 1992).  

Consumers’ motives represent a critical point in deciding on the purchase of a tourist product (Chang 
2007). One of the best known typologies of tourist motives was provided by the author named Crompton 
(1979), who classifies motives into those which „push“ tourists to travel and motives which „pull“ tourists 
towards a tourist destination. In other word, people travel because they are "pushed" by their inner motives 
or because they are "pulled" by external factors of a tourist destination (Lam and Hsu 2006). It is considered 
that most motives that “push“ consumers originate from non-materialistic inner desires to escape, experience 
adventure, fulfill dreams, search for novelty, rest and relaxation, health and recreation or a desire for prestige 
and socialization. Whereas the motives which „pull“ are based on attractive factors of a tourist destination, 
including material resources (beaches, recreational activities and cultural attractions) as well as tourist 
perception and their expectations (novelty, benefit expectations and marketing image) (Lam and Hsu 2006; 
Uysal and Jurowski 1993). In their study Pearce and Lee (2005) identify the desire to escape and rest, 
searching for novelty, autonomy, nature, self development, self actualization, nostalgia, isolation, romantic 
tendencies and the tendency for recognition as the general factors of tourist motivation. Motives which 
"push" tourists explain the desire for travel, and represent the starting point for the understanding of tourists 
behaviour (Kim et al. 2008). The authors Yoon and Uysal (2005) have discovered that motives which "push" 
tourists, such as excitement, relaxation, wish to escape, safety and curiousity have positive influence on 
tourist decision to visit a certain destination. Also, numerous studies have shown that motivation factors have 
positive influence on tourists’ intentions to purchase a certain product or service (Alegre and Cladera 2009; 
Jang and Feng 2007; Vazquez and Xu 2009). The only problem with these studies is that the motivation of 
tourists is evaluated after the completed visit to a certain destination which could disturb the original picture 
of the motivation (Nowacki 2009). In order to prevent this, the authors Konu and Laukkanen (2009) suggest 
that the evaluation of motivation should be conducted on potential tourists, and their hypothesis is that 
motivation factors have positive influence on tourists’ intentions to buy a tourist product.   

The segment of young consumers in tourism has become increasingly significant. Kim, Jogathan and Noh 
(2006), in their study on the decisions of American students in relation to travels, have identified seven 
factors which "push" tourists to a particular destination, and these are: to escape, to see and learn, adventure 
and excitement, satisfaction, rules of visual flying, nature and leisure and entertainment. In another study on 
students’ travels, Kim, Noh and Jogaratnam (2007) recognized seven new "push" motivation factors which 
are designated as: knowledge, sport, adventure, relaxation, life style, bragging about travelling and family. 
On the other hand, Chinese students who visit New Zealand are motivated by relaxation as well as career and 
educational possibilities (Ryan and Zhang 2006). According to Moisa (2010), young people are inclined to 
include themselves in all these activities which are characterized by discovery, adventure and sport. Tibon 
(2012) thinks that the most common motives for travelling of the young are: nature and wellness; education, 
meeting new people and relaxation, as well as unique experience.  

410



The important thing to be pointed out is that the choice of a particular tourist destination indicates the 
wish for a particular type of benefit, so that motivation has a fundamental role in the choice of a tourist 
destination, since it represents inner thoughts which lead a tourist to a particular goal (Nahab 1975).  

A vital component in understanding consumers’ behaviour is the buyer decision process. Experts on 
marketing have developed so-called "phase model" of the buyer decision process. A consumer, according to 
Kotler and Keller (2006) go through five phases: recognition of the problem or need, looking for 
information, evaluation of alternatives, decision on purchase and the behaviour after the purchase. This does 
not mean that each consumer will go through all five phases, some phases can be omitted or their order may 
be reversed. For the conjoint analysis which will be applied in this paper the most interesting is the phase of 
alternative assessment.    

Alternative assessment is the phase in which a consumer disposes of sufficient information to be able to 
make a decision. There is a consensus in expert literature on tourism that the factors which influence the 
choice of a tourist destination are under the influence of psychological (attitudes, motivation and self-
concept) and functional (utilitarian) variables (Sirakaya et al. 2001). The criteria which the consumers use in 
the evaluation of products and services are various standards and specifications, but some personal 
(subjective) factors as well. Therefore technical, economic, social and personal factors are to be 
differentiated (Maričić 2008).    

It is considered that a consumer experiences his product as the package of attributes, where the attributes 
do not have the same importance for different consumers. The utmost attention is paid to the attributes which 
are related to the very needs of the consumers.   

3. MODEL OF CUSTOMERS' PREFERENCES 
Conjoint analysis is an experimental approach for measuring customers’ preferences about the attributes of a 
product or service. The method was first suggested within psychometric research (Luce and Tukey 1964). 
Conjoint analysis, sometimes called ‘trade-off analysis’, reveals how people make complex judgments. The 
technique is based on the assumption that complex decisions are made not based on a single factor or 
criterion, but on several factors CONsidered JOINTly, hence the term conjoint. Conjoint analysis enables the 
investigator to understand better the interrelationship of multiple factors as they contribute to preferences. 

Conjoint experiments involve individuals being asked to express their preferences for various 
experimentally designed, real or hypothetical alternatives. These hypothetical alternatives are descriptions of 
potential real-world alternatives, in terms of their most relevant features or attributes (both quantitative and 
qualitative); hence, they are multi-attribute alternatives. Lists of attributes describing single alternatives are 
called profiles or concepts. Typically, the set of relevant attributes is generated by expert opinions, reviewing 
the research literature and performing pilot research with techniques such as focus groups, factor listings, or 
repertory grids. Two or more fixed values, or “levels”, are defined for each attribute, and these are then 
combined to create different profiles. 

Having collected the information on individual preference, the responses need to be analyzed. To 
determine the relative importance of different attributes to respondents, the trade-offs that individuals make 
between these attributes, as well as the overall benefit taking into account these trade-offs, a relationship 
must be specified between the attributes’ utility and the rated responses. The simplest and most commonly 
used model is the linear additive model. This model assumes that the overall utility derived from any 
combination of attributes of a given good or service is obtained from the sum of the separate part-worths of 
the attributes. Thus, respondent i’s predicted conjoint utility for profile j can be specified as follows:  

1 1

kLK

ij ikl jkl ij
k l

U x 
 

  ,      1,..., , 1,...,i I j J  , (1) 

where I is the number of respondents; J is the number of profiles; K is the number of attributes; kL is the 

number of levels of attribute k. ikl  is respondent i’s utility with respect to level l of attribute k. jklx  is such a 

(0,1) variable that it equals 1 if  j has attribute k at level l, otherwise it equals 0. ij  is a error. 

The parameters ikl  (part-worth utilities) are estimated by a regression analysis. These utilities can be 
further used to calculate the relative importance of each attribute, which is known as an importance score or 
value. Furthermore, overall utility scores ( )ijU  can be estimated for different combinations of attributes by 

inserting the appropriate levels into Equation 1. These utility scores can be further used to predict the market 
shares for each of the defined combinations.  
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4. EMPIRIC STUDY 
 

The aim of this paper is to determine the preferences of tourists while choosing a tourist offer, but also to 
identify market segments and their needs and preferences. Thus it becomes possible to get to know tourist 
market better and to develop marketing strategies which suit each target segment. This study also confirms 
applicability of Conjoint analysis in identifying key attributes of tourist offers.   

 
4.1. Survey design  
 
The first phase of Conjoint analysis dealt with the analysis of attributes. Selection of key attributes and their 
levels is based on two elements: relevant bibliography (Lopes 2009) and preliminary research. This 
preliminary research was carried out by the traditional “pencil and paper“ method. It included 30 respondents 
consisting of the pupils of the Hotel Staff School from Belgrade and the students of the University of 
Belgrade. The respondents were asked to list the most important criteria when choosing a tourist offer and 
then to single out the top ten. The Table 2 shows 18 attributes which were listed as the most important ones 
by the respondents. Out of the total number of 300, 274 votes were given to these particular attributes. The 
rest of the votes were given to the attributes mentioned only once or twice, and therefore were not taken into 
consideration. The attribute everybody singled out was the Price. The rest of them, listed by the criterion of 
importance, included the following: Leisure offer and Night fun (27), Cultural offer (26), and 
Accommodation (26).   

 
Table 2: Results of the preliminary study  

Ord. 
No Attribute Count (n of 30) 
1 Price  30 
2 Leisure offer and Night fun 27 
3 Cultural offer 26 
4 Accommodation (hygiene of the accommodation facility)  26 
5 Type of destination 20 
6 Means of transportation 19 
7 Food 16 
8 Climate 15 
9 Time of travel  14 
10 Hotel location 12 
11 Political stability 10 
12 Transport possibility 10 
13 Kind staff  10 
14 Time of permanency 9 
15 Company 9 
16 Local population 8 
17 Recommendations 8 
18 Way of payment 5 
 Total  274 (of 300) 

 
Considering too great a number of attributes for implementation of Conjoint analysis, as well as the aim 

of the research, out of the total number of 18 attributes shown in the Table 1, the following six were chosen 
for further analysis: Kind of destination, Time of permanency, Cultural offer, Leisure offer and Night fun, 
Price, Political stability. It is obvious that the first four have been chosen because of the great number of 
votes in the preliminary research. Although ranked highly in the preliminary research, the attribute 
Accommodation has not been included into further study because the very aim of this study refers to the 
choice of a tourist offer, and not to the choice of accommodation facilities. Although not ranked highly, the 
attributes Political stability and Time of permanency have been included in the study because of the current 
events and the appearance of new phenomenon of terrorism, as well as new trends in tourism such as the 
preference of several shorter stays throughout the year instead of a single one which would last longer.  

The selected attributes for this study and the levels assigned to each of them are shown in the Table 3. 
The first attribute, Kind of destination, was attributed three levels: Beach, Mountain and City. However, 
tourist offer represents the combination of various tourist products, services and resources, and consists not 
only of the type of destination, but of all of them together defining the attraction of each offer. Still, not all 
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the elements of attractiveness have the same significance in all tourist offers. Therefore the other attributes 
provide a more detailed description. The second attribute, Time of permanency, was assigned three levels, 
which were chosen on the basis of the most common tourist offers at the market. Duration of 2 to 3 days is 
considered to be a weekend travel, 4 to 7 is a prolonged weekend, and the duration from 8 to 12 days is the 
most common offer for a longer holiday. Public character of every tourist offer is based on benefits serving 
all the visitors to that destination, and these are historical and cultural heritage. Therefore this attribute was 
assigned two levels: Rich and Poor cultural offer. 

 
Table 3: List of key attributes and their levels 

No. ATTRIBUTES LEVELS 
1. Kind of destination Beach  Mountain  City 
2. Time of Permanency 2-3 days (Weekend) 4-7 days 8-12 days 
3. Cultural offer Rich Poor 
4. Leisure offer and Night fun Rich  Poor  
5. Price Up to150€ 150-250€ 250-450€ > 450€ 
6. Political stability Stable  Unstable 

 
Leisure offer and Night fun affects the level of tourist comfort, as well as the number of their activities. 

This attribute is described at two levels: Leisure offer and Night fun are represented either as rich and 
various, or as poor and monotonous. The attribute Price is assigned four levels. Each of the levels (up to 150 
euros, 150-250 euros, 250 – 450 euros, over 450 euros) represents the price in euros for one of the offers. 
The levels are defined on the basis of consulting with tourist agents who form the price of the arrangements.   

Tourists’ concerns about political stability increased significantly after numerous terrorist attacks world 
wide as well as because of numerous cases of kidnapping, robberies and political turbulence in eastern 
countries. Safety of all tourist and catering operations represents critical point today; therefore it is necessary 
to have plans for all kinds of danger. Personal safety of tourists should be the priority (Walker 2010). 
Because of all the above-mentioned, political stability of a destination is considered the vital element in the 
choice. This attribute is assigned two levels: a stable and unstable situation. 

For the creation of the experimental design software package SPSS 16.0 was used. Experiment design 
was generated, consisting of 18 profiles, 2 of which were the control ones (Table 4). Control profiles were 
not used for evaluating preferences. Their sole purpose was the obtained results quality checking. Besides 
Conjoint questions, the questionnaire included some basic demographic questions. 

As the method of evaluation by the respondents, the method of full profiles evaluation was chosen. The 
respondents expressed their preferences to each of 18 offered combinations of attributes of tourist offers on 
the scale from 1 to 7, where 1 means “I certainly do not choose“, and 7 “I certainly choose“. 

 
Table 4: Generated list of profiles 

ID Kind of 
destination 

Time of 
Permanency 

Cultural 
Offer 

Leisure Offer and 
Night Fun 

Price 
 

Political 
stability 

1. Beach  2-3 days  Poor Rich 150-250 € Unstable 
2. Beach 2-3 days Poor Poor More than 450  Stable 
3. City 2-3 days Poor Rich 250-450€ Unstable 
4. Beach 4-7 days Poor Rich 150-250€ Stable 
5. Mountain 2-3 days Rich Poor 150-250€ Unstable 
6. Beach 2-3 days Rich  Rich up to150€ Stable 
7. Beach 2-3 days Rich Poor 250-450€ Unstable 
8.* Beach 8-12 days Rich Rich 250-450€ Stable 
9. Beach 8-12 days Poor Poor More than 450€ Unstable 
10. City 4-7 days Poor Poor Up to 150€ Unstable 
11. City 2-3 days Rich Rich More than 450€ Stable 
12. Mountain 2-3 days poor Poor up to150€ Stable 
13. Mountain 4-7 days Rich Rich More than 450€ Unstable 
14. City 8-12 days Rich Poor 150-250€ Stable 
15. Beach 8-12 days Rich Rich  up to150€ Unstable 
16. Beach 4-7 days Rich Poor 250-450€ Stable 
17.* Mountain 4-7 days Poor Rich 150-250€ Stable 
18. Mountain 8-12 days Poor Rich 250-450 € Stable 

*Control profiles (Holdouts) 
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4.2. Study implementation 
 
The survey was conducted in Serbia, in December 2012. Data collection was conducted online through a 
web-based questionnaire. For that purpose we used social networks (Facebook, Twitter) and electronic mail. 
The questionnaire was made by means of one of the various options on Google. The enclosure supplies the 
form of the questionnaire. This method of data collection was chosen for several reasons:  
 Online surveys are less expensive than the traditional “paper and pencil”. In this study specifically, 

free web hosting and a free domain were used.  
 An online survey can be filled out simultaneously by a greater number of people. The number is 

practically unlimited.  
 The collected data is very easily exported into SPSS or Excel format  
 The questionnaire is available to a greater number of people.  
In total 518 respondents completed questionnaires. However, 4 questionnaires (0.77%) were eliminated 

since those respondents filled in the questionnaires with a monotonous pattern (e.g. marking all profiles as 3 
or 2). Further 11 (2.12%) were eliminated due to inconsistent responses. After this elimination, the number 
of valid questionnaires was 503 (97.1 %), giving the total of 8048 observations.  

The demographic data are summarized in Table 5.  
 

Table 5: Demographics of respondents 
Variable Description Count (n=503) Percentage (%) 
Gender Male 180 35.8 
 Female 323 64.2 
Age 14-19 years 163 32.4 
 20-25years 133 26.4 
 26-35 years 207 41.2 
Occupation High school students 156 31.0 
 University students 139 27.6 
 Employed 176 35.0 
 Unemployed 27 5.4 
 Other 5 1.0 
Monthly income  Up to100€ 50 9.8 
(per household member) 100€ - 299€ 130 25.8 
 300€ - 499€ 178 35.4 
 500€ - 999€ 110 21.9 
 More than 1000€ 35 7 

 
4.3. Analysis and Results   
 
Results at the aggregate Level (Averaged Preferences) 
 

To estimate conjoint parameters we used the statistical package SPSS 16.0 (conjoint procedure). The 
parameters are estimated individually for each respondent in the sample (individual preferences), as well as 
for the total sample (aggregated preferences) using linear additive model (also known as part-worth model). 
The aggregated preferences are shown in Table 6.  

The signs of the part-worths were in line with the a priori expectations. For example, a negative sign for 
poor cultural offer indicates that respondents prefer rich cultural offer. Respondents showed expected 
preferences for all other criteria, with the best level having the highest utility. These results can be regarded 
as an indication of the theoretical validity of the questionnaire, i.e. the extent to which the results confirm to 
the a priori expectations. 

The goodness of fit statistics for the estimated models is reported in the last four rows in Table 6. A high 
value of the Pearson coefficient, 0.988, confirms the high level of significance of the obtained results. 
Similarly, a high value of the Kendall correlation coefficient, 0.933, indicates a high level of correlation 
between the observed and estimated preferences. The Kendall coefficient for two holdout profiles has a value 
of 1.000, which is an additional indicator of the high quality of the obtained data. 

As it can be seen from the Table 6, the most important attribute for total sample is Price, with the average 
importance of 26.025%. A slightly less importance at the aggregate level is attributed to Political stability 
(19.645%) followed by Time of permanency (19.010%). Next in line according to importance are the 
attributes Type of destination (13.131%) and Cultural offer (12.064%). The least important attribute at the 
aggregate level is Leisure offer and Night fun, with the average importance of 10.124%. 
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Table 6: Averaged Preferences 
Attribute and levels Attributes' 

importance (%) 
Part-worth 

utilities 
Std. 

Error 
Kind of destination 13.131   

Beach   -0.027 0.114 
Mountain  0.016 0.134 
City  0.011 0.134 

Time of Permanency 19.010   
2-3 days  -0.672 0.114 
4-7 days  0.030 0.134 
8-12 days  0.643 0.134 

Cultural Offer 12.064   
High  0.399 0.086 
Low  -0.399 0.086 

Leisure offer and Night fun 10.124   
High  0.300 0.086 
Low  -0.300 0.086 

Price  26.025   
Up to 150€   0.583 0.148 
150-250€  0.481 0.148 
250-450€  -0.082 0.148 
> 450€  -0.981 0.148 

Political Stability 19.645   
Stable  0.790 0.086 
Unstable  -0.790 0.086 

Constant=3.734   0.095 
Correlations between observed and estimated preferences    

 Value Sig. 
Pearson's R 0.988 0.000 
Kendall's tau 0.933 0.000 
Kendall's tau for Holdouts 1.000  

 
As for the attribute Price, the first two levels: “up to 150€“ (Part-worth = 0.583) and the level “from 150€ 

to 250€“ (part-worth = 0.481) increase the consumers’ total preferences. As opposed to these, two next levels 
“from 250€ to 450€“ (part-worth = -0.082) and “> 450€“ (part-worth= -0.981) have negative values of part-
worth so that they decrease consumers’ total preferences. 

About the attribute Political stability it can be concluded that the preferred level is a Stable political 
region with a positive part-worth of 0.790, and the opposite Unstable political region has a negative part-
worth (-0.790). Considering the highly rated attribute Time of permanency, the respondents prefer the offer 
from 8 to 12 days. Although somewhat lower, positive preferences were also given to the second level, that 
is, 4-7 days. Compared to these two levels, the 2-3 days offer decreases the total preferences (-0.672).   

The attribute Kind of destination, has positive part-worth for the levels Mountain (0.016) and City (0.011) 
and these two levels increase consumers’ total preferences, whereas the last level Beach with a part-worth of 
(-0.027) by it’s negative value decreases the total preferences.  

As for the attribute Cultural offer, preferred level is a Rich cultural offer with a part-worth of 0.399.  
The least valued attribute Leisure offer and Night fun, has a part-worth of 0.300 for Rich offer and a part-

worth of (-0.300) for the Poor offer.  
Considering the respondents’ preferences at the aggregate level, the optimal tourist offer could be 

described in the following way: 8 – 12 days on the mountain with rich cultural offer and night life, stable 
political region, and the price as low as possible, up to 150 euros. 

 
Preferences of a priori defined segments 
 
In order to identify whether there are differences among the preferences of certain consumer groups, an 
analysis was conducted for the a priori defined segments as well. The a priori segmentation was carried out 
on the basis of the status, gender and age criteria. 

As for the importance of attributes between segments with and without income, a considerable difference 
is not obvious (Figure 1). However, although for both segments Type of destination is a moderately 
important attribute, the differences between their levels are observed (Table 7).  
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Figure 1: Importance of attributes for different consumers’ segments 

 
Namely, the respondents with income prefer Mountain and City (with Mountain ranked higher), while the 

segment without income prefer Mountain (positive part-worth), whereas Seaside and City decrease their total 
preferences. As for the attribute Price, it is interesting that positive value of utility for the consumers with 
income takes even three levels (up to 450€). The only level evaluated as negative utility is the last one. As 
opposed to this, consumers without income are somewhat more sensible to Price as the offer choice factor 
and grade two levels with negative value (price more than 250 euros). The respondents without income 
prefer travels of 4 days or more, while those with income prefer only longer duration travels, while shorter 
travels decrease their total preferences (negative value of part-worths).  

 
Table 7: Part-worth utilities for a priori defined segments 

 Income Gender Age 
Attributes/levels Without (327) With (176) Male (80) Female (323) Teenage (163) Older (340)
Kind of destination       

Beach  -0.002 -0.074 0.002 -0.043 0.034 -0.056 
Mountain 0.005 0.038 0.016 0.016 -0.046 0.046 
City  -0.003 0.036 -0.019 0.027 0.012 0.010 

Time of permanency       
2-3 days (Weekend) -0.714 -0.596 -0.657 -0.681 -0.773 -0.624 
4-7 days 0.048 -0.005 0.021 0.035 0.137 -0.022 
8-12 days 0.665 0.600 0.636 0.646 0.636 0.646 

Cultural offer       
High 0.356 0.479 0.340 0.433 0.263 0.465 
Low -0.356 -0.479 -0.340 -0.433 -0.263 -.465 

Leisure offer and Night fun       
High  0.323 0.258 0.385 0.253 0.321 0.290 
Low  -0.323 -0.258 -0.385 -0.253 -0.321 -0.290 

Price       
Up to 150€ 0.651 0.455 0.616 0.564 0.677 0.537 
150-250€ 0.569 0.317 0.500 0.470 0.558 0.444 
250-450€ -0.140 0.025 -0.151 -0.044 -0.191 -0.030 
> 450€ -1.080 -0.798 -0.965 -0.990 -1.044 -0.951 

Political stability       
Stable  0.804 0.762 0.570 0.912 0.819 0.776 
Unstable -0.804 -0.762 -0.570 -0.912 -0.819 -0.776 

 
Women’s and men’s buyer decision processes differ significantly, since there is significant difference in 

priorities, preferences and attitudes in consumption. The analysis of these two segments in choosing tourist 
offers shows that the attribute Price is by far the most important for men (27%). The attribute Time of 
permanency is also singled out as considerably significant with the importance of approximately 20%. In the 
case of female consumers, the attributes Price (25.5%) and Political stability (approximately 22%) are 
singled out as highly important. It is interesting that the importance of this attribute (Political stability) for 
men is only 15.5%. Although the attribute Kind of destination was not demonstrated as highly important in 
both segments, significant difference in male and female preferences are obvious when it comes to this 
segment. Namely, men show positive preferences to Mountain and Beach, whereas women agree with them 
when it comes to Mountain, but choose City most gladly.  

As for the age segmentation it is obvious that both teenagers and adults value as important the same 
attributes, such as: Time of permanency, Price and Political stability, where Price is the most important 
attribute (Figure 1). However, their choice of tourist destination would be somewhat different; namely, 
teenagers would rather choose Beach and City, whereas adults would rather travel to Mountain or visit some 
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City. Time of permanency is ranked differently in these two segments. Teenagers prefer holidays from 4 to 7 
days, but also holidays from 8 to 12 days, while adults prefer holidays from 8 to 12 days exclusively.  

 
Discussions 

 
In this paper Conjoint analysis has been used to make it clear how important certain attributes are in forming 
tourists’ preferences in choosing tourist offer, as well as how much they differ depending on market 
segments. The results obtained by Conjoint analysis are significantly different from the results of preliminary 
study where only Price appeared as really the most important attribute in both cases. Such high value of this 
attribute was expected because consumers’ expectations and their perception of price had changed 
considerably. Namely, tourists are unwilling to paying more (instead, they prefer to get more for less) and 
tourism enterprises should take measures in order to solve this problem (Kapiki 2012). Other attributes, such 
as Leisure offer and Cultural offer, which were highly rated in the preliminary study, came last after the 
Conjoint analysis, while the attributes Political stability and Time of permanency, which had appeared less 
important, proved to be highly ranked in choosing the destination. Final results of Conjoint analysis showed 
that the greatest importance is assigned to the attribute Price (26%), while the least importance is assigned to 
the attribute Leisure offer and Night fun (10%). 

Besides averaged preferences, measurement and analysis for the previously (a priori) defined segments 
were carried out. The a priori segmentation was carried out on the basis of the status, gender and age criteria. 
Segmentation on the basis of income does not show drastic difference between segments, except that the 
segment without income prefers Mountain while the segment with income is equally inclined to choose City. 
Such a result can be expected since the consumers without income can also afford short holidays in the City 
throughout the year, besides the main longer one. Not only that the consumers with and without income 
show different preferences when it comes to buying tourist products, but they prefer different media as well. 
The consumers with higher salaries use magazines and books, while the consumers with lower salaries prefer 
television, which can be useful to marketers when creating propaganda messages (Kotler and Keller 2006). 

As for gender segmentation, both male and female consider Price the most important attribute, while the 
next in line for women is the attribute Political stability, and for men Time of permanency. One of the 
reasons for high level of importance of the attribute Political stability for women can be because the 
traditional role of women has changed so that they participate with even 80% in family buying, therefore 
high importance of this attribute can be related to their wish to choose the safest location for their family.  

The difference between a teenager and another segment of consumers from the age of 20 to 35 is not so 
drastic in evaluating attributes as it is in preferences of their levels.  

5. CONCLUSION 
Given that competition in the tourist sector is becoming ever sharper, the development of effective 
competitive strategies is constantly gaining importance. In order to create superior value and competitive 
advantages in the marketplace, travel agencies must understand the customers’ desires, needs and behavior, 
and at the same time satisfy them more efficiently than the competition. For identifying the priority needs 
and desires of consumers, this paper proposes the use of conjoint analysis as one of the most popular 
methods for evaluating consumer preferences. The conducted study demonstrated that conjoint analysis can 
be used to identify the key factors of differentiation and positioning strategies in the tourism sector.  

The findings of the study are significant to marketers on both a theoretical and practical level. On a 
theoretical level, they add to our knowledge of the relative importance of price and the various service 
factors that influence consumer decisions. On the practical level, the results provide information to managers 
which should help them provide appropriate customer service levels more effectively.  
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Abstract: Marketing research grew out of the needs and demands of the marketing system. Marketing system 
represents a conceptual model in which marketing mix and situational factors are seen as independent 
variables (input) and cause behavioral responses and performance measures (such as sales, market share, 
profit, return on investment, cash flow). Managers make decisions aiming to influence the performance 
measure in a predictable manner based on their information about marketing system. One of the non-
monetary performance measure is customer satisfaction. In this paper we present the Kano model of 
customer satisfaction which classifies product attributes based on how they are perceived by customers and 
their effect on customer satisfaction.The Kano model can be of help when developing or improving a product 
or determining a market strategies.  

Keywords: Marketing Research, Performance Measure, Kano Model, Customer Satisfaction.  

1. INTRODUCTION 
Business decisions related to the markets demand some ability to track and predict the behaviour of large 
groups of people. How can one predict only one person’s decisions? If we go further, how can one predict 
the behaviour of many people? The effective approach can be expected with gathering data intelligently and 
oftenly connecting those data with statistical analyses. The procedures and methodology of marketing 
research make it feasible to gather usable information, based on which we can make strategic decisions. The 
risk of incorrect decisions can also be lowered.  

The purpose of marketing research is to gather information that can be used to identify opportunities as 
well as problems in marketing and to choose more effective actions in the marketplace. Marketing research 
uses information from all sources connected with marketing (company, competition, marketing mix, social 
and technological environment), whereas market research gathers, edits and analyze data for certain market 
or a segment.  

Through marketing research companies can get insight in their customer as well as the competition and 
trends. Through marketing research companies construct fundamentals of their market orientation. The 
purpose of marketing research is to link customer to the marketer by providing the information that can be 
used in making marketing decisions. Some believe that the link between the customer and marketing 
research is more important today than ever. Competition for the customer is practically growing every day, 
customers expect greater value. Companies have to learn insights from the customers in order to keep them 
loyal (Burns and Bush, 2010). One way for companies to get insights from the customers is to measure 
customer satisfaction. Customer's opinions are sought usually in the form of surveys asking questions about 
perceptions of quality, experiences with a brand or purchase, likelihood to come back and buy again or tell 
friends about their experience etc. We are interested in the extent to which our customers are satisfied or 
dissatisfied. One of the models to measure customer satisfaction is Kano model of customer satisfaction 
which classifies product attributes based on how they are perceived by customers and their effect on 
customer satisfaction.  

The paper is structured as follows: after brief introduction, we present marketing system, we continue 
with marketing management process, then shortly present the concept of customer satisfaction and the Kano 
model. We continue with empirical application and at the end we conclude. 

2. MARKETING SYSTEM 
Marketing research grew out of the needs and demands of the marketing system. Marketing system 
represents a conceptual model in which marketing mix and situational factors are seen as independent 
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variables (input) and cause behavioral responses and performance measures (figure 1) (Feinberg, Kinnear 
and Taylor, 2013; Jobber,2007) 
 

 
Figure 1: Model of the marketing system 

 
Independent variables in marketing research are separated into situational factors (which cannot be 

controlled) and various decisions made by the organization. Situational variables represent the environment 
to which the selling organization must adopt. These factors include availability of resources, actions of 
competitors, economic climate, market trends, government regulations. Although these cannot be controlled, 
they can be measured. On the other hand, numerous variables are difficult or impossible to measure, such as 
customer mood while shopping – they must be treated as unobservable. Numerous other decisions and 
choices are under the control of the organization. Among the most important of these is marketing mix, 
which typically includes product, price, places and promotion. Combinations of different levels of these 
variables form alternative marketing programs or courses of action. If we want to understand market 
dynamics and customer behaviour it is reasonable to view these as inputs or decision variables (see, for 
example, Aaker, 2005, 2010, Chernatony, 2002).  

Both independent variables (namely marketing mix and situational factors) influence behavioral response, 
which includes purchases, buying intentions, preferences and attitudes. It would not be reasonable to believe 
that behavioral responses result only from independent variables. Actual behavior is a combination of a 
variety of effects – some are controllable, some merely measurable and some unobservable. This on the other 
hand complicates the question of how to develop a marketing program that effectively handles a dynamic set 
of variables and behavioral responses. Behavioral responses form the basis for the organization’s monetary 
and non-monetary performance measures. Monetary measures include sales, market share, profit, ROI, cash 
flow. Non-monetary measures are for example the organization’s image, customer satisfaction.  

In practice, business decision are rarely driven only by these input-output marketing model and formal 
statistical models, but are a combination of also managerial experience, judgement and intuition.  

3. MARKETING MANAGEMENT PROCESS  
The main task of marketing management is to comprehend the marketing system well enough to make 
decisions that affect that system in accordance with the organization's goals. The role of the informational 
feedback between the marketing system and the decision-making process, which is called marketing 
management process, is shown in figure 2 (see, for example, Feinberg, Kinnear and Taylor, 2013). 
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Figure 2: Marketing management process  

 
Managers make decisions aiming to influence the performance measure in a predictable manner based on 

their information about marketing system. They are informed by their past experience and marketing 
research and they plan future actions by comparing performance against objectives (Aaker and 
Joachimsthaler, 2009). 
 

4. MEASURING CUSTOMER SATISFACTION   
We already mentioned that performance measures in marketing system are those which managers try to 
influence and can be divided into monetary and non-monetary performance measures. One of the non-
monetary performance measure is customer satisfaction. Customer's opinions are sought usually in the form 
of surveys asking questions about perceptions of quality, experiences with a brand or purchase, likelihood to 
come back and buy again or tell friends about their experience etc. We are interested in the extent to which 
our customers are satisfied or dissatisfied.  

One of the models to measure customer satisfaction is Kano model of customer satisfaction which 
classifies product attributes based on how they are perceived by customers and their effect on customer 
satisfaction. These classifications are useful for guiding design decisions – they indicate when good is good 
enough and when more is better (Kano Model Analysis) 

4.1. Kano model of customer satisfaction 
Kano model of customer satisfaction divides product attributes into three categories: threshold or must be, 
performance and excitement or delighter (see figure 3). A competitive product meets basic attributes, 
maximizes performances attributes and includes as many excitement attributes as possible (see, for example, 
Kano Model Analysis; Spool, 2011). 

 
Threshold attributes 
Threshold or basic attributes are the expected attributes or »musts« of a product and do not provide an 
opportunity for product differentiation. Increasing the performance of these attributes provides diminishing 
returns in terms of customer satisfaction. On the other hand, the absence or poor performance of these 
attributes results in extreme customer dissatisfaction.  
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Figure 3: Kano model   
 
 
Performance attributes 
Performance attributes are those for which more is generally better and will improve customer satisfaction. 
On the other hand, absence or poor performance attributes reduces customer satisfaction.  
 
Excitement attributes 
Excitement attributes are unspoken and unexpected by customers but can result in high levels of customer 
satisfaction. Their absence does not lead to dissatisfaction. Excitement attributes often satisfy latent needs – 
real needs of which customers are currently unaware. Providing excitement attributes that address unknown 
needs can provide a competitive advantage.  

5. EMPIRICAL APPLICATION    
The aim of this paper is to present the basics of the Kano model of customer satisfaction and give an 
empirical example. The implementation of the Kano model is based on the secondary database on toothpaste 
brands. Respondents fill in the questionnaire about toothpaste attributes by marking their level of importance 
on a 1-7 scale (1- not important; 7 – very important). Toothpaste attributes are: brand image, innovative 
features/ingredients, color, attractive packaging, likeable fflavor, good taste, freshening breath, cleaning 
stainds/tartar, fighting cavities. To construct the Kano model, we have to define x axis and y axis. We define 
x axis as stated importance, which is the mean importance rating given to attributes by the respondents. Y 
axis is defined as derived importance, which we get by correlating rating of attributes with the overall rating. 

According to the Kano's model attributes that have a high stated and low derived importance are 
minimum expected attributes (must be attributes). Attributes like whitening teeth, fighting cavities and 
cleaning stains/tartar are the minimum expected in a toothpaste. Attributes with low stated and high derived 
importance are called delight attributes. The marketers should concentrate on these attributes. In this study 
the innovative ingredients and brand image emerge as the delight attributes. Others are linear attributes. If 
they are important then pay attention. The most important attribute is freshening breath, as stated and derived 
importance are high. If they have low importance one should not pay much attention on those attributes in 
the sense of design. In this case spending too much on attractive packaging may not be in a linear 
relationship with profitable returns.  
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Figure 4: Kano model   

 

6. CONCLUSION     
The purpose of marketing research is to link customer to the marketer by providing the information that can 
be used in making marketing decisions. Some believe that the link between the customer and marketing 
research is more important today than ever. Competition for the customer is practically growing every day, 
customers expect greater value. Companies have to learn insights from the customers in order to keep them 
loyal. One way for companies to get insights from the customers is to measure customer satisfaction. The 
Kano model, which is applied in this paper, classifies product attributes based on how they are perceived by 
customers and their effect on customer satisfaction. The Kano model can be of help when developing or 
improving a product or determining a market strategies.  
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Abstract: Determining hidden consumer preferences is the key to success and a powerful weapon against the 
competition of every company, because it allows them to meet consumers’ individual needs. Depending on 
consumers’ requirements, each company will make an effort to meet their needs. This paper aims to provide 
a study of consumers’ environmental purchasing decisions, as well as an analysis of the importance of 
environmental packaging in the presence of other relevant attributes of a product. This paper provides an 
overview of applications of statistical technique, Conjoint analysis, in valuation of consumer preferences. 
Conjoint analysis determines the importance of each attribute based on consumers’ preferences, by 
examining their tendencies towards certain attributes of a product. An empirical study is conducted. The 
preferences of respondents for particular characteristics of yoghurt are determined by Conjoint analysis. 
Companies can potentially reduce the cost of production and placement and increase sales of products on 
the market by discovering consumer preferences. 

Keywords: Conjoint analysis, consumer preferences, purchasing decisions, environmental packaging, eco-
label. 

1. INTRODUCTION 
Considering the serious environmental problems that the world faces today, in recent years there has been a 
significant increase in interest in environmental and ethical issues related to consumer behavior. Caring for 
the environment is closely related to the behavior of consumers, as it is assumed that consumers, to some 
extent, are taking an active role in solving environmental problems, by recycling and choosing eco-friendly 
products, as well as with their lifestyle (Thogersen 1999, Uusitalo 1986). 

Although most consumers have a positive attitude towards nature, they don't behave consistently with 
their own views when purchasing (Moisander 2007, Thogersen 2004, Thogersen and Olander 2003, Uusitalo 
1989). In addition to consumers, companies also have responsibility towards the environment, even more, 
they represent the root of the problem. They must propagate environmental consciousness and 
environmentally responsible behavior in order to solve the current problem. However, the indisputable basis 
of corporate social responsibility and green marketing is the existence of green consumers and their active 
participation in the market. This "vicious circle" must be well understood and explored in order to help 
experts in application of the effective marketing mix, that will also consider the interest of nature.  

This paper aims to point out how Conjoint analysis, as statistical technique, can be used to determine 
consumers' preferences for packaging of yogurt with eco-label, in the presence of other relevant attributes of a 
product. 

Conjoint analysis represents one manner to find out the preferences of respondents, by examining their 
tendencies towards certain attributes of a product. The Conjoint analysis is based on the assumption that 
respondent evaluate the overall utility or importance of the concept based on a combination of individual part-
worth utilities of those level attributes that are present in that concept, whereby those part-worth utilities are 
expressed quantitatively and represents desirability of certain characteristics. The researchers calculate the values 
of part-worth utilities by asking respondents to complete the evaluation of alternative concepts, where these 
concepts are composed of a combination of attributes, whose part-worth utilities researchers are examining. 

Conjoint analysis is often used in marketing. Consumers' preferences towards different product attributes 
and elements of the packaging, as well as towards environmentally friendly products and packaging are 
investigated (Thompson et al. 2010, Rokka and Uusitalo 2008, Silayoi and Speece 2007). 

This paper is organized as follows. Section 2 provides an overview of applications of Conjoint analysis in 
valuation of consumer preferences. Section 3 describes Conjoint analysis, a method we have proposed as an 
appropriate tool for determining consumers’ preferences for packaging of yogurt with eco-label. Survey was 
conducted and most important findings are given in Section 4. Section 5 provides the concluding remarks. 
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2. APPLICATIONS OF CONJOINT ANALYSIS IN ESTIMATION OF CONSUMER’S 
PREFERENCES TOWARDS PRODUCT CHARACTERISTICS 
The importance of packaging design and the role of packaging as a means for consumer communication are 
necessarily growing in recent years. To achieve communication goals effectively, knowledge about 
consumer psychology is important so that manufacturers understand consumer response to their products. 
Silayoi and Speece (2007) examined the relative importance of packaging elements of food products using 
Conjoint analysis among consumers in Thailand. The Conjoint results indicate that perceptions about 
packaging technology (portraying convenience) play the most important role overall in consumer likelihood 
to buy. Segmentation variables based on packaging response can provide very useful information to help 
marketers to maximize the package’s impact. They found the segment in which consumers consider 
packaging elements as the most important. Some consumers are mostly oriented toward the visual aesthetics, 
while a small segment focuses on product detail on the label. 

Firms engage in environmental marketing in order to appeal to environmentally conscious consumers. In 
order to empirically test the existence of a relationship between environmental marketing, green consumers 
and green segmentation, Thompson et al. (2010) used Conjoint analysis to measure the relative importance 
of forest certification in a purchase decision. The results indicate that the environmental marketing of eco-
labeled forest products appeals to a segment of environmentally conscious consumers. This appeal occurs for 
both a value-added product (furniture) and a non-value-added product (plywood). Thus, there is support for 
the argument that environmental marketing to environmentally conscious consumers can result in “green 
segmentation”. Key findings from this study suggest that those consumers reporting the strongest preferences 
for environmentally certified forest products were more willing to pay a premium for certified products, 
more likely to display environmentally conscious behavior and more likely to perceive that green consumer 
purchases effectively benefit the environment. 

Rokka and Uusitalo (2008) studied consumer environmental choice by analysing the relative importance 
of green packaging when compared with other relevant product attributes. The empirical study was based on 
a Choice-Based Conjoint analysis of preferences for functional drink products of a sample of 330 consumers 
using these products. The empirical method was quantitative and applied two multivariate techniques. First, 
the relative importance of selected product attributes was estimated by conducting a Conjoint analysis on the 
basis of choice data of the Internet-based consumer survey. This resulted in utility (or part-worth) functions 
for each individual, reflecting respondents’ preferences for different attributes in the product choice, and 
consequently, the average importance of each product attribute could be calculated. Second, the respondents 
were grouped in relation to their utility functions using cluster analysis. In the cluster analysis, consumers 
were segmented on the basis of the most important attributes in their choices. Their choice-based approach 
on environmental behavior brings new insights to previous researches, which predominantly relies on 
attitude models. Results indicate that consumers differ in their preferences for packaging, brand, price and 
convenience of use of daily products. Contrary to several previous studies, they found that the largest 
consumer segment, one-third of consumers, favored eco-labeled packaging as the most important criteria in 
their choice. The findings emphasize the increasing importance of ethical and environmental dimension in 
product choices. They also propose that the attention in environmental consumer research should be shifted 
from general attitude studies towards the study of actual product choices. 

3. CONJOINT ANALYSIS 
Conjoint analysis is a multivariate technique that can be used to understand how an individual’s preferences 
are developed. Specifically, the technique is used to gain insights into how consumers value various product 
attributes based on their evaluation of the complete product (Kuzmanovic and Martic 2012). Conjoint 
analysis, sometimes called ‘trade-off analysis’, reveals how people make complex judgments. The technique 
is based on the assumption that complex decisions are made not based on a single factor or criterion, but on 
several factors CONsidered JOINTly, hence the term Conjoint. Conjoint analysis enables the investigator to 
better understand the interrelationship of multiple factors as they contribute to preferences. 

Conjoint experiments involve individuals being asked to express their preference for various 
experimentally designed, real or hypothetical alternatives. These hypothetical alternatives are descriptions of 
potential real-world alternatives in terms of their most relevant features, or attributes; hence, they are multi-
attribute alternatives (Parker and Schrift 2011). Lists of attributes describing single alternatives are called 
profiles. Typically, the set of relevant attributes is generated by reviewing the research literature and 
performing pilot research with techniques such as focus groups, factor listings, or repertory grids. Two or 
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more fixed values, or “levels”, are defined for each attribute, and these are combined to create different 
profiles. 

Obviously, the number of possible profiles increases immensely with the increasing number of attributes 
or levels. A set of profiles that consists of all the possible combinations of the attribute levels is the full-
factorial experimental design. As in most Conjoint studies, the large number of possible combinations of 
attributes and levels make it impossible to generate a design based on all the possible combinations. Namely, 
such designs are impractical because the subjects’ cognitive limitations and time constraints do not allow 
considering a large number of profiles. Thus, fractional factorial designs, which assume no interactions 
between attributes and ensure the absence of multicollinearity, are used to reduce the number of profiles. 

The experimental procedure involves profiles being presented to respondents who are invited to express 
their preference by rating or ranking these profiles. Preference functions are estimated from this data, using 
OLS regression for rating the data, and ordinal techniques when the rankings are obtained. 

Having collected the information on individual preference, the responses need to be analysed. To 
determine the relative importance of different attributes to respondents, the trade-offs that individuals make 
between these attributes, as well as the overall benefit taking into account these trade-offs, a relationship 
must be specified between the attributes’ utility and the rated responses. The simplest and most commonly 
used model is the linear additive model. This model assumes that the overall utility derived from any 
combination of attributes of a given good or service is obtained from the sum of the separate part-worths of 
the attributes. Thus, respondent i's predicted conjoint utility for profile j can be specified as follows: 

1 1

kLK

ij ikl jkl ij
k l

U x 
 

  ,      1,..., , 1,...,i I j J  , (1) 

where I is the number of respondents; J is the number of profiles; K is the number of attributes; Lk is the 
number of levels of attribute k. ikl is respondent i’s utility with respect to level l of attribute k. xjkl is a (0,1) 
variable that it equals 1 if profile j has attribute k at level l, otherwise it equals 0. ij is a stochastic error term. 

The parameters ikl  are estimated by a regression analysis. These beta coefficients, also known as part-

worth utilities, can be used to establish a number of things. Firstly, the value of these coefficients indicates 
the amount of any effect that an attribute has on overall utility of the profiles – the larger the coefficient, the 
greater the impact. Secondly, part-worths can be used for preference-based segmentation. Namely, given that 
part worth utilities are calculated at the individual level, if preference heterogeneity is present, the researcher 
can find it. Respondents who place similar value to the various attribute levels will be grouped together into 
a segment. Thirdly, part-worths can be used to calculate the relative importance of each attribute, also known 
as an importance value. Importance values are calculated by taking the utility range for each attribute 
separately, and then dividing it by the sum of the utility ranges for all of the factors. The results are then 
averaged to include all of the respondents. If the market is characterized by heterogeneous customer 
preferences, it is possible to determine the importance of each attribute for each of isolated market segments. 

Overall utility scores can be estimated for different combinations of attributes by inserting the appropriate 
levels into Equation 1. These utility scores can be further used to predict the market shares for each of the 
defined combinations. Finally, part-worths can be used to test the internal validity of Conjoint analysis, i.e. 
the extent to which the results are consistent with economics theory, or, more generally, a priory 
expectations. 

4. EMPIRICAL STUDY  
The main objective of this study was to determine those characteristics of yogurt that consumers extremely 
value, and then to determine the extent to which they appreciate packaging with eco-label in the presence of 
other attributes of a product, when purchasing. The survey was fielded in Belgrade, Serbia, in November 
2012. In total, 328 individuals answered the survey, but the additional control found that only 270 
questionnaires were valid. 

4.1. Study design 
We have defined five key attributes based on literature review (Rokka and Uusitalo 2008, Njegovan and 
Hopić 2012) and monitoring of market and assuming that there is a correlation between them and consumers' 
environmental behavior. Having chosen the attributes, levels must be assign to them. These should be 
realistic, plausible and capable of being traded. The attributes and levels chosen for this study are shown in 
Table 1. 
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Table 1. Attributes and their levels 
Attribute Level 1 Level 2 Level 3 Level 4 
Brand Imlek Subotica dairy Novi Sad dairy Sabac dairy 
Milk fat Less than 2.8% 2.8% More than 2.8% / 
Packaging material Carton Biodegradable plastic Non-biodegradable plastic / 
Cap Yes No / / 
Price [RSD] 75 85 95 105 

 
The first attribute „Brand“ has four levels, which represent dairies with the largest processing capacities 

in Serbia. "Milk fat" is an attribute which consumers who care about the look and health emphasize when 
making purchasing decisions, but, due to the nature of each individual consumer, it can't be said which of 
these three levels is rationally the best. The third attribute "Packing material" is a very important 
characteristic of product packaging, because the correct choice can have a positive impact on the 
environment. Carton and biodegradable plastic are so called „Green materials“, while non-biodegradable 
plastic is harmful to us and our environment. The attribute „Cap“ is a component of convenience of using the 
product, because the consumer doesn't have to worry if the rest of the content will be spilled out after 
opening and consuming. Besides that, the cap keeps the freshness of yogurt. Price has four levels, where 
each level represents cost price in RSD for one liter packaging of yogurt. 

Once the attributes and their levels are defined, we moved on to generate a plan of the experiment. 
Software generated 18 profiles, from which 2 were the control profiles (Table 2). Control profiles weren't 
used for preferences calculation. Their sole purpose was to check the quality of delivered results. 

 
Table 2: Generated list of profiles 

ID Brand Milk fat Packaging material Cap Price [RSD] 
1 Subotica dairy 2.8% Carton Yes 85 
2 Novi Sad dairy 2.8% Carton No 75 
3 Imlek 2.8% Biodegradable plastic No 105 
4 Sabac dairy More than 2.8% Biodegradable plastic Yes 75 
5 Sabac dairy Less than 2.8% Carton No 85 
6* Sabac dairy 2.8% Carton No 75 
7 Novi Sad dairy Less than 2.8% Non-biodegradable plastic Yes 105 
8 Imlek More than 2.8% Non-biodegradable plastic No 85 
9 Sabac dairy Less than 2.8% Carton No 105 
10 Imlek Less than 2.8% Carton Yes 95 
11 Novi Sad dairy Less than 2.8% Biodegradable plastic Yes 85 
12 Subotica dairy Less than 2.8% Non-biodegradable plastic No 75 
13 Imlek Less than 2.8% Carton Yes 75 
14 Subotica dairy Less than 2.8% Biodegradable plastic No 95 
15* Imlek Less than 2.8% Biodegradable plastic Yes 95 
16 Novi Sad dairy More than 2.8% Carton No 95 
17 Sabac dairy 2.8% Non-biodegradable plastic Yes 95 
18 Subotica dairy More than 2.8% Carton Yes 105 

* holdout profiles 
 
In order to elicit the preferences for the various profiles, in this study a rating approach was utilized. The 

respondents expressed their preferences for a particular yogurt on a scale of 1 to 5, where 1 stands for 
absolutely undesirable, and 5 stands for absolutely desirable. The survey was conducted by using social 
networks (Facebook, Twitter) and e-mail. 

4.2. Analysis and Results 
The ratio between males and females was approximately 1:2. More than half of the respondents were 
students, aged between 18 and 25 years, which was to be expected given the method of data collection. Table 
3 provides detailed demographic data. 

An interesting fact is that nearly 90% of respondents said they own environmental consciousness, and 
only 37% had never participated in an environmental action (Figure 1).  
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Table 3: Demographic characteristics 
Characteristics Description %

Age [years] 
18-25 58.1
26-35 31.9
36-45 10.0

Education 
Primary and secondary school 24.4
Academic degree 75.6

Child 
Yes 20.7
No 79.3

Monthly income per household member 
Below average 14.8
Average 45.6
Above average 39.6

Consumption of yogurt 
Often 76.6
Rarely 21.9
Never 1.5

 

 
Figure 1: Environmental consciousness of the respondents and their participation in environmental actions 

 
Results from the analysis are shown in Table 4 and Figure 2. Table 4 presents the (averaged) part-worth 

utilities of each level of the attributes, while Figure 2 is the graph description of the attributes importance.  
 
Table 4: Averaged part-worth utilities 

Attribute Attribute level Part-worth utilities 

Brand 

Imlek 0,130 
Subotica dairy -0,039 
Novi Sad dairy -0,037 
Sabac dairy -0,054 

Milk fat 
Less than 2.8% 0,073 
2.8% 0,085 
More than 2.8% -0,158 

Packaging material 
Carton 0,359 
Biodegradable plastic 0,200 
Non-biodegradable plastic -0,559 

Cap 
Yes 0,107 
No -0,107 

Price [RSD] 

75 -2,294 
85 -2,600 
95 -2,906 
105 -3,212 

Constant = 5.599   

 
A high value of the Pearson coefficient, 0.987, confirms the high level of significance of the obtained 

results. Similarly, a high value of the Kendall correlation coefficient, 0.933, indicates a high level of 
correlation between the observed and estimated preferences. The Kendall coefficient for two holdout profiles 
has a value of 1.000, which is an additional indicator of the high quality of the obtained data. 
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Figure 2: Averaged attribute importance values 

 

As Figure 2 shows, the most important attribute is „Price“, with an average importance value of 24.13%. 
Slightly less important on the aggregate level are attributes „Brand“ (23.81%) and „Packaging material“ 
(23.70%). Moderate important attribute is „Milk fat“ (18.90%). The least important attribute on the 
aggregate level is „Cap“, with an average importance of 9.46%. 

The constant (= 5.599), represents a stochastic error obtained through regression analysis, and it is used to 
calculate the total utility of each profile. The β coefficient is related to the price attribute, because it is the 
only attribute defined as linear in SPSS software. This coefficient is always negative for the price and it 
represents the sensitivity of respondents' preferences on changes in price of products (Figure 3). Higher 
absolute value of the coefficient and steeper linear function means that respondents are more sensitive to 
changes in price, meaning that small increase in price leads to a sharp drop of preferences. 

 

 
Figure 3: The ratio between a price of yogurt and respondents' preferences 

 

Part-worth utilities reflect the sensitivity of respondents to change of attribute levels (Figure 4). High 
sensitivity level of the attribute means that the consequence of level change of the given attribute on the 
overall utility of yogurt is significant. It may be noted that all attributes included in the study are extremely 
sensitive to level changes, but this sensitivity is the highest in the case of attributes „Brand“ and „Packaging 
material“. 

 
Figure 4: Part-worth utility functions of the two most important attributes 

 

Observing the attribute „Brand“, it can be concluded that there is a high sensitivity of preferences 
between the level „Imlek“ and other levels of this attribute, while sensitivity is significantly lower between 
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levels „Subotica dairy“, „Novi Sad dairy“ and „Sabac dairy“. For attribute „Packaging material“, there is a 
high sensitivity of preferences between environmental packaging, which is presented with levels „Carton“ 
and „Biodegradable plastic“, and non-environmental packaging, which is presented with the level „Non-
biodegradable plastic“, and there is a low sensitivity between levels „Carton“ and „Biodegradable plastic“. 

Characteristics that describe „the most desirable“ yogurt are: Imlek, 2.8% milk fat, carton packaging with 
a cap and 75 RSD. 

5. CONCLUSION 
Through numerous studies, it was confirmed that the majority of consumers have a positive attitude towards 
nature, but realistic picture of the environment shows that, in most situations, they don't behave consistently 
with their own views. Possible reasons for the existence of such a trend are many. Instead of focusing on the 
consumers' attitude towards ecology only on a general level, perhaps we should investigate this problem in a 
real situation, such as the enactment of purchase decisions. 

During the selection between several alternatives of a product, consumers are often forced to make a 
compromise between a few relevant attributes, according to their own preferences. Consequently, this paper 
used Conjoint analysis for determination of desirable characteristics of fermented milk product - yogurt. 
Theoretically, the results may be helpful in understanding the eternal dilemma, which occurs in studies on 
ecology and that deals with the connection of consciousness and behavior. In specific situations of choice of 
a product, some attributes may become more important than environmental, although consumers are 
generally benevolent towards environmental packaging. 

Since the goal of the research was to show the applicability of Conjoint analysis to determine consumers’ 
preferences towards environmental packaging, the findings obtained and presented above confirm that our 
task is successfully accomplished. The same findings can be extremely important for companies, which are 
engaged in the production and sales of these product categories. It would be worthwhile for the companies to 
discuss the consequences of the findings we made in order to identify and target the green segments. 
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Abstract: The objective of this paper is to test a customer satisfaction index model on the Macedonian 
mobile phone market and to obtain information about the level of customer satisfaction on this market. The 
model used in this research is based on the previously developed European Customer Satisfaction Index 
model. The data were analyzed with the Partial Least Squares technique for Structural Equation Model 
estimation. According to the results, perceived value and perceived quality have the greatest impact on 
customer satisfaction. Loyalty is the ultimate variable in the model and is highly determined by customer 
satisfaction and less by company’s image. The results indicate that Macedonian mobile phone users perceive 
certain unfairness regarding the price/quality ratio, i.e. they are not satisfied by the value the mobile phone 
industry provides them.  

Keywords: Customer satisfaction, customer loyalty, mobile phones. 

1. INTRODUCTION 

One of the main premises of the marketing concept is satisfying the customers’ needs and desires. In the 
literature, there are two general approaches for conceptualization of customer satisfaction: transactional and 
cumulative approach (Johnson et al. 2000). Recently, cumulative approach of customer satisfaction has 
prevailed as a result of the changes in the marketing paradigm from transactional to relational marketing, 
especially in the service sector. Although customer satisfaction research is very inconsistent, in general has 
come to rely on the disconfirmation model (e.g. Fornell 1992; Anderson and Sullivan 1993; Anderson et al. 
1994). The disconfirmation of expectations model describes customer satisfaction as a comparison between 
the post-purchase perceived quality of goods and services and pre-purchase quality expectations (Oliver 
2010). 

Customer satisfaction is a basic objective of corporate marketing strategies because it leads to repurchase 
behaviour, increases positive word-of-mouth, as well as sales, profitability and stock value (Fornell 1992; 
Anderson et al. 1994; Oh 1999; Fornell et al. 2006). Additionally, customer satisfaction reduces customer 
complaints, marketing costs, as well as the business risk (Fornell 1992; Reichheld and Sasser 1990; Fornell 
et al. 2006). Customer satisfaction is а basic construct which is monitored and controlled in the concept of 
relationship marketing, since mere repeat purchases are not sufficient for building long-term customer 
loyalty. The real customer loyalty is derived from the customer satisfaction and emotional bond with the 
brand and is expected to lead to long-term profitability.  

Due to the crucial role of customer satisfaction and loyalty, it is generally accepted that the relationship 
between these variables must be analyzed and be compared across firms, industries, sectors and nations 
(Fornell et al. 1996). In the mid 90’s, the governments and companies worldwide began to recognize the 
National Customer Satisfaction Indices as an important instrument for measuring quality of the companies 
and national outputs (Johnson et al. 2000). The first National Customer Satisfaction Index was created in 
1989 in Sweden, named Swedish Customer Satisfaction Barometer (SCSB). Later, in 1994 the American 
Customer Satisfaction Index (ACSI) was introduced, while in 1999 the European Customer Satisfaction 
Index (ECSI) was harmonized and was transformed in EPSI rating – Extended Performance Satisfaction 
Index. Besides these indices, many countries in the world have also developed their own National Customer 
Satisfaction Indices, such as: Norway, Germany, Switzerland, Denmark, Korea, Malaysia, New Zealand, etc. 
(Grigoroudis et al. 2008).       

Although many countries have already developed their national customer satisfaction indices and 
constantly measure customer satisfaction, Macedonia still has not developed such an index. The present 
research is the first attempt to test a customer satisfaction index model, based on the ECSI model, as well as 
to obtain information about the level of customer satisfaction on the Macedonian mobile phone market. 
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Customer satisfaction measurement on the mobile phone market in Macedonia is of great importance, since 
permanent increase of the mobile phone penetration is accompanied by increased competition where each 
mobile phone operator strives to acquire new customers, but also to retain the current. In situation like this, 
the mobile phone operators should strive to identify the factors influencing the users’ satisfaction as a basis 
for creating long-term relationship with the customers and for ensuring long-term profitability. Therefore, the 
capability of companies (in this research, mobile phone operators) to successfully focus on their 
customers/users and to deliver satisfactory service level is crucial. 

2. NATIONAL CUSTOMER SATISFACTION INDICES 
A National Customer Satisfaction Index is developed as a supplement of customer satisfaction measurement 
of the individual companies. A National Customer Satisfaction Index can be described as a measurement of 
satisfaction, as well as the key success factor of companies and institutions comprising several 
industries/sectors of a nation via periodical analysis performed by a neutral institution (Bruhn and Grund 
2000). The information generated by this index provides opportunities for industries and sectors analysis, as 
well as for better policy and decision-making at all levels of society (at international level, at national level, 
at industry and individual company levels and at the consumer level) (Eklof and Westlund 1998). The 
National Customer Satisfaction Index should help focus the public attention on quality and customer 
satisfaction improvement, as sources of higher standard of living. It should be also used as a supplement of 
national financial indicators which are not related to the quality and satisfaction (Fornell 1992). 

All national customer satisfaction indices are based on a structural model comprising customer 
satisfaction and its antecedents and consequences. The original SCSB model examines four latent variables 
of customer satisfaction: customer expectations and perceived performance as antecedents of customer 
satisfaction, along with customer complaints and customer loyalty as its consequences (Fornell 1992). Only 
the expectations variable is defined as exogenous while all others are endogenous variables, i.e. they are 
affected by some variable in the model. The ACSI follows the general modeling and survey methodology of 
the SCSB adapted in the distinct characteristics of the US economy (Grigoroudis et al. 2008). The American 
Customer Satisfaction Index is based on a complex structural model consisting of six latent variables 
(including customer satisfaction), three of which are its determinants (customer expectations, perceived 
quality, and perceived value), while the other two variables (customer complaints and customer loyalty) are 
conceptualized as customer satisfaction consequences (Fornell et al. 1996). The ECSI model is based on the 
ACSI model, where the drivers of customer satisfaction are perceived company image, customer 
expectations, perceived quality (“hard ware” and “human ware”) and perceived value (“value for money”) 
(Kristensen et al. 2001). The introduction of company image as a latent variable in the ECSI model makes 
this model different from the previous elaborated customer satisfaction models. Additionally, the ECSI 
model differs from ACSI model because the first omit the customer complaints as a consequence of 
satisfaction (focusing only on customer loyalty). 

3. DEVELOPMENT OF HYPOTHESES 
The model used in this research is based on the ECSI model, with some modifications regarding the specifics 
of the mobile phone sector. The ECSI model is comprised of six latent variables aimed at measuring and 
explaining customer satisfaction and customer loyalty: expectations, perceived quality, perceived value, 
customer satisfaction, image and customer loyalty. Only the image is defined as exogenous while all others 
are endogenous variables. Customer satisfaction - a central part of the model is in the middle of the causal 
system (Ciavolino and Dahlgaard 2007). All variables in the model are latent and are measured indirectly by 
a set of manifest variables which are presented by the respondents’ responses regarding the items in the 
questionnaire. Figure 1 presents the customer satisfaction model that is used in this research.  

Although there can be more links among the variables, the following hypotheses were derived regarding 
the relationship among the variables:  

H1: Image has positive impact on expectations;H2: Image has positive impact on customer satisfaction; 
H3: Image has positive impact on customer loyalty; H4: Expectations have positive impact on perceived 
quality;H5: Expectations have positive impact on perceived value;H6: Expectations have positive impact on 
customer satisfaction; H7: Perceived quality has positive impact on perceived value; H8: Perceived quality 
has positive impact on customer satisfaction; H9: Perceived value has positive impact on customer 
satisfaction; H10: Customer satisfaction has positive impact on customer loyalty.  
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Figure 1: Customer satisfaction model (Adapted from Eklöf and Westlund 1998)  

 

4. DATA COLLECTION 
Using an on-line survey, valid responses were obtained from 247 respondents who were asked to complete a 
questionnaire comprising 22 items. A ten-point measurement scale was used where 1 expressed a very 
negative and 10 expressed a very positive point of view. The questionnaire was developed and standardized 
on the basis of the ECSI model. Additional questions were also included referring to the demographic 
characteristics of the respondents (gender, age, educational level). The average age of the respondents was 
26.55 years and 31.12 % of the respondents were males. Regarding the educational level, most of the 
respondents (78.95 %) indicated they have a university degree, while the others had completed high school. 
The collected data are used for testing the relations among variables in the model and for calculating the 
index scores of all latent variables, including the customer satisfaction index. The index scores of the latent 
variables are calculated as a weighted average of manifest variables pertaining to their own block. 

5. DATA ANALYSIS 
The obtained data are processed using the Partial Least Squares method, which is a technique for assessment 
of Structural Equation Modeling (SEM). SEM is formally defined by two sets of linear equations called the 
inner model and the outer model. The inner model specifies the relationships between unobserved or latent 
variables, and the outer model specifies the relationships between latent variables and their associated 
observed or manifest variables (Gefen et al. 2000; Peng et al. 2004). In this research, data analysis is 
conducted by the VisualPLS software, while the significance test for every relation is conducted by the 
BootStrap procedure. 

Results of PLS estimation 
In order to assess the validity and reliability of the measurement model, several tests were conducted. 

First, the unidimensionality of each latent variable in the model was assessed, i.e. the reliability of the 
manifest variables was assessed by calculating the Cronbach’s alpha. The latent variable is considered 
unidimensional if Cronbach’s alpha is above 0.60 (Hair et al., 2006 p. 137). 
 
Table 1: Reliability 

Reliability 
Variable Cronbach Alpha 

Image 0.877857 
Expectations 0.654896 
Perceived quality 0.897291 
Perceived value 0.883038 
Satisfaction 0.947765 
Loyalty 0.843232 

Source: Authors’ calculations 
 

 
Expectations 

 
Loyalty 

 
Satisfaction
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quality 

Perceived 
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Image 
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In Table 1, the statistics for assessing the unidimensionality of each set of measures are presented. 
Cronbach’s values of each set are above 0.80, except the value for the measurements referring to 
expectations (0.65) which is also above the suggested minimum. In general, the statistics show high level of 
reliability of the indicators of the latent variables.  

Convergent validity 
Convergent validity is assessed by calculating average variance extracted (AVE). In Table 2, the values of 

AVE are presented and all of them are above the suggested minimum of 0.50. All values are acceptable, i.e. 
latent variables are highly correlated to their indicators.  

 
Table 2: Average variance extracted (AVE) 

Variable AVE 
Image 0.671163 
Expectations 0.738807 
Perceived quality 0.622766 
Perceived value 0.895052 
Satisfaction 0.905831 
Loyalty 0.760808 

Source: Authors’ calculations 
 

Outer model results 
The outer model, also called measurement model describes the way each set of indicators is related to 

their latent variable. The results obtained by estimation of the outer model are presented in the Table 3 in the 
form of outer weights and factor loadings.   

 
Table 3: Factor loadings, residuals and weights 

Variable Indicator Mean 
Standard 
deviation 

Loadings Residual Weight 

Image  

I1 5.935223 2.296129 0.8235 0.3219 0.2786 
I2 8.433198 2.072514 0.7147 0.4892 0.1787 
I3 6.744939 2.438621 0.8647 0.2524 0.2454 
I4 6.319838 2.493677 0.8874 0.2125 0.2798 
I5 8.000000 2.093350 0.7948 0.3682 0.2293 

Expectations 
E1 7.805668 2.026925 0.8038 0.3539 0.4705 
E2 7.307692 2.214710 0.9119 0.1685 0.6819 

Perceived quality 

Q1 7.230769 1.925277 0.8248 0.3197 0.1987 
Q2 8.947368 1.210247 0.4683 0.7807 0.0926 
Q3 6.886640 2.338113 0.8119 0.3407 0.1819 
Q4 7.336032 2.086649 0.8534 0.2717 0.2091 
Q5 7.157895 2.082488 0.8306 0.3101 0.1950 
Q6 7.251012 2.153120 0.8539 0.2709 0.1834 
Q7 6.271255 2.428511 0.8082 0.3468 0.1832 

Perceived value 
V1 4.550607 2.560740 0.9384 0.1194 0.4917 
V2 5.631579 2.478750 0.9537 0.0905 0.5648 

Satisfaction  
S1 6.396761 2.247960 0.9627 0.0732 0.3593 
S2 6.295547 2.244619 0.9573 0.0836 0.3561 
S3 5.801619 2.299946 0.9350 0.1257 0.3350 

Loyalty 
L1 5.700405 3.116850 0.9187 0.1560 0.4072 
L2 6.639676 2.775423 0.7374 0.4563 0.2790 
L3 5.757085 3.066621 0.9459 0.1053 0.4442 

Source: Authors’ calculations 
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In PLS individual item reliability is calculated by checking the loadings of the manifest variables with 
their respective latent variable. The items whose factor loading is above 0.60 are accepted because it implies 
that there is more shared variance between the construct and its manifest variable than error variance 
(Hulland 1999; Dwivedi et al. 2006). According to the obtained results, the factor loadings between the 
manifest variables and their latent variables have positive values and are relatively high, which indicates that 
the manifest variables are good measure of the respective latent variables. Most of them have factor loading 
above the suggested minimum of 0.60, except the factor loading of I2 which is 0.4863. In practice, a low 
value of factor loading may be result of an inappropriate item, a poorly worded item or an improper transfer 
of an item from one context to another (Turkyilmaz and Ozkan 2007).  

Inner model results (hypotheses testing) 
Figure 2 presents the regression coefficients for each latent variable, as well as their R2 values. The R2 

values are the fraction of the total variance of the dependent variable that is explained by its regression 
model. The regression coefficient represents the amount of change in the dependent variable for a one-unit 
change in the independent variable (Hair et al., 2006 p.182).  
 

 
Figure 2: Customer satisfaction model (Source: Authors’ calculations) 

 
All the relationships between the latent variables in the model are positive which means that each 

dependent latent variable will be increased/decreased by increasing/decreasing the related independent latent 
variable.    

Table 4 presents t-values and p-values for each relationship between the variables in the model. These 
values are indicators of the significance of the relationships in the model, i.e. they suggest whether to accept 
or reject the hypotheses.  

According to the presented regression coefficients, perceived value and perceived quality have the 
greatest impact on customer satisfaction (regression coefficient are 0.392 and 0.378, respectively). Image 
also has significant impact on customer satisfaction (0.219), while expectations have insignificant impact on 
customer satisfaction (0.008) and therefore, the hypothesis 6 is rejected (that expectations have positive 
impact on customer satisfaction). All other hypotheses are accepted, i.e. all other relations between the latent 
variables in the model are significant (p<0.05). The greatest regression coefficients are obtained for the 
relations between customer satisfaction and loyalty (0.648); between expectations and perceived quality 
(0.654) and between image and expectations (0.607).  

Loyalty is the ultimate variable in the model and is highly determined by customer satisfaction, and less 
by company’s image. The R2 value of the regression model is 0.632 which means that this model can explain 
63.2% of the total variance in loyalty as the ultimate construct in the model. The R2 value for customer 
satisfaction is 0.806, i.e. the regression model can explain 80.6% of the total variance in satisfaction. It could 
be concluded that the model has a satisfactory explanatory power.  
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Table 4: Structural model – BootStrap 

Hypothesis 
Entire sample 

estimate 
Standard 

error 
T-value p-value Note 

H1: Image -> expectations 0.618 0.0462 13.3673 0.0001 Accepted 
H2: Image -> satisfaction 0.219 0.0845 2.5917 0.0101 Accepted 
H3: Image -> loyalty 0.178 0.0631 2.8221 0.0052 Accepted 
H4: Expectations -> perceived quality 0.654 0.0417 15.7005 0.0001 Accepted 
H5: Expectations -> perceived value 0.135 0.0596 2.264 0.0244 Accepted 
H6: Expectations -> satisfaction 0.008 0.0286 0.2797 0.7799 Rejected 
H7: Perceived quality -> perceived value 0.607 0.0548 11.0818 0.0001 Accepted 
H8: Perceived quality  -> satisfaction 0.378 0.069 5.4746 0.0001 Accepted 
H9: Perceived value -> satisfaction 0.392 0.0525 7.4697 0.0001 Accepted 
H10: Satisfaction -> loyalty 0.648 0.0693 9.3547 0.0001 Accepted 

Source: Authors’ calculations 
 

Index scores  
The index measures are calculated as the weighted average of manifest variables pertaining to their own 

block (Turkyılmaz and Ozkan 2007). Raw data ( jhV ), i.e. the obtained mean values were transformed 

because they are initially presented on a 10-point scale. The values are transformed into new normalized 

variables ( jhX ) on a 100-point scale: )1(
9

100
 jhjh VX  (Bayol et al. 2000). 

Further, the indices of the latent variables are calculated as the weighted average of the transformed 
manifest variables referring to each latent variable: 
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 (Bayol et al. 2000),  

where jhw~ is the outer weight between latent variable and related manifest variable; and j is the calculated 

index of each latent variable. 
Table 6 presents the calculated indices for each latent variable in the model, including the customer 

satisfaction index of the Macedonian mobile phone users.   
 

Table 6: Index scores for the latent variables 
Variable Index 

Image 66.07860 
Expectations 72.34450 
Perceived quality 67.04129 
Perceived value 45.87211 
Satisfaction 57.47380 
Loyalty 55.05005 

Source: Authors’ calculations 
 
On a scale from 1 to 100, the results show that the customer satisfaction index of the Macedonian mobile 

phone users is 57.47, while the loyalty is lower (55.05). At the same time, mobile phone users have very high 
level of expectations (72.34), while perceived value index is on the lowest level (45.87). This means that 
Macedonian mobile phone users perceive certain unfairness regarding the price/quality ratio, i.e. they are not 
satisfied by the value the mobile phone industry provides them.   
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6. DISCUSSIONS 
The presented paper provides significant contribution to the growing scientific and managerial interest on 
customer satisfaction, by testing and adapting the present customer satisfaction model in the Macedonian 
context. The results of the research suggest that customer satisfaction is the main driver of customer loyalty, 
enhanced by the influence of company’s image. Further, perceived value and perceived quality are the 
greatest determinants of customer satisfaction. These conclusions could be used by the mobile phone 
operators in Macedonia as a basis for creating appropriate marketing strategies aimed at delivering customer 
satisfaction and at creating long-term relationship with customers. The given results indicate that the 
customer satisfaction index is 57.47, while customers have the highest level of expectations and the lowest 
level of perceived value. The obtained results are logical consequence of the market conditions. 
Insufficiently developed market provides relatively low level of quality, value, and consequently low level of 
customer satisfaction. The model testing suggests that customer satisfaction of the mobile phone users in 
Macedonia is mostly influenced by perceived quality, followed by perceived value and image which has 
lower, but significant influence on customer satisfaction. In order to provide customer satisfaction, the 
mobile phone operators should strive to deliver higher level of quality to their users, at the same time, 
carefully managing the pricing policy aimed at creating higher perceived value. Additionally, the mobile 
phone operators should strive to perform marketing activities aimed at creating preferable image in the 
customers’ eyes. Customer loyalty is the ultimate variable and this research proved that it is mostly 
influenced by the level of customer satisfaction.     

In the global economy, the companies should not only strive to improve the customer satisfaction at the 
national level, they should also strive to keep pace with the international level of customer satisfaction. In 
that direction, the National Customer Satisfaction Index has extensive importance in comparing national 
economies. The development of National Customer Satisfaction Index in Macedonia will be a solid starting 
point for inclusion of our country in the European Customer Satisfaction Index.  

This research has several limitations which should be addressed in future studies. Future research could 
be conducted on broader sample which will provide more valuable information about customer satisfaction 
on the mobile phone market in Macedonia. Additionally, the applied model could be extended by adding 
some new variables (ex. switching barriers) which are specific for the mobile phone market in an emerging 
market. In future, this model can be used for estimating and calculating the customer satisfaction index in 
other sectors and industries in Macedonia, as a basis for development of Macedonian Customer Satisfaction 
Index.      
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Abstract: Energy policies are of significant importance in our rapidly changing world, being the dominant
factor in world economy and growth. The hard competitive environment examines not only new energy resources
but also methodologies to effectively manipulate energy generation and consumption. Researchers use models
and tools, concerning the manipulation of information, to define the right approach to the major subject of
electricity generation. In this paper, we use, at first, power generation of the Republic of Cyprus and Grey
Analysis GM(1,1) to predict future generation demand. Then we use the demand forecasting of Cyprus Electricity
Authority in order to validate our model, to correlate the sensitivity of given data and to compare the efficiency
and accuracy of the proposed methodology.

Keywords: Demand Forecasting, GM(1,1), Grey Analysis, Power Generation

1. INTRODUCTION

The natural world is structured over mathematical sequences and principles. Although computational procedures
and algorithmic approaches are rapidly expanding in various technological fields, there is a variety of problems
that are still uncontrolled. As a result we try to predict systems’ behavior under the current circumstances, by
occasion.

Grey Systems theory, which was first proposed by Professor Julong Deng in 1982, is the state-of-the-art in
this field of research and avoids the inherent defects of conventional statistical methods, only requiring a limited
amount of data to estimate the behavior of an uncertain system [1]. Grey Theory focuses on the relation between
the construction of the analysis model, e.g., GM(1,1), and circumstances such as: uncertainty, multi-data input,
discrete data, and insufficient data through predicting and decision making [2].

Prediction models, as a key tool for Grey Analysis, are grounded on the notion that known past data can
be mirrored to the corresponding future frame. The present paper utilizes this concept and its corresponding
mathematical and algorithmic procedure to estimate and predict present and future states of the examined
system, which is related to energy issues.

2. MATHEMATICAL BACKGROUND OF THE GM(1,1) GREY MODEL

We define X (0) = {x(0)(1),x(0)(2), . . . ,x(0)(n)} be a sequence of raw data, consisting of suitable time points [3],
depending on the nature of the case. In our scenario, monthly and daily series of raw data is used in each case,
separately.

-2.1- The GM(1,1) model can only be used in positive data sequences [2]. Since our raw data values are
positive, this model can be used to forecast the future values [4].

-2.2- We calculate the new acumulating generation operator X (1) = {x(1)(1),x(1)(2), . . . ,x(1)(n)}, where

x(1) =
k
∑

i=1
x(0)(i), k = 2,3, . . . ,n.

-2.3- We calculate Z(1)= {z(1)(2),z(1)(3), . . . ,z(1)(n)}, where Z(1)(k)= 1
2(x

(1)(k)+x(1)(k−1)), k= 2,3, . . . ,n,
is a new sequence of data created by the adjacent neighbour means.
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-2.4- Knowing that
[

a
b

]
= (BT B)−1BTY , where the matrices Y, B

Y =


x(0)(2)
x(0)(3)

...
x(0)(n)

 B =


−z(0)(2) 1
−z(0)(3) 1

...
...

−z(0)(n) 1


include the corresponding input data, we compute the whitenization equation [3] (image or least square
estimation equation):

dx(1)

dt
+ax(1) = b (1)

-2.5- We calculate the time response function:

x̂(1)(k+1) =

(
x(0)(1)− b

a

)
e−at +

b
a
, k = 1,2, . . . ,n (2)

-2.6- And the inverse accumulating operator:

x̂(0)(k) = x̂(1)(k)− x̂(1)(k−1) (3)

which is used to calculate the GM(1,1) estimation of known values and can also predict the unknown ones.

3. DATA METHODOLOGY - EMPIRICAL RESULTS

The preprocessing phase of the implementation process accomplishes the calculation of monthly sums of
electricity generation data, using quarter hour measurements for the following sequence of years: 2007-2008-
2009. This data was acquired from Cyprus Electricity Authority (CEA).

Aiming to investigate three main objectives, GM(1,1) model was applied on monthly generation values.
These objectives are:
ob.1 The comparison of the predicted energy generation, which refers to the corresponding month of the next

year, with the actual generation data, concerning the corresponding month of the year that follows.
ob.2 The calculation of the total sum of all monthly predicted generation values and its comparison to the

actual annual generation. In a nutshell, the conclusion to be drawn is the deviation between what GM(1,1)
predicts (or even estimates) and the actuall energy generation.

ob.3 The comparison between actual (a) annual, (b) predicted and (c) predicted by the CEA generation.

More specifically, using monthly actual generation we materialize the first objective. The prediction of
the energy generation for January 2008, was based on real data concerning January 2007, so it was feasible
to compare GM(1,1) predicted generation referring to 2008, to the actual generation of 2008. The same
reasoning stands for predicted and real values in the second section of Table 1, corresponding to year 2009.

More analytically, using the (2) function in the first section of Table 1, X (0)(1) is the actual generation of
January 2008 and k depicts the corresponding month. To this extent k = 1 stands for January 2007 and k =
24 corresponds to December 2008. Applying this sequence we obtain 24 output values. The first 12 values
correspond to the estimated values of the input raw data of the 12 months of 2007. The remaining 12
values referring to k = 13. . . ,24 indicate the predicted output values given, for January 2008 (k = 13) until
December 2008 (k = 24). There have been no calculation assumptions and the difference between February
2007 (28 days) and February 2008 (29 days) has been taken into consideration, meaning that all the appropriate
manipulations in case of leap years have been made.

The numerical results computed by GM(1,1) model are not close enough to CEA real data for year 2008. A
difference, about 10%, in annual generation prediction, comparing to CEA, is a non-negligible quantity, since
it corresponds to thousands of Wh of generated energy. Under this notion and explanation, the relative error
should be as small as possible. Comparing the corresponded monthly values, the situation is obviously against
GM(1,1) model, providing, under the circumstances, unreliable information. These observations are easily
proved by plotting the results. The GM(1,1) curve shows an average generation value in a very slight upward
trend, and fails to approach the actual values and to trace the actual distribution, leading to the conclusion that
the sensitivity of monthly changes is fictitious.
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Table 1: Comparison between Actual Monthly Generation and GM(1,1) using monthly data.

Month 2008 2009

Actual Generation GM(1,1) Prediction % Error Actual Generation GM(1,1) Prediction % Error
(x105 Wh) (x105 Wh) (x105 Wh) (x105 Wh)

January 4.56 4.27 6.36 4.24 4.2 0.94
February 4.08 4.33 6.13 3.76 4.23 12.5

March 3.36 4.39 30.65 3.88 4.25 9.54
April 3.17 4.46 40.69 3.19 4.28 34.17
May 3.5 4.52 29.14 3.63 4.31 18.73
June 4.31 4.59 6.5 4.56 4.33 5.04
July 5.4 4.66 13.7 5.03 4.36 13.32

August 5.38 4.73 12.08 5.37 4.39 18.25
September 4.57 4.8 5.03 4.52 4.41 2.43

October 3.67 4.87 32.7 4.12 4.44 7.77
November 3.31 4.94 49.24 3.57 4.47 25.21
December 3.8 5.01 31.84 4.09 4.5 10.02

Table 2: Comparison between Actual Annual Generation and GM(1,1) using monthly data.

2008 % Error 2009 % Error

Actual Annual Generation (x106 Wh) 4.91 - 5 -
GM(1,1)Prediction (x106 Wh) 5.56 13.23 5.22 4.4

Cyprus Electricity Authority Prediction (x106 Wh) 5.15 4.88 5.15 3

Figure 1 Actual Electricity Generation (Wh) in 2008 and 2009 compared to GM(1,1) Predicted Values.
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Figure 2 Actual Electricity Generation (Wh) in 2008 and 2009 compared to GM(1,1) Predicted Values using
Daily information.

The results for 2009 follow the same qualitative approach, although the computed prediction values are
closer to CEA ones.

According to the objectives, it is apparent that using monthly electricity generation data, as an input to
GM(1,1) model, leads to non-accurate numerical results. The GM(1,1) prediction that uses monthly approach
(red-color curve in Figure 1) does not provide satisfactory values, failing to predict the electricity generation in
an acceptable manner. In a matter of generation of thousands of Wh, our purpose is to achieve the accuracy
of the model as high as it can be, close to the actual generation. So we come easily to the conclusion that this
approach is inaccurate and inapplicable in practice.

4. SENSITIVITY CORRELATION

The output of the GM(1,1) model gives the incentive to further investigate the shape and time base, e.g. hours,
months, years etc., of the input data. Due to this, four new objectives emerged:

ob.1 Monthly energy generation prediction, based on the actual generation data of the previous month. At this
step the input of the GM(1,1) model was daily and not monthly. The last step is to compare the results
to the values of the previous method, where the time base was monthly.

ob.2 The aggregation of all the monthly predicted generation values, comparing the deviation of the actual
annual generation, using again daily information on the GM(1,1) model.

ob.3 The comparison of both GM(1,1) outputs, emphasizing on the sensitivity of information given as raw data
to be applied, daily and monthly.

ob.4 The comparison of both GM(1,1) outputs to the actual generation values.

The following Table 2 constitute an indicative example of the information used to calculate the day-by-day
prediction of the next month, using the corresponding information from the previous one. Without loss of
generality and in order to avoid displaying redundant numerical calculations we selected a "hot" month for 2008
and a "cold" one in 2009. All the calculations are based on the (2) function.

X (0)(1) is the actual daily generation of May 1st, 2008 and k is the series number for days. k = 1,. . . ,61 ,
from May 1st, 2008 until June 30th. As for February 2009 "cold" scenario, k is the series number for days. k =
1,. . . ,59, from January 1st, 2009 until February 28th. The difference in month durations (days) is individually
calculated in every case scenario. As previous values for k = 1,. . . ,31 are estimation values for the actual raw
data given as input for May 1st k = 32,. . . ,61 and values are referred to the predicted daily values for June 1st (k
= 32) 2008 to June 30th (k = 61). In the same manner for k = 1,. . . ,31 values correspond to estimation data for
January 2009 and values for k = 32,. . . ,59 are predicted daily values for February 2009.

Figure 2, conveys that the second approach, based on daily data information, approximates the actual values
of energy generation.

In order to have a better overview of the two approaches, and as well as to compare the results with EAC
actual data, Tables 5, 6 and Figure 3 summarizes the outcome of the results providing a consolidated overview.
The improved efficiency of the second methodology (using daily data), compared to the first approach, is
obvious, being more related to the actual data than the first one’s (using monthly data).
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Table 3: Comparison between Actual Daily Generation and GM(1,1) model using daily data.

Date 2008 2009

Actual Generation GM(1,1) Prediction Error(%) Date Actual Generation GM(1,1) Prediction Error(%)
(x104 Wh) (x104 Wh) (x104 Wh) (x104 Wh)

6/1/2008 1.23 1.28 0.12 2/1/2009 1.22 1.35 10.66
6/2/2008 1.12 1.29 9.34 2/2/2009 1.3 1.35 3.85
6/3/2008 1.39 1.3 11.22 2/3/2009 1.35 1.34 0.74
6/4/2008 1.38 1.31 9.56 2/4/2009 1.33 1.34 0.75
6/5/2008 1.37 1.32 7.96 2/5/2009 1.34 1.34 0
6/6/2008 1.41 1.33 9.33 2/6/2009 1.3 1.34 3.08
6/7/2008 1.35 1.34 4.13 2/7/2009 1.21 1.34 10.74
6/8/2008 1.21 1.35 8.36 2/8/2009 1.14 1.34 17.54
6/9/2008 1.09 1.37 21.27 2/9/2009 1.22 1.34 9.84

6/10/2008 1.39 1.38 3.68 2/10/2009 1.37 1.34 2.19
6/11/2008 1.39 1.39 2.6 2/11/2009 1.39 1.33 4.32
6/12/2008 1.37 1.4 0.29 2/12/2009 1.32 1.33 0.76
6/13/2008 1.41 1.41 1.13 2/13/2009 1.3 1.33 2.31
6/14/2008 1.4 1.42 0.16 2/14/2009 1.25 1.33 6.4
6/15/2008 1.25 1.43 13.66 2/15/2009 1.18 1.33 12.71
6/16/2008 1.13 1.44 27.39 2/16/2009 1.26 1.33 5.56
6/17/2008 1.14 1.46 28.07 2/17/2009 1.41 1.33 5.67
6/18/2008 1.46 1.47 0.61 2/18/2009 1.43 1.33 6.99
6/19/2008 1.5 1.48 0.41 2/19/2009 1.47 1.32 10.2
6/20/2008 1.61 1.49 6.45 2/20/2009 1.45 1.32 8.97
6/21/2008 1.7 1.5 10.15 2/21/2009 1.38 1.32 4.35
6/22/2008 1.61 1.51 3.58 2/22/2009 1.33 1.32 0.75
6/23/2008 1.4 1.53 11.77 2/23/2009 1.3 1.32 1.54
6/24/2008 1.68 1.54 5.93 2/24/2009 1.5 1.32 12
6/25/2008 1.69 1.55 5.32 2/25/2009 1.45 1.32 8.97
6/26/2008 1.72 1.56 5.59 2/26/2009 1.39 1.32 5.04
6/27/2008 1.84 1.58 10.66 2/27/2009 1.52 1.31 13.82
6/28/2008 1.88 1.59 11.47 2/28/2009 1.44 1.31 9.03
6/29/2008 1.61 1.6 4.21
6/30/2008 1.42 1.61 19.86

Table 4: Comparison between Actual Annual Generation and GM(1,1) model using monthly and daily data.

Jun-08 % Error Feb-09 % Error

Actual Generation (x105 Wh) 4.31 - 3.76 -
GM(1,1) Monthly Model (x105 Wh) 4.49 4.18 4.23 12.5

GM(1,1) Daily Model (x105 Wh) 4.32 0.23 3.72 1.06
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Figure 3 Actual Electricity Generation (Wh) in 2008 and 2009 compared to GM(1,1) Predicted Values using
monthly and daily information as applicable data.

Table 5: Comparison Between Actual Monthly Generation for 2008 – GM(1,1) Prediction using monthly data
as raw data-GM(1,1) Prediction using daily data as raw data.

Actual Monthly Generation 2008 Grey Prediction (using monthly data) Grey Prediction (using daily data)

(x105 Wh) (x105 Wh) (x105 Wh)
4.56 4.27 4.4
4.08 4.33 4.51
3.36 4.39 4.25
3.17 4.46 2.8
3.5 4.52 3.11

4.31 4.59 4.32
5.4 4.66 6.25

5.38 4.73 5.37
4.57 4.8 5.63
3.67 4.87 3.33
3.31 4.94 3.23
3.8 5.01 3.93

Table 6: Comparison Between Actual Monthly Generation for 2009 – GM(1,1) Prediction using monthly data
as raw data-GM(1,1) Prediction using daily data as raw data.

Actual Monthly Generation 2009 Grey Prediction (using monthly data) Grey Prediction (using daily data)

(x105 Wh) (x105 Wh) (x105 Wh)
4.24 4.2 4.62
3.76 4.23 3.72
3.88 4.25 4.88
3.19 4.28 3.67
3.63 4.31 3.24
4.56 4.33 4.29
5.03 4.36 5.93
5.37 4.39 4.21
4.52 4.41 5.02
4.12 4.44 3.42
3.57 4.47 3.9
4.09 4.5 3.88
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Finally, Table 7 summarizes the results, comparing the two approaches of GM(1,1) in accordance to the
actual Generation and CEA predition.

Table 7: Comparison Between Actual Annual Generation for 2008 and 2009 – GM(1,1) Prediction using
monthly data as raw data-GM(1,1) Prediction using daily data as raw data – CEA Prediction.

2008 %Error 2009 %Error

Actual Annual Generation (x106 Wh) 4.91 - 5 -
GM(1,1) Monthly Model

5.56 13.23 5.22 4.4(x106 Wh)
GM(1,1) Daily Model

5.11 4.07 5.08 1.6(x106 Wh)
Cyprus Electricity Authority Prediction

5.15 4.88 5.15 3(x106 Wh)

5. Conclusions

Forecasting models in electricity generation are of great importance, due to their catalytic influence in economy
and environment. New approaches have to deal with a variety of parameters, usually crunching large amount of
data, aiming to predict the market demand over the time. In this paper a new forecasting approach is developed,
to validate, check and improve CEA predictions for electricity generation. The methodoloy uses the GM(1,1)
model of Grey Analysis, which takes series of real data as an input, in daily and monthly basis, to investigate
their influence.

The most important observation is achieved, by increasing the sensitivity of information given, since GM(1,1)
provides improved predicted output in correllation with the actual data. The first approach of monthly data, as
a sum to the annual electricity generation compared to the actual data, was relatively accurate. The predicted
indications given by the model are unable to follow as well the variability of the demand as the predictions
provided by the CEA. However, when the daily data approach applied on GM(1,1), the predicted values showed
improved accuracy, even more accurate than the CEA predictions, achieving to closely trace the demand
variability.

Future work will investigate the sensitivity of the proposed methodology as a matter of time (6-hour
generation data level, 1-hour generation data level), in order to find the most suitable slice of time which will
increase the performance accuracy.

Since we are still energy-depended in electricity generation production by using inner drain combustion
technologies - for the most part, COx, NOx emissions are a major field that should be taken into account. The
environmental effect and the economic taxing bounce of COx, NOx emissions in industrial, commercial or even
domestic use could be avoided to an extent by using significant predictive methods of electricity generation
without spending at the same time precious raw material.
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Abstract: The aim of this paper is to establish mathematical models that will calculate the potential of solar
radiation. The correlations of different solar energy parameters have been calculated. The empirical data
used for the global solar radiation were extracted from the database of Joint Research Centre, Institute for
Energy and Transport for the period 2001 - 2012. The typical meteorological year (TMY) has been formed on
the basis of the data. The correlations were established between the following empirical data: insolation on
a horizontal surface (Hh), insolation on a vertical surface (Hv), insolation on an optimum surface (Hopt) and
useful energy (Qm). The useful energy was measured on the solar system designed by a small energetic company.
The measurement was conducted in 2012. Results indicate that there is a strong correlation between measured
insolation and useful energy, which allows precise estimatations of useful energy for further projects.

Keywords: Mathematical model, global solar radiation, measured useful energy, correlation, estimation of
useful energy

1. INTRODUCTION

The energy of solar radiation that comes to the Earth yearly is around 170 times bigger than the energy contained
in the overall reserves of coal in the world. The capacity of solar radiation on Earth is, according to available
estimations, around 14000 times bigger than the overall energy consumed by human kind today [1]. The power
of solar radiation that falls onto the Earth is around 175000 TW. What kind of a potential is that shows also the
fact that entire world energy consumption has the power of closely 13 TW! The energy of solar radiation that
reaches the Earth’s surface, meaning potentially usable solar radiation, is around 1.9 x 108 TWh (190 million of
TWh) yearly. Comparing to the needs of human kind for energy, that is 1.3 x 105 TWh (130 thousand TWh)
yearly, we come to a derivational fact that the solar energy that reaches the Earth during only 6 hours is enough
to satisfy all needs in the world on annual level. To get a better insight for these values, an average household
in some of the most developed countries in the world spends yearly around 10000 kWh of electricity, and it
would take 100000 years to spend 1 TWh. Around 37% of global demand for energy is satisfied with production
of electricity which in 2008 was around 17000 TWh. The problem with analysing solar radiation is primarily
connected with the lack of systematically recorded data in weather stations or institutes. In addition, in order to
have statistical significance in analysis and to develop various estimation models it is important to have access
to detailed data for a long period of time.

The average values of global solar radiation are the most significat parameters for estimating efficiency of
solar energy systems. However, there are no available data about measured solar iradiation for each location,
which complicates the estimation during projecting solar energy systems. For locations without measured values,
the solution is to build mathematical models that will provide reliable estimation for solar iradiation.

The success in estimating the efficiency of solar systems depends solely on the data for solar radiation for
the place where the implementation of the system is planned. The deficiency of data is a key issue. Even in
developed countries there are very few meteorological stations that record data for solar radiation. There are no
data available or similar studies for this region.

The aim of this paper is to establish the correlation between data taken from the database and data measured
in the solar system in Kikinda. The established correlations are the basis for a mathematical model which can
estimate the potential of solar radiation in Kikinda. The database used for the analysis is available for the period
2001 - 2012. Based on the data a typical meteorological year (TMY) with the average solar radiation per month
was developed. The data available from this database are as follows: insolation on a horizontal surface (Hh),
insolation on a vertical surface (Hv), insolation on the optimum surface (Hopt). The database of measured values
and the net usable energy Qm was obtained from a small company engaged in business in the field of solar
energy. These data were measured on the solar system which contains 40 solar panels installed in Kikinda. The

448



measurements were conducted in 2012. The parameter used in the analysis is useful energy per square meter on
the absorbing surface of collectors.

The rest of the paper is structured as follows: Section 2 shows studies conducted in different parts of the
world. Section 3 shows the context in which the research was conducted, i.e. climatic characteristics of the
Banat region and basic information about the small energy firm whose project was used as a source of data for
the research. Sections 4 and 5 present the data analysis and the discussion of constraints and validity of the
research. The concluding remarks are given in the last section.

2. RELATED WORK

Solar irradiation attracts significant attention in research community because of the importance of solar energy
for humans. Several studies have reported researches on solar irradiation and other relevant parameters of solar
energy in different parts of the world. Some of them are briefly presented in this section.

For example, the authors [2] presented the potential of solar energy in Medina (Kingdom of Saudi Arabia)
based on correlation between the different parameters of solar energy. The aim of the study is to develop
estimation models for different components of solar irradiation, and to evaluate the potential of solar energy
in Medina. Analysis is based on database for five years since 1998 until 2002 that is available at the National
Renewable Energy Laboratory (NREL) website. The authors developed a typical meteorological year (TMY)
from the database, a sunshine duration by using the global radiation data, and calculated the extraterrestrial
radiation (H0) and sunshine duration (SS) in order to obtain the clearness index (Kt = HG/H0) values. Ho-
mogenizing data eliminated seasonal effect. The authors developed the correlation model between the global
radiation (HG), diffuse irradiation (HD) and sunshine duration (SS) over the year, and correlation model between
temperature and global irradiation. In addition, the authors investigated evolution between the temperature and
the global irradiation at Medina, and proposed a model of correlation between the temperature T(C deg) and the
global irradiation HG (W/m2) received on horizontal surface. Regression models are calculated for sunrise until
midday, and for midday until sunset.

Study [3] presents application of various regression analyses to estimate monthly mean solar radiation in
Turkey. Data used in the analysis were obtained from observation stations in Antalya, Izmir, Ankara, Yenihisar
(Aydin), and Yumurtalik (Adana), and from measurment in Elazig. The corerlations were calculated for the
retios of daily insolation H to the extraterrestrial radiation (H0), and measured sunshine duration in a day (n)
to the theoretical daylength of that day (N). In addition, the authors included in the regression analysis the
monthly mean sunshine duration taking into account the natural horizon of the site Nnh. Because athmospheric
effects influence the solar radiation differently in winter and summer, the relations (H/H0 = f (n/N)) and
(H/H0 = f (n/Nnh)) were investigated by different regression analyses for both seasons. The study uses root
mean square error (RMSE) and mean bias error (MBE), and t-statistic to evaluate the accuracy of the correlations.

In Croatia, a graduate thesis analysed the estimation of solar radiation in 2004 [4]. In the paper the global
solar radiation measured at Puntijarka (Croatia) was analysed and the measurements were conducted from 1959
to 2004. It was concluded that there was an increase of radiated energy over the time. It was also observed that
there are no significant deviations from the values obtained theoretically. A correlation between the parameters
of global solar radiation, diffuse radiation and insolation was established and it was concluded that the values
were very high, i.e. the parameters largely depend on each other. The result of this work are four empirical
models which, with help of insolation data, determine values for radiant of solar radiation. In the measurements
conducted from 1959 to 2004 it was observed that there were deficiencies in the data for the given period, and
the deficiencies for these models were neutralised.

Study [5] shows an estimation of global solar radiation in the cities of Bulgaria: Sofia, Sandanski, Chirpan
and Kardjali. For these cities the average monthly solar radiation per day on a horizontal surface is shown and it
was obtained using the following parameters: the duration of solar radiation, diffuse radiation, minimum and
maximum air temperature. These parameters were measured in the hydro-meteorological stations. They are an
input into mathematical model that calculates the total solar radiation. The mathematical model developed in
this study was also tested. The tests show that for summer and winter different models developed in this study
should be used to minimise the estimation error. The error determined in the study is about 5-8%.

Based on a thorough examination, it was concluded that there are no studies on the assessment of solar
radiation in the region that is the subject of this study.
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3. CONTEXT

Each study related to solar irradiation is specific to the target region. Consequently, it is necessary to show the
details of the context in which the research is implemented, in this case the climatic conditions in the region of
Banat and basic data about the small energetic firm. This is necessary because the analysis uses the data from a
real project implemented by the company in Banat region.

3.1. Solar irradiation in Banat Region

Conditions in Banat, where Kikinda is situated, and the intensity of global radiation in the afternoon can vary
from 200 to 1000W/m2, depending on the season and the state of the atmosphere. The ratio of direct and diffuse
radiation depends on geographical and micro-climatic conditions. The average diffuse radiation per year makes
40-60% of the global radiation, while in the winter this share is higher. It is one of the reasons why the use of flat
plate collectors for low temperature applications is better than concretion, which can use only direct radiation.

The geographical conditions of Banat mean that the energy received on the horizontal plane of 1m2 reaches
a size of 1250 to 1600 kWh/year. This is equal to the amount of energy that can be obtained by burning
approximately 150-180 m3 of natural gas.

3.2. Small energetic company

The research uses empirical data obtained from a small company specialised in the design, project management
and consulting in the field of renewable energy and energy efficiency. Also, there is a team which conducts
research in the field of solar energy with the aim to improve the service, i.e. improve efficiency of the solar
systems. The company recruits and hires highly qualified staff, such as university professors, researchers and
engineers of different profiles. The team of engineers has many years of experience in projecting solar systems
and project management.

The company has realised more than 30 projects in the last four years. The projects are mainly implemented
in Banat and the other regions in Serbia. Table 1 shows basic information about the projects that the company
implemented from 2009 to 2012. The table lists locations and the number of solar collectors, plant power and
the year of projecting. The location is a place where a solar system is installed.

4. DATA ANALYSIS AND DISCUSSION OF RESULTS

The development of a model for estimation of useful solar energy involves the collection of relevant data on
the sun’s energy for the geographical area that is considered, the collection of empirical data that include the
elements of projecting of a typical system and the development of appropriate mathematical models based on
the collected data. Mathematical model is based on establishing a correlation between the useful solar energy
measured on the selected plant and the data about insolation in the observed place, and then defining a linear
regression that can be used to estimate the useful solar energy on the new plants.

Correlation coefficient R reflects the degree of linear association between two observed variables [6] [7].
Prediction or estimation in linear regression can be done by analysing coefficient of determination R2 [8][9].

4.1. Data collection

Data used in this study, i.e. insolation on the horizontal surface (Hh), insolation on the vertical surface (Hv), and
insolation on the optimum surface (Hopt) were taken from the database ’Joint Research Centure’ (JRC) [10].
The collected data are for period 2001 - 2012. Based on them a typical meteorological year (TMY) was formed
and used during the study.

A typical meteorological year (TMY) is based on the collation of selected weather data for a specific location,
generated from a data bank much longer than a year in duration. It is specially selected so that it presents the
range of weather phenomena for the location in question, while still giving annual averages that are consistent
with the long-term averages for the location in question.

In table 2, the second, the third and the fourth columns, i.e. Hh, Hv and Hopt contain the data downloaded
from the database ’Joint Research Centure’, while the fifth column represents the data measured (Qm) on the
solar system which is implemented in Kikinda. The data were taken from the company that has designed
the solar system, which is located in the Gerontology center in Kikinda. The strength of the solar system is
Q=44 kW, respectively 40 solar collectors, which represents 80m2 of net surface. The solar collectors were
chosen by using AHP analysis. [11]. The solar system is used to heat 4000l of sanitary hot water, where the
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Table 1: Basic information about the implemented projects

Ordinal number Location Number of collectors Power of plant (kW) Year
1 Subotica I 48 52.8 2010
2 Subotica II 80 88 2009
3 Apatin 20 22 2010
4 Novi Knezevac 30 33 2011
5 Backi Petrovac 30 33 2010
6 Sombor 75 82.5 2011
7 Coka 30 33 2011
8 Kikinda I 80 88 2011
9 Kikinda II 40 44 2010
10 Kikinda III 40 44 2012
11 Kikinda IV 40 44 2012
12 Kikinda V 180 198 2012
13 Kikinda VI 18 16.5 2012
14 Kikinda VII 20 22 2012
15 Zrenjanin I 200 220 2009
16 Zrenjanin II 80 88 2009
17 Zrenjanin III 80 88 2010
18 Zrenjanin IV 40 44 2010
19 Vrsac 30 33 2011
20 Kovin I 40 44 2010
21 Kovin II 30 33 2011
22 Kovin III 40 44 2011
23 Smederevo I 20 22 2010
24 Smederevo II 16 17.6 2010
25 Pozarevac 200 220 2010
26 Stamnica 80 88 2010
27 Kragujevac 40 44 2010
28 Vrnjacka Banja I 75 82.5 2011
29 Vrnjacka Banja II 96 105.6 2011
30 Beograd 30 33 2011
31 Novi Sad I 180 196 2010
32 Novi Sad II 30 33 2010
33 Obrenovac I 40 44 2009
34 Obrenovac II 27 29.7 2010
35 Vrbas 80 88 2010

Total 2182 2400.2

hot water consumption during the day amounts to 3800l. Based on the previous results of this plant, the total
saving per year is over 55% of the total energy for the heating of hot water. Data are given for each month
separately and each value presents the average value measured in the particular month. Figure 1 shows a
graphical representation of the measured useful energy per m2 on the selected solar installation in Kikinda.

4.2. Data analysis

The simple model for estimating the useful energy with regard to solar irradiation is based on correlation and
regression analysis. Analysis uses data about useful energy calculated from the project “Plant for the heating of
water by solar energy” implemented by a small company in Kikinda (Banat region, Serbia). Data used in the
analysis are outlined in table 2. Correlation coefficients were calculated according formulas presented in [9].

Correlation analysis was performed between the values for usable energy obtained for the solar plant, and
the values that are retrieved from the database for irradiotion on horizontal, vertical and optimal (35 degrees)
surfaces. Correlation coefficients and coefficient of determination for all three cases are presented in table 3.

The regression analysis is based on two steps: the determination of correlation between the two variables
and the establishment of a linear regression for these variables [12]. The correlation analysis was performed
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Figure 1 Net usable energy measured in the selected solar plant in Kikinda

Table 2: Data for correlation analysis

Month Hh Hopt Hv Qm/m2

Jan 1190 1870 1880 57
Feb 1970 2830 2580 79.5
Mar 3150 3930 3030 121
Apr 4370 4770 2960 143
May 5500 5470 2810 169
Jun 6000 5700 2650 170
Jul 6260 6090 2910 185
Aug 5520 5040 3350 182
Sept 4100 3900 3640 149
Oct 2710 2280 3450 120
Nov 1460 1630 2250 64.7
Dec 1000 4120 1680 47.6
Year 3610 2770

between certain values for three different positions of the solar collectors. The analysis was conducted between
the following parameters: global solar radiation on a horizontal surface and the measured value on the solar
system, global solar radiation on the optimum surface and measured values on the solar system and global
solar radiation on a vertical surface and measured values on the solar system. This means that the correlation
coefficient R was determined for all three cases, as it is shown in table 3.

The values for global solar radiation, as well as for the measured values of solar radiation, refer to the
average values during a typical meteorological year (TMY) , while the data for Qm were measured in 2012.

Table 3: Calculated correlation coefficients and coefficients of determination

Analysis number Correlation between R R2

1 Qm −Hh 0.934871 0.873984
2 Qm −Hopt 0.95284 0.907904
3 Qm −Hv 0.686578 0.47139

Model is defined with linear regression trend lines for three cases: irradiation on horizontal surface, irradiation
on vertical surface and irradiation on optimal surface.

Correlation coefficient 0.934871 for horizontal surface indicates strong correlation between useful energy
and irradiation on horizontal surface. In addition high value of determination coefficient 0.873984 ensures very
good estimation of useful energy for horizontal surfaces determined by the regression trend line presented with
equation 1.

Y = 0.326X −113.8 (1)
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Equation 1 enables estimation of useful energy on solar collectors when surfaces are horizontal. Regression
line is defined as a trend line in scatter plot (see figure 2) with values for Hh and useful energy. Independant
variable X for regression line is irradiation on horizontal surface, while estimated or dependant variable Y is
useful energy.

Figure 2 Scatter plot and regression line for horizontal surface

The correlation coefficient of 0.686578 for vertical surface shows a weaker correlation between useful energy
and insolation on a vertical surface. In addition, a relatively low value of the coefficient of determination 0.47139
indicates that the estimation of useful energy on a vertical surface is not reliable enough. The independent
variable X for regression line is irradiation on vertical surface, while the estimated or dependent variable Y is
useful energy. The regression line for the case of the vertical surface is represented by the equation 2.

Y = 0.776X −1085 (2)

Equation 2 enables the estimate of the useful energy on the solar collectors when the collectors are placed
vertically (90° angle). The regression line is defined as a trend of line on a scatter diagram, with the values for
Hv and useful energy (see figure 3).

Figure 3 Scatter plot and regression line for vertical surface

The correlation coefficient of 0.95284 for optimal surface shows a very strong correlation between the useful
energy and radiation on the optimum surface. In addition, a high value of coefficient of determination 0.907904
provides a very good estimation of useful energy on the optimum surface using the equation:

Y = 0.399X −581.4 (3)
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Independant variable X for regression line is irradiation on optimal surface, while estimated or dependant
variable Y is useful energy. Equation 3 enables estimation of useful energy in the solar collectors when the
collectors are mounted at an optimum angle which is, in this case, 35°. The regression line is defined as the
trend line in the scatter diagram with values for Hopt and useful energy (see figure 4)

Figure 4 Scatter plot and regression line for optimal surface

4.3. Discussion of results

The estimation of useful solar energy is represented by equations 1, 2 and 3. Each equation presents the
estimation of solar energy for a particular angle of solar collector. The slope of the solar collector presents the
angle which sunlight falls under. The assessment is based not only on the value of the correlation coefficient R,
but it also includes the analysis of the value of the coefficient of determination R2.

The coefficients of correlations for horizontal and optimal surface are very high and indicate a strong rela-
tionship between the variables for which the correlation is established. In addition, high values of determination
coefficients provide a very good estimation for future projects.

Such high values of the coefficients show that the mathematical models, which are defined by equations 1, 2
and 3, can provide a very good estimaton of useful solar energy.

5. VALIDITY AND LIMITATIONS OF THE STUDY

Limitations and validity of any empirical study should be discussed. This discussion includes internal and
external validity of the study. Internal validity refers to the analytical process and validity of data. The analytical
process is based on correlation and regression analysis that are well defined and regularly used in the research
practice. However, more detailed analysis that include additional parameters is welcome, and it will be the case
for multivariable analysis like multiple correlation and multiple regression.

External validity refers to applicability of this estimation model in other regions. It is evident that the results
are dependent of the geographical region, but the presented analysis could be used in models developed for
other regions. Additional implementation of the model in nearby locations, and with data from several projects
will provide the evidence about the validity of this model. This provides an opportunity for further research that
will prove results of this research.

6. CONCLUSION

The aim of this article is development of a mathematical model that will be used for estimating the useful solar
energy based on the angle of solar collectors and measured solar irradiation in selected geographical region.

The result of the paper is a mathematical model which contains three equations (equations 1, 2 and 3) that
are used for the calculation of useful energy on the solar collector placed vertically, horizontally and under an
optimum angle. The best value was obtained in the assessment of solar radiation on the optimum angle of the
solar collectors. The models define the importance of correlation between the data for solar radiation taken from

454



the database of ’Joint Research Centure’, and the measured data for usable energy in the selected solar system
in Kikinda, Banat.

This paper is of particular importance because there are no similar studies in this region, nor data for the
radiant sunlight for most places in the region.

The directions for future research will include development of similar estimation models for several places,
as well as the areas in which there are no data on solar radiation. Also, new parameters such as diffuse radiation,
clearness index and sunshine will be included in the analysis. The planned result of long-term research is the
technical solution that will enable engineers an accurate assessment of solar radiation in the places where such
information does not exist.
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Abstract: The optimal joint replenishment policy for a two product inventory system is studied. The products 
are substitutable, so in case of a stock–out for one of the products a known fraction of its demand can be 
satisfied by using the stock of the other product. In addition, the demand of each product is dependent of the 
inventory level of both of the products at a certain time. Numerical examples and a sensitivity analysis are 
also provided.  

Keywords: Inventory; Substitution; Stock dependent demand; Optimization. 

1. INTRODUCTION 
Often, a consumer is faced with a stock out when seeking to buy a certain product at a retail store. In this 
situation the consumer has two options, either to visit a different store to find the desired product or to 
substitute with a similar product. Hence, these possibilities should be taken into account by the retailer’s 
when making inventory decisions.  

Another important factor that a retailer should take into account is the demand stimulation effect. 
Balakrishnan et al. (2004) suggest that high inventories might stimulate demand for a variety of reasons such 
as ‘‘increasing product visibility, kindling latent demand, signalling a popular product, or providing 
consumers an assurance of future availability’’. In the case of substitutable products, it is logical to assume, 
that the demand of each product will not only be affected by its own inventory level but also by the inventory 
level of the other products. When facing such a demand, a retailer must way the benefits of increased 
revenue from higher inventories against higher inventory costs.  

There is a vast amount of literature in the area of product substitution. This literature has been classified 
by authors into many categories. Our study relates to the area of stock-out based, customer driven, two-way 
substitution. Notable papers in this area are those of McGillivray and Silver (1978), who are one of the first 
to study this phenomenon by assuming items with identical cost and a fixed substitution probability. They 
evaluate the optimal order quantity by simulation and heuristics. Parlar and Goyal (1984) study the same 
problem and show that the total expected profit is concave for a wide range of problems. Moreover, Parlar 
(1988) proves the existence of Nash equilibrium for the case of two substitutable products with stochastic 
demands. Ernst and Kouvelis (1999) study demand substitution in stockout situations between individual 
products and packaged goods. Drezner et al. (1995) present an EOQ model comparing the cases of full 
substitution and no substitution. Rajaram and Tang (2001) develop a heuristic and examine how the level of 
demand variation and correlation, and the degree of substitution affect the order quantities and expected 
profits under substitution. Netessine and Rudi (2003) consider an arbitrary number of products under both 
centralized inventory management and competition. Substitution is modeled by letting the unsatisfied 
demand for a product flow to other products in deterministic proportions. They analytically confirm the 
numerical results of Rajaram and Tang (2001) and Ernst and Kouvelis (1999). More recently, Nagarajan and 
Rajagopalan (2008) derive the optimal inventory policy in a model with two substitutable products whose 
demands are negatively correlated in both single-period and multi-period scenarios. Tang and Yin (2007) 
develop a model with deterministic demand that examines how a retailer should jointly determine the order 
quantity and the retail price of two substitutable products under fixed and variable pricing strategies. Hsieh 
and Wu (2009) establish a model for a supply chain, which consists of two suppliers with capacity 
uncertainties selling substitutable products through a common retailer who faces random demand of these 
two products.  
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Maity and Maiti (2009) study an inventory control model with stock dependent demand for deteriorating 
multi-items where items are either complementary and/or substitute. Gurler and Yilmaz (2010) consider a 
two level supply chain model with a newsboy setting for two substitutable products. They assume that the 
retailer is allowed to return some or all of the unsold products to the manufacturer with some credit. Recently 
Stavrulaki (2011) studied the joint effect of demand stimulation and product substitution on inventory 
decisions by considering a single-period, stochastic demand setting. 

In this paper, we study a retailer’s inventory problem for two products. We assume that the products are 
substitutable, so in case of a stock – out for one of the products, a known fraction of its demand can be 
satisfied by using the stock of the other product. The combined demand stimulation effect for both products 
is also considered. Our goal is to determine the optimal order quantity for each product, in order to maximize 
the retailer’s profit. In addition, as a special case, we study the model with constant demand. This case is 
equivalent with that of Drezner et al. (1995), with the difference that we assume that the substitution rate is a 
number between 0 and 1, whereas Drezner et al. (1995) assume it to be equal to 1.  
The rest of the paper is organised as follows. In section 2, we provide the assumptions for the proposed 
inventory model and the notation to be used throughout the entire article. Section 3, contains the 
mathematical formulation of the model. In Section 4, some numerical examples are provided to test and 
verify the theoretical results and finally conclusions are given in section 5. 

2. NOTATIONS AND ASSUMPTIONS 
The following notations and assumptions are used for the development of the mathematical model. 

Notations 

 ih : the inventory holding cost/unit/time unit for product i, 1,2i   

 '
ip : the selling price/unit of product i 

 ic : the unit purchase cost of product i, with '
i ic p  

 ip : the profit from selling a unit of product i ( '
i i ip p c  ) 

 iA : the ordering cost/order of product i 

 A : the joint ordering cost for both products ( 1 2A A A  ) 

 T : the length of the replenishment cycle (decision variable) 
 1t : the time at which the inventory level of the first product reaches zero (decision variable) 

 iQ : the order quantity of product i  

 x : the fraction of demand of the product that has stocked-out that will be substituted by the other 
product during stock-out, 0 1x  . 

Assumptions 
 The planning horizon of the inventory problem is infinite. 
 Lead time is zero and replenishment rate is infinite. 
 The demand rate iD  ( 1,2i  ), for each product respectively, is a function of the instantaneous stock-

level ( )iI t  of both products at a certain time. The demand functions are given by: 

     1 1 1 1 2 2D t a b I t b I t   ,  1 0D t   and      2 2 1 1 2 2D t a b I t b I t   ,  2 0D t   0 t T  , 

0a  , 0 1b  . Obviously, the total demand rate for both products is constant, 1 2D a a   and is 
distributed to both products depending on their inventory level. 

 At time 1t  the inventory level of one of the products reaches zero and during 1t t T   a known 

fraction x  of the excess demand is met by using the stock of the other product. 

3. MODEL FORMULATION  
We consider a retailer who distributes two substitutable products. Arbitrary one product is labelled as 
product 1 and the other one as product 2. At the beginning of the replenishment cycle the retailer orders iQ , 
i=1, 2 units of each product respectively. Then the inventory level of both products gradually depletes due to 
demand which we assume is a function of the corresponding instantaneous stock-level of both products at a 
certain time. If at time 1t  the inventory level of one of the products reaches zero, a known fraction of the 
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demand for that product is satisfied by using the stock of the other product. The replenishment cycle ends 
when the inventory level of the second product reaches zero and at that time a new order for both products is 
placed and thus, the replenishment cycle is repeated again. In order to conduct the analysis of the problem, 
without loss of generality, we assume that product 1 is the first to stock-out. However, it is obvious that the 
label of the products as 1 and 2 affect the solution of the problem. So, in order to determine the overall 
optimum, the solution procedure is repeated by changing the label of the products and the overall optimum 
follows by the comparison of the obtained solutions. We examine two cases. In the first case, we assume that 
the demand for each product is dependent of the inventory level of both of the products at a certain time. In 
the second case by setting 1 2 0b b  , we examine the case when the demand for each product is constant. 

3.1. Asymmetrical costs case 
The inventory levels for product 1 and 2 respectively, at time t satisfy the following differential equations: 

       1
1 1 1 1 2 2

dI t
D t a b I t b I t

dt
      , 10 t t  ,  1 1 0I t                                                            (1a)   

       2
2 2 1 1 2 2

dI t
D t a b I t b I t

dt
      , 10 t t                      (1b)           

         2
2 1 2 1 2 2(1 )

dI t
D t xD t a xa b x I t

dt
        , 1t t T  ,     2 1 2 1I t I t  ,  2 0I T  .         (1c) 

By solving the above system of differential equations we obtain the inventory level at certain time t for both 
products as: 

              1 2 1 1 2 2
1 1 1

1 2 1 2

1
1 ,

1
b b t t a a b

I t f T t e t t
x b b b b

  
    

  
 10 t t  , (2a)                            

             1 2 1 1 2 11 1 1 2
2 1 1

1 2 2 1 2 2 1 2

1
,

1
b b t t a a bb a a a

I t f T t e t t
x b b b b b b b b

    
           

 10 t t  , (2b)                            

   
  2 (1 )2 1

2
2

1
1

b x T ta xa
I t e

b x
 

 


, 1t t T  , (2c)   

where          
2 1(1 ) 1 2 1 2

1 2 1
1 2

b x T t a a b xb
f T t a xa e

b b
   

   


.                                                               (3)    

Based on profit  = revenue – holding cost – ordering cost, we have the  total profit per unit of time: 

                               
1 1

1

1 1 1 2 2 1 1 2 2 2 2

0 0

1
,

t t T

t

T t p Q p Q h I t dt h I t dt h I t dt A
T

         
  

   ,  (4) 

where  1 1 0Q I ,  2 2 0Q I . 

Obviously, the demand of both products must be positive, this is satisfied by assuming that  
   

 
   

1 2 11 2 1 1 1 2 2

1 2 1 21
b b ta a b f T t a a b

e
b b x b b

  
  

  
. 

We proceed to find the optimal solution for the problem, i.e. the optimal values of ( 1t , T) that maximize the 

profit per unit of time under the condition that 
   

 
   

1 2 11 2 1 1 1 2 2

1 2 1 21
b b ta a b f T t a a b

e
b b x b b

  
  

  
.  

Obviously the optimal ( 1t , T) values could be either an inner point of the feasible region or a point at a 

boundary i.e. 1t =0 and T= 1t . These possibilities will be examined separately.  
The first order conditions for this case are given by the equations below: 

       2 1(1 )
2 1 1 2 1

1 2

1 1
0b x T ta xa e a a g t

T b b
      

,                       (5) 

where      
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1 2 1 1 2 1 2 1

1
2 1 1 2 2 1 1 2 2 1 1

1 2

(1 )2 1 2 2 1 2 2
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Obviously, from equation (5), the first order conditions for a maximum are   

 1 0g t   or      2 1(1 )
2 1 1 2 0b x T ta xa e a a     . 

However, we notice that by setting      2 1(1 )
2 1 1 2 0b x T ta xa e a a      and t=0 in relation (2a) we obtain 
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,                              (8) 

which is the order quantity for product 1. 

Then if 1 0t   we have  1 0 0I   and for 1 0t  , 
   

 
  1 2 11 1 2 2

1 1 2

0
1 0b b tdI a a b

e
dt b b


   


. Consequently, the 

relation      2 1(1 )
2 1 1 2 0b x T ta xa e a a      will lead us to a solution with negative inventory, which is 

invalid. Therefore, the only condition we have to check for an optimal solution is  1 0g t   and the 

boundaries 1t T  and 1 0t  .  

If *
1t  is the solution of equation  1 0g t  , then (7) becomes  
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from which we can obtain *T . 

If at  * *
1 ,t T , the second order conditions:  
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are satisfied, then  * *
1 ,t T  is the optimal solution to the problem, where 
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It should be noted that if no optimal inner-point solution can be found the boundary of the feasible region 
should be checked, i.e. 1t T  and 1 0t  .    

By setting 1t T  in relation (4), the profit becomes a function of one variable, ( )T . Taking the first-order 
derivative with respect to T  we obtain 
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If *T , is the solution of the equation 
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then  * * *
1 ,t T T  is the optimal solution for the case when 1t T .  This case implies that no stock-outs 

should be allowed. 
By setting 1 0t   in equation (7) we obtain   
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If *T , is the solution of equation (15), which satisfies the second order condition for the maximum  
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,               (16)          

then  *0,T  is the optimal solution for the case 1 0t  . This case implies that product 1 should not be ordered 

at all. 
By comparing the above results the optimal solution can be obtained. 

The respective optimal order quantities can be obtained by setting  * *
1 ,t T  in  1 0I  and  2 0I , see relations 

(2a) and (2b). 

3.2. Constant demand case 

By setting 1 2 0b b  , we examine the case when the demand for the products is constant and independent of 
their inventory levels. 
In this case the inventory levels for products 1 and 2 respectively, at time t satisfy the following differential 
equations: 

 1
1

dI t
a

dt
  , 10 t t  ,  1 1 0I t  . (17a) 

 2
2

dI t
a

dt
  , 10 t t  . (17b) 

   2
2 1

dI t
a xa

dt
   , 1t t T  ,     2 1 2 1I t I t  ,  2 0I T  . (17c) 

By solving the above system of differential equations we obtain the inventory level at certain time t for both 
products as: 

   1 1 1I t a t t  , 10 t t   (18a) 

      2 2 1 1 2 1I t a xa T t a t t     , 10 t t   (18b) 

    2 2 1I t a xa T t   , 1t t T  . (18c) 

The total profit per unit of time is: 

         
2 2
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. (19)                     

Taking the first- and the second-order derivatives of  1,T t  with respect to 1t  and T  we obtain:  
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 (20) 
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.  (21)                            

In order to obtain the optimal solution we distinguish four cases: 

Case A. If 1 2p p x  and 1 2h h x , by setting (20) equal to zero we derive * 1 2
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, by setting (22) equal to zero we derive  
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From the second order condition at the critical point  * *
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, hence we set 1T t  (See Case B). 

Case B. If 1 2p p x  and 1 2h h x , from (20) we derive that 
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. In this case we set 1t T , which 

implies that it is optimal that no stock-outs are allowed. The profit function for this case is:   
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Then by solving 
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. Then the optiml profit is      *

1 1 2 2 1 1 2 22T p a p a A h a h a     .                              

This case is equivalent to the no substitution case of Drezner et al. [10]. 

Case C. If 1 2p p x  and 1 2h h x , from (20) we derive that 
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. In this case the optimal solution is 

*
1 0t   (i.e. 1 0Q  ), which means that product 1 should not be ordered at all. The profit function for this case 

is    
2
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. Then by solving 
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T t h a xa

T T

  
  


. Then the optimal 

profit is    *
2 2 2 12T p Ah a xa    .                                   

For 1x  , this case is equivalent to the full substitution case of Drezner et al. [10]. 
Case D. If 1 2p p x  and 1 2h h x , then the solution of (20) and (21) equal to zero exists, but is not a 

maximum point. Hence, we must check the borders and thus compare the results of cases B and C to obtain 
the optimal solution.  

The respective optimal order quantities can be obtained by setting  * *
1 ,t T  in  1 0I  and  2 0I , see relations 

(18a) and (18b). 
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From the above results we can observe that, 1 2p p x  expresses the difference between the profit of 
selling one unit of product 1 and the profit of substituting one unit of product 1 with product 2. Also, 

1 2h h x  expresses the difference between the cost of holding one unit of inventory of product 1 and the 
holding cost of the units of product 2 witch are used to substitute for product one. Obviously, as we can see 
from the expression of *

1t , as 1 2p p x  increases and 1 2h h x  decreases it is in the retailers interest to order a 

larger quantity of product 1, on the other hand, as 1 2p p x  decreases and 1 2h h x  increases, *
1t  becomes 

smaller, hence a smaller quantity of product 1 should be ordered. 

4. NUMERICAL EXAMPLES 
Ιn this section we give two numerical examples, one for each case mentioned before, in order to illustrate the 
theoretical results. 

As mentioned in the analysis, in order to obtain the optimal solution of the problem, the above described 
solution procedures must be conducted twice, while changing the label of the products. The overall optimum 
follows by the comparison of the obtained solutions. 

Let 900ia  , 800ja  , 0.2ib  , 0.4jb  , 5jp  , 2jh   1000A   and 0.6x  . The optimal 

solutions for various values of the parameters ip  and ih , for the stock dependent demand case presented in 

section 3.1 and for the constant demand case presented in section 3.2 are shown, in Table 1 and Table 2, 
respectively. By observing the results in Table 1 and 2, we notice that it is optimal to let the less profitable 
product stock out first, as would be expected. Also, we can observe that when the products have similar 
profits it is optimal to order such quantities so that they stock out simultaneously. By comparing the results 
of the stock dependent demand case and of the constant demand case, we can observe, that taking into 
account the effect of the inventory levels on the demand has led to a significant increase in the retailer’s 
profit, verifying that the effect of substitution and demand stimulation are two important factors that a 
retailer should take into account when making inventory decisions.  
 
Table 1. Optimal solutions for the stock-dependent demand case (Asymmetrical costs) 

Parameters i=1, j=2 i=2, j=1 

 *
1t  *T  

* *
1( , )t T  1Q  2Q  *

1t  *T  
* *
1( , )t T  1Q  2Q  

2.5ih   

 

3ip   0 1.05 4854.1 0 1532.1 0.76 0.76 4053.4 655.4 636.7 

4ip   0.53 0.9 4977.6 327.6 1084.2 0.74 0.74 4891.7 636.7 621.3 

5ip   0.72 0.72 5731.9 605.9 618.1 0.73 0.73 5731.9 627.4 613.6 

6ip   0.71 0.71 6573.8 598.1 608.9 0.71 0.71 6573.8 608.9 598.1 

7ip   0.69 0.69 7417.2 582.6 590.4 0.49 0.77 7471.9 366.1 857.7 

2ih   

 

3ip   0 1.05 4854.1 0 1532.1 0.82 0.82 4222.7 711.8 682.2 

4ip   0.74 0.82 5059.9 581.1 784.8 0.79 0.79 5056.4 683.5 659.5 

5ip   0.77 0.77 5892.3 644.3 664.7 0.77 0.77 5892.3 664.7 644.3 

6ip   0.75 0.75 6730.4 629 646 0.75 0.75 6730.4 646 629 

7ip   0.73 0.73 7570.2 613.6 627.4 0.41 0.91 7740.2 275.4 1125.6 

1.5ih   

 

3ip   0 1.05 4854.1 0 1532.1 0.88 0.88 4403.4 769.2 726.9 

4ip   0.85 0.85 5231.2 704.6 740.4 0.85 0.85 5231.2 740.4 704.6 

5ip   0.82 0.82 6062.1 682.2 711.8 0.82 0.82 6062.1 711.8 682.2 

6ip   0.79 0.79 6895.5 659.5 683.5 0.75 0.84 6899.7 622.4 777.3 

7ip   0.77 0.77 7731.2 644.3 664.7 0.35 1.13 8083.6 202.7 1503. 

1ih   

 

3ip   0 1.05 4854.1 0 1532.1 0.95 0.95 4597.8 837.1 777.9 

4ip   0.91 0.91 5418.4 748.9 798.1 0.91 0.91 5418.4 798.1 748.9 

5ip   0.88 0.88 6242.9 726.9 769.2 0.88 0.88 6242.9 769.2 726.9 

6ip   0.85 0.85 7070.8 704.6 740.4 0.63 1.25 7202 401.3 1546.9 

7ip   0.82 0.82 7901.5 682.2 711.8 0.31 1.64 8556.4 123.2 2340.4 
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Table 2. Optimal solutions for the constant demand case ( 1 2 0b b  ) 
Parameters i=1, j=2 i=2, j=1 

 *
1t  *T  

* *
1( , )t T  1Q  2Q  *

1t  *T  
* *
1( , )t T  1Q  2Q  

2.5ih   

 

3ip   0 0.86 4384.8 0 1157.6 0.72 0.72 3925.1 576.6 648.7 

4ip   0.72 0.72 4825.1 648.7 576.6 0.72 0.72 4825.1 576.6 648.7 

5ip   0.72 0.72 5725.1 648.7 576.6 0.72 0.72 5725.1 576.6 648.7 

6ip   0.72 0.72 6625.1 648.7 576.6 0.72 0.72 6625.1 576.6 648.7 

7ip   0.72 0.72 7525.1 648.7 576.6 0.72 0.72 7525.1 576.6 648.7 

2ih   

 

3ip   0 0.86 4384.8 0 1157.6 0.77 0.77 4092.3 613.6 690.3 

4ip   0.77 0.77 4992.3 690.3 613.6 0.77 0.77 4992.3 613.6 690.3 

5ip   0.77 0.77 5892.3 690.3 613.6 0.77 0.77 5892.3 613.6 690.3 

6ip   0.77 0.77 6792.3 690.3 613.6 0.77 0.77 6792.3 613.6 690.3 

7ip   0.77 0.77 7692.3 690.3 613.6 0.77 0.77 7692.3 613.6 690.3 

1.5ih   

 

3ip   0 0.86 4384.8 0 1157.6 0.82 0.82 4271.0 658.7 741.1 

4ip   0.82 0.82 5171 741.1 658.7 0.82 0.82 5171 658.7 741.1 

5ip   0.82 0.82 6071 741.1 658.7 0.82 0.82 6071 658.7 741.1 

6ip   0.82 0.82 6971 741.1 658.7 0.82 0.82 6971 658.7 741.1 

7ip   0.82 0.82 7871 741.1 658.7 0.73 0.86 7877.7 581.818 839.093 

1ih   

 

3ip   0.89 0.89 4463.9 805 715.5 0.89 0.89 4463.9 715.5 805 

4ip   0.89 0.89 5363.9 805 715.5 0.89 0.89 5363.9 715.5 805 

5ip   0.89 0.89 6263.9 805 715.5 0.89 0.89 6263.9 715.5 805 

6ip   0.89 0.89 7163.9 805 715.5 0.89 0.89 7163.9 715.5 805 

7ip   0.89 0.89 8063.9 805 715.5 0.57 1.1 8158.2 457.143 1227.48 

 

5. CONCLUSION 
In this paper the optimal replenishment policy for two substitutable products is determined, in order to 
maximize the retailer profit. The demand for each product is considered to be dependent of the instantaneous 
inventory level of both products. By setting the shape parameters of the demand function equal to zero 
( 1 2 0b b  ), the demand becomes constant and this case is also examined. First and second order 

conditions are provided for the derivation of the optimal solution. Finally, numerical examples are conducted 
for all cases and for various values of the parameters.    
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Abstract: In order to improve the quality of service of distributed applications, we propose a multi-criteria 

algorithm based on interpolative Boolean algebra for routing in an overlay network. We use a mesh 

topology because it is easy to implement and also makes addressing of the cores quite simple during routing. 

In this paper, we consider two criteria: buffer usage, which is represented using the thermal field theory and 

the distance between peers, expressed as Euclidean distance. The proposed routing algorithm determines 

the optimal path using interpolative Boolean algebra, the decision at each node is made based on the 

ranking of available options considering multiple constraints. The simulation showed that the proposed 

approach provides better results than standard shortest path routing algorithm. 

Keywords: Interpolative Boolean algebra, multi-criteria, routing, peer-to-peer. 

1. INTRODUCTION 

Quality of service is the ability to provide different priority to different applications, users, or data flows, or 

to guarantee a certain level of performance to a data flow. Quality of Service (QoS) routing is a key function 

of the transmission and distribution of digitized information across networks The main objectives are to 

reduce congestion hot spots, improve resource utilization and provide adequate QoS for final users. There 

are so many problems that can affect on performance, such as data loss due to buffer overflow, when using 

an improper routing path or packet delay/expiry when residing in large queues. Multi-criteria decision 

making takes into account criteria such as node buffer capacities, residual link capacities, and number of 

hops on the path. Many routing algorithms use expert systems, artificial neural networks, and fuzzy logic for 

multi-criteria decision making and focus on link constraints (e.g., bandwidth) or path constraints (e.g., end-

to-end delay or path cost). 

Structured peer-to-peer overlay networks are able to distribute content over a dynamically changing 

number of participants and still provide efficient lookup mechanisms. Further, such networks provide robust 

routing architectures, redundant storage and distributed implementations of trust and authentication 

mechanisms that avoid single points of attacks and failures. When a single peer manages the content that is 

accessed by a lot of users in the whole network, such peer has a high message load. The peers around such 

hotspots are inherently exposed to higher routing load, since a lot of messages need to be routed to and from 

the hot-spot. Messages that are targeted to a hot-spot or its surrounding nodes necessarily have to be routed 

into the overloaded region, other messages should be routed  around it. In this way not only avoids the 

additional load and possible resulting message losses for the already stressed region, but also optimizes the 

delay time for the redirected message. However, it is important to make sure no messages are lost due to 

TTL expires, the alternative routes should still have a minimum number of hops. 

Routing in topology aware overlay networks using a grid pattern with coordinate system provides many 

benefits, because between two peers exist many paths with the same hop-count and each peer is capable to 

predict the shortest route without prior communication. The grid can be used to provide content-based 

coordinate systems generated from the distributed system’s contents, that map can be changed dynamically 

according to the application’s requirements. The distance between peers is measured in Euclidean space. 

Other approaches (Lua et al. 2004) propose routing in a mesh-like structure using the EPC code to establish 

an address space. Additionally, Network Virtual Environments, Data mining and similar applications could 

be able to apply our IBA routing approach to their content-grid structure. 

The proposed algorithm takes the indicator of buffer usage of each node’s direct neighbors into account 

as well as the distance from the current node to the target. A Thermal-field-based approach is used to convey 

information about the buffer usage status in neighborhood area and Euclidean distance is used as a measure 

of distance. The decision about the next hop is made on each node, by ranking of nodes in the neighborhood 
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using IBA, as a matter of fact logical implication as an order relation. This method changes packet routes 

dynamically and reacts on network traffic.  

The rest of the paper is structured as follows: Section 2 provides an overview of related works, Section 3 

proposed algorithm and in Section 4 presents the settings for the experiment and its results. Section 5 

concludes the paper and gives an outlook for future work. 

2. RELATED WORKS 

There are many adaptive routing algorithms which take into account multiple criteria and constraints to 

improve QoS: an algorithm considering the number of hops and available buffer-capacities in general 

communication networks (Zhang & Zhu, 2005); Improvement of one or multiple QoS factors in a packet 

switching network allows fuzzy mixed metric approach introduced  (Upadhayay & Sharma, 2008); Fuzzy 

ant colony algorithms which ensure optimal routing decisions considering multiple constraint in Mobile Ad 

Hoc Network (MANET) are FLAR(Mirabedini et al. 2000) and FACO  (Goswami et al. 2009). FLAR 

considered route utilization and delay but FACO considered buffer occupancy,  remaining battery power and 

signal scalability.  

Our approach is run on a mesh overlay network, in which the distance is measured by coordinating 

system. Kleinberg (Mirabedini et al. 2000) introduced decentralized routing algorithms in grid-like 

networks, within only delivery time complexity. There are many algorithms that use coordinate 

systems built on different layers of the network stack, e.g.  (Berg et al. 2007,  Donnet et al. 2009, Berg et al. 

2009). 

2.1. Routing in Mesh Structure 

Some researchers have proposed the application-specific topology that can offer superior performance while 

minimizing area and energy consumption (Jeang et al. 2008). The most common topologies are 2D mesh 

and torus due to their grid-type shapes and regular structure which are the most appropriate for the two 

dimensional layout. Routing algorithms often have one or more of the following design goals: optimality, 

simplicity and low overhead, robustness and stability, rapid convergence, flexibility. In order to achieve 

these goals the functions of routing algorithms are the provision of the fastest path, prevention of deadlocks, 

low latency insurance, network utilization balancing, and fault tolerance. Grid-like structures provide 

multiple paths which have the same hop count.  

Mello, Ost, Moraes and Calazans (2004) evaluated some examples of routing algorithms in mesh 

topologies. We use the XY algorithm which is deterministic. Packets are first routed in the X direction, until 

reaching the  coordinate, and afterwards in the Y direction, as shown in Fig. 1(b). If some network hop is 

in use by another packet, it remains blocked in the node until the path is released. As illustrated in Fig. 1(a) 

turns where the packet comes from the Y direction are forbidden (dotted lines). 

 

1
 

(a) Continuous lines represent allowed turns. Only 4 turns are allowed. 

1
 

(b) XY routing algorithm. 

Fig. 1: XY routing algorithm 

                                                      
1 A.V. Mello, L.C. Ost, F.G. Moraes, N.L. Calazans, Evaluation of Routing Algorithms on Mesh Based 

NoCs, Technical Report Series, 2004. 
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2.2. Thermal Field 

A routing method based on the temperature fields theory in thermal physics was first introduced by Unger 

and Wulff (2004) to locate nodes managing contents of common interest in P2P networks. Each node is 

characterized by a temperature, which is an indicator for the activity of that node. The heat of each node 

radiates towards its direct neighbors and influences their temperature as well. Whenever the content of a 

node is accessed or updated, its temperature is increased, whereas during periods of inactivity, the 

temperature falls off exponentially to align with the temperatures of the surrounding neighbors. In 2007, 

Baumann  introduced the HEAT routing algorithm  (Baumann et al. 2007), the similar theory applies to 

wireless mesh networks, however, the temperature of node is calculated from the density of all hosts in the 

network. The more neighbors with higher temperature, the higher are the temperature value of the 

forwarding node. This approach can improve the probability of packet delivery in large mesh networks. The 

probability is increased by routing in a denser area with anycast members instead of direct routing to the 

closest anycast member, because in dynamic network with frequent changes, the anycast member may 

become unreachable by moving out of range. The drawback of HEAT protocol is that its performance 

depends on the pre-set heat conductivity value, which makes trade-off between density and proximity 

routing. Thus, it is impractical to set the value ahead, because the real network might likely have areas where 

proximity is preferred and other parts where density might be more suitable(Mirabedini et al. 2000). Every 

node is assigned a temperature value, and packets are routed along with increasing temperature values until 

they reach any of the Internet gateways, which are modeled as heat sources. It is a distributed protocol to 

establish such temperature fields which do not require flooding of control messages. Rather, every node in 

the network determines its temperature considering only the temperature of its direct neighbors, which 

renders our protocol particularly scalable to the network size (Zhang & Zhu, 2005). 

2.3. Interpolative Boolean algebra  

Zadeh has recognized the importance and necessity of gradation in relations generally (theory of sets – fuzzy 

sets, logic – fuzzy logic, relations – fuzzy relations) for real applications (Radojevic, 2008).  Using of 

consistent fuzzy logic, which is within the Boolean framework and based on the notion of gradation, solves 

problems with lower complexity in a way that is similar to the classical mathematical approaches in real 

problems, unlike conventional fuzzy approaches which based on the truth functional principle (Radojevic, 

2013).  

This approach to treating gradation in logic, the theory of sets, relations etc., is based on interpolative 

realization of finite Boolean algebra (IBA)  (Radojevic D. , Interpolative relations and interpolative 

preference structures, 2005).  

GBP is a polynomial whose variables are free elements of Boolean algebra and operators are standard + 

and -, and generalized product . A set of feasible generalized product is a subclass of T-norms which 

satisfy an additional constraint - probability consistence. In the new approach a generalized product has a 

crucially different role; it is only an arithmetic operator, contrary to conventional fuzzy approaches where T-

norms have the role of algebraic operator. Interpolative Boolean algebra (IBA) determines the procedure of 

transforming an analyzed element of Boolean algebra and/or a Boolean function into GBP directly. 

Variables of GBP are elements from the analyzed set of primary attributes . Primary 

attributes have the following characteristic: no one of primary attributes can be expressed as a Boolean 

function of the remaining primary attributes from . 

In a general case logical aggregation has two steps: 1) Normalization of primary attributes’ values 

(Radojevic, 2008): 

 (1) 

The result of normalization is a generalized logical and/or [0, 1] value of analyzed primary attribute, and  

2) Aggregation of normalized values of primary attributes into one resulting value by pseudo-logical  

function as a logical aggregation operator: 

 (2) 

A Boolean logical function ϕ is transformed into a corresponding generalized Boolean polynomial  

 
(3) 
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Operator of logical aggregation in a general case is a pseudo-logical function, a linear convex 

combination of generalized Boolean polynomials (GBP) (Radojevic,2000 and 2008): 

 
(4) 

Logical aggregation operator depends on the chosen measure of aggregation  and operator of 

generalized product  ) (Radojevic,2000 and 2008). 

R-implication is a consistent Boolean generalization of classical binary implication and as a consequence 

it overcomes the drawback of conventional fuzzy implications. It is realized as a generalized Boolean 

polynomial. R-implication has important roles in many applications such as morphology in image 

processing, association rules in data mining and decision making generally. 

R-implication and/or GBP  which corresponds to implication function  is 

 (5) 

where  is a generalized product(Radojevic, 2013). 

As well, the real valued realization of a finite (atomic) Boolean algebra is based on Boolean polynomials. 

The implication can be performed using the Boolean polynomial of free variables  and , takes the values 

from the unit interval  (Radojevic, 2013): 

 (6) 

 is a generalized product or t-norm with the following property[13]: 

 (7) 

 (8) 

 (9) 

 (10) 

R-implication corresponds to order relation  as we can see from Table 1. 

 

Table 1: Fuzzy implication and order relation 

    
0 0 1 1 

1 0 0 0 

0 1 1 1 

0.1 0.9 1 1 

0.9 0.1 0 0.2 

1 1 1 1 

 

Since we introduced the basics of routing in the mesh structure, the thermal field approach and IBA in 

Section 2. In the next section we present an algorithm that is based on the IBA and using the relative 

distances in the grid and buffer usage level to provide a more efficient basis for creating a new routing 

protocol. 

3. ALGORITHM 

In this section, we describe proposed algorithm. The decision-making process of routing, in order to provide 

the QoS requirements, is based on IBA to find the best path which relies on the communication model 

transmitted temperature value by agents. Our approach gives equal importance to both distance and buffer 

usage status in decision making. The distance between peers is expressed using the Euclidean distance, by 

taking in account the coordinates of the source, the current and the target nodes in the grid. And the thermal 

field represented buffer usage level is used for communicating buffer information over the network. Each 

node stores information about its neighbors’ temperatures (indicate available resources to handle new data) 

and coordinates. In the route decision process also takes into account the distance of original to target node, 

current to target peer, and neighbors to target location. 
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3.1. Measuring the temperature 

The temperature  represents the buffer usage of a peer that is the level of messages waiting to forward. At a 

current node , the temperature  is calculated at every simulation time. The value of  is between 0 and 1 

(0 stands for an empty buffer and 1 a full buffer). 

 

(11) 

The updated information about buffer status of each peer are important to make a correct decision. The 

packets and the acknowledgements work as a median of the temperature, they pass temperatures from one to 

another node until they reach their target or expire. Every current node  has a set of neighbors  where 

messages can be forwarded to and  is a number of neighbor, then , (consequence of 

grid-like structures). There are three possibilities to update a neighbor’s temperature,  on node . Let 

 be the number of packets and  be the number of acknowledgements which sent from neighbor  to 

current node. 

If node  receives a packet or an acknowledgment from neighbor , the old temperature is replaced with 

the new temperature. 

 (12) 

If there is no message sent from a neighbor , the new temperature caused by the spread of source node 

then decreases exponentially, where  is the routing time. 

 (13) 

The new temperature is zero when no message arrives and no heat remains[3]. 

 (14) 

In next section, we present our algorithm which determines next hop for data forwarding, based on two 

criteria - distance and temperature.  

3.2. Measuring the distance 

The inputs to the system to be designed for routing are: buffer usage status and distance. Both input 

variables make the route reflect the network status and the node’s ability to reliability delivery network 

packet.  

The distance is defined current packet-holder position compares to the source and target. It is calculated 

by  Eq. (5).  

 

(15) 

Where  is current peer,  is source node and  is target. 

3.3. Ranking of nodes based on IBA 

In the previous section we presented the calculation of distance and buffer usage status, which is expressed 

as temperature 

Neighbors should be should be ranked on a global rating, which includes buffer usage status and distance. 

A global rating of neighbors is actually the aggregation of its rating per indicators. In order to compare 

neighbors, the corresponding indicators should be compared first. In other words, it is required to get value  

of the order(real-valued implication) of corresponding indicators for all of analyzed neighbors. For that 

purpose, operation of R-implication is used. In fact we use logical expression for implication and technically 

R-implication (Radojevic, 2009) is realized as a generalized Boolean polynomial. 

 (16) 

Transform (6) to its corresponding generalized Boolean polynomial. 

 (17) 
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Min function is defined for the operator of generalized product , because it is used in case of the same 

attributes, and objects can only be compared by the same attributes. For the overall valuation of the neighbor 

nodes, operator of logical aggregation is used. 

 
(18) 

Where  and  are the values of the implication for each of the combinations of neighbors. 

So the algorithm is reduced to the following steps (which are repeated at each node from source to 

target): 

• for each of the neighbors and calculate the distance and buffer usage status 

• calculate the value of R-implication(order relation) by appropriate indicators for all combinations of 

neighbors. 1 indicates that the first neighbor in the pair is closer to target, or that there is more free 

memory for the new data. When the value of R-implication is less than 1, it indicates how much the 

two neighbors are the same, in the unit interval [0,1] 

• logical aggregation of values that we obtained in the previous step, provides a global rating for pairs 

of neighbors 

• highlight couples in which the logical aggregation is 1, we choose the first node in the pair. For 

these nodes, from the aggregation table choose the one that has the largest aggregation. 

In a simple example we will show how the algorithm works. Information about the distances and buffer 

usage of neighbors are shown in Table 2. After calculating the values of implications and aggregations in 

Table 3, we can see that neighbors  and  are the candidates for next hop in the routing process. Now we 

are choosing   because the value of the corresponding aggregation is greater(Table 4). 
 

Table 2: Inputs 

Neighbor Distance ( ) Temperature ( ) 

 0.1 0.7 

 0.9 0.5 

 0.2 0.5 

 0.7 0.9 
 

Table 3: Calculation of R-implication and aggregation 

Order   Aggr 

 1 0.8 0.8 

 1 0.8 0.8 

 1 1 1 

 0.2 1 0.2 

 0.3 1 0.3 

 0.8 1 0.8 

 0.9 1 0.9 

 1 1 1 

 1 1 1 

 0.4 0.8 0.32 

 1 0.6 0.6 

 0.5 0.6 0.3 
 

Table 4: Optimal next hop 

Order   Aggr 

 1 0.8 0.8 

 0.9 1 0.9 

 

In the next section, we will present how to implement the proposed algorithm, which we have explained, 

and some experimental results we obtained in comparison with the the shortest path method. 

4. EXPERIMENT 

The experiment was conducted in order to have evaluated the effectiveness of the proposed approach 

compared to the well-known shortest path method. In our decentralized method route decisions are made 
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step by step, which means that each node knows only its neighborhood peers and decides while holding a 

message. The shortest path method finds the fastest way in terms of number of hop-count to the destination. 

4.1. Settings 

PeerSim (Jelasity, Montresor, Jesi, & Voulgaris) network simulator was used to conduct the experiment. 

PeerSim has been developed with extreme scalability and support for dynamicity in mind. It is written in 

Java and it is composed of two simulation engines, a simplified (cycle-based) one and and event driven one. 

We used the cycle-based engine, to allow for scalability, uses some simplifying assumptions, such as 

ignoring the details of the transport layer in the communication protocol stack. 

Virtual IPv4 network is overlaid by grid stucture with 1225 nodes. Node ID is actually the coordinates of 

a node within the grid. Peers are connected in four directions to each other: left, right, up, and down. The 

buffer sizes and outgoing bandwidths are limited and assigned randomly follow the Power-Law distribution. 

There are two types of packets, data and acknowledgements. The acknowledgment is prioritized. Otherwise, 

the system handles the packets using First-In-First-Out algorithm. 

To make more realistic traffic, different throughputs for nodes in terms of buffer sizes and outgoing 

bandwidths are defined. Source node (12,1) sends a message to its target (8,31) in every simulation time 

until total messages are 1,000 packets. In order to evaluate algorithm performances, we measured message 

success delivery ratio, message loss ratio, and message expired ratio. Routing time, which includes moving 

steps and waiting times in the traffic nodes, is also assessed. 

4.2. Results and analysis 

In this section we present the results of an experiment conducted in order to compare the efficiency of the 

shortest path method to the proposed.  As indicators of efficiency, we took into account several parameters 

obtained in the simulation of network: 1) delivery ratio, which is important as an indicator of success and the 

routing quality that the network can support, and 2) average routing time, which is the average time to 

deliver a packet from launched at source to reached target, and it includes all possible delays such as waiting 

in buffer queue. 

The proposed multi-criteria IBA method achieves improvement of message success delivery ratio, it is 

higher for 14% than the ratio obtained by the shortest path method, as shown in Fig. 2. This approach 

provides the optimal path, which avoids congestion and in addition takes into account the distance, so the 

ratio of lost messages is almost twice lower than in other method. According to limited TTL, both methods 

provide low message expired ratios, although it must be emphasized that the ratio of our method is 0%, 

because it can avoid full-buffer peers. 

The minimum hop-count from node (12, 1) to node (8, 31) is 34 time-steps in the grid. The shortest path 

method shows every message transport to destination with a number of hop-count, 34 time-steps. However, 

average routing time of shortest path is higher (9 simulation time-steps) than multi-criteria IBA(4 simulation 

time-steps) due to waiting time in long queue buffer nodes. 

 
 

 
Fig. 2: Results of simulation 
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5. CONCLUSIONS 

In this paper we presented a multi-criteria routing algorithm based on Interpolative Boolean Algebra. The 

algorithm is applied to structured peer-to-peer overlay network, where the thermal field theory is used to  

represent the buffer usage of a peer and the distance is calculated based on the coordinates of the grid. These 

two criteria ensure the shortest path and the optimal use of resources, as it is demonstrated in the experiment. 

In future works, algorithm will include more criteria relating to transport, and infrastructure, such as 

bandwidth, remaining battery power and signal scalability. To improve the reliability of packet 

transmissions proposed approach should handle all causes of failure such are transmission failures, link 

failures, and network congestion. 
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Abstract: The measurement of similarity or dissimilarity between different objects is an important issue in 
data analysis, information retrieval, decision making, clustering, data mining etc. In this paper, similarity is 
perceived as a logical equivalence or bi-implication between two objects. We introduce several logic-based 
similarity measures for computing consensus in group decision making. In order to measure a level of 
agreement among experts, we applied several similarity functions: min bi-implication, prod bi-implication 
and equivalence based on Interpolative Boolean Algebra (IBA). The aim of this paper is to make the 
comparison of the three logic-based similarity measures. Special attention is devoted to how these measures 
are appropriate to explain the notion of consensus within group decision making (GDM) problems. IBA 
equivalence proved to be the most suitable tool for estimating consensus as shown in the numerical example. 

Keywords: Similarity measures, Logical relations, Fuzzy bi-implication, IBA equivalence, Consensus. 

1. INTRODUCTION 
The measurement of similarity or dissimilarity between different objects is an important issue in data 
analysis, information retrieval, decision making, clustering, data mining etc. There are a number of ways to 
compute similarity or dissimilarity among various object representations. According to (Deza and Deza 
2009) they can be categorized into the following groups: relatives of Euclidean distance, similarities and 
distances for numerical and binary data, and correlation similarities and distances. These techniques are used 
depending on the data characteristics/nature and application domain. 

In this paper, we introduce several logic-based similarity measures for computing consensus in group 
decision making (GDM). One of the key aspects in GDM problems is to achieve a high level of consensus 
among experts' opinions. In the recent paper (Khorshid 2010) outlined various measures applied for 
estimating the similarity for pairs of decision makers: Euclidean distance, L–1 norm distance, cosine, sine, 
1–sine and similarity measure functions of the angle between the preference vectors for decision makers etc. 

Similarity may be perceived as a logical equivalence or bi-implication between two objects. In order to 
obtain the collective consensus degree, we applied several functions based on logical relations: min bi-
implication, prod bi-implication and IBA equivalence (Moser 2006, Radojevic 2010, Callejas et al. 2012).  

Logical relations of fuzzy bi-implication, based on various t-norms (e.g. min, prod), are extension of 
classical bi-implication so it includes the whole [0,1] interval (Moser 2006, Callejas et al. 2012). The fuzzy 
bi-implication was previously defined as a similarity measure in (Le Capitaine 2012). To the best of our 
knowledge, never before was it employed for measuring consensus.  

Interpolative Boolean algebra (IBA) (Radojevic 2008a) is a consistent multi-valued realization of 
Boolean algebra in the sense that it preserves all the laws on which Boolean algebra relies. In (Poledica et al. 
2013) IBA equivalence as similarity measure is introduced and further applied in the context of consensus.  

The aim of this paper is to make the comparison of three logic-based similarity measures. Min bi-
implication, prod bi-implication and IBA equivalence are all utilized for measuring level of agreement 
among experts. Special attention is devoted to how these measures are appropriate to explain the notion of 
consensus within GDM problems. 

The paper is structured as follows. In the next section, some basic prerequisites regarding fuzzy relations 
and similarity measures are provided. The Section 3 gives a short overview of Interpolative Boolean algebra. 
Special attention is given to the IBA equivalence relation. In Section 4, we define selected logical relations 
as similarity measures. The notion of consensus and the selected consensus approach is explained in Section 
5. Also, illustrative example is provided and all logic-based similarity measures are contrasted. In the final 
section, we give conclusions and guidelines for the future work. 
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2. PRELIMINARIES 
This section summarizes definitions and properties related to fuzzy bi-implications as well as similarity 
measures which are needed later on. 
 

Definition 1 (Klement et al. 2000). A function    2
: 0,1 0,1T   is called t-norm if it satisfies the 

following conditions for all , ,x y z X : 

    , ,T x y T y x   (commutativity) 

      , , , ,T x T y z T T x y z  (associativity) 

    , ,y z T x y T x z    (monotonicity) 

    ,1 1,T x x T y y    (boundary condition) 

 
The following are some examples of well-known t-norms:   

    , min ,MT x y x y   (minimum  t-norm) 

  ,PT x y x y     (product t-norms) 

    , max 1,0LT x y x y     (Lukasiewitz t-norm) 

 

Definition 2 (Baczynski and Jayaram 2008). A function    2
: 0,1 0,1I   is called a fuzzy implication if it 

satisfies, for all 1 2 1 2, , , , , [0,1]x x x y y y  , the following conditions: 

 if 1 2x x , then    1 2, ,I x y I x y   

 if 1 2y y , then    1 2, ,I x y I x y  

  0,0 1I   

  1,1 1I   

  1,0 0I   

 
Fuzzy implication is a generalization of the classical (Boolean) implication to the unit interval  0,1 . The 

following are examples of fuzzy implications based on previous t-norms:   

  
,

,
1,M

b a b
I x y

otherwise

 
  

 

  
,

,
1,P

b a a b
I x y

otherwise

 
  

 

    , min 1,1LI x y x y    

 

Definition 3 (Callejas et al. 2012). A function    2
: 0,1 0,1B   is called bi-implication if it satisfies, for 

all  , , , 0,1x y z w , the following axioms: 

    , ,B x y B y x   (B-commutativity) 

   1,B x x     (B-identity) 

  0,1 0B   

 if w x y z  
 
than    , ,B w z B x y  
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Therefore, relation       , , , ,B x y T I x y I y x  models f-bi-implication, where we assume that T is a 

t-norm and I a fuzzy implication. The following are examples of bi-implications based on corresponding t-
norms: 

    
1,

,
min , ,M

x y
B x y

x y otherwise

 
  

 

    
 

1,

, min ,
,

max ,
P

x y

B x y x y
otherwise

x y

 
  


 

  , 1LB x y x y    

 
Further it is required to define a notion of dissimilarity/similarity and its properties according to (Deza 

and Deza 2009). 
 
Definition 4. Let X be a set. A function 2:D X R  is called a distance (or dissimilarity) on X if, for all 

,x y X , there holds: 

   0,D x y     (non-negativity) 

    , ,D Dx y y x   (symmetry) 

   0,D x x 
   

(reflexivity) 

 
Definition 5. Let X be a set. A function 2:S X R   is called a similarity on X if, for all ,x y X , there 
holds: 

   0,S x y     (non-negativity) 

    , ,S Sx y y x   (symmetry) 

    , ,S Sx y x x  with equality if and only if x y   

 

Similarity can be obtained by distance bounded by 1 in following manner: 1D S  ,   1D S S  , 

1D S  , etc. Distance is the negation of similarity from the standpoint of logic. 

3. INTERPOLATIVE REALIZATION OF BOOLEAN ALGEBRA 
Interpolative Boolean algebra (Radojevic 2008a, Radojevic 2013) is consistent realization of Boolean 
algebra which treats logical functions as Generalized Boolean polynomials (GBP). This section provides a 
basis of IBA as well as the transformation procedure of logical Boolean functions into GBPs. 

3.1 Interpolative Boolean Algebra 
Interpolative Boolean algebra is a theoretical framework where all elements of Boolean algebra  BA   have 

their real-valued realization from Boolean frame. Contrary to the conventional truth functionality principle, 
structural functionality, introduced by Radojevic (Radojevic 2008a, Radojevic 2008b) is based on the 
distinction between two logical levels: symbolic and valued. Structural functionality is an algebraic (value 
irrelevant) principle while truth functionality depends on value realization and it is only valid in classical 
two-valued case. Structural function defines whether an element of Boolean function is included or not 
included in the structure. Only when the final structure is established the values can be computed. 

Any logical function can be uniquely transformed into a corresponding generalized Boolean polynomial 
using IBA (Radojevic 2008b). A GBP has the ability to process values of primary variables  1, na a    

from real unit interval  0,1  in such a way to preserve all algebraic characteristics on value level.  

A GBP is polynomial whose variables are elements of Boolean algebra and operators are two standard 
arithmetic operators + and − , and generalized product   as the third. Generalized product is a subclass of t-
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norms. Operator function for generalized product is any function which maps    2
: 0,1 0,1   and 

satisfies all four axioms of t-norms (see Definition 1) and the additional axiom - non-negativity condition: 

 | |

(Ω / )

1 0
K

i
K P S

a


  (1) 

The operator chosen for a generalized product does not have any influence on algebra since the algebra is 
always Boolean. We can distinguish three marginal cases for the selection of the appropriate operator 
depending on the nature of the attributes  ,a b  that are to be aggregated:  

 min function -  =mina b a,b  

 ordinary product - a b a b    

 Lukasiewicz operator -  =max 1 0a b a b ,    

where generalized product is from the following interval: 

   max 1 0 mina ba b , a,b     (2) 

3.2 Logical equivalence as a GBP 
In this section we aim to illustrate the transformation of logical Boolean functions into GBPs on the case of 
the relation of equivalence i.e. logical expression for equivalence. 

For a set of primary Boolean variables that generates Boolean algebra, the procedure of transformation of 
Boolean functions into corresponding GBPs is defined in (Radojevic 2008b):  
 For combined elements      1 1n nF a , ,a ,G a , ,a BA   :  
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The relation of equivalence is defined as following logical expression: 

   a a b b ab      (5) 

To transform a Boolean function into a GBP the first step is to assess its structure. In this particular case 
the following transformation steps have been taken: 

      
   
   1 1

1

1

1 2

a b a b b a

a b b a

a a b b a b

b a b a a b a a b a b a b b a b a b

b a b a a b a b a b a b a b
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After the transformation has been accomplished focus is transferred to the value level. A GBP that 
uniquely corresponds to relation of equivalence satisfies the properties of reflexivity, transitivity and 
symmetry only when min is used as generalized product ( : min  ) (Radojevic 2010).  

By applying min function in the previous GBP we obtain the following expression: 

   1 2 min ,a b a b a b       (7) 

Therefore a consistent comparison of different objects is only possible by the same criteria.  

4. LOGIC-BASED SIMILARITY MEASURES 
In this section we aim to define several similarity measures on the basis of logical relations e.g. implication, 
bi-implication, etc.  

First we introduce IBA equivalence as similarity measure as in (Poledica et al. 2013). For the same 
purpose different bi-implications are also employed in the similar manner as in (Le Capitaine 2012). 

4.1. Similarity measure based on IBA 
In this section we define a similarity measure in the sense of IBA given in Section 3.  

The relation of equivalence in the sense of IBA,    2
: 0,1 0,1IBAS  , can be used as a similarity 

measure because it satisfies all necessary conditions (Definition 5): 

    , 1 2 1 2 0IBAS x y x y x y x y y x             , due to the boundary and monotonicity of 

generalized Boolean product x x y  , y x y  , 2 1x y x y     ;  

    , 1 2 1 2 ,IBA IBAS Sx y x y x y x y y x y x             , due to the commutativity of 

generalized Boolean product; 

    , 1 2 1 2 2 1 ,IBA IBAS Sx x x x x x x x x y             , due to the rules of transformation of 

Boolean functions into corresponding GBPs. 
 

Clearly, IBA equivalence is applicable for measuring similarity. 

4.2. Similarity measure based on bi-implication 

The prod bi-implication,    2
: 0,1 0,1PS  , can be used as a similarity measure because it satisfies all 

necessary conditions: 

      
   1.

min
min max 0 0

max P

x, y
x, y x, y x, y S x, y

x, y
        

 2. 0 1 0Px y S x, y       

    
 

 
   min min

max maxP P

x, y y,x
S x, y S y,x

x, y y,x
    

    
   min

1 1
maxP P

x, y
x, y S x,x S x, y

x, y
      

The min bi-implication,    2
: 0,1 0,1MS  , can be used as a similarity measure because it satisfies all 

necessary conditions: 

    1. 0 min 0Mx, y x, y S x, y      

 2. 0 1 0Mx y S x, y       

        min minM MS x, y x, y y,x S y,x    

      1 1 minM Mx, y S x,x x, y S x, y      
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5. MEASURING CONSENSUS IN GROUP DECISION MAKING 
A group decision making (GDM) problem may be defined as a decision situation in which there are two or 
more experts (i) each of them characterized by his/her own perceptions, attitudes, motivations, and 
personalities, (ii) who recognize the existence of a common problem, and (iii) who attempt to reach a 
collective decision (Herrera et al. 1997).  

Experts come from different backgrounds so their opinions are rather diverse and conflicting. Thus, it is 
significant to measure the level of agreement among experts' opinions. In GDM before applying the selection 
process, it is desirable that experts reach a high degree of consensus. 

Consensus refers to a general agreement within the group of people, or agents, both human or software, in 
a more general setting (Herrera-Viedma et al. 2011). In the broader sense, consensus is a dynamic and 
iterative process and is repeated until experts' opinions become sufficiently similar or a target level of 
consensus is reached (Tapia Garcia et al. 2012). 
In analyzing consensus, different approaches have been proposed (Cabrerizo et al. 2010): hard consensus 
measures (0 - no/partial consensus and 1 - full consensus) and soft consensus measures as more realistic 
approach. 

The basis of a consensus model is a distance/similarity measure that is employed to assess similarity 
among experts opinions. 

The most commonly used distance functions in modeling soft consensus in GDM problems are: 
Manhattan, Euclidean, Cosine, Dice, and Jaccard distance functions (Chiclana et al. 2013).  

In this section we employ IBA equivalence as similarity measure to obtain the collective consensus 
degree. Further we compare these results to similarity measures with the similar nature i.e. all based on 
logical relations: min and prod bi-implication. 

5.1. The consensus approach 
In a classical GDM situation there is a problem to solve, a solution set of possible alternatives, 

 1 2, ,..., nA A A A and a group of two or more experts,  1 2, ,..., mE E E E characterized by their own ideas, 

attitudes, motivations and knowledge, who express their opinions about this set of alternatives to achieve a 
common solution (Cabrerizo et al. 2010). The setup for a GDM problem is given in Table 1. 

 
Table 1: Normalized alternative assessments 

Alternative / Expert E1 E2 ... Em 
A1 a11 a21  a1m 
A2 a21 a22  a2m 
...   ...  
An an1 an2  anm 

 
Most consensus models in literature (Fedrizzi 1997, Herrera-Viedma 2013) always include two essential 

steps in measuring consensus degrees:  
 Computation of similarity matrices for each alternative based on chosen similarity measure; 
 Computation of consensus degrees by aggregation of appropriate similarity matrices. 
 

Similarity matrices for each alternative Ai, i=1,…,n are given in Table 2, where  ,ij iksm a a  stands for 

similarity measure of experts j and k on alternative i.  
 
Table 2: Similarity matrix for alternative Ai  

Alternative Ai E1 E2 ... Em 
E1 sm(ai1,ai1) sm(ai1,ai2)  sm(ai1,aim)

E2 sm(ai2,ai1) sm(ai2,ai2)  sm(ai2,aim)

...   ...  
Em sm(aim,ai1) sm(aim,ai2)  sm(aim,aim)

 
Clearly, the similarity matrix is symmetric and the main diagonal elements are equal to 1. It is typically 

reduced and forms an upper triangular matrix. 
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On the basis of various similarity measures (e.g. min bi-implication, prod bi-implication and IBA 
equivalence) different similarity matrices can be obtained.  

Consensus degree i

smCD  for each alternative Ai, i=1,…,n is obtained as simple average of upper 

triangular elements of the corresponding similarity matrix:  

 
 

1 1,

,

1 2

m m

ij ik
j k j ki

sm

sm a a
CD

m m
  

 

 
 (8) 

5.2. Illustrative example 
The aim of this section is to illustrate the influence of different similarity measures on consensus degree 
calculation. The four alternatives A1, A2, A3 and A4 are evaluated by three experts (Table 2). All assessments 
are normalized on [0,1] interval.  
 
Table 2: Alternative assessments by experts – normalized values 

Alternative / Expert E1 E2 E3 
A1 0.93 0.82 0.72 
A2 0.35 0.30 0.24 
A3 0.89 0.85 0.25 
A4 0.94 0.55 0.20 

 
As it is given in Table 2, alternative A1 is highly valued while A2 is poorly valued by all three experts. It is 

expected that experts would reach a high level of agreement on these alternatives. As far as alternatives A3 
and A4 are concerned, A4 has greater diversity in the experts' opinions. Thus, it is intuitive that the lowest 
level of consensus degree is to be achieved for alternative A4.  

For measuring similarity among experts' opinions we applied the following functions: min bi-implication, 
prod bi-implication and IBA equivalence.  

Similarity matrices based on corresponding measures for each alternative are calculated and the values 
are presented in Table 3, 4, 5. Final results CDM

i, CDP
i, CDIBA

i - consensus degrees on i-th alternative, i=1,..,4 
are obtained as their aggregation using Eq. 8. 
 
Table 3: Consensus degrees on alternatives - min bi-implication as similarity measure 

 E1, E2 E1, E3 E2, E3 CDM
i

A1 0.820 0.720 0.720 0.753 
A2 0.300 0.240 0.240 0.260 
A3 0.850 0.250 0.250 0.450 
A4 0.550 0.200 0.200 0.317 

 
Table 4: Consensus degrees on alternatives - prod bi-implication as similarity measure 

 E1, E2 E1, E3 E2, E3 CDP
i 

A1 0.882 0.774 0.878 0.845 
A2 0.857 0.686 0.800 0.781 
A3 0.955 0.281 0.294 0.510 
A4 0.585 0.213 0.364 0.387 

 
Table 5: Consensus degrees on alternatives - IBA similarity measure 

 E1, E2 E1, E3 E2, E3 CDIBA
i 

A1 0.890 0.790 0.900 0.860 
A2 0.950 0.890 0.940 0.927 
A3 0.960 0.360 0.400 0.573 
A4 0.610 0.260 0.650 0.507 

 
For the purpose of easier analysis we ranked alternatives i.e. the best rank has the alternative with the 

highest level of opinion agreement.  
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On the basis of three different similarity measures, consensus degrees for each alternative and their 
rankings are summarized in Table 6. 
 
Table 6: Rankings and consensus degrees for each alternative 

 CDM
i RankM CDP

i RankP CDIBA
i RankIBA 

A1 0.753 1 0.845 1 0.860 2 
A2 0.260 4 0.781 2 0.927 1 
A3 0.450 2 0.510 3 0.573 3 
A4 0.317 3 0.387 4 0.507 4 

 
We can see from the Table 6. that the highest rank is assigned to alternative A1 for CDM

1 and CDP
1 but not 

for consensus degree based on IBA equivalence. Also, alternative A4 has the lowest rank according to CDP
i 

and CDIBA
i. Alternative A2 is differently ranked by all measures e.g. the best rank according to CDIBA

i and the 
worst according to CDM

i. 
We perceive consensus in the following manner: experts reach a high level of agreement on an alternative 

if the alternative is evaluated as good or evaluated as bad by both experts. In comparison of two objects it is 
important to treat a degree of certain trait as well as a degree of "not having that trait", which we also 
perceive as a property. 

Consensus degree CDM
1 for alternative A2 is poorly valued only by min bi-implication because min bi-

implication fails in case both alternatives are badly evaluated. In other words, min bi-implication is not able 
to take into account a property of "not having the trait". It is obvious that experts' opinions are close on A2, 
but min bi-implication does not verify that. 

On the other hand, CDP
i and CDIBA

i recognizes A2 as the alternative with high consensus. Consensus 
degrees based on prod bi-implication and IBA equivalence has the same rankings for alternatives A3 and A4. 
However they assign different ranks to A1 and A2. 

As it is shown in Table 2, absolute difference in the experts’ opinions for A2 is less than A1, meaning that 
these opinions are closer. As far as CDP

i is concerned, A1 is ranked higher than A2. Apparently, it favors 
situations when both alternatives are assessed as good to cases when they are both assessed as bad. In terms 
of consensus these situations should be treated equally. Prod bi-implication is able to recognize "not having 
the trait" but not entirely. In this way alternatives with greater values seem to be more similar than the ones 
with small values. 

Consensus degree CDIBA
i based on IBA similarity is able to treat all situations properly. As shown in 

Table 6. IBA equivalence handles properly both good and bad alternative assessments as well as situations 
where these assessments are not close but rather diversified.  

6. CONCLUSION 
Similarity between two objects is perceived differently when various similarity measures are applied. 
Various techniques are used depending on the data characteristics/nature and application domain. For 
computing consensus in group decision making, we introduced several logic-based similarity measures: min 
bi-implication, prod bi-implication and IBA equivalence. Further, the comparison of these measures in the 
context of consensus was made. 

It is assumed that experts reach a high level of agreement if the alternative is evaluated as good or 
evaluated as bad by both experts. In comparison of two objects it is important to treat a degree of certain trait 
as well as a degree of "not having that trait". Bearing that in mind, it is shown that IBA similarity is able to 
recognize all possible cases. Min bi-implication fails in case both alternatives are badly evaluated i.e. it is not 
able to take into account "not having the trait". Prod bi-implication is able to recognize these situations but 
not entirely. Prod bi-implication favors well assessed alternatives to be more similar than the badly assessed 
ones. In terms of consensus these situations should be treated equally. In the illustrative example IBA 
equivalence proved to be the most suitable similarity measure for estimating consensus as it is able to 
encounter all noted deficiencies.  
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TRUTH FUNCTIONALITY IS CONSEQUENCE OF STRUCTURAL FUNCTIONALITY 
AND VALID ONLY IN CLASSICAL TWO-VALUED CASE   
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Abstract: The value of the complex Boolean function can be calculated directly on the basis of its 

components value. It is a principle known as the truth functionality. Properties of the Boolean algebra have 

indifferent values. The truth functional principle is taken as a valid principle in general case in the 

conventional generalization: multi-valued and/or real-valued realizations (fuzzy logic in the broad sense). 

This paper presents that truth functionality is not valued indifferent property of the Boolean algebra and it is 

valid only in two-valued realization, and thus it cannot be the basic of the value generalization. The value 

generalization (real-valued realizations) enables incomparably more descriptiveness than the two-valued 

classical Boolean algebra, so that the finite Boolean algebra is enough for any real application. Each finite 

Boolean algebra is atomic. Every Boolean function (the element of the analyzed finite Boolean algebra) can 

be presented uniquely as disjunction of the relevant atoms – disjunctive canonical form. Which atoms are 

and which are not included in the analyzed Boolean function is defined by its structure: 0-1 vector which 

dimension matches the number of atoms (in the case of n independent variables, the number of atoms is n2 ). 

Atom corresponds uniquely to each vector structure position and value 0 means that the adequate atom is 

not included in the analyzed function, and 1 means that it is included. The principle of the structural 

functionality is: the structure of the complex Boolean function is defined directly on the basis of its 

components structure. The truth functionality is a value image of the structural functionality only in the case 

of two-valued realization. Each insisting on the truth functionality, such as in the case of conventional multi-

valued logic and fuzzy logic in general sense,  is unjustified from the point of the Boolean consistency. 

Keywords: Boolean algebra, atomic Boolean functions, disjunctive canonical form, Boolean function 

structure, structural functionality, truth functionality, generalized value realization of the Boolean functions 

1. INTRODUCTION 

The truth functionality is a property of the two-valued realization of Boolean algebra. The value of complex 

Boolean function can be calculated directly based on its components values. The principle of the truth 

functionality is taken as a basis of generalization in regular (conventional) value generalization of the 

theories based on the Boolean algebra: multi-valued and/or real-valued logic (fuzzy logic in general sense). 

Practically, there is no explanation why the truth functionality is taken as a basis of the valued generalization 

except ``because it is usual and technically useful`` (obviously not mathematical motivation!). This paper 

presents that truth functionality is valid only in two-valued realization of the Boolean algebra. Every finite 

Boolean algebra is atomic. The Boolean algebra generated with n independent variables contains 2
n 

atoms. 

Atoms are the simplest elements from the point of the valued realization (in the classical case for the free set 

of 0-1 independent variables values , only one atom has value 1 and all the others 0). The important atom 

property of the analyzed Boolean algebra is the fact that they do not have anything in common and/or that 

conjunction of two different atoms is identical to 0 element of the Boolean algebra i.e. it has value realization 

identical to 0. Each Boolean function (element of the analyzed Boolean algebra) can uniquely be presented 

as a union of relevant atoms – disjunctive canonical form. Which atoms are and which are not included is 

defined with 0-1 vector dimension 2
n 

– by the function structure. Atom uniquely corresponds to each vector 

position and value 0 means that the appropriate atom is not included in the analyzed function, and 1 means 

that it is included. The structure of the complex Boolean function is defined directly on the basis of the 

structure of its components – the principle of the structural functionality. This principle is value indifferent – 

algebra and it must be saved in all Boolean consistent value realizations. The truth functionality is a value 

image of the structural functionality and only in the case of two-valued realization – known truth table, for 

example. Each insisting on the truth functionality in general case (multi-valued and/or real-valued 

realization) has as a result impossibility of simultaneous keeping all properties of Boolean algebra. So, the 

482



answer on the question stated in the paper title is that the structural functionality is the basic of the Boolean 

consistent generalization of the finite Boolean algebra valued realization in general case. The Boolean 

consistent generalization enables direct generalization of all theories based on the classical finite Boolean 

algebra. From the point of the Boolean consistency, it is completely unjustified to insist on the truth 

functionality such as in the case of the conventional multi-valued logic and fuzzy logic in general sense.  

2. FUZZY LOGIC IN BOOLEAN FRAME 

Fuzzy logic, realized in the Boolean frame, means that all Boolean axioms and theorems are valid in the 

most general case i.e. in the real-valued case. Since the appropriate classical techniques are based on the 

Boolean algebra, precisely, on its two-valued realization, the consistent generalization should be based on the 

real-valued realization of the Boolean algebra. The real-valued realization of the finite or atomic Boolean 

algebra [4, 5 и 6] is described here in detail.  

The main problem of the conventional approaches (the main stream of the usual realization) is fact that 

they are based on the principle of the truth functionality, which is taken from the classical logic based on the 

two-valued realization. From the point of the Boolean algebra, this principle is adequate or correct only in 

two-valued case. The reason is simple: the Boolean function has the vector nature in general case, but in the 

classical case the attention is drawn only to one component (which is defined with 0-1 values of the 

independent variables). In general case, when the values of the independent variables are not only 0 or 1 but 

also include everything in between, it is necessary to include more components in calculation and in the most 

general case all components of the vector immanent to the analyzed Boolean function in the analyzed 

Boolean algebra. In order to illustrate the main idea, we will use the Boolean function of two independent 

variables x and y, from the famous Boolean paper from 1848 [3]: 

 

( ) ( ) ( ) ( ) ( )( ) ( )( )( ), 1,1 1,0 1 0,1 1 0,0 1 1 .x y xy x y x y x yφ = φ + φ − + φ − + φ − −                                               (1)                                                      

             

Actually, this equation can be treated also as a special case of the Boolean polynomial [4]: 

 

( ) ( ) ( )( ) ( )( ) ( )( ), 1,1 1,0 0,1 0,0 1 .x y x y x x y y x y x y x y
⊗

φ = φ ⊗ + φ − ⊗ + φ − ⊗ + φ − − + ⊗                      (2)                              

 

The independent variables in general case take the value from the unit real interval [ ]0 1x, y ,∈ . 

⊗
   

is generalized product [4] or   t-norm with the following property: 

 

   
( ) ( )max 1,0 min , .x y x y x y+ − ≤ ⊗ ≤   

 

Boolean polynomial 

  

The real-valued realization of the finite (atomic) Boolean algebra is based on the Boolean polynomials. The 

free Boolean function can be uniquely transformed into the appropriate Boolean [6].   

 
Example 1: Using the equation (2) of the equivalence relation, exclusive disjunction and implication, 

respectively 

 

( )

( ) ( ) ( ) ( )11 1 1 0 0 0 1 0 0 0 1

1 2

defa. x, y x y

, ; , ; , ; , ;

x y x y x y .

φ = ⇔

φ = φ = φ = φ =

⇔ = − − + ⊗

  

( )

( ) ( ) ( ) ( )11 0 1 0 1 0 1 1 0 0 0

2

defb. x, y x y

, ; , ; , ; , ;

x y x y x y .

φ = ∨

φ = φ = φ = φ =

∨ = + − ⊗
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( )

( ) ( ) ( ) ( )11 1 1 0 0 0 1 1 0 0 1

1

defc. x, y x y

, ; , ; , ; , ;

x y x x y .

φ = ⇒

φ = φ = φ = φ =

⇒ = − + ⊗

 

 

The finite (atomic) Boolean algebra generated by the set of independent variables { }1, ..., ,Ω =
n

x x  

is ( ) ( )( ) ,ΒΑ Ω = Ρ Ρ Ω  where:  ( )Ρ Ω  is a set of all subsets Ω . The atomic elements of the analyzed Boolean 

algebra ( )ΒΑ Ω are [6]: 

 

( )( ) ( )1
\

,..., , .
i j

n i j

x S x S

S x x x x S
∈ ∈Ω

α = ∈Ρ Ω∧ ∧                                                                                              (3)     

                                   

The atomic Boolean polynomial ( ) ( )1, ...,
⊗

α
n

S x x  uniquely corresponds to the atomic element  

( ) ( )1, ..., ,α
n

S x x  and it is defined by the following equation [6]: 

 

( )( ) ( )
( )

( )1

\

,..., 1 ; .
i

C

n i

x C SC S

S x x x S
⊗

∈ ∪∈Ρ Ω

α = − ∈Ρ Ω∑ ⊗                                                                                 (4)   

                              

Example 2:  The atomic Boolean polynomials for the Boolean algebra generated with { }Ω = x, y are: 

 

    

{ }( )

{ }( )

{ }( )

{ }( ) 1

x, y x y;

x x x y;

y y x y;

x y x y.

⊗

⊗

⊗

⊗

α = ⊗

α = − ⊗

α = − ⊗

α = − − + ⊗  

 

The values of the atomic polynomials in the real-valued case are negative ( )( ) [ ]1 0 1nS x ,...,x ,
⊗

α ∈  

( )S ∈Ρ Ω , and their sum is identically equal to 1. In the case of the example described by the equation (2) 

for [ ]0 1∈x, y , :  

      

      
( ) ( ) ( )1 1x y x x y y x y x y x y⊗ + − ⊗ + − ⊗ + − − + ⊗ ≡ .          

 

The classical two-valued case is just a special case which satisfies this fundamental equity, since the value of 

only one atom is equal to 1 and all others are identically equal to 0.   

The free Boolean function, the appropriate element of the analyzed Boolean algebra ( ) ( )1,..., ,nx xφ ∈ΒΑ Ω  

can uniquely be presented in disjunctive canonical form as a disjunction of relative atomic elements:  

 

( )
( )

( ) ( )( )1 1,..., ,...,n n

S

x x S S x x
φ

∈Ρ Ω

φ = σ α∨ .                                                                                              (5)  

                                         

Where: ( ) ( )( ),
φ

σ ∈Ρ ΩS S  the relation of inclusion of corresponding atom ( )( )1,..., nS x xα  in the analyzed 

Boolean function ( )1,..., ,nx xφ  is defined in the following way:  

 

( ) ( )( )

( ) ( )( )

1,..., ,

1,
, .

0,

def S i

i

S i def

i

S x i n

x S
x S

x S

φ
σ = φ χ =

 ∈
χ = ∈Ρ Ω 

∉ 

.                                                                                               (6) 
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The relation of inclusion determines which atoms ( )( )∈Ρ ΩS  are included in the analyzed Boolean function: 

  

( )
( )( ) ( )

( )( ) ( )

1 1

1 1

1, ,..., ,...,
,

0, ,..., ,...,

n n

n n

S x x x x
S

S x x x x
φ

 α ⊂ φ
σ = 

α ⊄ φ
                                                                                  (6.1) 

                        

(The values of the corresponding relation of inclusion are equal to 1) and which are not included (the values 

of the relation of inclusion are equal to 0). 

The Boolean polynomial uniquely corresponds to the analyzed Boolean function as Figure (5):  

 

( ) ( ) ( )( )
( )

1 1,..., ,..., .n n

S

x x S S x x
⊗ ⊗

φ

∈Ρ Ω

φ = σ α∑                                                                                          (7)      

The Boolean polynomial (7) can be presented as a scalar product for two vectors:  

 

( ) ( ) [ ]1 1 1,..., ,..., , ,..., 0,1n n nx x x x x x
⊗ ⊗

φ
φ = σ α ∈

��

                                                                                  (8)                           

 

• ( ) ( )S S
φ φ

 σ = σ ∈Ρ Ω 
�

 is a structure of the analyzed Boolean function ( ) ( )1, ...,φ ∈ ΒΑ Ω
n

x x , i.e. a vector 

of the relation of inclusion of atomic functions in the analyzed function. 

 

•  ( ) ( )( ) ( )1 1,..., ,...,
T

n n
x x S x x S

⊗  α = α ∈Ρ Ω 
�

is a vector of atomic polynomials of the analyzed finite 

(atomic) Boolean algebra ( ) .ΒΑ Ω  

 
Example 2: Structures of the analyzed Boolean functions from the example 1:   
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1 0 0 1 , 0 1 1 0 ,
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and atomic polynomials vectors for two independent variables:  
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1 2

2 1 2

1 2 1 2
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x x

x x x
x x

x x x

x x x x

⊗
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− ⊗ α =
 − ⊗
 

− − + ⊗ 
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. 

 3. THE STRUCTURAL FUNCTIONALITY 

The principle of the structural functionality: The structure of the free complex Boolean function can be 

calculated directly on the basis of its components using the following identities:  

 

   

φ∧ψ φ ψ

φ∨ψ φ ψ

σ = σ ∧ σ

σ = σ ∨ σ

� � �

� � �
 

  
1 .

¬φ φ φ
σ = ¬σ = − σ

�

� � �

 
 

The known principle of the truth functionality is just an image of the structural functionality at the value 

level and thus only in the case of two-valued realization. In general case (multi-valued and/or real-valued 

realizations), the principle of the truth functionality is not able to keep all Boolean algebra properties. That is 

the reason why fuzzy approaches, based on the principle of the truth functionality (conventional fuzzy logic 

in wider sense), cannot be in the Boolean frame and/or they are not the Boolean consistent generalizations. 

Structures as algebra properties of the Boolean functions keep all Boolean laws [6]:  
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Laws of monotonicity 

 

Associativity  

 

( ) ( )

( ) ( )

,

.

φ ψ ζ φ ψ ζ

φ ψ ζ φ ψ ζ

σ ∨ σ ∨ σ = σ ∨ σ ∨ σ

σ ∧ σ ∧ σ = σ ∧ σ ∧ σ

� � � � � �

� � � � � �

                                                                                                       (9) 

 

Commutatively  

 

, ;

, .

φ∨ψ ψ∨φ φ ψ ψ φ

φ∧ψ ψ∧φ φ ψ ψ φ

σ = σ σ ∨ σ = σ ∨ σ

σ = σ σ ∧ σ = σ ∧ σ

� � � � � �

� � � � � �
                                                                                                    (10) 

 

Distributive   

 

( ) ( ) ( )φ ψ ζ φ ψ φ ζ
σ ∧ σ ∨ σ = σ ∧ σ ∨ σ ∧ σ
� � � � � � �

                                                                                                     (11) 

                     

Identity  

 

0 ; 1 ;

0 ; 1 1.

φ φ φ φ

φ φ φ

σ ∨ = σ σ ∧ = σ

σ ∨ = σ σ ∨ =

� �

� � � �

� � �

� � �

                                                                                                             (12) 

 

Idempotent 

  

, .
φ φ φ φ φ φ

σ ∨ σ = σ σ ∧ σ = σ
� � � � � �

                                                                                                              (13)   

               

Absorption 

  

( ) ( ), .
φ φ ζ φ φ φ ζ φ

σ ∧ σ ∨ σ = σ σ ∨ σ ∧ σ = σ
� � � � � � � �

                                                                                         (14)  

                

Distributive 

   

( ) ( ) ( )φ ψ ζ φ ψ φ ζ
σ ∨ σ ∧ σ = σ ∨ σ ∧ σ ∨ σ
� � � � � � �

                                                                                                    (15)  

                                        

No monotonicity Laws 
 

Complementarity  

 

0; 1.
φ ¬φ φ ¬φ

σ ∧ σ = σ ∨ σ =
� �

� � � �

                                                                                                     (15) 

                   

De Morgan Laws 

 

( ) ( ); .
φ ψ ¬φ ¬ψ φ ψ ¬φ ¬ψ

¬ σ ∧ σ = σ ∨ σ ¬ σ ∨ σ = σ ∧ σ
� � � � � � � �

                                                                              
(16)   

4. CONCLUSION 

This approach based on the application of the structural functionality keeps all Boolean algebra laws in all 

possible value realizations (from the classical two-valued to the most general real-valued realization) 

independently from the selected operators of the generalized product. 

If you interpret the general case concretely (real-valued realization), then even the special case (two-

valued realization) is treated in a different way. 
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Excluded middle and non-contradiction are defined for two-valued realization case (in logic, for example, 

the statement is either truth or untruth and it cannot be both truth and untruth) and thus they are not adequate 

for general case. It seems that in the case of the conventional approaches to the generalization, the excluded 

middle may even not be valid. In general case one statement can be partially truth but then it is untruth with 

complementary intensity. From the point of the structure, the complementary function corresponds to each 

Boolean function so that it contains all atoms which the analyzed function does not contain and whereat they 

do not have a single common atom. The consequence is that the disjunction of the free Boolean function and 

its complementary functions contain all atoms and /or it is identical to the Boolean constant 1, i.e. it has a 

value identically equal to 1 – the excluded middle. Also, its conjunction does not include a single atom 

and/or it is identical to the Boolean constant 0, i.e. it has a value identically equal to 0 – non-contradiction. 

However, these fundamental laws are valid in all consistent value realizations and known definitions are 

valid only in classical two-valued case.  

Actually, excluded middle and non-contradiction uniquely define the complementary property of the 

analyzed property and thus these two laws are fundamental and important for cognition in general.  

This can be illustrated in a simple example, such as a glass filled with water. The classical two-valued case 

treats only full or empty glass. Empty is complement of full and vice versa. In general or real case, the glass 

can be partially full and, at the same time, with the rest it is empty with complementary intensity, so that the 

sum of the intensity “full” and intensity “empty” is identically equal to 1.  

It is obvious that, besides the fact that properties “full” and “empty” do not have anything in common, 

they are both simultaneously in the same glass and thus  the union intensity is equal to 1 and intersection 

intensity to 0.  

The free classical theory, based on the finite Boolean algebra using the real-valued realization of the 

Boolean algebra, can be generalized directly [6].This is very important for many interesting examples which 

are logically complex such as: artificial intelligence, mathematical cognition, prototype theory in 

psychology, concept theory, etc. 

The structural functionality sheds a new light on the relationship between syntax and semantics in the 

classical logic which will be presented in the next paper. 
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Abstract: DempsterShafer belief function theory can address a wider class of uncertainty than the standard 
probability theory does and this fact appeals the researchers in operations research society for potential 
application areas.For representation of statistical evidence, the class of consonant belief functions is used 
which is not closed under Dempster's rule of combination but is closed underWalley's rule of combination. In 
this research, it’s shown that although the outcomes obtained using Dempster’s and Walley’s rule do result 
in the same probability distribution when plausibility transformation is performed, they do result in different 
probability distributions when pignistic transformation is used which in turn may have a significant effect on 
decision making, on the choice of the decision alternative selected.  The resulting discrepancy on the 
probability distributions is demonstrated via an example of missile type identification.  

Keywords:Belief Functions, Consonant Belief Functions, Plausibility transformation, Pignistic 
Transformation 

1. INTRODUCTION 
The ability of belief functions to represent a wider class of uncertainty than the standard probability theory 
does and the capability to represent ignorance creates a flexible framework for any sort of application where 
information is gathered from semi-reliable resources. For that reasonbelief functions establishes a major 
appeal to operation researchers for potential application areas wherein uncertainty is involved.Belief 
functions has been used in a wide range of applications such as target identification (Delmotte and Smets 
2004), data fusion (Appriou 1997), auditing (Srivastava et al. 2011) anddata mining (Wickramaratnaet al. 
2009). 

Belief functions theory originates to the early work of Dempster (1967) on upper and lower limits of 
probability. This work has been well developed byShafer (1976)and thus,belief functions are also named as 
Dempster-Shafer theory of belief functions or theory of evidence. 

For combination of independent belief functions, Dempster’s rule of combination is the classical and the 
most widely used rule in Dempster-Shafer (D-S) theory. However, the rule has been criticized on various 
matters. One of the criticisms made at DS combination rule is the fact that consonant belief functions are not 
closed under Dempster’s rule of combination. As a remedy to this problem, Walley (1987) proposed an 
alternative rule for combination of belief function representations of statistical evidence. Consonant belief 
functions are closed under Walley’s rule of combination, however the drawback of Walley’s rule is that it is 
only defined for partially consonant belief functions. A detailed review and comparison of these two 
combination rules is done by Cinicioglu and Shenoy (2006). In their work they also showed that when 
plausibility transformation is applied to outcomes obtained by Dempster’s and Walley’s combination rule, 
they do result in the same probability distribution function. The fact that there is no decision theory of belief 
functions gives rise to the need to transform belief functions into probability distributions. Consequently, 
according the result obtained by Cinicioglu and Shenoy (2007) a decision made with the expected utility 
theory would be indifferent of the combination rule (Dempster or Walley’s rule) used. On the other hand, 
though plausibility transformation is one of the available methods of probability transformation, it is not the 
only one. In this research, both pignisticand the plausibility transformation are used to transform the 
outcomes of both of the combination rules into a probability distribution. It is shown that when pignistic 
transformation is used on the outcomes obtained from both of the combination rules, they do result in 
different probability distributions. The results show,that the choice of the combination rule and the 
discrepancy resulting depending on the transformation method used may have significant effect on decisions.  

The remainder of the paper is as follows: In section 2, the basics of belief functions theory and consonant 
belief functions are introduced. Additionally two combination rules, the classical rule of Dempster and 
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Walley’s combination rule for consonant belief functions are demonstrated via an example of Missile Fall 
Down. In section 3, the need for probability transformation is explained and the two transformation methods, 
plausibility and pignistic transformation is applied to the results of the combinations. The discrepancy 
resulting in probability distributions from the choice of the combination and/or transformation method is 
demonstrated. Finally, in section 4, is summarized and concluded. 

2. EVIDENCE THEORY 

2.1. Belief Functions 
Belief functions theory is also called as the theory of evidence since it deals with weights of evidence and 
with numerical degrees of support based on evidence (Shafer 1976). The main advantage of belief functions 
lies in its ability to represent ignorance and ambiguity. As shown by Ellsberg’s paradox(1961) the 
probability theory is unable to distinguish between a situation of complete ignorance and a situation where 
we have complete knowledge (Srivastava, 1997). Dempster-Shafer theory allows the description of partial or 
complete ignorance,since the belief not accorded to a proposition does not have to be accorded to the 
negation of that proposition (Cattaneo, 2011).  
There are several equivalent ways of representing a belief function, namely basic probability assignment, 
belief function, plausibility function, and a commonality function.  
Consider a set of mutually exclusive and exhaustive propositions,  = {θ1, θ2, …,θK}, referred to as frame of 
discernment. A proposition θi states the lowest level of discernible information. Any proposition that is not 
singleton, e.g.,  {θ1, θ2}, is referred to as a composite.  
A basic probability assignment (bpa) m for  is a function  
 m: 2  [0, 1]  such that m() = 0 and {m(A) | A  } = 1    
 (1)m(A) is a measure of the belief that is committed exactly to A. If m(A) > 0, then A is called a focal 
element of m. Note that if  is the complement of A, then m(A) + m( ) ≤1. Basic probability assignment 
differ from a probability function in that they can assign a measure of belief to a subset of the state space 
without assigning any to its elements.If all the focal elements are singletons, a belief function is reduced to a 
Bayesian probability function (Shafer 1976). Consequently, belief function calculus is a generalization of 
probability calculus and any Bayesian model of uncertainty is also a belief function model (Shafer and 
Srivastava 1990) 
There are three important functions in DS theory, belief functions, plausibility functions and commonality 
functions. They can all be defined in terms of the basic probability assignments.  
A belief function Bel corresponding to a bpam is a function  
 Bel: 2  [0, 1] such that Bel(A) = {m(B) | B  A} for all A      (2) 
Bel(A) can be interpreted as the probability of obtaining a set observation that implies the occurrence of A. 
A plausibility function Pl corresponding to a bpam is a function  
 Pl: 2  [0, 1]such that Pl(A) = {m(B) | BA ≠ } for all A      (3) 
Pl(A) can be interpreted as the probability of obtaining a set observation that is consistent with some element 
of A. 
A commonality functionQ corresponding to bpam is a function  
 Q: 2  [0, 1]such that  Q(A) = {m(B) | B  A} for all A       (4) 
Q(A) can be interpreted as the probability of obtaining a set observation that is consistent with every element 
of A. Since the m-values add to one, commonality functions have the propertythat: 
 1)()1( 1 



 AQ
A

A                      (5)  

Notice that for singleton subsets {}, the definitions of plausibility and commonality functions coincide, i.e., 
Q({}) = Pl({}) for all   . 

 
A famous example, named “Betty’s testimony” demonstrates the fact of belief functions to base the 

beliefs on the evidence, given by Shafer & Srivastava (1990). Suppose that I have a friend called Betty and 
according to my subjective probability Betty is reliable 90% of time and she is unreliable 10% of time.  
Consequently, the probability distribution for the case that Betty is reliable is as follows:  
P(Betty = reliable) = 0.9, P(Betty = unreliable) = 0.1. 
Betty tells me a tree limb fell on my car. Betty's statement must true if she is reliable, however, it is not 
necessarily false if she is unreliable. So representing this situationunder a belief function framework, the 
following results are obtained: 

489



Bel(limb fell) = 0.9    Bel(no limb fell) = 0 

This zero belief for the state “no limb fell” does not mean that I am sure that no limb fell on my car, as a 
zero probability would.This zero valueonly means that Betty's testimony gives me no reason to believe that 
no limb fell on my car.  

In the following section, consonant belief functions are introduced, and the use of consonant belief 
functions for representation of statistical evidence is demonstrated. 

2.2. Consonant belief functions 
A belief function is said to be consonant if its focal elements are nested, meaning that each is contained in 
the following one (Shafer, 1976). The nested structure of consonant belief functions restricts the number of 
focal elements the belief function may have. In a belief function, which is not consonant, depending on the 
number of elements n, the belief function may have up to 2n – 1 focal elements. This property of consonant 
belief functions make it preferable for representation of statistical evidence (Shafer 1976). However, when 
Dempster’s rule is applied for combination of consonant belief functions, then the resulting belief function is 
not consonant any more. For that reason, an alternative rule was proposed by Walley (1987) for combination 
of partially consonant belief functions.  
 An example of a consonant bpam with the frame of discernment {x, y, z} and the focal elements {x}, 
{x, z} and {x, y, z} is as follows: m({x}) = 0.5, {x, z} = 0.1 and {x, y, z} = 0.4. The corresponding belief, 
plausibility and commonality functions are given in Table 1 below.  

 
Table 1: Different representations of a consonant belief function 

A m(A) Bel(A) Pl(A) Q(A) 
{x} 0.5 0.5 1.0 1.0 
{y}   0.4 0.4 
{z}   0.5 0.5 

{x, y}  0.5 1.0 0.4 
{x, z} 0.1 0.6 1.0 0.5 
{y, z}   0.5 0.4 

{x, y, z} 0.4 1.0 1.0 0.4 
 
One type of consonant belief functions is partially consonant belief functions. Partially consonant belief 

functions are belief functions in which the state space is partitioned and within each element of the partition 
the focal elements are nested (Walley 1987). Partially consonant belief functions are the only class of DS 
belief functions that are consistent with the likelihood principle of statistics. A decision theory for partially 
consonant belief functions is proposed by Giang and Shenoy (2011).  

An example for representation of statistical evidence using consonant belief functions is provided below 
as “Missile Fall Down”. 

 
Example: Missile Fall Down 
Suppose that an attack has been placed and three foe missiles are thrown to the country of Neverland. The 

missile defense system of Neverland was able to shoot down two of the three missiles. Neverland Security 
Defense Deputy has the information that all of three foe missiles were the same type, either type X309 or  
type Y118 or type Z127. However, they do not know which type these three foe missiles do belong. These 
three types use different technologies and hence have different likelihoods for being shot down by the 
missile defense system of Neverland. Let MT denote the missile type and let the state space of MT be 
denoted by ΩMT = {X309, Y118, Z127}. Let F denote the result of Neverland Missile Defense Systems’ 
response, f  indicating the foe missile fell down, nf indicating it did not fell down (it was missed by the 
missile defense system of Neverland) ΩF = {f, nf}. The probabilistic likelihoods for each foe missile type for 
being fired down by Neverland forces are as follows:  

 
P(f| X309) =  7/10 P(nf| X309) = 3/10 
P(f| Y118) =  5/10 P(nf| Y118) = 5/10   
P(f| Z127) =  3/10 P(nf| Z127) = 7/10 
 
In this example, for representation of evidences observed (either the missile fall down or did not),  a 

consonant belief function framework seems reasonable, since the number of parameters needed for a 
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consonant belief function representation is the same as the number of likelihoods available; three. A belief 
function which is not consonant would require 23−1 parameters instead.  Additionally, notice that the 
likelihood of X309 is greater than the likelihood of Y118 (for the fall down) and the likelihood of Y118 is 
greater than the likelihood of Z127. Following this intuition an evidence x should lend the plausibility to a 
singleton {θ}   in strict proportion to the chance that qθassigns x, i.e., that x should determine a 
plausibility function Plx obeying  

Plx({θ}) = cqθ(x) for all θ ϵ Θ          (6) 
for all θ ϵ Θ, where the constant c does not depend on θ (Shafer, 1976). Together with the assumption of 

consonance, completely determines a plausibility function Plx: 2Θ→[0,1], since the plausibility of the most 
likely singleton is 1 the constant  c  is determined as the reciprocal of the largest likelihood. Consequently, it 
may be concluded that having observed that foe missile fell down that the foe missile is type X309 is more 
plausible than Y118 and Y118 is more plausible than X309. Conversely, observing that Neverland’s defense 
missiles were not able to shoot the foe missiles down, it may be concluded that the foe missile is type Z127 is 
more plausible than the type Y118 and Y118 is more plausible than X309. Thus, the plausibilitiesPl for the 
singleton subsets of MT based on the evidence observed (f, nf) can be identified as follows:  

Plf({X309}) = (10/7)(7/10) =1   Plnf({X309}) = (10/7)(3/10) =3/7  
Plf({Y118}) = (10/7)(5/10) = 5/7   Plnf({Y118}) = (10/7)(5/10) =5/7  
Plf({Z127}) = (10/7)(3/10) =3/7   Plnf({Z127}) = (10/7)(7/10) =1  
 
The corresponding bpa of these consonant belief functions can be found as follows: 
mf({X309}) = 1 − 5/7 = 2/7    mnf({Z127}) = 1 − 5/7 = 2/7 
mf({X309, Y118}) = 5/7 − 3/7 = 2/7   mnf({Z127, Y118}) = 5/7 − 3/7 = 2/7 
mf({X309, Y118, Z127}) =  3/7   mnf({Z127, Y118, X309}) = 3/7 
 
The next section describes Dempster’s and Walley’s combination rules. 

2.3. Combination rules 

2.3.1. Dempster's rule of combination 
The classical combination rule for combining independent belief functions is called asDempster’s rule. Let 
m1m2 denote the joint bpa resulting from the combination of two independent bpa’sm1 and m2, where  
represents the operator of combination, then  
 (  for all A , A ≠ 
  (7) 
whereK is a normalization constant given by 

 
  forK> 0     

  
 

If K = 0, then this means the two bpa’s are totally conflicting and cannot be combined. Dempster’s rule in 
terms of bpa’s consists of assigning the product of the masses to the intersection of the focal elements 
followed by normalization.Zadeh (1986) claimed that this normalization involves counter-intuitive 
behaviours (Lefevreet al. 2002). Many alternative combination rules have been proposed in order to solve 
the problem of conflict management (Yager 1987, Dubois and Prade 1998, Smets 1990, Murphy 2000). 
Another point where Dempster’s rule of combination is criticized is that the class of partially consonant 
belief functions is not closed under Dempster’s rule of combination. For that reason, Walley (1987) proposes 
an alternative rule defined for partially consonant belief functions. This rule is introduced in the next section. 

Dempster’s rule of combination may also be expressed by commonality functions. Let Q1, Q2, and Q1Q2 
denote commonality functions corresponding to m1, m2, and m1m2, respectively. Then, 
 (Q1Q2)(A)=K-1Q1(A)Q2(A) for all non-empty A  ,       (8) 

whereK is given as follows: K =        
Dempster’s rule in terms of commonality functions is essentially pointwise multiplication of the 

commonality functions followed by normalization. 
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2.3.2. Walley'scombination rule  
Walley’s combination rule for partially consonant commonality functions Q1 and Q2is defined as follows: 
(Q1 Q2)(A) = 0 if Q1(A)Q2(A) = 0 
(Q1 Q2)(A) = K-1min{Q1({})Q2({}) |   A} otherwise      (9) 
for all non-empty sets A, where K > 0 is uniquely determined by (5) so that Q1 Q2 is a commonality 
function. Q1 Q2 is well defined provided Q1({})Q2({}) > 0 for some   Θ. 
 The class of partially consonant commonality functions are closed under . However, Walley’s 
combination rule cannot be used to combine arbitrary commonality functions since their combination under 
it may not be commonality function. 

In Table 2 the combination of observations f, f, nf represented by commonality functions Qf,Qf,Qnf using 
both Dempster and Walley’s rule of combination is illustrated. Notice that for the case of singletons the two 
rules do agree before normalization, since both are pointwise multiplication of commonality functions. The 
next section describes the probability transformation methods, pignistic and plausibility transformation.  

 
Table 2: Missile Fall Down Example continued: Combination of observations f, f, nf using both Dempster 
and Walley’s rule of combination 

 Qf Qf Qnf Dempster Walley
Dempster 

(normalized) 
Walley 

(normalized) 
{X309} 1.0000 1.0000 0.4286 0.4286 0.4286 0.6837 1.0000 
{Y118} 0.7143 0.7143 0.7143 0.3644 0.3644 0.5814 0.8503 
{Z127} 0.4286 0.4286 1.0000 0.1837 0.1837 0.2930 0.4286 

{X309, Y118} 0.7143 0.7143 0.4286 0.2187 0.3644 0.3488 0.8503 
{X309, Z127} 0.4286 0.4286 0.4286 0.0787 0.1837 0.1256 0.4286 
{Y118, Z127} 0.4286 0.4286 0.7143 0.1312 0.1837 0.2093 0.4286 

{X309, Y118, Z127} 0.4286 0.4286 0.4286 0.0787 0.1837 0.1256 0.4286 
KD 0.6268       
KW 0.4286       

 

3. DISCREPANCY OF PROBABILITY DISTRIBUTIONS 

3.2. Probability Transformation Methods 
The fact that there is no decision theory of belief functions forces the researchers to use probability 
transformation methods. In section 3.2.1 and 3.2.2, two famous probability transformation methods, pignistic 
and plausibility transformation are introduced. In section 3.2.3 using both of these probability transformation 
methods the results on the Missile Fall Down example, obtained using both of the combination rules 
(Dempster and Walley) are transformed into a probability distribution. 

3.2.1Pignistic Transformation 
The most commonly used transformation method in DS theory is the pignistic transformation method. The 
basic idea of the pignistic transformation consists in transferring the positive belief of each compound (or 
nonspecific) element onto the singletons involved in that element split by the cardinality of the proposition 
when working with normalized basic probability assignments (Han et al. 2010).  

Suppose that Θ = {θ1, θ2, ...,θ3} is the frame of discernment. The pignistic probability transformation for 
the singletons is illustrated as follows (Smets and Kennes 1994): 

 

                   (10) 
 
where 2Θ is the power set of frame of discernment.  
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3.2.2. Plausibility Transformation 
Cobb and Shenoy (2006) argue that the pignistic transformation method produces results that appear to be 
inconsistent with Dempster’s rule of combination. With that claim they proposed the plausibility 
transformation which is defined as follows:  

Suppose m is a subset for s. Let Plm denote the plausibility function for scorresponding to bpam. Let 
Pl_Pm denote the probability function that is obtained from m using the plausibility transformation method. 
Let Pl_Pmdenote the probability function that is obtained from m using the plausibility transformation 
method. Pl_Pm is defined as follows: 

Pl_Pm(x) = K−1Plm({x} for all x , where K =  is a normalization constant          (11) 

3.3. Discrepancy Resulting from the Transformation Method Used 
In the preceding sections, going back to the Example Missile Fall Down, for the purpose of the 

identification of the type of the missile thrown atthe country of Neverland the two combination rules, 
Dempster’s and Walley’s rule are used for combining the observations represented under a consonant belief 
function framework.When the results of these to combination rules are compared, it can be seen that both 
rules are the same for the case of singletons, and therefore,as illustrated in Table 2,give identical results 
before normalization. Investigating the m-valuesafter combination given in Table 4 below, it can be seen that 
the resulting belief function by Walley’s rule of combination is consonant after combination. Looking to 
results obtained by Dempster’s rule of combination on the other hand, it is clear that the class of consonant 
belief functions is not closed under Dempster’s rule of combination. 

As given in Table 3 below, when plausibility transformation method is used on the results of the two 
combination rules, they do end in the exact same probability distribution. The reason for that is the fact that 
the plausibility and commonality values are the same for singletons and that the two combination rules do 
agree for singletons.However, when pignistic transformation is applied, the probability distribution 
functionsobtained, do differ, though the ordinal ranking is the same. Both of the probability 
distributionsestimate the highest probability for the missile type X309 and the lowest one to Z127. The 
results are illustrated in Table 4. Notice that these two different probability distributions are also different 
than the one found by the plausibility transformation method given in Table 3 below. 

 
Table 3: Transformation of results using plausibility transformation 

 Plausibility-values after combination 
Plausibility 

Transformation 

 Dempster Walley Dempster Walley 

{X309} 0.68372 1.00000 0.43881 0.43881 
{Y118} 0.58140 0.85034 0.37313 0.37313 
{Z127} 0.29302 0.42857 0.18806 0.18806 

{X309, Y118}      0.69302   0.57823   
{X309, Z127} 0.85116  1.00000   
{Y118, Z127}  0.66512  0.85034   

{X309,Y118, Z127} 1.00000  1.00000   
 

Table 4: Transformation of results using pignistic transformation 
 m-values after combination Pignistic transformation 
 Dempster's rule Walley's rule Dempster Walley 

{X309} 0.33488 0.14966 0.48837 0.50340 
2{Y118} 0.14884 0.00000 0.34419 0.35374 
{Z127} 0.08372 0.00000 0.16744 0.14286 

{X309, Y118} 0.22326 0.42177   
{X309, Z127} 0.00000 0.00000   
{Y118, Z127} 0.08372 0.00000   

{X309,Y118, Z127} 0.12558 0.42857   
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The above illustrated example and the following results show us that the choice of the combination rule 
and/or probability transformation method may have a significant effect on our decisions. The ordinal ranking 
of the probability distributions may agree, but depending on different outcomes of the decision alternatives 
and as a consequence of the expected utility theory, that would not assure to end up in the same decision 
alternative. To illustrate this, suppose that if the missile is type X309 than its correct identification would 
save the country of Neverland $1000 (in thousand), if it is type Y118 then $1500 and if it is type Z127 then 
save $3500.Consequently, as demonstrated in Table 5 below, considering the expected utility maximization 
the s of the decision alternative do differ: Z127 accordingto the plausibility transformation method and also 
according to the pignistic transformation for Walley’s combination rule, Y118 according 
topignistictransformation for Dempster’s combination rule. 
 
Table 5:Expected utilities obtained with three probability distributions 

  Probabilities Expected Utilities 

  Dempster, 
Walley 

Dempster Walley 
Dempster, 

Walley 
Dempster Walley 

Missile 
type 

Utilities $ (in 
thousand) Plausibility Pignistic Pignistic Plausibility Pignistic Pignistic 

X309 1000 0.4388 0.4884 0.5034 438.8060 503.4014 488.3721 
Y118 1500 0.3731 0.3442 0.3537 559.7015 530.6122 516.2791 
Z127 3500 0.1881 0.1674 0.1429 658.2090 500.0000 586.0465 

 

4. CONCLUSIONS 

DempsterShafer belief function theory can address a wider class of uncertainty than the standard probability 
theory does and this fact appeals the researchers in operations research society for potential application areas. 
However, the lack of a decision theory of belief functions gives rise to the need to use the probability 
transformation methods for decision making.  

In this work first an example of statistical evidence is represented using the consonant belief function 
framework. Then, the observations are combined using the classical Dempster's rule of combination and 
newly proposed Walley's rule of combination for consonant belief functions. The combination results 
demonstrate that the class of consonant belief functions is closed under Walley's rule of combination which 
is not the case for Dempster's rule. For decision making purposes both of the combination results are 
transformed into probability distributions using the pignistic and the plausibility transformation methods. In 
this work, it is shown that although the two combination rules do result in the same probability distribution 
function when plausibility transformation is used, they end up with different probability distributions 
whenpignistic transformation is applied. Consequently, itis demonstrated that the choice of the combination 
rule and/or the probability transformation method may have a significant effect on decision making, on the 
choice of the decision alternative. 

In the Missile Fall Down example used in this study although the probability distributions differ up to 
7 %, the ordinal ranking of all the three probability distributions remained the same. For further research 
there is the need to investigate whether the ordinal ranking of the probability distributions would differ 
depending on the likelihoods of the statistical evidence used. 
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THE RESPONSE OF A SHEAR BEAM AS 1D MEDIUM TO SEISMIC EXCITATIONS 
DEPENDENT ON THE BOUNDARY CONDITIONS 
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Abstract: We study response of a shear beam to seismic excitations at its base. The research is conducted 
using computer simulation of the wave propagation on a numerical model. The wave equation is solved 
using the method of finite differences (FD) where the spatial and temporal derivatives are approximated with 
finite differences. We used formulation of the wave equation via the particle velocities, strains, and stresses. 
Integrating particle velocities in time, we obtained displacements at spatial points.  The main goal in this 
research is to study phenomena occurring due to three different types of boundary conditions, Dirichlet, 
Neumann, and moving boundary when simple half-sine pulse propagates through 1D medium modeled as a 
shear beam.  

Keywords: Wave propagation, particle velocity, stress, strain, boundary conditions, numerical simulation. 

1. INTRODUCTION 

In the problems dealing with infinite region, as the wave propagation problems in seismology, it is 
impossible and useless to model the whole region. Instead, we model and study only one part of the whole 
region, the region of interest. To analyze only one part of the whole region we need to utilize so called 
artificial boundaries (Fujino and Hakuno, 1978; Tsynkov, 1998). They are not physical boundaries, but 
artifacts used to simulate wave propagation outside of the numerical model.  

Opposite of the problems dealing with wave propagation in infinite domain, there is a wide research field 
in the earthquake engineering treating response of structures with finite dimensions to seismic excitations. In 
this problem, the boundaries bounding the structure are physical or real. In this case, the response of the 
structure inside depends upon the solution at the boundaries. Different boundary conditions imply different 
response of same structure excited by same excitation. 

To show the influence of the boundary conditions on the response of the structures, in this paper we study 
several aspects of the response of a simple shear beam (1D medium) model of a structure excited by simple 
half-sine pulse. Although the shear beam model is one of the simplest mathematical models of the real 3-D 
structures (buildings, bridges, chimneys, multilayered soil etc), through numerical simulation on this model, 
many physical phenomena of the linear (Gicev and Trifunac, 2010) and nonlinear (Gicev and Trifunac, 2006, 
2009) response of the structure can be studied (Trifunac, 2006; Safak, 1998). Based on these studies we 
learned under what conditions, where, and when peaks of the response of the structure to seismic excitation 
occur (Gicev and Trifunac, 2006, 2007). 

The boundaries occuring in wave propagation problems can be classified into three groups (Kausel and 
Tassoulas, 1981): 

- elementary (non-transmitting) boundaries, 
- consistent (global) boundaries, 
- imperfect (local) boundaries. 

 
In this paper we study the features of the response due to  three types of boundaries. First, we analyze the 

non-transmiting (totally reflecting) elementary boundaries. For that purpose we study two cases of shear 
beam model. In both cases,  at the bottom end we prescribe zero motion (Dirichlet boundary condition or 
fixed boundary). In the first case, at the top end of our shear beam model, we imply prescribed zero 
displacement (Dirichlet, fixed) boundary condition, while in the second case we imply prescribed zero 
derivative of displacement (Neumann, free-stress)  boundary condition. In both cases, the boundaries are 
perfect reflectors, e.g. the wave energy is totally reflected from the boundaries into the inner region of the 
shear beam. 
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3. THE MODEL 

The model in this paper is a shear beam excited at its bottom by prescribed motion in form of half-sine pulse. 
After the motion is prescribed at the bottom, we take that the bottom end does not move and the 
displacement is zero during whole simulation. The shear beam is divided on m equal intervals (m = 200 in 
this paper). The governing equation of the problem is the wave equation implemented with numerical 
scheme in our model. This numerical scheme causes propagation of the prescribed half-sine pulse along the 

shear beam with velocity of propagation /   , where is shear modulus and is density of the 

material of the shear beam. These parameters characterize the material from which the shear beam is made. 
The wave equation in onedimensional (1D) space is 

 (1) 

where  is shear stress and   is shear strain (Fig.1). 
For establishing ‘marching in time’ procedure, we need to reduce the order of (1) in a system of 
partial differential equations (PDE) of first order.  

Taking 
U

V
t





 and taking into account above stress-strain relation, the equation (1) reads 

 (2) 

If we differentiate both sides of identity 
U U

t t

 


 
 with respect to x and change order of 

differentiation of  left and right side we get: 

 (3) 

Substituting  
U

x
 



, taking into account definition of vand plugging in (3) we get: 

           (3а). 
On this way the original second-order wave equation is reduced on system of two first-order PDEs: 

           (4а) 

           (4b) 
Suitable for establishing of ‘marching in time’ procedure. 
Equations (4) in vector form are: 

           (5) 

where  and . 
 
 

 
   Ϭ 
 
                                                           α                            ε 
 
 
 

Figure 1: Linear stress-strain dependance 
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Figure 2: Allowable motion of a beam with applied fixed boundary conditions at both ends 

а) Shape of deformed beam in arbitrary time instant 
b) Time history at arbitrary point of the beam. 

 
Dirichlet boundary condition implies zero displacements. The allowable shape of 1D beam with applied 

Dirichlet boundary conditions at both ends is presented on Fig. 2a. The time history of the displacement at 
arbitrary point of the beam under forced vibrations is presented on Fig. 2b.    

4. NUMERICAL EXAMPLES 

We consider a beam with height H=50 m, divided on 200 equal space intervals. Wave with half-sine form 
is generated at bottom end (x=0) and starts to propagate along the beam towards the top. Velocity of 
propagation of the wave is 300m/s, the amplitude of the pulse is A = 0.1m, and duration of the pulse is 
td = 0.1s (Fig. 3). 

After applying of the pulse at the bottom (t >td), the bottom end remains motionless, e.g, fixed 
Dirichlet boundary condition is prescribed at the bottom end. While the pulse occupies a point of 
the beam, its displacement is: 

         (6) 

where is duration of the pulse. 

 
Fig.3 Incident wave with half-sine wave form 
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Differentiating (6) with respect to time, we get the particle velocity which for our example is: 

    (7) 
To obtain the strain, we multiply and divide the argument of sine function in (6) by velocty of 
propagation:  

          (6а) 

Taking that  is length of the pulse and  is spatial coordinate along the length of the  
pulse, (6а) becomes 

           (6b) 
Differentiating  (6b) with respect to x, we get the strain 

     (8) 

If  , the maximum value of the strain is what can be seen also 
from our numerical results in Figs. 4c1 and 4c2 bellow. 

4.1. Results 

On following figures we presented the results obtained by numerical simulation of the propagation 
of wave in form of half-sine pulse (Fig.3). 
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Figure 4: Displacement, particle velocity, and strain at x=H/2 vs. time for β=300m/s, Dirichlet (a1, b1 и 

c1) and Neumann (a2, b2 и c2) boundary conditions 
 

On Fig.4 the response of the point at the middle of the beam (point100, x=H/2=25m) is shown. The 

response is shown via displacements u,  particle velocities, v, and strains  at that point versus time, t. On 
left side of this figure we show the response for fixed boundary, u=0, at the top x = H = 50m (Dirichlet, 

Figs.4a1, 4b1, and 4c1), while on the right side the response for  stress-free boundary,  0
U

x
 
 


, at the 

top (Neumann, Figs. 4a2, 4b2, and 4c2) is shown. Comparing displacements (Figs 4а1 and4а2) it can be 
noticed that in case of fixed (Dirichlet) boundary at top, after reflection the pulse changes sign and it comes 
in the middle of the beam (point 100) with opposite (negative) displacement than in the first passage through 
that point (second peak on Fig. 4a1 is with negative sign). In case of free-stress (Neumann) top boundary 
after reflection from the top the pulse does not change the sign and it comes at the point 100 with same 
(positive) displacements as in the first passage. The situation is the same with particle velocity (half-cosine 
pulse, Figs 4b1 nad 4b2). 
 

 
 

Figure 5: Moving the beam as a function of no dimensional time t and no dimensional height ɳ for 
two visual angle. Dirichlet (a1 and a2) and Neumann (b1 and b2) boundary conditions 

 

c1) c2) 

t(s) 

ε ε 

t(s) 
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Dislike displacements and particle velocities, the strains, ε, after reflection from the fixed (Dirichlet) top 
does not change sign (all half-cosines on Fig. 4c1 start with negative and finish with positive signs). For 
stress-free (Neumann) top end, after reflection the strains change signs (Fig.4c2). So, if we analyze Fig. 4c2, 
we can notice that the first half-cosine pulse going upward passing through point 100 starts with negative 
values, while after reflection from the top it changes sign and comes at point 100 with opposite values (first 
positive and then negative). Then it reflects from bottom end (Dirichlet), do not changes sign, so the third 
half-cosine is the same as second, then it reflects from top (Neumann), changes sign so the fourth half-cosine 
is opposite of third etc. One can learn from the above analysis that fixed end (Dirichlet boundary condition) 
changes sign of the of displacement, u and particle velocity, v, while does not change sign of strain, ε after 
reflection. Opposite, stress-free (Neumann boundary condition) does not changes sign of displacements, u, 
and particle velocities, v, while changes sign of the strains,  , after reflection. Common for both boundary 
conditions is that after multiple reflections, the amplitudes of the pulse are the same (in absolute values). The 
above analysisis summarized on Fig.5. It is 3D view of displacement of the shear beam versus scaled, 
dimensionless time and space.   

In the real world, dislike the fixed (Dirichlet) boundary at the bottom, the structures are not fixed in the 
ground (zero motion), but rather there is some nonzero motion (moving boundary) at the bottom during the 
passage of the wave through soil-structure interface. Also the real structures, at the top end are not bounded 
and can freely move (Neumann boundary condition).  

 

-  
Figure 6: Displacement, particle velocity, and strain in case of moving boundary at bottom and      

stress-free boundary at top. 
- a1,b1 andc1 at x=H/2 (point 100), 
- a2, b2 andc2 at x=3H/4(point 150) 

 
Response of such a structure analized with 1-D shear beam model is shown on Fig.6. At top row  (Figs. 

6а1, b1, c1) the displacement,  particle velocity and strain at the middle of the beam, x = H/2 = 25m (point 
100), vs time are presented. Comparing Figs 4a2,b2,c2 with Figs 6a1,b1,c1 one can notice that the shape is 
the same (in both sets at the top there there is stress-free, Neumann boundary condition). The different are 
boundary conditions at bottom. While the Figs. 4a2,b2,c2 show the response for fixed bottom boundary, the 
Figs 6a1,b1,c1 show the response of the beam for moving bottom boundary. The moving boundary is type of 
Dirichlet boundary which prescribes motions, not derivatives of motions like Neumann boundary and that is 
the reason why Figs. 6a1,b1,c1 resemble Figs. 4a2,b2,c2 in shape.Only at moving boundary the motion is not 
zero as in case of fixed boundary. As a consequence after each reflection from bottom, part of the wave 
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energy is transmitted in the soil and only a part is being reflected back in the beam which propagates upward. 
On this way, after each reflection from the bottom, the wave remaining in the beam (structure) is weakened.  

On Figs.6a2,b2,c2 we can see the phenomenon of wave interference in point 150 close to the top 
(x=3H/4=37.5m). Part of the pulse going upward interferes with part of the pulse going downward abd they 
add up. This is obvious at strains (Fig.5c2) where the strain amplifies almost twice. This is the reason for 

generating high stresses  that can be reason for collapse of the structure. 
 

 
Figure 7: Displacement of the beam versus dimensionless time, and dimensionless height, 

fortwoviewangles. Moving(realistic) boundary on soil-structure interface ( = 0). Characteristicpoints: 
=0: soil-structure interface (movingboundary), =1: top of the beam (structure), Neumann (stress-free) 

boundarycondition) 
 
Finally, on Fig.7,  a 3-D view of propagation of the the wave versus dimensionless time, τ, and 

dimensionless space,   is presented. As can be seen from this figure, after each passing of the wave through 
soil-structure interface, the reflected wave in the beam is weaker as a consequence of transmitting of the 
wave energy in the soil. The ratio of the reflected and transmitted wave depends upon the physical properties 
of the soil and structure and can be determined through reflection, kr , and transmision coeficient, kt (Gicev, 
2005). 

5. CONCLUSION 

Fixed end (Dirichlet boundary condition) changes sign of displacement, u and particle velocity, v, while does 
not change sign of the strain, ε, after reflection.Opposite, stress-free (Neumann boundary condition) does not 
change sign of displacement, u, and particle velocity, v, while it changes sign of the strain, ε, after reflection. 
Common for both boundary conditions is that after multiple reflections, the pulse amplitudes are unchanged. 
For moving boundary at soil-structure interface, after each passage of the wave through it, the reflected wave 
remaining in the structure is attenuated, indicating that part of the energy is refracted in the soil. The ratio of 
the reflected and refracted wave depends on the physical properties of the soil and the structure and can be 
determined with the coefficients of reflection and transmission. 
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Abstract: A linear fractional optimization problem with trapezoidal fuzzy numbers as coefficients in the objective
function (FLFOP) is considered in this paper. Using the concept of fuzzy solution introduced by Dempe and
Ruziyeva (2012) for the linear case, we propose a parametric method for computing the membership function of
the solution of FLFOP. Our approach is based on the α−cuts of the fuzzy coefficients, Pareto optimal solutions
of a bi-objective linear fractional optimization problem and parametric analysis of the solutions of linear
fractional programs. Further, we derive sufficient conditions for a feasible solution to be α-maximal in FLFOPs
with respect to the possibility and necessity fuzzy relations.

Keywords: Fuzzy optimization, Trapezoidal fuzzy numbers, Bi-objective linear fractional programming, Possi-
bility fuzzy relation, Necessity fuzzy relation

1. INTRODUCTION

Dubois and Prade, in their recent paper [7], presented Fuzzy Optimization as one of the topics both most
and best studied in the specialized literature, and that have demonstrated to be efficient and useful in a lot of
different applications areas such as Engineering, Economics, Mathematics, Operations Research and Artificial
Intelligence, as well as in other disciplines related to optimization to a greater or lesser degree (see also [10]).

Many particular programming problems that involve fuzzy entities were widely studied and can be found in
literature. The method proposed in Delgado et al. [5] gives a formal context to find the solution of mathematical
programming problems with imprecise costs. Later on, Cadenas and Verdegay [1], proposed a method for
solving a more general model with fuzzy coefficients in the constraints. In order to solve the model, they
substituted the constraints set by a convex fuzzy set.

Cadenas and Verdegay [2] presented the most important models and methods for fuzzy linear programming
and analyzed linear programming problems with fuzzy costs, fuzzy constraints and fuzzy coefficients in the
technological matrix as a unit. In order to solve more complex optimization problems they considered fuzzy
sets based meta-heuristics and described two main operative approaches.

Dempe and Ruziyeva [6] introduced a new concept of fuzzy solution for an optimization problem with
fuzzy coefficients in the linear objective function. Using their concept, we introduced a method to solve linear
fractional programming problems with triangular fuzzy coefficients in objective function in [11]. In this paper
we extend that method and apply it to the case of coefficients described by trapezoidal fuzzy numbers. In
addition, we develop a parametric method for computing the membership function of the solution of a FLFOP,
and overcome some computational difficulties. The approach is based on the α-cuts of the trapezoidal fuzzy
numbers, the Pareto optimal solutions of an equivalent bi-objective linear fractional optimization problem and a
parametric analysis of the solutions of linear fractional programs. We also derive sufficient conditions for a
feasible solution to be α-maximal in FLFOPs with respect to the possibility and necessity fuzzy relations.

In Section 2 we recall the basic concepts of fuzzy numbers. In Section 3 we describe the fuzzy optimization
problem FLFOP and an equivalent bi-objective linear fractional programming problem. We develop a parametric
analysis of the bi-objective linear fractional program, derive the stability sets of its pairs of marginal solutions
and formulate a method for computing the membership function of each feasible solution. The sufficient
conditions for a feasible solution to be α-maximal in FLFOPs with respect to the possibility and necessity fuzzy
relations are formulated and proved in Section 4. A numerical example is given in Section 5. Conclusions are
offered in Section 6.

2. PRELIMINARIES

The purpose of this section is to recall some concepts which will be needed in the sequel.
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2.1. Fuzzy numbers

Let R be the set of real numbers. We denote by F (R) the set of all fuzzy subsets of R, where every subset A
of R is uniquely given by the membership function µA : R→ [0,1]. For α ∈ [0,1], [A]

α
= {x ∈ R|µA (x)≥ α} is

called α−cut of the fuzzy subset A.
A fuzzy subset A ∈ F (R) is called fuzzy number if it satisfies the following conditions: µA is an upper

semi continuous function, [A]α is non empty for all α ∈ (0,1), [A]0 is a bounded subset of R, and µA is convex
function.

A fuzzy number Ỹ ∈ F (R) is called trapezoidal if the graph of non-zero values of its membership function is
a trapezium. Any trapezoidal fuzzy number can be defined as a quadruple

(
y1,y2,y3,y4

)
∈ R4.

For α ∈ [0,1], its α−cut is an interval [yL(α),yR(α)], where

yL (α) = αy2 +(1−α)y1, yR (α) = αy3 +(1−α)y4.

The extension principle was formulated by Zadeh (see, for instance Zimmermann [14]) in order to extend the
known models to the case of models that involve fuzzy entities. Applying this principle the following definitions
of the addition, subtraction and multiplication by a positive scalar, of trapezoidal fuzzy numbers result: for any
trapezoidal fuzzy numbers Ã =

(
a1,a2,a3,a4

)
and B̃ =

(
b1,b2,b3,b4

)
,

Ã+ B̃ =
(
a1 +b1,a2 +b2,a3 +b3,a4 +b4) ,

Ã− B̃ =
(
a1−b4,a2−b3,a3−b2,a4−b1) ,

xÃ =
(
xa1,xa2,xa3,xa4) , x ∈ R,x≥ 0.

According to [12] we use α−cut intervals of Ã and B̃ to describe the α−cut intervals of Ã
B̃

. Starting from
initial intervals with non-negative endpoints[(

a2−a1)
α+a1,

(
a3−a4)

α+a4] , [(
b2−b1)

α+b1,
(
b3−b4)

α+b4]
we obtain[(

a2−a1
)

α+a1

(b3−b4)α+b4 ,

(
a3−a4

)
α+a4

(b2−b1)α+b1

]
.

For a deeper discussion of the arithmetic of α-cut intervals we refer the reader to [12] and [14].

2.2. Fuzzy relations

I Definition 1. ([8]) Let ã, b̃ be fuzzy subsets of R with membership functions µã : R→ [0,1], µb̃ : R→ [0,1],
respectively. The membership function of the possibility relation �Pos on R, is given by (1)

µPos

(
ã, b̃
)
= sup

{
min

(
µã (x) ,µb̃ (y)

)
|x≤ y, x,y ∈ R

}
. (1)

The membership function of the necessity relation ≺Nec on R, is given by (2)

µNec

(
ã, b̃
)
= inf

{
max

(
1−µã (x) ,1−µb̃ (y)

)
|x > y, x,y ∈ R

}
. (2)

I Definition 2. ([8]) Let ≺̃ be a fuzzy relation on R, let ã, b̃ be fuzzy subsets of R and let α ∈ (0,1]. We say
that ã is α−less than b̃ with respect to ≺̃ and write ã≺̃αb̃ if µ≺̃

(
ã, b̃
)
≥ α and µ≺̃

(
b̃, ã
)
< α. We call ≺̃α the

α-relation on R with respect to ≺̃ .

For a given level of satisfaction α ∈ (0,1), ã is less than b̃ with respect to �Pos if and only if the largest value
of [ã]

α
is strictly less than the smallest value of

[
b̃
]

α

For a given level of satisfaction α ∈ (0,1), ã is less than b̃ with respect to ≺Nec if and only if the largest
value of [ã]1−α

is less than the smallest value of
[
b̃
]

1−α

.
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2.3. Fuzzy optimization

The fuzzy optimization problem is

max
x∈X

z̃ = f
(

C̃,x
)
, (3)

where C̃ is a fuzzy subset of the parameter space Y , given by the membership function µC̃ : Y → [0,1]. For

each x ∈ X , the value z̃ = f
(

C̃,x
)

is a fuzzy subset of R, with the membership function given by the extension
principle as follows.

µz̃ (t) =

{
sup
{

µC̃ (c) |∃x ∈ X : f (c,x) = t
}
, if {c ∈ Y |∃x ∈ X : f (c,x) = t} 6= Ø

0, otherwise

Two different solution concepts for a fuzzy optimization problem are addressed in this paper. The first one is
introduced in [6] and described in Section 3: α−cut intervals of the objective function are optimized over the
feasible set and the membership function of the fuzzy solution is constructed accordingly. The second one is
introduced in [8] and described in Section 6: the fuzzy numbers z̃ are ordered with respect to the possibility
and necessity fuzzy relations and then the α-maximal solutions are determined for each α ∈ [0,1]. The relation
between the two concepts is also presented in Section 4.

2.4. Intervals and bi-objective optimization

According to Chanas and Kuchta [3] an interval [a,b] is smaller than an interval [c,d] if and only if a ≤ c
and b ≤ d with at least one strong inequality. An interval optimization problem max

x∈X
[ f1 (x) , f2 (x)] will be

equivalent to a bi-objective optimization problem

max
x∈X
{ f1 (x) , f2 (x)} (4)

For a deeper discussion on the arithmetic of intervals we refer the reader to [9].
The solution concept of bi-optimization problem concerns efficient points.
A feasible solution x∗ ∈ X is said to be efficient in (4) if and only if there is no x ∈ X such that a(x)≥ a(x∗),

b(x)≥ b(x∗) and at least one inequality is strict.

3. THE FLFOP MODEL AND THE FUZZY SOLUTION

The linear fractional programming problem with fuzzy coefficients in the objective function (FLFOP) is

max
x∈X

c̃T x+ c̃0

d̃T x+ d̃0
(5)

where X = {x ∈ Rn|Ax≤ b,x≥ 0} is the bounded feasible set, A is the m×n matrix of the linear constraints,
b∈ Rm is the vector representing the right-hand-side of the constraints, x is the n−dimensional vector of decision
variables, c̃, d̃ ∈ F(R)n, c̃0, d̃0 ∈ F(R) represent the fuzzy coefficients of the objective function.

Problem (5) is a particular case of Problem (3).

3.1. Equivalent problems

Following [11], and using the concept of the optimal solution introduced in [8] we replace (5) by (6)

max
x∈X

[
cL(α)

T x+ c0
L(α)

dR(α)T x+d0
R(α)

,
cR(α)

T x+ c0
R(α)

dL(α)T x+d0
L(α)

]
, (6)

where cL(α), dL(α), c0
L(α), d0

L(α) (cR(α), dR(α), c0
R(α), d0

R(α)) represent the vectors of the left sides (right
sides) of the α−cut intervals of the fuzzy coefficients of the objective function. Problem (6) describes the

509



maximization of the α−cut intervals of the objective function over the initial feasible set, and for each fixed
α−cut is equivalent to the bi-objective linear fractional programming problem (7)

max
x∈X

{
cL(α)

T x+ c0
L(α)

dR(α)T x+d0
R(α)

,
cR(α)

T x+ c0
R(α)

dL(α)T x+d0
L(α)

}
. (7)

Let us now consider the subclass of the trapezoidal fuzzy numbers that are represented by quadruples. If the
vector coefficients c̃ is described by quadruple (cL,cT L,cT R,cR), then the vector of α−cut intervals is described
by cL (α) = αcT L +(1−α)cL and cR (α) = αcT R +(1−α)cR. By simple analogy, similar formulas are derived
for dL(α), dR(α), c0

L(α), c0
R(α), d0

L(α) and d0
R(α). Using these formulas, and the arithmetic of fuzzy trapezoidal

numbers, we construct the parametric problem (8) that will be solved instead of (5).

max
x∈X

{
F1 (α,x) ,F2 (α,x)

}
(8)

where

F1 (α,x) =
(αcT L +(1−α)cL)

T x+αc0
T L +(1−α)c0

L

(αdT R +(1−α)dR)
T x+αd0

T R +(1−α)d0
R

,

F2 (α,x) =
(αcT R +(1−α)cR)

T x+αc0
T R +(1−α)c0

R

(αdT L +(1−α)dL)
T x+αd0

T L +(1−α)d0
L

.

Many procedures exist for generating efficient set of a bi-objective linear fractional programming problem
(see, for instance [4, 10, 13]). Thus, for any fixed α ∈ [0,1], we consider as solution to (8) its corresponding
efficient set. In order to define the membership function for a solution of Problem (5), we next develop a
parametric analysis of (8). The stability set of each pair of marginal solutions is identified and, for each stability
set, the Pareto optimal solutions of the bi-objective problem are generated using the approach introduced in [13].

3.2. The parametric analysis

In this section we develop a parametric analysis of linear fractional programs by introducing a linear parameter
in the coefficients of objective function.

Let us consider the following parametric linear fractional programming problem P[α]:

max

{
(c+αu)T x+ c0 +αu0

(d +αv)T x+d0 +αv0
|Ax≤ b,x≥ 0

}

for some u,v ∈ Rn and u0,v0 ∈ R. The approach for solving P[α] is presented below.
First, we solve P[0] by means of simplex method for linear fractional programming. Let xT =

(
A−1

B b,0
)

be
the solution obtained by that algorithm. Let ∆ = z2

(
∆1− c

)
− z1

(
∆2−d

)
be the vector of reduced costs of x for

P[0], where z1 = cT
BxB + c0, z2 = dT

B xB +d0, ∆1 = cT
BA−1

B AN and ∆2 = dT
B A−1

B AN . The optimality conditions are
expressed by ∆≥ 0. Let the stability set of vertex x denote the set of values of α such that x is a maximum of
P[α]. In order to find the stability set of x, quantities z1, z2, ∆1, ∆2 are considered as linear functions of parameter
α. Such functions are denoted by z1 (α) ,z2 (α) ,∆1 (α), ∆2 (α).

The stability set of x is then obtained by solving the vector inequality ∆(α)≥ 0, where

∆(α) = z2 (α)
(
∆

1 (α)− c−αu
)
− z1 (α)

(
∆

2 (α)−d−αv
)
.

Assuming that the stability set of x is the interval [α′,α′′], simplex iterations for linear fractional programming
are further performed in order to find other optimal solutions and their stability sets for α≤ α′ and α≥ α′′.

The result of the parametric analysis consists of numbers α0 < α1 < .. . < αr and vectors x0,x1, . . . ,xr−1

solving P[α] for α ∈ [αi,αi+1], 0≤ i≤ r−1 respectively. By convention, α0 =−∞ and αr =+∞.
We switch now our attention on parametric problem (8) and the interval (0,1]. First, re-indexing previous

values that belonged to [0,1], we identify the numbers 0 = α0 < α1 < .. . < αr = 1 and their corresponding
solutions x1

0,x
1
1, . . . ,x

1
r−1 that are maxima of F1 (α,x) over the feasible set X , for α ∈ [αi,αi+1], 0 ≤ i ≤ r−1

respectively.
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Analogously, we obtain numbers 0 = β0 < β1 < .. . < βq = 1 and corresponding solutions x2
0,x

2
1, . . . ,x

2
q−1

that are maxima of F2(β,x) over the feasible set X , for β ∈ (βi,βi+1], 0≤ i≤ q−1 respectively.
By collating α0,α1, . . . ,αr with β0,β1, . . . ,βq we obtain 0 = γ0 < γ1 < .. . < γs = 1 and corresponding points

x1
0,x

1
1, . . . ,x

1
s−1 and x2

0,x
2
1, . . . ,x

2
s−1 such that, for each γ ∈ (γi,γi+1], x1

i and x2
i are maxima of F1(γ,x) and F2(γ,x)

respectively over the feasible set X , 0≤ i≤ s−1.
For each pair of marginal solutions x1

i and x2
i we generate efficient points for the bi-criterion linear fractional

program (8) using Choo and Atkins procedure [4].

3.3. The construction of the fuzzy solution

In this section we propose a procedure to compute the membership degree of each feasible solution of Problem
(5). The procedure is essentially based on the parametric analysis developed in Section 3.2.

Step 1: Find numbers 0 = γ0 < γ1 < .. . < γs = 1 and their corresponding pairs of marginal solutions
(
x1

i ,x
2
i

)
,

i = 0, . . . ,s−1.
Step 2: For each i = 0, . . . ,s−1, find the Pareto set E i of Problem (8) for α = γi.
Step 3: For each x ∈ X calculate its membership value

µ(x) = ∑
j∈{i|x∈E i}

(γ j+1− γ j)

Practically, each feasible solution x∈X for which at least one i exists such that x is efficient in (8) for α∈ [γi,γi+1],
has strictly positive membership value in the fuzzy solution of Problem (5).

4. THE SUFFICIENT CONDITIONS FOR α-MAXIMALITY

Ramik [8] connected the solution concept of a fuzzy optimization problem with the concept of α-maximality
with respect to ≺̃Pos and ≺̃Nec in sense of Definition 3. He formulated accordingly sufficient conditions for a
feasible solution x∗ ∈ X to be α-maximal in (3). His sufficient conditions concerned the crisp optimization
problem maxx∈X z = f (C,x) with parameter C such that C ∈

[
C̃
]

α

or C ∈
(

C̃
)

1−α

.

I Definition 3. ([8]) Let ≺̃ be a fuzzy relation on R, and let α ∈ (0,1]. Let C̃ be fuzzy subset of Y . A feasible
solution x∗ ∈ X of (3) is called the α-maximal solution of (3) with respect to ≺̃ if there is no x ∈ X , such that
f
(

C̃,x∗
)
≺̃α f

(
C̃,x
)

.

In this section we derive new sufficient conditions for a feasible solution to be α-maximal in FLFOP with
respect to the possibility and necessity fuzzy relations. Our sufficient conditions concern the Pareto optimal
solutions of Problem (8).
I Proposition 4. Let �Pos be a fuzzy relation defined by (1) and let α ∈ (0,1). If x∗ ∈ X is Pareto optimal
solution to (8) for the given α, then x∗ is α-maximal solution to (5) with respect to �Pos.

Proof. If x∗ ∈ X is a Pareto optimal solution to (8) for the given α, then for any x′ ∈ X the following
implications hold:

1. if zL (α,x∗)< zL (α,x′), then zR (α,x∗)> zR (α,x′);
2. if zR (α,x∗)< zR (α,x′), then zL (α,x∗)> zL (α,x′).

Combining the implications described above with the evident inequalities zL (α,x′)< zR (α,x′) and zL (α,x∗)<
zR (α,x∗), we can conclude that, for any x′ ∈ X , one of the following situations appears:

1. zL (α,x∗)< zL (α,x′)< zR (α,x′)< zR (α,x∗); or
2. zL (α,x′)< zL (α,x∗)< zR (α,x∗)< zR (α,x′); or, when x∗ dominates x′,
3. zL (α,x′)≤ zL (α,x∗)< zR (α,x∗) and zL (α,x′)< zR (α,x′)≤ zR (α,x∗).

In all three cases, zL (α,x′)< zR (α,x∗). It means that there is no x′ ∈X such that the largest value of
[

f
(

C̃,x∗
)]

α

is smaller than the smallest value of
[

f
(

C̃,x′
)]

α

. Thus, there is no x′ ∈ X such that f
(

C̃,x∗
)
�Pos

α f
(

C̃,x′
)

.

Hence, x∗ is an α-maximal solution to Problem (3) with respect to �Pos. �

I Proposition 5. Let ≺Nec be a fuzzy relation defined by (2) and let α ∈ (0,1). If x∗ ∈ X is Pareto optimal
solution to (8) for the given α, then x∗ is (1−α)-maximal solution to (5) with respect to ≺Nec.
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Proof. The proof is similar to that of Proposition 4, and will only be indicated briefly. If x∗ ∈ X is a Pareto
solution to (8) for the given α, then for any x′ ∈ X , zL (α,x′)< zR (α,x∗). It means that there is no x′ ∈ X such that
zR (α,x∗)≤ zL (α,x′). Thus, there is no x′ ∈ X such that f

(
C̃,x∗

)
≺Nec

1−α
f
(

C̃,x′
)

. Hence, x∗ is (1−α)-maximal

solution to Problem (5) with respect to �Nec. �

5. EXAMPLE

To complete the discussion we describe the procedure of finding a fuzzy solution to Problem (9). The example
is taken from [11].

max
−1̃x1 + 1̃0x2 + 4̃

2̃x1 + 5̃x2 + 1̃
(9)

subject to

x1 ≥ 1,
−x1 +2x2 ≤ 1,

2x1 + x2 ≤ 8,
2x2 ≥ 1,

x1,x2 ≥ 0.

Figure 1 describes the feasible set of Problem (9) as the quadrilateral ABCD.

Figure 1 The feasible set of (9) and the corresponding efficient set of (8) for α ∈ [0,0.19813]

Fuzzy coefficients were considered trapezoidal fuzzy numbers with parameters (c−2,c−1,c+1,c+5)
and(
c0−2,c0−1,c0 +1,c0 +2

)
for nominator, (d−2,d−1,d +1,d +2) and

(
d0−2,d0−1,d0 +1,d0 +10

)
for

denominator. More precisely,

c =
[
(−3,−2,0,4) (8,9,11,15)

]
,c0 = (2,3,5,6) ,

d =
[
(0,1,3,4) (3,4,6,7)

]
,d0 = (−1,0,2,11) .

For function F1 (α,x) the optimal value x1
1 = (1,1) was found for all values of α ∈ [0,1]. For function

F2 (α,x) the optimal value x2
1 = (3.75,0.5) was found for α∈ [0,0.19813] and x2

2 = (1,0.5) for α∈ [0.19813,1].
It means that two pairs of marginal solutions exists x1

1 = (1,1), x2
1 = (3.75,0.5) for α ∈ [0,0.19813] and

x1
2 = (1,1) and x1

2 = (1,0.5) for α ∈ [0.19813,1]. Hence, µ(x) = 1 for each x ∈ [AB] and µ(x) = 0.19813 for
each x ∈ (AD]. All other feasible solutions have the membership value equal to 0 in the fuzzy optimal solution.
See Table 1.
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Table 1: Computational results for Problem (9)

Stability set First marginal solution Second marginal solution Efficient set Feasible solution Membership value
[0,0.19813] (1,1) (3.75,0.5) AB∪AD x ∈ (AD] 0.19813
[0.19813,1] (1,1) (1,0.5) AB x ∈ [AB] 1

x /∈ [AB]∪ [AD] 0

6. CONCLUSIONS

In the present paper the fuzzy linear fractional programming problem with trapezoidal fuzzy numbers as
coefficients in the objective functions is considered. Using a parametric analysis, we developed a method
for computing the membership function of the solution of a FLFOP, and overcame some of the previous
computational difficulties. The initial problem was transformed into an equivalent α−cut interval problem
and solved via a bi-objective parametric linear fractional programming problem. Identifying specific values of
parameter α and their stabiliy sets, the bi-objective problem is solved for each of them by generating its efficient
set. The membership value of each feasible solution x is calculated according to the membership of x to the
generated efficient sets. Particular formulas were derived for the special case of trapezoidal fuzzy numbers. Two
solution concepts for FLFOP were addressed and their interconnections were analyzed.
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Abstract: In this paper we consider a class of continuous fractional programming problems with locally
Lipschitz data. Convexity assumptions for continuous fractional programming problems are relaxed to those
of generalized ρ-invexity assumptions. Optimality conditions are established under generalized ρ-invexity
assumptions. Subsequently two parameter-free dual models are formulated and several duality theorems
concerning weak, strong and strict converse duality are proved in the framework of generalized ρ-invexity.

Keywords: Nonsmooth fractional programming, ρ-invexity, ρ-quasiinvexity, Mond-Weir duality, Wolfe duality

1. INTRODUCTION

Fractional programming is an interesting subject featured in many optimization problems. For example, it can
be used in economics to minimize a ratio of functions within a given period of time and a utilised resource in
order to measure the efficiency or productivity of a system. In such problems the objective function is usually
defined as a ratio of functions in fractional programming form.

Several classes of optimization problems with fractional objective function have been studied in the past few
years.

For the applications of the fractional programming theory one can see, for example, Stancu-Minasian [11].
Many authors studied fractional continuous-time problems [13], [1], [8], [12], [5], [7], while establishing various
optimality conditions and duality results.

Since convexity assumptions are often not satisfied in economic models, attempts have been made to weaken
the usual convexity hypothesis. In 1981, Hanson [6] and Craven [4] introduced invexity in order to use the
Kuhn-Tucker conditions as sufficient conditions in constrained optimization problem. The invexity idea was
adapted later to variational framework, see for example [10].

In [9] optimality conditions for nonsmooth continuous-time fractional programming problems with locally
Lipschitz data are established as well as optimality results.

In this paper we consider a class of continuous fractional programming problem (P) with locally Lipschitz
data as in [9]. Using the constraint qualifications from [2] and the necessary optimality conditions from [9] we
establish sufficient optimality conditions under generalized ρ-invexity assumptions by which we extend some
recent results obtained by Nobakhtian and Pouryayevali in [9]. Furthermore we consider two parameter-free
dual models as in [9] and we prove weak, strong and strict converse duality theorems by which we extend the
corresponding results obtained in [9].

In Section 2 we introduce the continuous fractional programming problem (P) and we state the variational
framework. We also introduce some notations and preliminary results and we give some definitions on
generalized ρ-invexity for the functionals involved.

In Section 3 we state the necessary optimality conditions as in [9] and we derive various sufficient optimality
conditions under generalized ρ-invexity assumptions.

In Section 4 we construct the Mond-Weir type dual, while in Section 5 we build the Wolfe type dual for
problem (P) and duality results are proved.

2. PRELIMINARIES

Consider the following fractional continuous programming problem:

(P)min

∫ T

0
f (t,x(t))dt∫ T

0
g(t,x(t))dt
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subject to:

h j(t,x(t))≤ 0, j = 1,m,

a.e. t ∈ [0,T ], x ∈ X .
Here, I = [0,T ] is a real interval and X is a nonempty open convex subset of the Banach space Ln

∞[0,T ] of
all n-dimensional vector-valued Lebesgue measurable, essentially bounded functions defined on the compact
interval I = [0,T ]⊂ R.

Let FP be the set of feasible solutions of (P). We assume that the functions t→ f (t,x(t)), t→ g(t,x(t)) and
t → h j(t,x(t)), j = 1,m are Lebesgue measurable and integrable for all X ∈ R. We also assume that the the
functions f (t,x(t)), g(t,x(t)) and h j(t,x(t)), j = 1,m are locally Lipschitz on X throughout [0,T ] and

F(x) =
∫ T

0
f (t,x(t))dt ≥ 0,∀x ∈ FP,

G(x) =
∫ T

0
g(t,x(t))dt > 0,∀x ∈ FP.

We consider f (t,x(t)) = Φ(x)(t), g(t,x(t)) = Ψ(x)(t) and h j(t,x(t)) = H j(x)(t), j = 1,m, where Φ and Ψ

are maps from X into the normed space of all Lebesgue measurable, essentially bounded functions defined
on I = [0,T ] and H = (H1,H2, . . . ,Hm) is a map from X into the normed space of all Lebesgue measurable,
essentially bounded n-dimensional vector functions defined on I = [0,T ].

The following definition introduces the continuous Clarke generalized directional derivative, as in [3]. Let
f : [0,T ]×X → R such that f (t, .) is locally Lipschitz on X throughout [0,T ].

I Definition 1. Let x̃ ∈ X and ν ∈ Ln
∞[0,T ]. The continuous Clarke generalized derivative of f in x̃ on the

direction ν is defined by:

f ◦(t, x̃(t);ν(t)) = Φ
◦(x̃,ν)(t) = limsup

y→x̃
s↘0

Φ(y+ sν)(t)−Φ(y)(t)
s

,

a.e. t ∈ [0,T ].

The folllowing definition introduces the generalized ρ-invexity for functionals. Let f : I×X → R such that
f (t, .) is locally Lipschitz on X throughout [0,T ].

I Definition 2. Let us consider x̃ ∈ X .
i) If there exists η : I×X×X → Rn such that the function t→ η(t,x(t), x̃(t)) is in Ln

∞[0,T ] and there exist
θ : X×X → Rp and ρ ∈ R such that for all x ∈ X

F(x)−F(x̃)≥
∫ T

0
f ◦(t, x̃(t);η(t,x(t), x̃(t)))dt +ρ‖θ(x, x̃‖2,

a.e. t ∈ [0,T ], then F is said to be ρ-invex in x̃ with respect to η and θ.
ii) If for all x ∈ X

F(x)≤ F(x̃) =⇒
∫ T

0
f ◦(t, x̃(t);η(t,x(t), x̃(t)))dt ≤−ρ‖θ(x, x̃‖2,

a.e. t ∈ [0,T ], then F is said to be ρ-quasiinvex in x̃ with respect to η and θ.
iii) If for all x ∈ X , x 6= x̃

F(x)< F(x̃) =⇒
∫ T

0
f ◦(t, x̃(t);η(t,x(t), x̃(t)))dt <−ρ‖θ(x, x̃‖2,

a.e. t ∈ [0,T ], then F is said to be ρ-pseudoinvex in x̃ with respect to η and θ.
iv) If for all x ∈ X , x 6= x̃

F(x)≤ F(x̃) =⇒
∫ T

0
f ◦(t, x̃(t);η(t,x(t), x̃(t)))dt <−ρ‖θ(x, x̃‖2,

a.e. t ∈ [0,T ], then F is said to be ρ-strictly pseudoinvex in x̃ with respect to η and θ.
I Remark. If ρ = 0 then the functional F is said to be invex in x̃ with respect to η, quasiinvex in x̃ with respect
to η, pseudoinvex in x̃ with respect to η and strictly pseudoinvex in x̃ with respect to η, respectively.
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3. SUFFICIENT OPTIMALITY CONDITIONS

In this section, we derive some optimality conditions for the problem (P) under various generalized ρ-invexity
conditions.

Some necessary and sufficient optimality conditions for the problem (P) were established by Nobakhtian
and Pouryayevali in [9] by considering an equivalent parametric problem for λ ∈ R+:

(EPλ)min
∫ T

0
( f (t,x(t))−λg(t,x(t)))dt

subject to

h j(t,x(t))≤ 0, j = 1,m

a.e. t ∈ I, x ∈ X .
Using the constraint qualification from [2]

(CQ)∩m
i=1 K(hi,x) 6= 0,

where

K(hi,x) = {h ∈ Ln
∞[0,T ] | h◦i (t,x;h(t))< 0 a.e. t ∈ Ai(x)},

Ai(x) = {t ∈ [0,T ] |i (t,x(t)) = 0}.

Nobakhtian and Pouryayevali [9] established the following result.

I Lemma 3. [9] A point x∗ ∈ FP is an optimal solution for (P) if and only if x∗ solves (EPλ∗), where

x∗ =

∫ T

0
f (t,x∗(t))dt∫ T

0
g(t,x∗(t))dt

.

Using Lemma 3 Nobakhtian and Pouryayevali proved the following necessary optimality conditions for the
problem (P).

I Theorem 4. [9] Let x∗ be an optimal solution of (P). If x∗ satisfies the constraint qualification (CQ), then
there exists µ∗ ∈ Lm

∞[0,T ] such that the following conditions hold:∫ T

0
(G(x∗) f ◦(t,x∗(t);ν(t))−F(x∗)g◦(t,x∗(t);ν(t)))dt +

∫ T

0

m

∑
j=1

µ∗j(t)h
◦
j(t,x

∗(t);ν(t))dt ≥ 0 (1)

µ∗j(t)h j(t,x∗(t)) = 0, j = 1,m (2)

µ∗j(t)≥ 0, j = 1,m (3)

a.e. t ∈ [0,T ], for all ν ∈ Ln
∞[0,T ].

In this section we establish sufficient optimality conditions for the problem (P) under generalized ρ-invexity
assumptions and thus we extend some results form [9].

I Theorem 5. Let x∗ ∈ FP and µ∗ ∈ Lm
∞[0,T ] satisfying (1), (2) and (3). If

i) F(.) is ρ-invex in x∗ with respect to η and θ,
ii) −G(.) is σ-invex in x∗ with respect to η and θ,

iii) for each j ∈ 1,m,
∫ T

0 µ∗j(t)h j(t,x(t))dt is δ j-invex in x∗ with respect to η and θ,
iv) ρG(x∗)+σF(x∗)+∑

m
i=1 δ j ≥ 0,
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then x∗ is an optimal solution of (P).

Proof. If x∗ is not an optimal solution of (P), then there exists a feasible solution u ∈ FP such that:

F(u)
G(u)

<
F(x∗)
G(x∗)

=⇒ F(u)G(x∗)−F(x∗)G(u)< 0.

From the ρ-invexity of F(.) in x∗ with respect to η and θ, by hypothesis i), we have

F(u)−F(x∗)≥
∫ T

0
f ◦(t,x∗(t);η(t,u(t),x∗(t))dt +ρ‖θ(u,x∗)‖2 (4)

and from the σ-invexity of G(.) in x∗ with respect to η and θ, by hypothesis ii), we have

−G(u)+G(x∗)≥−
∫ T

0
g◦(t,x∗(t);η(t,u(t),x∗(t))dt +σ‖θ(u,x∗)‖2 (5)

Multiplying (4) and (5) by G(x∗) > 0 and F(x∗) ≥ 0 respectively and adding up the resulting inequalities, it
follows that

0 > G(x∗)F(u)−F(x∗)G(u)≥
∫ T

0
(G(x∗) f ◦(t,x∗(t);η(t,u(t),x∗(t))dt−

−
∫ T

0
F(x∗)g◦(t,x∗(t);η(t,u(t),x∗(t)))dt +(G(x∗)ρ+F(x∗)σ)‖θ(u,x∗)‖2 (6)

Since u ∈ FP, using (2) and (3) we have for each j = 1,m:∫ T

0
µ∗j(t)h j(t,u(t))≤ 0 and

∫ T

0
µ∗j(t)h j(t,x∗(t)) = 0.

It follows that∫ T

0
µ∗j(t)[h j(t,u(t))−h j(t,x∗(t))]≤ 0

and using iii) we obtain for each j = 1,m:

0≥
∫ T

0
µ∗j(t)[h j(t,u(t))−h j(t,x∗(t))]dt ≥

∫ T

0
µ∗j(t)h

◦
j(t,x

∗(t);η(t,u(t),x∗(t)))dt +δ j‖θ(u,x∗)‖2 (7)

By condition (1), the inequalities (6) and (7) imply

0 >
∫ T

0
[G(x∗) f ◦(t,x∗(t);η(t,u(t),x∗(t))−F(x∗)g◦(t,x∗(t);η(t,u(t),x∗(t))]dt+

+
∫ T

0

m

∑
j=1

µ∗j(t)h
◦
j(t,x

∗(t);η(t,u(t),x∗(t))+(G(x∗)ρ+F(x∗)σ+
m

∑
i=1

δ j)‖θ(u,x∗)‖2 ≥

≥ (G(x∗)ρ+F(x∗)σ+
m

∑
i=1

δ j)‖θ(u,x∗)‖2

which contradicts iv).
Hence x∗ is an optimal solution for the problem (P) and the proof is complete. J

I Theorem 6. Let x∗ ∈ FP and µ∗ ∈ Lm
∞[0,T ] satisfying (1), (2) and (3). If

i) F(.) is ρ-invex in x∗ with respect to η and θ,
ii) −G(.) is σ-invex in x∗ with respect to η and θ,

iii) for each j ∈ 1,m,
∫ T

0 µ∗j(t)h j(t,x(t))dt is δ j-quasiinvex in x∗ with respect to η and θ,
iv) ρG(x∗)+σF(x∗)+∑

m
i=1 δ j ≥ 0,

then x∗ is an optimal solution of (P).
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Proof. As in the proof of Theorem 5, we suppose towards a contradiction that x∗ is not an optimal solution of
the problem (P). Then, in the same way as in Theorem 5, we obtain (6).

Since u ∈ FP, using (2) and (3), we have, for each j = 1,m∫ T

0
µ∗j(t)h j(t,u(t))dt ≤ 0 =

∫ T

0
µ∗j(t)h j(t,x∗(t))dt.

Now, using hypothesis iii) it follows, by Definition 2, that, for each j = 1,m∫ T

0
µ∗j(t)h

◦
j(t,x

∗(t);η(t,u(t),x∗(t))dt ≤−δ j‖θ(u,x∗)‖2

and consequently∫ T

0

m

∑
j=1

µ∗j(t)h
◦
j(t,x

∗(t);η(t,u(t),x∗(t))dt ≤−
m

∑
j=1

δ j‖θ(u,x∗)‖2.

Then, using (6), the proof follows in the same way as in the proof of Thereom 2. J

Using the above ideas one can easily prove the following theorem.

I Theorem 7. Let x∗ ∈ FP and µ∗ ∈ Lm
∞[0,T ] satisfying (1), (2) and (3). If

i) F(.) is ρ-invex in x∗ with respect to η and θ,
ii) −G(.) is σ-invex in x∗ with respect to η and θ,

iii) for each j ∈ 1,m,
∫ T

0 µ∗j(t)h j(t,x(t))dt is δ j-strictly pseudoinvex in x∗ with respect to η and θ,
iv) ρG(x∗)+σF(x∗)+∑

m
i=1 δ j ≥ 0,

then x∗ is an optimal solution of (P).

4. MOND-WEIR DUALITY

Consider, as in [9], the Mond-Weir type dual problem

(MWD)max

∫ T

0
f (t,y(t))dt∫ T

0
g(t,y(t))dt

subject to

G(y)
∫ T

0
f ◦(t,y(t);ν(t))dt−F(y)

∫ T

0
g◦(t,y(t);ν(t))dt +

∫ T

0

m

∑
j=1

h◦j(t,y(t);ν(t))dt ≥ 0

µ j(t)h j(t,y(t)) = 0, j = 1,m

µ j(t)≥ 0, j = 1,m

y ∈ X , for all ν ∈ Ln
∞[0,T ], a.e. t ∈ [0,T ].

Denote by FMWD the set of all feasible solutions of (MWD). We assume throughout this section that F(y)≥ 0,
for all y ∈ FMWD and G(y)> 0, for all y ∈ FMWD.

In this section, we establish weak, strong and strict converse duality theorems for (P) - (MWD).

I Theorem 8. (Weak duality) Let x ∈ FP amd (y,µ) ∈ FMWD. If
i) F(.) is ρ-invex in y with respect to η and θ,

ii) −G(.) is σ-invex in y with respect to η and θ,
iii) for each j ∈ 1,m,

∫ T
0 µ j(t)h j(t, .)dt is δ j-invex in y with respect to η and θ,

iv) ρG(y)+σF(y)+∑
m
i=1 δ j ≥ 0,
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then ∫ T

0
f (t,x(t))dt∫ T

0
g(t,x(t))dt

≥

∫ T

0
f (t,y(t))dt∫ T

0
g(t,y(t))dt

Proof. Assuming by contradiction that∫ T

0
f (t,x(t))dt∫ T

0
g(t,x(t))dt

<

∫ T

0
f (t,y(t))dt∫ T

0
g(t,y(t))dt

which can be written as

F(x)
G(x)

<
F(y)
G(y)

Consequently, as F(x)≥ 0, G(x)> 0 and F(y)≥ 0, G(y)> 0, we have

F(x)G(y)−F(y)G(x)< 0 (8)

From the ρ-invexity of F(.) in x∗ with respect to η and θ, by hypothesis i), we have

F(x)−F(y)≥
∫ T

0
f ◦(t,y(t);η(t,x(t),y(t))dt +ρ‖θ(x,y)‖2 (9)

and from the σ-invexity of G(.) in x∗ with respect to η and θ, by hypothesis ii), we have

−G(x)+G(y)≥−
∫ T

0
g◦(t,y(t);η(t,x(t),y(t))dt +σ‖θ(x,y)‖2 (10)

Multiplying (9) and (10) by G(y)> 0 and F(y)≥ 0 respectively it follows by (8) that

0 > G(y)
∫ T

0
f ◦(t,y(t);η(t,x(t),y(t))dt−F(y)

∫ T

0
g◦(t,y(t);η(t,x(t),y(t))dt+

+(G(y)ρ+F(y)σ)‖θ(x,y)‖2 (11)

As x ∈ FP and (y,µ) ∈ FMWD, using iii), it follows that, for each j = 1,m, we have

0≥
∫ T

0
µ j(t)h j(t,x(t))dt−

∫ T

0
µ j(t)h j(t,y(t))dt ≥

∫ T

0
µ j(t)h◦j(t,y(t);η(t,x(t),y(t)))dt +δ j‖θ(x,y)‖2

Adding up the above inequalities it follows that

0≥
∫ T

0

m

∑
j=1

µ j(t)h◦j(t,y(t);η(t,x(t),y(t))dt +
m

∑
i=1

δ j‖θ(x,y)‖2 (12)

Since (y,µ) ∈ FMWD, from (11) and (12), we obtain ρG(y)+σF(y)+∑
m
i=1 δ j < 0, which contradicts hypothesis

iv). Thus the proof is complete. J

I Theorem 9. (Weak duality) Let x ∈ FP amd (y,µ) ∈ FMWD. If
i) F(.) is ρ-invex in y with respect to η and θ,

ii) −G(.) is σ-invex in y with respect to η and θ,
iii) for each j ∈ 1,m,

∫ T
0 µ j(t)h j(t, .)dt is δ j-quasiinvex in y with respect to η and θ,

iv) ρG(y)+σF(y)+∑
m
i=1 δ j ≥ 0,

then ∫ T

0
f (t,x(t))dt∫ T

0
g(t,x(t))dt

≥

∫ T

0
f (t,y(t))dt∫ T

0
g(t,y(t))dt
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Proof. Using Definition 2.ii), the proof can be carried out in a similar way to that used in the proof of Theorem
8. J

I Theorem 10. (Weak duality) Let x ∈ FP amd (y,µ) ∈ FMWD. If
i) F(.) is ρ-invex in y with respect to η and θ,

ii) −G(.) is σ-invex in y with respect to η and θ,
iii) for each j ∈ 1,m,

∫ T
0 µ j(t)h j(t, .)dt is δ j-strictly pseudoinvex in y with respect to η and θ,

iv) ρG(y)+σF(y)+∑
m
i=1 δ j ≥ 0,

then ∫ T

0
f (t,x(t))dt∫ T

0
g(t,x(t))dt

≥

∫ T

0
f (t,y(t))dt∫ T

0
g(t,y(t))dt

Proof. Using Definition 2.iv), the proof can be carried out in a similar way to that used in the proof of Theorem
8. J

I Theorem 11. (Strong duality) Let x∗ be an optimal solution of (P) satisfying the constraint qualification
(CQ) and let the conditions of one of the weak duality Theorems 8, 9 or 10 be fulfilled for all feasible solutions
of (P). Then, there exists µ∗ ∈ Lm

∞[0,T ] such that (x∗,µ∗) is an optimal solution of (MWD) and the optimal
values of (P) and (MWD) are equal, that is min(P) = max(MWD).

Proof. Since x∗ is an optimal solution of (P) which satisfies (CQ), we conclude from Theorem 4 that there
exists µ∗ ∈ Lm

∞[0,T ] such that (x∗,µ∗) ∈ FMWD. From Theorem 8, 9 or 10 it follows that the feasible solution of
(P) becomes optimal for (MWD). Thus, the optimal values of (P) and (MWD) are equal. J

I Theorem 12. (Strict converse duality) Let x∗ and (y∗,µ∗) be optimal solutions of problems (P) and (MWD),
respectively. Let conditions of the Theorem 11 be fulfilled. Then y∗ = x∗ and (P), (MWD) have the same optimal
values.

Proof. Suppose on the contrary that y∗ 6= x∗. It follows from Theorem 11 that there exists w∗ such that (x∗,w∗)
is an optimal solution of (MWD) with max(MWD) = min(P). In the same way as in Theorem 8, we obtain:∫ T

0
f (t,x∗(t))dt∫ T

0
g(t,x∗(t))dt

>

∫ T

0
f (t,y∗(t))dt∫ T

0
g(t,y∗(t))dt

This is a contradiction to the fact that max(MWD) = min(P). Hence, y∗ = x∗. J

5. WOLFE DUALITY

In this section we consider, as in [9], the Wolfe type problem

(WD)max

∫ T

0
f (t,y(t))dt +

∫ T

0

m

∑
j=1

µ j(t)h j(t,y(t))dt

∫ T

0
f (t,y(t))dt

subject to

G(y)
∫ T

0
f ◦(t,y(t);ν(t))dt− [F(y)+H(y,µ)]

∫ T

0
g◦(t,y(t);ν(t))dt+

+G(y)
∫ T

0

m

∑
j=1

µ j(t)h◦j(t,y(t);ν(t))dt ≥ 0 (13)

m

∑
j=1

µ j(t)h j(t)≥ 0
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µ j(t)≥ 0, j = 1,m

y ∈ X , for all ν ∈ Ln
∞[0,T ], a.e. t ∈ [0,T ], where

H(y,µ) =
∫ T

0

m

∑
j=1

µ j(t)h j(t,y(t))dt.

Denote by FWD the set of all feasible solutions of (WD). We assume throughout this section that F(y)≥ 0 and
G(y)> 0 for all y ∈ FWD.

In this section we establish weak, strong and strict converse duality theorems for (P) - (WD).

I Theorem 13. (Weak duality) Let x ∈ FP and (y,µ) ∈ FWD. If
i) F(.) is ρ-invex in y with respect to η and θ,

ii) −G(.) is σ-invex in y with respect to η and θ,
iii) for each j ∈ 1,m,

∫ T
0 µ j(t)h j(t,y(t))dt is δ j-invex in y with respect to η and θ,

iv) ρG(y)+σ[F(y)+H(y,µ)]+G(y)∑
m
i=1 δ j ≥ 0,

then ∫ T

0
f (t,x(t))dt∫ T

0
g(t,x(t))dt

≥

∫ T

0
f (t,y(t))dt +

∫ T

0

m

∑
j=1

µ j(t)h j(t,y(t))dt

∫ T

0
g(t,y(t))dt

(14)

Proof. Suppose towards a contradiction that (14) does not hold. Then

∫ T

0
f (t,x(t))dt∫ T

0
g(t,x(t))dt

<

∫ T

0
f (t,y(t))dt +

∫ T

0

m

∑
j=1

µ j(t)h j(t,y(t))dt

∫ T

0
g(t,y(t))dt

Therefore, we have

[F(x)−F(y)]G(y)− [G(x)−G(y)](F(y)+
∫ T

0

m

∑
j=1

µ j(t)h j(t,y(t))dt)−G(y)
∫ T

0

m

∑
j=1

µ j(t)h j(t,y(t))dt < 0 (15)

As x ∈ FP it follows that H(x,µ)≤ 0 and thus (15) yields

[F(x)−F(y)]G(y)− [G(x)−G(y)](F(y)+H(y,µ))+ [H(x,µ)−H(y,µ)]G(y)< 0 (16)

Now, the ρ-invexity of F(.) in y with respect to η and θ, the σ-invexity of −G(.) in y with respect to η and θ

and the δ j-invexity
∫ T

0 µ j(t)h j(t,y(t))dt in y with respect to η and θ, for each j ∈ 1,m, imply, by Definition 2,
respectively

F(x)−F(y)≥
∫ T

0
f ◦ (t,y(t);η(t,x(t),y(t)))dt +ρ‖θ(x,y)‖2 (17)

−[G(x)−F(y)]≥−
∫ T

0
g◦ (t,y(t);η(t,x(t),y(t)))dt +σ‖θ(x,y)‖2 (18)

and for each j = 1,m∫ T

0
µ j(t)h j(t,x(t))dt−

∫ T

0
µ j(t)h j(t,y(t))dt ≥

∫ T

0
µ j(t)h◦j(t,y(t);η(t,x(t),y(t)))dt +δ j‖θ(x,y)‖2

Adding up the above inequalities it follows that

H(x,µ)−H(y,µ)≥
∫ T

0

m

∑
j=1

µ j(t)h◦j(t,y(t);η(t,x(t),y(t)))dt +
m

∑
j=1

δ j‖θ(x,y)‖2 (19)
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Multiplying (17) by G(y)> 0, (18) by F(y)+H(y,µ)≥ and (19) by G(y)> 0 and summing up the resulting
inequalities, we obtain, by (13) and hypothesis iv), that

[F(x)−F(y)]G(y)− [G(x)−G(y)](F(y)+H(y,µ))+ [H(x,µ)−H(y,µ)]G(y)≥

≥ [ρG(y)+σ[F(y)+H(y,µ)]+G(y)
m

∑
i=1

δ j]‖θ(x,y)‖2 ≥ 0

which contradicts (16).
Thus (14) holds and the proof is complete. J

I Theorem 14. (Weak duality) Let x ∈ FP and (y,µ) ∈ FWD. If
i) F(.) is ρ-invex in y with respect to η and θ,

ii) −G(.) is σ-invex in y with respect to η and θ,
iii) for each j ∈ 1,m,

∫ T
0 µ j(t)h j(t,y(t))dt is δ j-quasiinvex in y with respect to η and θ,

iv) ρG(y)+σ[F(y)+H(y,µ)]+G(y)∑
m
i=1 δ j ≥ 0,

then ∫ T

0
f (t,x(t))dt∫ T

0
g(t,x(t))dt

≥

∫ T

0
f (t,y(t))dt +

∫ T

0

m

∑
j=1

µ j(t)h j(t,y(t))dt

∫ T

0
g(t,y(t))dt

Proof. Similar to the proof of Theorem 13. J

I Theorem 15. (Weak duality) Let x ∈ FP and (y,µ) ∈ FWD. If
i) F(.) is ρ-invex in y with respect to η and θ,

ii) −G(.) is σ-invex in y with respect to η and θ,
iii) for each j ∈ 1,m,

∫ T
0 µ j(t)h j(t,y(t))dt is δ j-strictly pseudoinvex in y with respect to η and θ,

iv) ρG(y)+σ[F(y)+H(y,µ)]+G(y)∑
m
i=1 δ j ≥ 0,

then ∫ T

0
f (t,x(t))dt∫ T

0
g(t,x(t))dt

≥

∫ T

0
f (t,y(t))dt +

∫ T

0

m

∑
j=1

µ j(t)h j(t,y(t))dt

∫ T

0
g(t,y(t))dt

Proof. Similar to the proof of Theorem 13. J

One can prove in a similar to that used in the proof given for Theorem 11 and 12, respectively, the following
theorems.

I Theorem 16. (Strong duality) Let x∗ be an optimal solution of (P), which satisfies the constraint qualification
(CQ). Let all the conditions of one of Theorems 13, 14 or 15 be fulfilled for all feasible solutions of (P). Then,
there exists µ∗ ∈ Lm

∞[0,T ] such that (x∗,µ∗) is an optimal solution of (WD) and min(P) = max(WD).

I Theorem 17. (Strict converse duality) Let x∗ and (y∗,µ∗) be optimal solutions of problems (P) and (WD),
respectively. Let conditions of the Theorem 13, 14 or 15 be fulfilled. Then y∗ = x∗ and (P), (WD) have the same
optimal values.

6. CONCLUSION

We considered a class of nonsmooth continuous fractional programming problem as in [9]. We introduced
ρ-invexity and generalized ρ-invexity adapted to the variational framework. Based on the constraint qualification
from [2] and the necessary optimality conditions from [9] we derived new sufficient optimality conditions,
which are more general than the corresponding sufficient optimality conditions from [9].

Furthermore, we studied two parameter-free dual models and under some ρ-invexity and ρ-quasiinvexity
assumptions duality theorems are stated. We proved weak, strong and strict converse duality theorems, which
extend the corresponding results obtained in [9].

522



We note that this work can be completed with new sufficient optimality conditions involving ρ-pseudoinvexity
or ρ-strictly pseudoinvexity assumptions for functionals F(.) and G(.) as well as with new weak duality results
under ρ–pseudoinvexity or ρ-strictly pseudoinvexity assumptions on the objective function of the problem (P).

Furthermore one parameter dual model can be considered.
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Abstract: Making decisions about spatial positions of undesirable facilities are crucial when it is necessary 
to minimize environmental risks. Such facilities should be located under conditions of minimal safety 
distance. For some dangerous goods, the minimal safety distance may be determined as a constant value 
which depends only on the dangerous goods’ characteristics. Usually, the minimal safety distance depends 
on quantity and characteristics of particular dangerous goods, as well as other relevant characteristics. This 
paper considers the specific problem of determining dangerous goods locations in case when the minimal 
safety distance depends on quantity of dangerous goods stored and when different kinds of dangerous goods 
(with different characteristics) have to be stored in warehouses. Thus, in this paper a Mixed Integer Linear 
programming model is proposed for this kind of problem. Finally, a randomly generated numerical example 
has been used to verify the model. The computational results have been presented. 

Keywords: Dangerous goods, safety distance, anti-covering, location. 

1. INTRODUCTION 
Many facilities which are widely used and provide services are known as undesirable. Examples of 
undesirable facilities include polluting plants, military installations, undesirable goods and undesirable waste 
storage sites, as well as noise, odor or heat emitters, etc. Those facilities generate different undesirable 
effects which can be felt over a certain geographical area, and making decisions about their spatial position is 
crucial when it is necessary to minimize environmental risks. This is why one of the most active research 
areas within location theory in recent years has been the location of undesirable or obnoxious facilities. In 
spite of the fact that literature offers numerous different approaches and models devoted to the location of 
undesirable facilities, many problems in this area remain undiscovered, and have not yet been analyzed. 

In this paper, the specific problem of locating dangerous goods has been considered. Such facilities 
should be located in some of the network nodes (warehouses) which belong to a known discrete set, under 
conditions of the minimal safety distance (MSD), both among the warehouses themselves and among the 
warehouses and other neighboring objects. The existence of MSD is a consequence of the possibility that 
dangerous goods transfer their undesirable effects to the objects in the neighborhood. Those effects spread 
spherically from the source within a certain radius called MSD. For some dangerous goods MSD may be 
determined as constant value which depends only on the dangerous goods’ characteristics. MSD observed in 
this paper is not a constant value, and usually depends on quantity and characteristics of particular dangerous 
goods. The objective here is to maximize the quantity of different kinds of dangerous goods stored while at 
the same time respecting MSDs. 

1.1. Brief literature review 
Numerous single undesirable facility location models use maximin or maxisum objectives. The maximin 

objective is to find the location of the undesirable facility such that the least (weighted) distance to all 
demand nodes is maximized (Drezner and Wesolowsky, 1980, Tamir, 1991, Berman and Drezner, 2000), 
while the maxisum objective is to site a facility so as to maximize the (weighted) sum of the distances from 
the facility to all customers (Church and Garfinkel, 1978, Brimberg and Wesolowsky, 1995). For the 
multiple facilities case, there are many models, depending on how one defines the objective function. For 
example, one version of the maximin problem is the p-dispersion problem, in which there are p facilities to 
be located on the network such that the minimal distance between any two facilities is as large as possible 
(Moon and Chaudhry, 1984). Another version is the maxisum dispersion problem, in which the objective is 
to maximize the summation of all distances between the p facilities (Kuby, 1987). A very comprehensive 
review of distance maximization models for undesirable single facilities, as well as multiple facility locations 
can be found in (Erkut and Neuman, 1989). 
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“Coverage” of the node assumes existence of a facility within a pre-specified coverage radius. In cases, 
when the idea is to locate the desirable facilities in networks, analysts try to cover the clients' demand as 
much as possible. Undesirable facility location problems with covering concept are called Minimum 
Covering Location problems. Drezner and Wesolowsky (1994) considered the Minimum Covering Location 
problem on the plane. Berman et al. (1996) studied the problem on a network and presented an algorithm to 
solve the problem. They also analyzed the sensitivity of the coverage radius. Berman et al. (2003) 
investigated the Minimum Covering Location problem which they called Problem 2 of Expropriation 
Location Problem on a network and generalized the search for the optimal solution to a dominant set of 
points. They defined all demand nodes whose weighted distance from the facility is less than a pre-specified 
radius as covered. Plastria and Carrizosa (1999) formulate a bi-objective undesirable facility location 
problem in the plane. In this problem, an undesirable facility must be located within some feasible region; 
the region can have any shape in the plane or on a planar network. The objective functions of the problems 
are: maximization of a radius of influence and minimization of the total covered population. Berman and 
Huang (2008) investigate Minimum Covering Location Problem with Distance Constraints. The objective 
function minimizes the total demand covered through locating a fixed number of facilities with distance 
constraints on a network. The major constraint of this problem is that no two facilities are allowed to be 
closer than a pre-specified distance. 

1.2. The Anti-covering location problem 
In undesirable covering location problems the main idea is to minimize the total weighted coverage. On 

the other side, the Anti-Covering Location Problem (ACLP) introduced by Moon and Chaudhry (1984) 
attempts to find the maximally weighted set of location sites in a way that no two selected sites are within a 
pre-specified distance or time standard of each other. In the case of ACLP the total number of facilities to be 
sited is not given in advance.  

There are few mathematical formulations of the ACLP proposed in literature (Moon and Chandhry, 1984, 
Murray and Church, 1997). 

Let us introduce binary variables xi defined in the following way: 






otherwise0

sitelocationfacilityabetochosenisinodeif1
xi  (1) 

Consider the following notation: 
i – index representing potential location sites, 
n – total number of potential location sites, 
wi – node weight (benefit associated with the use of location i) 
dij – the shortest distance between node i and node j, 
R – pre-specified minimal distance, and 

 jiRdj iji   – nodes that are on distance less or equal to R, excluding particular node i 

M – a large positive number.  

The following mathematical formulation of the ACLP is proposed by Murray and Church (1997): 


i

ii xwZmax  (2) 

i,MxMx
ij

ji 


 (3) 

  i,1,0xi   (4) 

The Objective function (2) maximizes the total weighted selection of the facility location sites. 
Constraints (3) are referred as Neighborhood Adjacency Constraints (NAC). If node i is selected for facility 
placement (i.e. xi = 1), then the term Mxi equals the right hand side term, M, and forces 0x

ij
j 


.Thus, if a 

site i is used, then all sites j within the R distance, neighborhood of site i, πi, are restricted from use. 
Constraint (4) defines problem binary variables. 

The ACLP, as the NP-hard problems, were solved by various heuristic and meta-heuristic algorithms: 
Greedy Heuristic algorithms (Chaudhry et al. 1986), Lagrangian relaxation (Murray and Church 1997) 
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Genetic Algorithm (Chaudhry 2006) and Bee Colony Optimization meta-heuristic (Dimitrijevic et al., 2012). 
A wide variety of particular applications of the ACLP can be found in literature. The applications include 
forest management, telecommunications, military defense location and various planning problems (Chaudhry 
et al., 1986, Murray and Church, 1997). Dimitrijevic et al. (2012) presented illustration of ACLP application 
in dangerous goods warehouse location problem. They showed that when MSD is given as a constant value 
and only one type of dangerous goods has to be located in warehouses, with the aim to maximize its quantity, 
then “classical” ACLP formulation is suitable for the problem description. 

The ACLP is characterized by the presence of “interactions” between facility sites which are in the focus 
of our problem formulation, instead of clients’ demand that should not be covered. These interactions are 
described through anti-covering concept which imposes restriction requirements between located facilities. 
In this paper, restriction requirements between located facilities are variables dependent on quantity and 
characteristics of particular dangerous goods. 

Having this in mind, in this paper a modification and extension of the ACLP is proposed in order to 
formulate one class of real problems, which appear when objective is to locate maximal quantity of different 
kinds of dangerous goods, with variable radii of undesirable effects, in existing storage sites. 

The rest of the paper is organized as follows. Section 2 introduces the problem in more detail while 
Section 3 presents the problem formulation. Section 4 contains the numerical example and the last Section 
brings conclusions related to the research. 

2. PROBLEM DESCRIPTION 
Storing and keeping dangerous goods like explosives, flammable materials and compressed gasses is 
characterized by the opportunity to transfer any undesirable effects to the objects in the neighborhood thus 
causing destruction, serious damage and fire in these areas. Those effects spread spherically from the source, 
reaching the surrounding object within a certain radius known as MSD. 

MSD usually depends on the quantity and characteristics of the activated material, as well as other 
relevant characteristics (the construction and type of potential accident sites, the construction and type of 
exposed sites, and in some instances, the orientation of the potential accident sites and the exposed sites).  

In this paper, determination of the MSD corresponds to explosives. In case when MSD depends on the 
quantity of explosive stored, it may be calculated in the following way (AFMAN 91-201, 2011): 

31QPR   (5) 

where: R is the minimal safety distance required; P is the protection factor depending on the degree of risk 
assumed or permitted; Q is the net explosive weight for the given quantity of a certain explosive.  

Similar relations may be assumed in cases of other dangerous goods. 
There are few types of safety distances (AFMAN 91-201, 2011): inhabited building distance (IBD)1, 

public traffic route distance (PTRD)2, intraline distance (ILD)3 and intermagazine distance (IMD)4. They 
differ in the value of protective factor P. Very often IBD, PTRD and ILD have the same P, and that is why, 
for the purpose of this paper, we divided MSD into Internal safety distance (ISD) and External safety 
distance (ESD). Both distances depend on protection factors, and External safety distances are larger than 
Internal safety distances. Problem description is depicted in Figure 1. 

When there are several types of dangerous goods it is necessery to respect (apply) certain rules regarding 
compatibility groups’ requirements. Compatibility groups are used for segregating explosives on the basis of 
similarity of function, features, and accident effects potential. In developing the various compatibility 
groups, these factors are considered: chemical and physical properties, design characteristics, inner and outer 
packaging configurations, hazard class and division, net explosive weight, rate of deterioration, sensitivity to 
initiation, and effects of deflagration, explosion, or detonation. The compatibility group assigned to 
explosives indicates what can be stored with the explosive without increasing significantly either an 
accident's probability or, for a given quantity, the magnitude of an accident’s effects. Explosives of different 

                                                      
1 This is the minimal distance required to protect facilities and personnel not directly related to explosives 
storage and operations. 
2 This is the minimal distance required to protect public traffic routes and other designated exposures. At this 
distance, damage and personnel injury is expected. 
3 This is the minimal distance required to protect activities associated with explosives storage and operations. 
4 This is the minimal distance between potential explosion sites required to prevent one potential explosion 
site from simultaneously detonating an adjacent potential explosion site. 
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compatibility groups may only be mixed in storage as indicated in storage compatibility mixing chart. For 
mixture of compatible explosives, MSD depends on the total net explosive weight and the largest P among 
them. 

 
 

 
 
 

Figure 1:  Problem of determining facility sites for dangerous goods storing 
 

3. PROBLEM FORMULATION 

Let G=(N,A) be a network, where N ={1, ..., i, j, ..., n} is the set of nodes, and A is the set of arcs (i,j). To 
each arc (i,j)A is associated scalar dij which represents the Euclidean distance between nodes iN and jN. 
Set N is partitioned into two subsets N=NINE, where NI represents a set of internal nodes which are 
candidates for storing explosives, and NE represents a set of external nodes which are not designated for 
storing explosives, but must be kept at a safe distance from the explosives stored in internal nodes. To each 
node iNI is associated Ci, which represents node's capacity restriction or maximal quantity of explosives 
that can be stored in a specific location. Let D={1, ..., k, r, ..., m} be a set of different types (groups) of 

explosives. Two scalars E
k

I
k R,R are associated to each explosive kD, which represent ISD and ESD, 

respectively. I
kR  and E

kR  are calculated by the relation (5) shown in the previous section. It is assumed that 

protection factor P, for each explosive kD, has two values: I
kP and E

kP , for ISD and ESD, respectively, 

and I
k

E
k PP  . Also, for practical reasons, for each type of explosive, we defined the minimal quantity that 

must be stored and denoted with min
kq . Finally, let Ikr be the compatibility index which takes value 1 if 

explosives kD and rD may be stored at the same location, otherwise it takes value 0. 

Let us introduce variables: 

ilocationatstoredklosiveexpofquantityxik   (6) 






otherwise0

ilocationatstoredisklosiveexpofquantityanyif1
yik      (7)

 






otherwise0

ilocationsametheatstoredarerandklosivesexpif1
tikr  (8) 






otherwise0

ilocationatstoredislosiveexpanyofquantityanyif1
zi  (9) 

Based on previous notations, the location problem analyzed here, called Quantity Dependent ACLP 
(QDACLP) is formulated as the following mixed integer linear programming (MILP) problem: 

 
 INi Dk

ikxmax  (10) 

subject to: 

ISD ESD

Internal nodes – Storage sites 

External nodes – Neighboring objects 

LEGEND: 

ISD Internal safety distances 

ESD External safety distances 

Region to locating facilities 
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DkNiMyx Iikik  ;  (13) 
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Dk
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 (14) 

Dkqx k
i

ik  min  (15) 

Ii
Dk

ik NiMzy 


 (16) 

DrDkNiItyy Ikrikririk  ;;  (17) 

  DkNiy Iik  ;0,1  (18) 

  DrDkNit Iikr  ;;0,1  (19) 

  Ii Niz  1,0  (20)  

where: M is a large positive number.  

The objective function (10) that should be maximized presents the total quantity of explosives stored at 
selected location sites (internal nodes). Constraint (11) can be referred as Internal Neighborhood Adjacency 
Constraint which provides that the maximal amount of explosives stored at the observed location i is limited 
and will not put in danger other internal nodes with explosives stored, and vice versa. Similarly, constraint 
(12) can be referred as External Neighborhood Adjacency Constraint which provides that external objects are 
not put in danger by the maximal amount of explosives stored at any of internal facility sites. Constraint (13) 
does not allow storing of dangerous goods at the observed location i if it is not a chosen candidate for storing 
of dangerous goods. The quantity of dangerous goods stored at the observed location can not exceed 
location's capacity restriction considering constraint (14). Minimal quantity of each explosive type that must 
be stored within all internal nodes is determined by constraint (15). Constraint (16) enables that the variable 
zi takes value 1 if any quantity of any explosive type is stored at the observed location i. Constraint (17) 
allows that compatibile explosives can be located at the same storage. Constraints (18, 19, 20) define 
variables as binary. 

4. COMPUTATIONAL EXAMPLE 
In this section the proposed MILP formulation for the QDACLP is tested on one hypothetical example. 

Set NI consists of fifteen nodes whose (x,y) coordinates and maximal allowed quantities of explosives are 
given in Table 1. Set NE contains ten external nodes, and their (x,y) coordinates are presented in Table 2. 
 

Table 1: Characteristics of internal nodes 
Characteristics Internal nodes 

No. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

Coordinate X 803 761 270 409 755 474 651 309 572 362 233 538 605 556 419 

Coordinate Y 483 397 603 479 829 466 711 954 367 792 840 681 676 990 758 
Maximal 

quantity in kg 
8030 5060 4550 4480 4830 3550 4290 4420 7960 4500 5000 9750 4600 4280 7380
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Table 2: Characteristics of external nodes 
Characteristics External nodes 

No. 16 17 18 19 20 21 22 23 24 25 

Coordinate X 187 121 418 747 210 298 620 139 119 170

Coordinate Y 217 961 127 131 598 204 136 342 642 521
 
Table 3: Characteristics of dangerous goods 

Characteristics Explosives 

Explosive types 1 2 3 4 

Minimal quantity to be stored in kg 5000 5000 5000 5000

Protection factor for internal nodes 17 11 11 10 

Protection factor for external nodes 18 16 15 18 
 
Table 4: Storage compatibility mixing matrix 

 Explosive 1 Explosive 2 Explosive 3 Explosive 4

Explosive 1 1 0 0 1 

Explosive 2 0 1 1 1 

Explosive 3 0 1 1 0 

Explosive 4 1 1 0 1 
 

The hypothetical problem is solved by using the academic version of CPLEX. The total quantity of 
dangerous goods stored is 34769.6 kg. The optimal solution of the numerical example which encompasses 
the quantity and the type of dangerous goods stored at each selected location is shown in Table 5. As we can 
see from Table 5, two types of explosives are located at nodes 1, 11 and 14, while only one at nodes 3, 4, 5, 
8, 9 and 12. Ilustration of the solution is depicted in Figure 2.  
 
Table 5: Solution of the numerical example 

Internal 
nodes 

Type of explosive Quantity in kg 

1 
2 4343.4 
4 3420.7 

3 3 64.7 
4 3 3693.5 
5 1 3413.8 
8 3 1932.4 
9 3 3891.3 

11 
2 656.6 
3 437.7 

12 3 9750 

14 
1 1586.2 
4 1579.3 

 

5. CONCLUSION 
In this paper we investigated the undesirable facilities locations problem. The undesirable facilities are 
different types of dangeous goods, that have to be located in some of the network nodes (warehouses) which 
belong to a known discrete set. They are characterized by the opportunity to transfer any undesirable effects 
to the objects in the neighborhood. Those effects define separation distances among objects with dangerous 
goods called minimal safety distances. We observed undesirable effects that spread spherically from the 
sources with variable radii. Some classes of explosives were taken as good representatives for which MSD 
depends on the quantity and characteristics of the activated material. The objective is to maximize the 
quantity of different kinds of explosives located at existing storage sites, while respecting MSDs. 
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Figure 2: Ilustration of the solution 

 
MILP model for the observed problem (QDACLP) is developed. The spirit of ACLP is present in the 

proposed formulation and thus QDACLP can be viewed as a modification and extension of the ACLP.  
We found a few papers in literature treating covering radius as a variable. Berman, et al. (2009) 

considered a covering problem with a variable covering radius of a facility which is controlled by the 
decision-maker. The cost of achieving a certain covering distance is assumed to be a monotonically 
increasing function of the distance. The problem was to cover all demand points at a minimum cost by 
finding the optimal number, locations and coverage radii for the facilities.  

Jabalameli et al. (2010) proposed a multi-objective integer linear programming model to locate 
distribution centers in a two-echelon distribution system. In this problem, customers who are in the coverage 
radius of the distribution centers can be supplied. They suppose that the coverage radius of each distribution 
center can be controlled by decision maker and it is a function of the amount of money invested on the 
distribution center. Those two papers treated variable radius within covering location problems for desirable 
facility location. To the best of our knowledge no research paper dealing with variable covering radius in 
ACLP, nor in other undesirable facility location models, has been published yet. 

From this point of view, future research can formulate the observed problem in case when different types 
of dangerous goods have different types of MSDs (constant and variable MSD). Also, future research will 
include a more comprehensive model testing to establish CPLEX boundaries and potentialy to open the 
door to heuristcs and metaheuristics for problem solving. 
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Abstract: Fuzzy inference systems are becoming one of the most important analytical and modelling tools in 
modern process control. In this paper, a comparison of two most important fuzzy inference systems was 
presented in their application on a regular industrial process of zinc minerals flotation concentration. The 
training and the test data originate from the Rudnik Rudnik in the Republic of Serbia. The results of the 
preliminary case study shows that both Mamdani and Takagi-Sugeno inference systems can provide 
adequate results when applied for fuzzy modelling of an industrial flotation concentration process. However, 
more tuning is needed for the purpose of practical application or potential development and industrial-scale 
utilization of a fuzzy controller. 

Keywords: fuzzy inference model, zinc minerals flotation, Rudnik, Mamdani, Takagi-Sugeno 

1. INTRODUCTION 
For years, the standard in industrial process control was to use the proportional-integral-derivative controller 
(PID). The limitations of PID control, in particular that it in its essence bears no direct knowledge of the 
process, instigated a series of different alternative strategies to develop. 

One of strategies led to research and application of expert systems for control in mineral processing 
systems. Efforts are made to emulate some human activities such as movement, vision, or reasoning. 
Knowledge engineering has been one of the most important research fields in artificial intelligence, resulting 
in development of expert systems. 

Expert systems are rule-based systems that utilize the if-then production rules used to capture human 
decision-making abilities. These computer based systems have been used successfully in a number of problem 
domains including medical diagnosis, mineral exploration, and chemical compound analysis. The success they 
had achieved made them potential tools for attaining consistent, efficient process control (Karr 1999). 

The emphasis with the mineral processing industry, has been particularly with empirical models. The 
accuracy of such models depends heavily on the correct values of model parameters, but the determination of 
such values is often very difficult task. The process of determining empirical parameters is relying on 
statistical techniques that, in turn, depends heavily on the “quality” of data, causing the development of 
robust statistics, in order to overcome these issues.  

In recent decades, a trend of using the inexact solutions for difficult, even insolvable tasks has arisen. 
Many of these methods are tolerant for impreciseness, vagueness even inaccuracy, and together we called 
them “soft computing” methods. A prominent place among these methods is taken by multivalued logic (in 
general) or fuzzy logic, or a space of logic where the truth value does not hold value of 1, but can hold a 
whole range of values between 0 and 1. In addition to this concept, fuzzy logic introduces ambiguous (or 
fuzzy data), as opposed to crisp (or single-value data), thus widening the concept of the confidence interval. 

2. FUZZY INFERENCE SYSTEMS 
The place of fuzzy logic and other theoretical concepts leaning on to it in modern process control is still a 
question of debate. Much progress has been made, but still there are some open issues for the researches to 
solve. The first step in creating a reliable expert system, based on fuzzy logic is to create a fuzzy inference 
system (FIS) as a model that maps input characteristics to input membership functions, input membership 
function to rules, rules to a set of output characteristics, output characteristics to output membership functions, 
and the output membership function to a single-valued output or a decision associated with the output. 
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Presently, the world of soft computing practical application recognizes several different fuzzy inference 
systems (FIS) such as:  

 Mamdani type fuzzy inference system; 
 Larsen type fuzzy inference system; 
 Takagi-Sugeno fuzzy inference system and 
 Tsukamoto fuzzy inference system (Butkiewicz 2004, Youseff 2004). 

The central issue of these systems is the process of transferring the expert knowledge of the occurrence or 
process into linguistic variables, i.e. words describing values of variables influencing the behavior of the 
observed occurrence or process. Once the fuzzy logic rule base is established, the task of FIS is to provide 
model user with crisp output values, for the purpose of model evaluation. 

The structure of existing fuzzy inference systems is connected closely to the expected output, i.e. the 
appropriate mathematical description of the fuzzy model output variables. Although the ultimate result of every 
fuzzy model is a crisp value, the presentation of the output variables bears significance for the assessment of the 
fuzzy model success. 

The differences between the systems lies in the expected type of output. With Mamdani FIS, the output is a 
fuzzy membership function (MF), Larsen FIS proposed the max-product method for rule implication and max 
operator for rule composition, Takagi Sugeno FIS has a crisp function or a constant as the output (Takagi-
Sugeno FIS of the zero, first or second order), while Tsukamoto FIS understands that the consequence of each 
fuzzy if-then rule is represented by a fuzzy set with a monotone membership function (Sivanandam et al. 2007). 

Advantages and disadvantages of each FIS are well documented. The most often FIS used are Mamdani 
(sometimes called the Mamdani Assilian FIS) and Takagi Sugeno and for the remainder of this paper, only 
these two FIS will be considered. From the point of application of fuzzy logic modelling in mineral processing, 
it can be stated that both systems are used with success in modelling mineral processing systems and processes. 

There are several advantages of the Mamdani FIS: 
 It is better suited to human input.  
 It has gained widespread acceptance.  
 It is widely used for second order systems with both linear and nonlinear characteristics.  
 It is easy to implement.  

On the other hand, these are the advantages of the Takagi Sugeno FIS:  
 Better suited to mathematical analysis.  
 Computationally efficient.  
 Works well with optimization and adaptive technique.  
 Work better in multi-dimensional systems than Mamdani model.  
 Provides a more systematic approach to the design of Fuzzy Logic Controller.  
 It is uses less fuzzy variables than the Mamdani model, since the low numbers of fuzzy variables ill 

reduces the number of implications.  
 It is the only fuzzy model that allows a stability analysis (Sivanandam et al., 2007). 

In retrospect, Mamdani FIS is easier to develop, but Takagi-Sugeno FIS provides more flexibility and 
calculation support under several practical constraints.  

The underlying principles of the flotation process are well established but it has proved to be unusually 
difficult to build quantitative predictive models that can be used to simulate the operation of flotation cells in 
typical industrial circuits. The reason for the difficulty lies in the complexity of the many micro processes 
that combine to produce the overall result, which is the separation of different mineral species by virtue of 
the differential surface conditions that can be induced on the various minerals (King, 1999). 

This is the main reason that industrial-scale flotation process is yet to become the focus for fuzzy logic 
implementation. This paper makes an attempt to broaden the scopes of FIS application in flotation 
concentration by providing a comparison of different types of FIS, in their application in flotation 
concentration modelling. 

For the purpose of testing a setting of the Rudnik Mine flotation plant, located in central Serbia was 
selected. In order to save the precious space, we are suggesting the reader to find out more about the technology 
used at the Rudnik flotation plant in the paper published in the XIII BMPC Book of Proceedings - Miljanovic, 
Vujic, 2009. 

3. TABLES AND FIGURES 
The process of setting up the fuzzy model for any industrial process consists of several steps: 
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1. Making an informed decision on variables determining the state of the system.  
2. Making an informed decision on the output variables or variables that the model is supposed to 

predict. 
3. Develop fuzzy sets for all variables. 
4. Create fuzzy rules database. 
5. Apply fuzzy rules. 
6. The process ends with defuzzyfication, or the process by which every predicted variable is assigned 

with corresponding crisp value. 
The complexity of the flotation concentration setting and the number of input variables, and number of rules 

in particular urged selecting only the process of Zn concentrate extraction for the purpose of this consideration.  
The following parameters were separated as the one with particular influence on the zinc minerals flotation 

process: copper minerals flotation tailings zinc content (metal content – zinc feed – UZN), collector 
consumption in g/t (KAX), pulp density at the end of copper minerals flotation circuit (GPU), activator 
consumption in g/t (ACU), solution pH (PHS), grinding fineness (FML), and flotation time (TFL). 

The following were selected as the output variables, i.e. the parameters showing the success of the flotation 
concentration: quality of the concentrate expressed by the zinc concentrate percentage (KZN) and the metal 
(zinc) recovery in percent (IZN).  

The values of the pulp density (GPU), grinding fineness (GPU) and flotation time (FTU) were considered as 
a constant in developing this model. 

Pulp density is kept at approximately 40% (solids), grinding fineness is 62% (-0,074 mm), and zinc 
minerals flotation time. In addition, pH regulator consumption and the continual results of pH measurement are 
not available, since pH is held above 11 during the zinc minerals flotation. 

Table 1 presents the process matrix of the zinc mineral flotation circuit: 

Table 1: Process matrix of the zinc mineral flotation circuit 

Conditions 
Actions 

Grade (KZN) Recovery (IZN) 

Feed zinc content (UZN)  Grow Grow 

Collector consumption (KAX) Grow Drop 

Activator consumption (ACU) Grow Grow 

System pH (PHS) Grow Drop 
 
For the development of fuzzy model, actions or trends in output variable values must be converted (together 

with input variables) into a set of fuzzy rules, where every outcome (represented by an output variable 
linguistic value) is assigned with a combination of fuzzy logic rules (Figure 1). 

The process matrix and the consequent rule base were used for developing both Mamdani and Takagi-
Sugeno FIS. 
 

     

Figure 1: Developing the rule base 

The process that follows is assigning crisp values to all linguistic variables, or defining the fuzzy 
membership functions. In this step, a statistical analysis of the data is the most important, since the principle of 
expert knowledge with proper statistical analysis provides good results. Type of fuzzy membership functions 
(in Table 2 there are only trapezoidal and triangular functions) is determined by the training data for the model. 

The expert knowledge in this FIS is defined through linguistic labels assigned to membership functions. For 
example, with the variable UZN, there are linguistic labels “small”, “medium” and “high”, depicted by 
membership functions [0 0 0.1 0.9], [0.8 1.5 2.5] and [2 4 5 5]. The rest of the membership functions are shown 
in Table 2. 
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Table 2: Fuzzy membership functions  
 Mamdani and Takagi – Sugeno FIS 

INPUT MF 

UZN 

Trapezoidal [0 0 0.1 0.9] 

Triangular [0.8 1.5 2.5] 

Trapezoidal [2 4 5 5] 

KAX 
Triangular [0 0.02 0.02] 

Triangular [0.03 0.07 0.1] 

ACU 

Trapezoidal [0 0 0.005 0.05] 

Triangular [0.03 0.05 0.07] 

Trapezoidal [0.06 0.09 0.1 0.1] 

PHS 

Trapezoidal [7 8 8.5 10] 

Triangular [10 10.5 11.5] 

Trapezoidal [10.5 11.5 13 13] 

OUTPUT MF 

KZN 

[38 38 40 45] 40* 

[42 45 47.5] 45* 

[46 48 55 55] 48* 

IZN 
[50 50 65 78] 

60 

70 

[68 75 100 100] 80 
* Takagi-Sugeno FIS for Zn concentrate quality was separated 
from the Takagi Sugeno FIS for Zn concentrate recovery. 
 

There are several limitations for the Takagi-Sugeno FIS: 
 Takagi-Sugeno FIS should have a single output 
 Takagi-Sugeno FIS should be 0th or 1st order (meaning that there should be linear function or a 

constant), and in addition all output membership functions must be the same type and be linear or 
constant, 

 There should be no rule sharing, meaning that different rules cannot share the same output membership 
function. 

Since one of the limitations of the is related with the number of output variables, there are two separated FIS 
for both Zinc concentrate and Zinc recovery, and a single Mamdani FIS for both variables. 

A note should also be made on the fact that all the rules developed in the process were weighted with a 
value of 1, i.e. no rule was given priority over the other rules. Although Mamdani FIS enables the user to adjust 
weights, for the purpose of comparison with the Takagi-Sugeno FIS, no rule weights were applied. 

4. RESULTS  

Based on the established fuzzy membership functions, the appropriate model was built using the Matlab 
Fuzzy Logic Toolbox (details presented on Figures 2-4). 

Figure 4 presents the ANFIS (Adaptive Neural Fuzzy Inference system), constructed by using a given 
input/output data set. This process may be considered as tuning or adjusting of membership functions by using 
a backpropagation algorithm. For the Takagi-Sugeno FIS, this is a process of “learning”.  

A selection of results obtained both by Mamdani and Takagi-Sugeno model was presented in Table 3. The 
comparison was made with the data from the flotation plant, for the same values of input variables. A note 
should be made that the data for Mamdani FIS output variables KZN and IZN were obtained by variations in 
the outputs in the “Rules” section of the Fuzzy Toolbox GUI, and for the Takagi-Sugeno FIS by utilizing the 
output from the “ANFIS” section of the Fuzzy Toolbox GUI. The cases A-H, correspond each to a single date, 
and the data collected are chemical analysis data or an average consumption of reagents. Figure 5 presents Zinc 
concentrate values and Zinc recovery values plotted for all three cases observed. 
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Figure 2: Variable UZN (Zinc feed) with three  
membership functions (low, medium and high) 

Figure 3: Variations in IZN (Zinc recovery)  
vs. collector quantity K 

 
Figure 4: Structure of the ANFIS model 

Table 3: Comparison of results from the plant and from the Mamdani and Takagi Sugeno FIS 

 A B C D E F G H 

UZN 1.03 1.50 1.67 2.03 2.06 2.25 2.30 2.70

KAX 0.02 0.03 0.02 0.02 0.02 0.03 0.03 0.03

ACU 0.03 0.04 0.04 0.04 0.03 0.03 0.04 0.04

KZN 45.5 45.3 48.7 47.4 49.0 47.9 46.3 48.1

KZN* 37.2 39.3 39.3 40.5 40.1 41.9 41.8 43.0

KZN** 40.2 40.6 40.8 42.2 42.5 41.7 42.8 44.1

IZN 48.5 83.2 73.2 87.3 83.0 69.5 82.0 73.2

IZN* 67.5 67.5 71.0 76.4 77.1 80.9 84.6 84.6

IZN** 71.8 72.5 74.3 74.0 74.9 75.6 80.5 82.1

* - Denotes Mamdani FIS results 

** - Denotes Takagi-Sugeno FIS results 
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Figure 5: Plotted values of plant data, Mamdani and Takagi-Sugeno FIS for KZN and IZN 

5. CONCLUSION 
The small-scale comparison on a selected samples shows that both Mamdani and Takagi-Sugeno FIS can 
provide valid models for industrial-scale flotation concentration. This assessment is based on the apparent 
trends of values from both FIS, although the values obtained by FIS suggest further tuning should be 
involved. 

Particularly interesting are the results related with the recovery of Zn, where the data from the actual plant 
vary significantly, despite input data arranged in increasing order of Zinc feed. 

The results can be classified as those of an ongoing process, since the error values are too high, in particular 
for the Zinc concentrate quality. Furthermore, measured training and testing data values are lacking of an 
important variable – the system pH (PHS). Although the pH was maintained above 11, it is important to know 
these values more precisely, in order to develop appropriate membership functions. 

It can be stated, however, that possible way out for the dilemmas expressed here is the introduction of rule 
weights and development of hybrid FIS. 
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Abstract: In the paper is described the stage in the decision making process during selecting directions of 
actions Group for making additional obstacle. The decision making process is followed by higher or lower 
level of indefiniteness of criteria needed for making relevant decisions. Since the fuzzy logic is very suitable 
to express indefiniteness and uncertainty, in the paper is described the decision making process using fuzzy 
approach. 

Keywords: Decision making process, fuzzy logic, Group for making additional obstacle. 

1. INTRODUCTION - GROUP FOR MAKING ADDITIONAL OBSTACLE 
Defensive operations are a type of combat operations which are the main objectives of countering of the will 
and intentions of the opponent (in older literature: enemy) and neutralizing strength which they underlie 
offensive power. Leads - Are being executed all the forces using different combat and tactical actions, 
focusing on defensive combat operations, with the aim of creating conditions for the transition to  offensive 
operations (Doktrina Vojske srbije 2010). 

The engineer combat operations, are prepared a space in the zone of combat operations. Those actions, 
apply on the opponent  and makes - causing losses; makes it difficult maneuver with forces and prevent, slow 
down and channel the movement. Those activities are achieved by creating an obstacles (Doktrina Vojske 
srbije 2010). 

Hindering (interdiction, obstacle making) includes setting up and development of various artificial 
barriers and strengthen the natural obstacles, in order: slowing the pace attack, limiting and channeling 
actions, primarily armored and mechanized  forces of the opponent, obstructing the landing of air  forces, 
obstructing traffic and supply, causing losses to the opponent and create favorable conditions for the effect of 
its own forces (Vojni leksikon 1981). 

The engineer  units are the executive units on tasks of interdiction, on the center of gravity of defense. 
They prepare obstacles in performing of operations. To perform additional obstacle making (during 
operations) of the pioneer unit is forming a temporary structure – Group for making additional obstacle 
(GfMAO – in Serbian: Grupa za dopunsko zaprečavanje - GDZ). 

The main task of GfMAO, to construct  additional obstacle on sudden direction penetration of the 
opponent (primarily its armored and mechanized units). In principle, one can determine GfMAO one to two 
lines of action, and in every direction is the preventing effect on two to three lines of obstacle making (Milić 
and Božanić 2012). 

Act independently or with assistance of other elements of the antitank operations on the directions in 
which locations are not organized to the antitank operations, in the interstices, on the exposed sides, the lines 
spread of stronger descent. Tasks doing with  maneuver mines (AT) in advance and making antitank 
minefields - AT minefields (Kitanović 2000). 

In order to have GfMAO properly used and to achieve maximum performance it is necessary that the 
person who decides make the selection of GfMAO direction of action on which it will be most effectively 
used. Usually, in practice, a number of offered directions are imposed, and the person who decides chooses 
one or two. 

2. FUZZY LOGIC AND FUZZY SETS 
Fuzzy sets were introduced to the basic goal of being mathematically formalized way of representing and 
modeling uncertainty in linguistics, and so defined sets can be perceived as a generalization of classical set 
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theory. The basic idea of fuzzy sets is very simple. In the classical (non-fuzzy) sets an element (a member of 
the universal set), either belongs or does not belong to a profile. Fuzzy set is, in this sense, a generalization 
of classical set as background elements can be characterized by a set of numbers from the interval [0,1]. In 
other words, the membership function fuzzy set maps each element of the universal set in the interval of real 
numbers. One of the biggest differences between classical and fuzzy sets is in the fact that classical sets 
always have a unique function of belonging, while the fuzzy set is an infinite number of different 
membership functions which it can describe. This fact allows fuzzy systems to adapt to situations 
appropriately where applicable. This fact was pointed by Lotfi Zadeh (1965) who defined fuzzy sets, with a 
special note that each area can fuzzicate and therefore until then generalize the classical approach to the 
conventional theory. 

In determining the time required to perform tasks in the Serbian Army units can often be heard estimating 
that the task can be done for "about a couple of minutes." This means, for example, "about three minutes," it 
is the nearest integer which is best expressed by the approximate value of the time necessary to execute the 
task. 

The statement that the time required to perform the same task was three minutes will be judged equally in 
any situation. However, when we say that the time required to perform activities of nearly three minutes we 
can ask ourselves: "How close?", "What is the maximum error?", and sometimes it is a sufficient information 
to us. If we say that the time required to perform activities is "about three", on the one hand it might be 
sufficient information, and on the other hand it may only increase the confusion. 

Similar descriptions of the situations are successfully uses in decision-making, and fuzzy logic allows us 
to use such a seemingly imprecise information in many scientific fields. Figure 1. illustrates this idea, that 
instead of precise and rigorous description of complex phenomena, it is applied the opposite approach and 
allowed it to be inaccurate (Pamučar 2010). 

 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Fuzzy number 
 
A classical set is a set of discrete elements with the same properties. Each element of a discrete set of 

100% is due to it, or on a scale of zero to one, we can say that each element belongs to a discrete set of the 
first point  with the degree of 1. Of course, the discrete element may not be the part of the set, then we can 
say that it belongs to the degree of 0. 

Fuzzy set is an extension of the classical discrete set and its generalisation (Jantzen 1998). It represents a 
set of elements with similar properties. The degree of membership of fuzzy set of elements can be any real 
number in the interval. 

Definition (Teodorović and Kikuchi 1994): Fuzzy set A  of the non-empty set U is called the ordered 
pair   ,A x x , where  A x is the degree of membership of fuzzy x U set of elements. The degree of 
belonging is a number in the interval [0,1]. What the degree of belonging is larger, the element of the 
universal set correspond to a greater extent, to the characteristics of fuzzy set. 

Formally, the fuzzy set is defined as a set of ordered pairs 

     , ,0 1A AA x x x X x      (1) 

If we define the reference set  ,  ,  ,  ,  V o p r s t , a fuzzy set could look like 

           0.3,  , 0.1,  , 0,  , 0,  , 0.9,  B o p r s t . This means that the element o  belong to the set B  with 

degree 0.3 , p  with degree 0.1 , t  with degree 0.9 , and r  and s  do not belong to the set B (Pamučar 2010). 

3 4 5 6 7210-13 4 5 6 7210-1
T h r e e C l o u s e   t o     t h r e e

3 4 5 6 7210-1
A b o u t   t h r e e
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Each fuzzy set is represented by its membership function. If the reference set is discrete, membership 
function is a set of discrete values from the interval [0,1], as in the previous example. If the reference set is 
contiguous, it can be expressed analytically by using membership function. 

The most commonly used forms of membership functions are (Pamučar et al. 2011a): 
- Triangular function, Figure 2, shape c, 
- Trapezoidal functions, Figure 2, shape a, 
- Gaussian curve, Figure 2, shape d, and 
- Bell curve, Figure 2, shape b. 

On figure 2. ordinate represents the degree of affiliation. On the abscissa the fuzzy variable x is shown.  
 

 x

 
Figure 2: The most commonly used forms of membership functions 

 
Mathematical expressions describing the membership functions shown in Figure 2 have the following 

form: 
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Most tools for designing fuzzy systems allow the user to define different random membership functions 
(Pamučar 2010). 

The elements of fuzzy sets are taken from the universe of discourse. The universe of discourse contains 
all the elements that can be taken into consideration. It means that fuzzy variable can take values only from 
the universe of discourse. 

Clarifying the concept of universe of discourse will be observed through the variable time required to 
perform the task. In terms of time required to perform the task there is a high degree of uncertainty, but we 
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are confident that this time will be greater than 2t or less than 1t . In other words, we are confident that time 
belongs to the closed interval 1 2[ , ]t t . This is called a closed interval and the universe of discourse is 
simbolicaly referred to as 1 2[ , ]Т t t  (Figure 3).  

Figure 3. Rambling °А number with the corresponding universe of discourse and degree of conviction 
 

А

 
Figure 3: Triangular fuzzy number 

 
Determination of the universe of discourse of each fuzzy variable is the task of the designer and the most 

natural solution is to adopt a universe of discourse to match the physical boundaries of the variable. If the 
variable is not of a physical origin, a standard interval is adopted or it is defined the abstract interval the 
universe of discourse (Božanić and Pamučar 2010, Pamučar et al. 2011b). 

In addition to the universe of discourse, triangular fuzzy number, in our case, fuzzy time, is characterized 
by the degree of conviction. The concept by which a fuzzy number is expressed by means of universe of 
discourse and corresponding degree of conviction, is suggested by Kaufmann and Gupta (1985). Figure 3 
shows a rambling number °А . Universe of discourse which corresponds to the degree of conviction   has 
been marked as 1 2,a a    . 

3. MODELLING OF THE FUZZY LOGICAL SYSTEM  
Fuzzy logic is most frequently used for modelling complex systems where, by applying other methods it is 
difficult to determine interdependences that exist between certain variables (Pamučar et al. 2011b). Models 
based on the fuzzy logic consist of "IF - THEN" rules. Each rule establishes a relation between the linguistic 
values trough an IF-THEN statement: 

1 1               j i ji n jn jIF x is A AND AND x is A AND AND x is A THEN y is B   

Where , 1, ,ix i n   are the input variables,  y  is the output variable jA  and jB are linguistic values 
labelling fuzzy sets. The degree with which the output variable y  matches the corresponding fuzzy set jB , 

depends on the degrees of matching of the input variables , 1, ,ix i n   to theirs fuzzy sets, jA , and on the 
logic format (AND, OR) of the antecedent part of the rule. So, it is immediate calculating the degree of 
matching in each rule as shown in figure 4. 

If the n  parallel rules are interpreted by the conjunction "or" they can be shown by fuzzy relations: 

° °
1

n

k

k

R R


U  (6) 

Membership function of this relation is shown as: 

°   °
°   °   °   °  , , max , max(min , )

R R R R Rk k k
x y x y x y x y         (7) 
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Figure 4: Applying rules (Pamučar et al. 2011a) 

 
Each rule gives as a result a fuzzy set, with a membership function cut in the higher zone. By all the rules 

is given a set of fuzzy sets with differently cut membership functions, whose deterministic values all have a 
share in the inferential result. A single value is needed in order to have an useful result figure 5. 

outy  
Figure 5: Defuzzyfication 

 
A number of rules in which words describe the solution of certain problem present the basis of rules or 

expert rules. For easier understanding the rules are written in a suitable order, although the order is 
essentially not relevant. The rules are linked by the conjunction "or", which is often not mentioned. Each rule 
consists of antecedents that are usually connected by the conjunction "and". Antecedents are the criteria by 
which the selection of the suggested alternatives is done. In the next part of the paper the criteria 
(antecedents) that are used in the fuzzy logic system for the selection of courses of action GfMAO. 

Those who make a decision are sometimes in a situation to consider only one location, and then decision-
making is reduced to accepting or rejecting the location. However, they are often in a situation to rank a 
number of proposed locations and conclude which one is the best to be chosen.  Ranking locations is 
performed by evaluation of each location with the aim of selecting the best out of the set of proposed 
options, in relation to the importance of the chosen criteria. If there is a possibility of changes, the number of 
options is larger, thus the optimization of selection is more complex (Pamučar et al. 2011a, Pamučar et al. 
2011b). 

Collecting data on the effects of possible directions GfMAO survey is done by reconnaissance. On the 
basis of acquired data routes, one selected, on which GfMAO will act. The first following step in deciding is 
to formulate alternatives, then the rank is performed - evaluation and rejection of those solutions that do not 
meet the criteria. 

The criteria on the basis of which the selection of courses of action GfMAO is done are (Božanić et al. 
2011): 

- The probability of penetration of an opponent in a certain direction (C-1). This criterion are estimates 
related to the penetration of an opponent in a certain direction. The assessment of probability is related to the 
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assessment of the intention of the opponent, and the disposition of our forces (we take into account whether 
it is a less protected route, then the direction where is organized by less antitank defense in the interstices, 
exposed side, the area adequate for performance of an air assault and the like).  

-Impact that is achieved toward the opponents by closing a given direction (C-2). Defining this criterion 
include degree of possibility of slowing the pace opponents attack and possible losses of opponents in 
personnel and material technical means; 

-Negative impact of the direction hindering on the subsequent actions of our units (C-3). Within this 
criterion it is estimated whether and to what extent the hindering of a certain direction can influence the 
subsequent actions of our units.  

-Characteristic of directions (C-4). They are assessed through influence of soil properties on the 
organization of hindering, time needed to prepare the hindering of the line direction and time needed for 
taking the direction and executing the hindrance; 

The fuzzy system for valuing the offered alternatives input criteria values are presented in numbers or 
linguistic expressions. Fuzzy system consists of four input variables and one output variable, Table 1. 

 

Table 1: Criteria for the selection of courses of action GfMAO 
Criterion 
mark Criterion Numerical Linguistic Min Max 

C-1 The probability of penetration of an opponent in a 
certain direction x   x 

C-2 Impact that is achieved toward the opponents by 
closing a given direction 

 x  x 

C-3 Negative impact of the direction hindering on the 
subsequent actions of our units 

 x x  

C-4 Characteristic of directions  x  x 

 
Confidence interval of the inputs variables and output variable decision preference is in the interval [0, 1]. 
A set of criteria  1,..,4  iK i    consist of two subsets:  
K   - subset of criteria of the benefit type which means that the higher value of the criterion is preferable, 

that is better (criterion K1, K2, K4)  and 
K 

 - subset of criteria of the cost type, which means that the lower value is preferable, that is better 
(criterion K3) 

Criteria K1 is presented as numerical values, and criteria K2, K3 and  K4 as linguistic descriptors. 
Values of input variables K2, K3 and K4 were describe by the set of linguistic descriptors, 
   1 2 3,  ,  ...,  ,    0,  ...,  iS l l l l i H T   , where T is the total number of the linguistic descriptors. Linguistic 

variables are presented by triangular fuzzy number which is defined as ( ,  ,  )i i ia   , where ia  present the 
interval at which the membership function of the fuzzy number has a maximal value, that is 1.0. Values i  
and i  present the left and right distribution of membership function of the value in which the membership 
function reaches its maximal value. 

The number of linguistic descriptors is T=9:  unessential – U, very low – VL, fairly low – FL, low – L, 
medium – M, high – H, medium high – MH , very high – VH and perfect – P,  (Figure 6). 

 
Figure 6: Graphical display of linguistic descriptors   
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All of input variables in fuzzy model have three linguistic values. Output variables have five linguistic 
values. Figure 7 shows general model of fuzzy system. 

 

 
Figure 7: General model of fuzzy system 

 
Choice of membership functions and their span on the confidence interval is a very important phase of the 

model development. In the fuzzy system one selected Gaussian curves, because they are easy to manipulate 
while fitting exit. However, membership functions of the  input variables are shown in Figure 8. Parameters 
of the membership functions of the fuzzy system are shown in Table 2. 

 

 
Figure 8: Membership function of the input variables of the fuzzy system 
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Table 2: Membership functions parameters of the fuzzy system. 
 

 
 
 
 
 
 
 

 
Linguistic rules are used as the link between input and output of the fuzzy system. The expert’s 

knowledge about the process can be expressed by means of a certain number of linguistic rules in spoken or 
artificial language (Pamučar et al. 2011a).    

Domain expert primarily introduces his knowledge through production rules. At the beginning, it is 
important that the expert suggest adequate output values for every combination of input values of linguistic 
variables. As mentioned above, there are four input linguistic variables (n=4), with three linguistic values 
each (M=3) and they can be combined in the base with a total of Mn=34= 81 rules. 

The most commonly used methods of direct conclusion are MIN–MAX and PROD–SUM. In this paper 
used PROD-SUM metod, because one of the main requirements was to achieve a satisfactory sensitivity of 
the system. This means that in certain small input changes, the output must also have small value changes 
(Pamučar and Božanić 2009). Selecting Prod-Sum method and adjusting membership functions the solutions 
have received an acceptable form, which was adopted, figure 9. 

 

 
Figure 9: The set of the possible solutions of input variables C-1 and C-2  

 
As a method for defuzzification was chosen the center of gravity method, as usual, and suitable for the 

creation of this fuzzy system, because it ensures the necessary continuity and gradualness of output. 
 

4. TESTING OF THE FUZZY SYSTEM 
In order to test the described model we used illustrative data that describe the alternatives - possible 
directions GfMAO. Characteristics of the alternatives are shown in table 3. 

After the application of the model, the results shown in table 4. were obtained. The direction number ten 
was chosen as the most suitable, since the observed function of the target has the highest value in relation to 
the observed preferences.   

 
 
 
 
 

Criterion 
mark MF 1 MF 2 MF 3 

C-1 (0.233, 0.111) (0.181, 0.50) (0.262, 0.966) 
C-2 (0.221, 0.0079) (0.2236, 0.5) (0.2123, 1) 
C-3 (0.2663, 0.00265) (0.247, 0.506) (0.251, 0.997) 
C-4 (0.246 0,0003) (0.197, 0.503) (0.2348, 1) 
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Table 3: Characteristics of the chosen directions. 

 
Table 4: Decision Preference 

 
 

 
 
 
 
 
 
 
 
 

 
 

 

5. CONCLUSION 
Fuzzy multi-criteria approach that has been developed in this work enables the quantification of criteria and 
choice of the best alternative from the set of those offered. The above model enables evaluation of the 
directions offered and choice of the best alternative from the set of those offered that are described based on 
the criteria that can be either of beneficial or expenditure type.  

By analyzing the results obtained, we can conclude that the developed fuzzy system can successfully 
evaluate the chosen directions and formulate the strategy of decision-making in the choice of the directions 
of action (course of action).  

The development of the fuzzy model makes it possible to transform the strategy of the choice of 
directions of actions site into automatic control strategy. Performances of the developed system depends on 
the number of experienced engineers officers who have taken part in the research and development of the 
system, as well as the competence of the analysts to formulate the strategy of decision-making after a long 
communication with them. 

The displayed model contributes to saving the time necessary for decision-making. Performances of the 
developed fuzzy system can be successfully improved by mapping of the fuzzy system into adaptive 
neuronal net, which has the capability of learning and imitating decision-making performed by engineers 
senior officers. The development of the above - mentioned ANFIS system would be the topic for some future 
research in this field. 
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Abstract: This article presents a model which is an attempt of objectification of the defence development 
options ranking. Model is compiled on the basis of Capability Based Planning process, which determinates 
required defence capability and options for capability development according to possible scenarios of 
security threats. Model considers essential parameters from scenarios, required capabilities and options 
cost, for capability development options ranking for purpose of optimal option selection. For determination 
of parameters and their values, useful tool is expert assessment. The presented model allows presentation of 
the development options rank and priorities to the decision makers in terms of decision support, so it 
influences the choice of the defence development options. On the other hand, subjective expert evaluation of 
used parameters could negatively influence objectification of this model. This model could be helpful tool for 
defence planners in way of development options ranking and determination of defence development 
priorities.  

Keywords: Defence, Development Planning, Capability, Capability Based Planning 

1. INTRODUCTION 
In recent decades, the world has been faced with major changes in all areas of society. This also influenced 
the change in security environment of the state, which has led to amendments in the approach of defence 
planning. Today, states are not faced with a clearly defined enemy and there are more asymmetrical forms of 
security threats. Contemporary security challenges, risks and threats have become more abstract and hard to 
predict, and their coverage varies from armed aggression through armed insurgency and terrorism to natural 
disasters.  

Contemporary security challenges, risks and threats necessitate the defence capability for performing a 
wide range of different types of operations and to continually adapt to the dynamic environment.  Assessing 
the potential security challenges, risks and threats, as well as adapting the defence so as to attain the 
capability of constant protection of national and collective interests is a challenge for the process of defence 
development planning. However, in recent decades we have witnessed state budget reductions of finances 
allocated for the defence. This is particularly true in developing countries, whose limited resources are 
increasingly directed towards other social sectors, such as science and technology, education, healthcare, 
industry, information and communication, so as to facilitate further societal prosperity in conditions of 
limited resources. The development of the defence is confronted with two conflicting demands: to provide a 
response to unpredictable and complex security challenges, risks and threats in circumstances of reduced 
funding for the defence. 

In the NATO RTO-TR-069 publication, Handbook on Long Term Defence Planning, CBP is defined as 
“a process that investigates possible future operating environments and develops a force structure 
development plan (SDP) to best adapt the defence organisation to those environments given a host of 
constraints – including financial ones”. 

Among the numerous approaches that have been developed for defence development planning, some are 
taken from the commercial sector, while other has been developed exclusively for the defence. One of the 
predominant contemporary approach to defence development planning is capability based planning. The 
ultimate goal of capability based planning is to provide capabilities for the defence in order to accomplish 
mission and tasks of the defence in terms of protection of national and collective interests of states and 
alliances. To develop the necessary capabilities there are various options. These options are characterized by 
different price, maintenance costs and withdrawals, and other parameters. The question is how to choose the 
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optimal development option for defence capabilities, taking into consideration dynamics and abstract 
security challenges, risks and threats, as well as limited resources intended for the defence. 

2. CAPABILITY BASED PLANNING 
Capability based planning approach first analyzes the initial policy guidance and security environment in 
order to model the future environment and to determine the missions and tasks of the defence. Modelling 
future environment identifies possible strategic situations and develops scenarios of security threats. Based 
on the developed scenarios required capabilities are identified to carry out the mission and tasks of defence 
in the future.  

In Joint Publication 1-02 “Department of Defense Dictionary of Military and Associated Terms” (2013), 
published by USA Department of Defence, a capability is defined as ability to execute a specified course of 
action. (A capability may or may not be accompanied by an intention.). 

Capability is the ability of defence to express such effects that perform its missions and tasks. The 
question is which defence capabilities are needed in the future, in order to respond to future security 
challenges, risks and threats. Capability based planning enables identification of the required defence 
capabilities in the future and development of defence capabilities, especially directing limited resources of 
defence capabilities that are necessary in the future.  

There are different models of the capability based planning in the literature. One example of the model of 
Capability based planning (CBP), according to Stojkovic and Bjørn (2007), should follow steps in Figure 1. 

Figure 1: Model of Capability based planning 

Stojkovic and Bjørn (2007) suggested that Political Guidance Analysis is the first stage in the CBP 
process. The major inputs are: national interests and goals, national security and defence strategies, roles and 
importance of allies, friendly nations and international organizations for Defence etc.  

Political Guidance Analysis includes the following steps: 
 Specify defence policy, 
 Identify limitations, 
 Identify defence missions, 
 Identify level of ambitions (LoA) and priorities. 

The first step includes detailed examination of the main national security, defence and foreign affairs 
documents in order to realize political intention related to defence as well as political implication for 
Defence. The purpose of the second step is to identify political and economic constraints for defence. The 
output from the first and second steps of Political Guidance Analysis makes the realization of the third and 
fourth steps possible. The execution of these steps enables the precise identification of defence missions, the 
level of ambitions as well as priorities. 
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The second stage in the CBP process is the Environmental Assessment. The major inputs in this stage are 
national interests against which an environmental assessment will be undertaken to identify the events, issues 
and trends that may have an impact. The Environmental Assessment consists of four steps: 

 Gather the necessary information 
 Analyze the information 
 Identify opportunities, risk and threats 
 Develop a sufficient number of strategic situations. 

Stojkovic and Bjørn (2007) stated that in the first step defence planners collect all information necessary 
for further work on assessment of future environment. Pieces of information should be related to future 
security, political, economic and social issues as well as to technological development. Also, information 
about future natural conditions has great importance in establishing an appropriate final assessment. Sources 
of information can vary, from intelligence services to scientific research and analysis. The second step 
requires analytical knowledge and experience. For the purposes of successful analysis, defence planners can 
be supported by specialists and scientists educated in analytical techniques and knowledgeable in the areas of 
politics, economics, technology, and military and international affairs. In the third step defence planners base 
their thinking on results of the analysis in order to consider the influence of future environments on national 
interests and goals. In this phase the aim is to identify future opportunities as well as risks and threats to 
national interests and goals. The last step in the Environmental Assessment is the development of a suitable 
number of “Future Worlds”. “Future Worlds” are strategic situations and have generalized characteristics 
that represent future developments in various areas. 

Mission analysis is the third stage of the CBP process. This is mainly a military related activity whose 
purpose is to identify what should be done in order to achieve determined defence “ends” i.e. defined 
defence objectives. The main inputs to this stage of the planning process are defence missions and 
operational concepts. Today’s defence forces are usually assigned three main missions: homeland defence (it 
can include the defence of allies), peace operations and support to the police and other civilian institutions in 
confronting non-military risks and threats. Identification of types of operations is the first step of Mission 
analysis. After that, defence planners, supported by military personnel, identify possible operation objectives 
(the second step) and tasks (the third step) which would be necessary to perform in order to accomplish 
supposed objectives. The last step in Mission Analysis is tasks decomposition i.e. development of a multi-
level task structure. Current operational concepts and existing task lists are very helpful tools in identifying 
operation objectives and tasks. In some cases (for instance, in order to meet new security threats), it may be 
necessary to develop new operational concepts and task lists. 

“Future Worlds” are outputs from the second stage of the capability based planning and a very important 
input to the fourth stage of the planning process. For the purposes of identifying future capability 
requirements, defence planners develop a suitable number of planning situations or specific scenarios for 
each of the previously defined “Future Worlds”. Planning situations are outputs from the fourth stage of the 
CBP process and represent situations in which the forces might be used. Besides “Future Worlds”, identified 
types of future military operations are also input for Planning Situations Development. The planning 
situations should correspond to the types of military operations defined in the stage 3. The stage begins by 
identifying and defining the parameters (or variables) which best defines the essential nature of possible 
situations. This is no trivial task and should be given ample time. The mission analysis gives the framework 
for defining the parameters. After that, a spectrum of values (conditions) must be defined for each parameter. 
These values represent the possible, relevant conditions that each parameter can assume. The parameters and 
their values form a matrix called the morphological field that implicitly contains all possible future 
situations. The next step is to reduce the total set of formally possible configurations in the morphological 
field to a smaller set of internally consistent configurations. The point is to examine all of the configurations 
in the field, in order to identify which of them are really possible and which are not. The last step in this 
stage is the selection of a representative set of possible situations. Defence planners choose suitable number 
of planning situations for each previously defined “Future Worlds” and identified types of operations. 
Planning situations would be a very important input for the determination of future capability requirements. 

Capability Requirement Determination is probably the most complex part of the CBP process and 
requires a combination of imagination and subject matter expertise. The purpose of this stage is to identify 
types and quantities of defence capabilities required to accomplish a given task in a given situation. 
Requirements need to be developed across the same set of time periods for which planning situations have 
been identified. Capability Requirements should be developed based on: identified tasks, developed planning 
situations, operational concepts, possible impacts of future friendly and threat technology etc. 
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Capability Requirements Determination consists of four steps. In the first step, defence planners define 
capability areas. Capability areas decompose the complex issue into more manageable fragments. This is 
necessary due to the scope of the problem; it is easier to work with. There are many ways to define capability 
areas. Due to the complex nature of capabilities, none of the ways are ideal, but some are better than others. 
Different parts of the Department of Defence will have different approaches in identifying the capability 
areas.  For similar reasons, each nation may choose different ways to define its capability partitions, as each 
nation will have different requirements. The next step in Capability Requirements Determination is the 
development of a capability structure.  There are usually three main capability levels: strategic, operational 
and tactical. The levels are strongly interconnected, but at the same time each of them is specific and must be 
considered separately.  A description of capabilities is the third step in the Capability Requirements 
Determination stage. That is a very sensitive part of the planning process because it is important to establish 
a common understanding of how a capability is conceived and expressed.  Descriptions usually contain key 
capability characteristics (attributes) with appropriate parameters and metrics, e.g., time, distance, effect 
(including scale).  The previous step of the Capability Requirements Determination stage answers the 
question “what capabilities do we need?”. The next (and the last) step of this stage should give an answer to 
the question “how much of each capability do we need?”. The identification of capability requirements is 
based on planning situations, current and future operational concepts as well as the mission analysis.  

Capability Assessment is a stage that follows Capability Requirements Determination. The purpose of the 
stage is to assess fulfilment of the previously identified capability requirements. Using the identified 
requirements and current capabilities as primary inputs, Capability Assessment produce a list of capability 
gaps that require solutions and indicates the time frame in which those solutions are needed. It may also 
identify redundancies in capabilities that reflect inefficiencies. 

Stojkovic and Bjørn (2007) stated that the Options Development is the seventh stage of the CBP process. 
That is a development of possible approaches to solving (or mitigating) the capability gaps identified in the 
previous stage of the process. Defence planners develop options taking both material and non-material 
solutions into account. The main inputs to this stage are capability gaps and available resources. The output 
from Options Development is a list of potential requirements and resources based options. The Options 
Development stage includes five steps. In the first step, defence planners identify non-material approaches. It 
implies analyses whether or not changes in capability inputs (e.g. Doctrine, Organization, Training, 
Leadership, Personnel etc) and/or operational concepts are able to fill capability gaps identified in the 
Capability Assessment stage. If this is not the case, the next step would be performed in order to identify 
material approaches. Available financial and other resources as well as technological and other limitations 
very often disable feasibility of options. In that case defence planners find out additional approaches. For 
instance, additional approaches may request more resources, reduction of level of ambitions or information 
about possible risks if gap would not be filled. In the last step defence planners specify possible options for 
each individual capability gap. 

The product of the Options Development stage is a list of options (approaches or combinations of 
approaches) for filling each individual capability gap. The purpose of the last stage of the CBP process is to 
select a suitable solution. The last stage of the CBP process comprises of four steps. The first step implies 
reconsideration of the options for each capability gap. If the options do not fill capability gaps, defence 
planners will specify the possible risk. Options that are able to fill gaps would be tested in order to choose 
the optimal one. The test would be combination of cost-benefit and risk analysis. Finally, selected options for 
filling capability gaps and specified risks would be included into a defence development plan. 

3. OPTIMAL OPTION SELECTION FOR CAPABILITY DEVELOPMENT  
The essence of the Capability based planning approach is to establish ascertaining of the compulsory 
capabilities according to the assumed set of scenarios and resources. There are several options for the 
development of any capability, depending on the factors for its development. The question is which 
capabilities development option to apply, according to the set of assumed scenarios and available resources. 

One of the possible ways to select optimal capabilities development options, according to Richard J. 
Hillestad and Paul K. Davis (1998) is by using decision support system- DYNARANK. This software makes 
use of certain parameters and score card to determine the optimal option for the capability development. 

Similar to DYNARANK system, for selection of the optimal option of capabilities development in the 
CBP, it is possible to rank the capabilities development options by taking into consideration the parameters 
of the developed scenarios, parameters of required capability and parameters of development options. One 
example of the model of capabilities development options selection is shown in Figure 2. 
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Figure 2: Model of capabilities development options selection 

3.1. Assessment of scenarios importance 
The developed scenarios differ in their importance. Ranking the importance of scenario is based on the 
parameters of the scenario. For the scenario parameters, as an example, can be taken the probability (Ps) and 
the consequences of the occurrence of a particular scenario (Ds). 

Scenario probability (Ps) is a numerical value that expresses the possibility that a scenario will occur. 
Scenario consequence (Ds) refers to negative outcomes and damage the scenario cause to national security 
and defence, if happens. Scenario consequences can be qualitatively displayed, and then converted into a 
quantitative scale by using expert judgment. 

The importance of a particular scenario S is calculated using the formula (1). 

 ,  (1) 
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In the present formula, n is the total number of developed scenarios. Calculation example for the scenario 
importance, for a limited number of developed scenarios is shown in Table 1. 

 
Table 1: Calculation example for the scenario importance 

Scenario Code P D 
Scenarios 

importance (W) 
The terrorist attack on 
military installations S1 0,5 0,5 0,25 

Armed aggression S2 0,3 0,9 0,27 

Violation of airspace S3 0,5 0,3 0,15 

Peace support 
operation in state X S4 0,7 0,3 0,21 

Natural disasters S5 0,9 0,5 0,45 

3.2. Assessment of capabilities importance  
Based on the scenario, in the phase of Capability Requirements Determination, the required capabilities are 
determined to carry out missions and tasks in each scenario. Each capability has a specific importance (Ics) in 
execution of the tasks and missions in each scenario. To assess the significance (Mc) that certain capabilities 
have, it is necessary to acknowledge importance (Ics) they have in each of the scenarios. Capabilities 
significance (Mc) will lead in capability ranking. 

The significance (Mc) of a specific capability C to all scenarios can be calculated by formula (2), where C 
indicates the ordinal number of capabilities of total m required capabilities of the defence. 

1
, {1,2,..., }, {1,2,..., }.

n

c cs s
s

M I W c m s n


     (2) 

Table 2 shows calculation example of the capabilities importance for each of the scenarios developed and 
calculation of the capabilities significance in all developed scenarios. 

 
Table 2: Calculation example of the capabilities significance  
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Capability 
significance(M) 

The neutralization of aerial 
targets at altitudes of over 10 km C1 0,1 0,9 0,5 0,1 0,1 0,409 

Strategic airlift C2 0,1 0,5 0,1 0,7 0,1 0,367 

Medical care for injured and sick C3 0,7 0,9 0,1 0,7 0,7 0,895 

Reconnaissance from the 
unmanned air vehicles C4 0,5 0,7 0,1 0,5 0,7 0,749 

Protection against sabotage C5 0,9 0,3 0,1 0,7 0,1 0,513 

 

3.3. Ranking of development options 
For each capability a different number of capability options is developed, which are generated through the 
action of the capabilities factors (inputs). For each capability development option, in order of their ranking, a 
certain parameters are determined. As an example for the development option parameter, development 
options prices (Vco) are taken, for further calculation. 
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The importance of certain capability development option (Aco) is calculated according to the formula (3) 
where O is the serial number of development options for the specific capability C. 

 , ,  (3) 

In the present formula, z is the maximum number of capability development options for single capability. 
Table 3 presents calculation example for the importance of capabilities development options using option 
price and capabilities significance as parameters. 

 
Table 3: Calculation example for importance of capabilities development options 

Capabilities development options Code 
Option 

price (Vco) 
Importance of capability 
development option  (Aco) 

Rank of 
options 

Fighters O11 200,0 81,80 11 
Anti-aircraft long range missile O12 150,0 61,35 10 
Possession of strategic lift aircraft O21 10,0 3,67 9 
Rental of strategic lift aircraft O22 0,5 0,18 2 
Primary medical care O31 0,5 0,44 4 
Secondary medical care O32 1,0 0,89 8 
Rental of medical capacity O33 0,8 0,71 7 
UAV type 1. O41 0,5 0,37 3 
UAV type 2. O42 0,6 0,44 5 
UAV type 3. O43 0,8 0,59 6 
Military police platoon O51 0,3 0,15 1 

 
The calculated values of development options importance (Aco) allow ranking of development options. 

Ranking of capabilities development options leads to prioritization of the goals for defence development, and 
should be presented to policymakers in terms of decision support. 

4. CONCLUSION 
One of the common modern approaches in development planning of the defence is Capability Based 
Planning (CPB). Capability based planning allows the development of defence capabilities in accordance 
with the assessed security challenges, risks and threats, and taking into consideration the available resources. 
Capabilities are developed by different development options, which depend on the capability factors (inputs) 
that are applied to defence.  

Taking into consideration that it is not possible to development all the necessary capabilities, because of 
limited available resources, it is necessary to make a choice. When selecting options for the capability 
development, it is necessary to take into consideration what is the importance of capability in execution of 
missions and tasks in the scenarios, and the cost of capability development options implementation.  

The presented model allows presentation of the development options rank and priorities to the decision 
makers in term of decision support. In this way presented model influences the choice of the defence 
development options, but the final decision which options will be selected depends on other factors.  

Although this method should be an attempt of objectification of the defence development options ranking, 
there is still a degree of subjectivity. This is primarily related to subjective expert evaluation of the 
parameters, which directly affects the defence capabilities development options ranking. 
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Abstract: Considerations in this paper deals with designing and modelling, of optimal force packages for the 
guard forces tactical units, based on expected use of new NLOS weapon technologies, and theirs tactical 
requirements of tasks in missions of aimed defence roles. Company battle teams (CBT), are offered as 
flexible designed tactical receivers and integrators of modular formation elements equipped with NLOS 
weapon. Modular element with the special performances required for the  guard forces, in composition of 
their combat unit, coming from the advantages of new NLOS- weapons which enables remote fire support 
capability by direct detecting, engaging and attacking of random and discovered targets, from different 
directions at the respectable tactical distances. In this paper fire power capabilities of modular units are 
tested in simulations by improved engaging tactics, accorded with NLOS performances. New deterministic 
combat model, composed of the ambush ripple tactics at the very beginning, (guerrilla warfare), and direct 
fire in the further layers attacks is employed. This represents effects of sudden attack on the grouped point 
targets disposed on the water and ground surfaces at the very beginning and continual prepared battle in the 
further attacks layers. Modelling provides dimensional verification of modular formation elements, 
regarding the number of forces, crews, and targets engagement possibilities and their linking communication 
requirements for integrative battle functions in CBT modular composition. 

Keywords: Tactics, modular battle company, guard forces, NLOS missiles, Lanchester deterministic 
equations, technology. 

1. INTRODUUCTION  
Design concept of modular teams is idea of the military units organization, as answer on the battle challenges 
of new ages. The key advantages of this, is designing of forces able to be self-sustaining and operating, both, 
in traditional formations as well as disaggregating into less teams, (Valcourt 2009). Proceedings of modular 
jointing has to use different smaller modular teams designed on the basis of new functional weapon 
technologies integrated with equipment and crews in the unit’s packages of Company battle teams, in the 
further text (CBT), at the level of about 200 people.Concept of modular teams provides optimization of 
superiority, which could depend of combinations to achieve balance of fire power and required maneuver for 
battle tactics .One of the most important capability of forces, is, Maneuver to Engage, (Beaver et al. 2006), 
which provides to move battle combat units to a position of expected advantage before action, in aim to 
employ combat force fire power in the best manner. 

New weapon and equipment, modular integrated in the battle unit, could provide integration of heavy 
unit’s fire power possibilities, and light unit’s mobility. All advantages of land, air, space and maritime 
services and theirs precision and suppression fire power elements could be allowable combat parts of 
modular units in order to deliver military effects in the most flexible way. This paper deals with designed 
requirements of the  guard forces units equipped with Non line–of-sight missiles,(in the further text NLOS ), 
weapons technology as the battle module for the new variable composed structure of company battle team. 
This team is less then traditional battalion and much less than battle group (Major et al. 2011; Milinović et al. 
2013). Concept could be employed as consequence of special combat performances required of the  guard 
forces forces through theirs new imagined missions. 

2. RELEVANCES OF THE NLOS WEAPON AS THE TACTICAL MODULE IN THE GUARD 
FORCES UNITS  
Guard units, as the kind of duty rapid reaction forces, are aimed for conducting protection and security 
operations.This makes them the open users for the new technologies and new organization models. 
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Traditional organization of combat formations on the ground and water battle fields, are able to be assumed 
as the core frame for the  guard forces, but requires more flexible approach of designing. Structure of 
organization could be company battle teams, in the further text (CBT), which provides special tactical 
requirements of the  guard forces. Required capabilities of  guard forces,could be similar as mentioned in 
papers (Beaver et al. 2006).Based on mentioned, CBT must have, among others,some of the next potentials:  
 High level of C4ISR integrative engagement capabilities to employ distance sudden and rapid attack 

by hidden ambush tactics of surveyed targets. 
 High level of force preservation by engaging targets remotely using unmanned weapon systems, 
 High precision of fire on the point targets in their, random, or uniformed dispositions on the battle 

space by indirect fire. 
 To answer on the challenges of distance targets, at the very beginning of battle, by avoiding requests 

for air support action 
The most important two basic performances of forces, common to support these capabilities, are next:: 
1. Rapid Detect, identify, and assess enemy movements, positions, and targets.  
2. Rapid Engage their positions and targets in the  environment at the tactical distances. 

Also important, is capability to rapid move and hide the modular team within al theater areas.The greatest 
effect on the unit package effectiveness have functions of detect and engage, both,distinguish in the literature 
(J. Beaver, et all 2006), as the crucial important.Communications of inter unit modules and weapon crews 
and other similar CBT units are also, required performances.Joint with presented functions, weapon 
technology performances which have dominant role for the guard forces units efficiency are, weapon range, 
probability of detection, and probability of kill, (Beaver et al. 2006). 

The most of mentioned required performances are technology integrated on the single NLOS  weapon, 
designed as indirect fire ammunition.This weapon system is able to be designed as tactical battle unit, and 
integrated, as module, in the combat structure of CBT. Performances of NLOS- weapon, provides only 
approximate engaging of targets, based on fast detection of enemy areas and not demands precise 
measurements of their position before engagement in the surveillance phase. In fact, NLOS provides precise 
joint detection and engagements in the final phase of operators or autonomus driven flight. Moreover, NLOS 
provides these functions during all duration of flight, making random appeared targets also detectable. This 
can helps preserving the  guard forces teams by managing information on the area around a  bend which 
mobile and fixed land platform sensors could not see. Forces become able to observe a potential ambush 
sites without placing a mobile platform team crews, within enemy weapons range. Performances of this 
weapon systen, also, enable to find out ,in the flight regimes,diferent surface targets from above and 
destroyed it, in the particular grouped flight missions. 

3. FRAME ORGANIZATION OF THE MODULAR COMPANY (CBT), AND TACTICAL 
POTENTIAL OF INDIRECT FIRE UNIT MODULE WITH NLOS WEAPON 
General frame for design new joint tactical unit of extended company level, nicknamed as Company battle 
team (CBT), are based on combined, regular, and new technology composition requirements of new weapons 
integration. Suggestions in this paper are shown on the fig1. Battle team consists of fixed and 
variable,(changeable),elements which could be replaced by others, simillar designed modules and used 
depend of missions’. (Milinović et al. 2013; EDA 2008; Brune et al. 2010). Their constitutive teams and 
groups could be small formations collected of high technology equipped and replicable structures, and 
designed based on further presented elements (Milinović et al. 2013). 

A. COMMAND FIXED SQUAD WITH STAFF TEAM as FIXED COMMAND CORE consist of : 
 Rifle platoon- as command service and protection fixed element. 
 FIST (fire integration support team) sub-cell, (J. Tylere Gabriel, et all, 2006), as joint ground-air and 

missions integration team of command staff. This ,joint support tactical operation element, considers 
what kind of modular element should be the best for the variable missions. This team could be fixed 
required, but fullfilled with variable employed experts.  

 Engineering safety platoon for intervent tasks of removing ED (explosive devices) and IED 
(improvised explosive device), as the fixed company element. 

B. INORMATION VARIABLE DESIGNED SQUAD could consist of few teams attached to command 
in aim to execute next tasks: information forward surveillance, recognisance, data fusion and collection, 
security of missions, company distribution, and mission and targets engagements control. All are collected in 
the formation of extended variable squad, integrated in the CBT as modular components.  
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Figure 1:  Guard forces Company battle team (CBT about 230 people), with indirect fire NLOS  formation 

module 
 

C .CLOSE CONTACT TASK FORCES MODULAR ELEMENTS as the group of 3 squads composed of 
the forces for rapid projection and aimed for closed battle support on the land and water or underwater area. 
Recommended design could be with one fixed unit, marines or infantry (Riffle mobile light armored infantry 
squad) for the land deployed operations and two variable units for direct mission support as special 
operations (mixed squads ), all accomplished as variable modular elements. 

D. LOGISTIC ELEMENTS are focused logistics teams as mixed of replicable and fixed elements, 
principle organized for close rear and deep support. 

E. INDIRECT FIRE BATTLE MODULE as variable changeable element with NLOS  missiles is 
organized as the group of missions required squads. Assumed contents for formation and fire power number 
of NLOS missiles design, should be: 
 Gunners group of two fire platoons, each platoon with 2 launchers with 6 missiles packed in 

launching containers, divorced as two teams of 4 members. Total number in gunners group is 20 
people, organized in 4 launchers with 8 operators for simultaneous total guidance missiles as crew’s 
members. 

 Two Fire Control data platoons with tasks to divorce and to prepare fire control data, linked with 
FIST team and to integrate software mission’s data, forecast data, terrain and flight navigation data, 
during missiles guidance and weapon flight control. Each platoon is organized to serve one gunner 
platoon with 12 people and full number could be about 25 people in both platoons.     

 Close Logistic platoon teams as direct missiles suppliers and preparing controllers are integrated in 
two sub-teams, also for each gunner platoons with full number of 19 people. 

The indirect fire unit module is supposed to be tested as effective composition in the battle against the 
expected and protected different numbers of grouped point targets, by new mathematical model and battle 
simulations in this paper. 

4. PERFORMANCES OF NLOS MISSILES FOR POTENTIAL COMBAT OPERATION  

Weapon system NLOS  could consists of a gunner's launcher with 6 missiles mounted on the multi-utility 
tactical self-propelled vehicle, or special designed turret on the smaller vessel platforms. Missiles are 
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launched toward the space of point individual or grouped targets, based on forward intelligence data proved 
by information squad of CBT and higher sources. System with launchers has to operate from a concealed 
position, protecting the mission and crew from direct and indirect fire. (Group of authors 1998; Sherman 
2005). Recognition ability of battle field by NLOS missiles allowed, also, simultaneous capability to perform 
reconnaissance and engagement of the unexpected targets. That means enabling of shoot regimes in the so 
called random or shot-lock-shot proceedings, (Przemieniecky 2000) This requires especial safety and 
security counter-measures to be planed before, in aim to guide and control missions during action, after 
launching. Missiles can be launched, vertically or oblique and projectiles flatten out to a lower altitudes 
flight paths, and flays around terrain obstacles with slow speeds, within flight Mach numbers about 0.3-0.4. 
Missiles, during flight, searches ground or water surfaces, from above, detects targets with appropriatte 
sensor, prove it by F/F proceeding, engage target, dive at a steep angle, at the, approximately 1200 m 
distance toward the target top, and shoots. Flight time is for order longer than flight time of the other 
indirect-fire ammunition as it gun-howitzer and mortar shells or MLRS rockets, but precision is extremely 
high. The range is determined as the air vehicles flight in horizontal plane, and varies of terrain frame, the 
height of flight and missiles concept inception. Battle field targets engagement radii is estimated on about 50 
KM. Variations in ranges also are caused by design requirements of missiles, and could consequently 
appears by changes of the warheads masses, that could be developed in the few versions, depend of 
missions,and regarding expected targets vulnerability, (light and heavy etc.). Targets which could be 
considered as destroyed are constrained by the number of rounds on one or two peaces of missiles per 
medium protected and vulnerable targets.  

 

5. FIRE POWER SIMULATION TESTS OF NLOS MISSILES WITH IMPROVED  
MATHEMATICAL MODELING 

5.1. Suppositions of battle simulations 
Suppositions for simulation test of the NLOS  missiles fire power, in this paper, are based on theirs expected 
and predicted performances. Next performances and suppositions have been taken:  

1. Targets in the simulations are red forces at the 35 KM stright line horizontal range and represents 
low maneouvarable surface or water platforms (vesseles) penetrating in protected area of blue forces. 
Platforms are, protected with high rates of fire antiaircraft guns.Blue forces missiles attacks from 
hidden positions, simultaneously from the air, in the launching ripple layers following sudden 
ambush tactics. Red forces can have answer on the attack in the so called manner of “area fire”, 
(Przemieniecky 2000), or “non prepared battle”, (Vencelj 1973) on the first sudden ripple of blue 
missiles. 

2. One, self-propelled, or vessel mounted launcher of blue forces, can guide two NLOS  missiles in the 
launching sequence of five seconds.  

3. Combat unit module of missiles can fire and guide simultaneously indirect fire missiles ripples that 
can be 4 or 8 missiles within 5 seconds.  

4. Each next ripple of blue forces missiles could be realized after missiles cruising time of 10 minutes.  
5. Platforms or boats are concentrated as the grouped uniform or no uniform targets in the circle of few 

hundred meters.  
6. One low maneouvarable land or water (ship), target requires one/or two missile shots, (for more 

robust targets), to prove their particular destroying, more than 50 %.  
7. Operators can repeat defence ripple of 8 or any less number of missiles, in synchronized intervals, 

three or more times during, less then 45 minutes, and can consume maximum 24 or less required 
number of missiles. Ripples repeating depends of previous ripples effectiveness, estimated after 
receiving forward observers or intelligence data, and could be extend depend of allowable number of 
missiles.  

8. Tactical determination of simulated attack could be, “range indirect fire ambush of blue  guard forces 
forces, realized as quite and sudden air attack by NLOS  missiles”. Simulations have realized based 
on mathematical Lanchester guerrilla warfare model composed with direct fire model 
(Przemieniecky 2000). 

9. In the guerilla warfare model, at the very beginning, in aim to achieve full sudden effects, missiles 
approached to the targets/target in one layer with maximum number of 8 missiles, or minimum of 4 
missiles, in the one ripple, within less than 2 seconds intervals. This corresponds to the, so called 
artillery attacks known as,, on time on target ,shoots (OTOT).  
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10. Battle starts in time at the final flight phase, when missiles approach to the targets area ,at the 
inclined distances of 1200m.  

11. Each next, (after first), ripple is considered as not sudden and used warfare model of direct fire.This 
means that AA guns, engaged in protection against missiles, could have prepared battle “direct fire ”, 
(Przemieniecky 2000), and missiles looses increasing in time, differently, then in the first sudden 
attacked ripple layer. 

12. For BM  number of the NLOS  missiles, attacked on the simulated targets number RM , protected by 
the AA guns, with appropriate practical firing rates, frequency of fire is R  and probability of single 
shot or ripple is Rp .The rate of fire and probability of shots, in the final phase of missiles guidance, 
is B B,p .Battle data used in simulations are determined in the table T1. 

 
Table 1: Simulation data  
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Blue forces 
(missiles)``MB 1.25 22 15 2 0.247/2 1200 80 15 50 0.311 i=4,8, .., 24 

Read forces 
(ship platforms)  
``MR 

0.885 20 3 3 0.645/3 1200 1000 15 1.2 0.57 i=6, 8, 10 

 

5.2. Mathematical model for sudden attack ripple of missiles   
For the situation where the red forces are caught in an ambush for the initial stage of the battle, the red forces 
will be exposed to direct fire by the blue NLOS  missiles and be only able to reciprocate in the form of area 
fire by AA guns, because the precise location of the blue forces missiles in the air will be unknown. Under 
these circumstances the governing differential equations can be written as “guerrilla warfare 
model”(Przemieniecky 2000), with mixed time dependent relations of Lanchester equations based on direct 
fire for the blue forces actions, and area fire of sudden attacked red forces. Non-dimensional strengths 
parameters of the blue forces 

B B Bm (t) / M   and red forces  R R Rm t / M  ,redesigned from blue 
and red actors in the battle, would be derived in the differential no dimensional form in time, as strength rates 
during battle. These equations are:  

R

B o

d

d


 


             (1) 

for the red forces strength, and 

B R B

0

d

d

  

 
             (2) 

for the blue forces, where time derivative d , coming from,, 
B R B R

t t p q      ,as non-dimensional 

battle time. Superiority parameter of forces, (J.S. Przemieniecky, 2000), is given by o , in the form 

B B B

o

R R R

M M

M M


 


                        (3) 

where
B B Bp  ,

R R Rp  ,and superiority of weapon by fire rates and probabilities is  , Duels continues 
with fire rates B and R , and probabilities, that blue weapon will destroyed some red target by one round as 

Bp  and that red weapon will destroy blue as Rp  . 
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4 ships attacked  with 8 missiles in 1 ripple 
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6 ships attacked with 13 missiles in 1 ripple 
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Figure  2c 

 
Figure 2: Sudden attacks with different numbers of missiles BM in the ripple attack on the different 

numbers RM  of targets. 
 
By the simple ratio of above equations of the red and blue forces and further  time derivations, with initial 

strength conditions at the beginning of battle, as
R 0

1   and  
B 0

1   for the both sides, taken as the 
integration constants in relations (1) and (2), the parabolic solution of strength and superiority relation in the 
battle, is derived as ,  

2
2 0

B R2
0

21

2 2


 




            (4)  

This is valid between red and blue forces in the sudden attacked supposition only if red forces are caught 
in ambush and is not valid in opposite, case. Calculating goal is number of NLOS missiles and their required 
guidance crew and equipment for the so called zero penetration of red forces objects R 0   (platforms, 
boats or land mobile objects). Supposed extreme tactical goal, of blue guard forces indirect fire unit, with 
NLOS missiles, account that red targets have been destroyed, without remaining of launched 
missiles B 0  . Expressed optimal supposition in, (Przemieniecky 2000), means mathematically that 
nobody wins, but ,in fact, means ,that all launched and guided blue forces NLOS missiles, have been 
consumed on the red targets successfully, and/or, in the full required number. In that case superiority 
parameter o  have to satisfies value, o

0.7052 / 2   .Consequently, if for the red targets RM  required j 
missiles per target to be destroyed, then blue forces requires minimum B RM jM ,as ideal number  of 
missiles to be engaged in the battle. Superiority parameter which consumed all blue forces, theoretically 
generated from this condition, which is important for weapon quality considerations, is, 
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or finally, 
2 B
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2




                                                (6). 

This means that quality of blue weapon B and corresponding protection weapon of the red forces 

R have solution for the zero number of red forces penetration in the ideal sudden attack.Simulation of battle 
in time of the sudden attack realized by, so called, guerilla warfare, models are shown on the figure 2a, b, 
and c. 

5.3. Mathematical model for layer attacks integrated with first sudden ripple  
In the multi-layer ripples defense against platforms penetration, several variations are simulated to prove 

consume number of missiles in next ripples on the appropriate remained number of red targets after first 
sudden ripple. Remaining forces strength of red forces, R  expects to reciprocate after the first sudden ripple 

by direct fire, on the new ripple of blue forces. New coefficients of superiority 0i 1
 , in the next ripples are 

valid, and links blue and red strength with so called hyperbolic law (Przemieniecky 2000). Optimal value of 
this particular ripple superiority parametar is, 0i 1 1

   ,and means destryed all remained targets with 
launched new ripple numbers of missiles .This value will be referent for the any further remained number of  
targets. Each next ripple (i +1), after first, is determined if the previoues inclouding ripple consumed all 
launched missiles Bi o  . Particular superiority in each ripple is not considered in literature directly.Some 
mathematical fragments of this logic could be applicable from papers, (Nikolic et al.  2012; Milinović et al.  
2012; Milinović et al. 2011).  
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Figure 3: Missiles and targets looses in layer attacks in multi-ripples with allowable   capacity of modular 
units 

Folowing battle logic, particular superiority parameter in the next ripple  is determined as,                       
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by using the same attrition rates B, R,  , as in the first ripple, and by, Rim ,of  remained red forces strength, 

taken as the targets in the new attack realized by new , Bi 1M  , launched missiles of blue forces. First ripple, 
i=1, had superiority parameter equal to, 
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where B1M was number of missiles which attacked all red targets, RM  first time by sudden ripple. Equation 
(7) shows, that each next particular ripple in layer fire support, has particular superiority, 
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    for the   i=1,2,3....n-1       (9) 

where n is number of ripples and Rj is strength of remained red forces, (platforms), after j ripple. If the first 
ripple used parabolic relations of forces strength in the sudden attack battle, given by eq (4), under the 
conditions B1 0  ,then particular superiority parameter o1 is, 
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                      (10) 

Remained red forces with R1  strength will be destroyed in the next ripples. As it was said, next ripples 
do not use sudden attack equations then direct fire because AA guns on the platforms expects next assault of 
missiles. Regarding, (Przemieniecky 2000), their relations of superiority and strength is given by hyperbolic 
law for the ,also, same condition Bi 1 0   .Remained red forces strength Ri 1  ,after any next ripple, 
designed as relation with particular superiority parameter, is given in the form, 

      2
oi 1 Ri 11 
                            for the i=1,2,3....n                                                     (11) 

Final relation of particular superiority as the function of sudden attacked tactics realized by first ripple, is 
derived by replacing eq. (10) and eq. (9) in expression eq. 8  and is, 
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  for i<j                          (12) 

Joint mathematical modeling and simulation of two types of ripples and as combined battle tactics to 
realized zero penetration of red forces by layer attacks as requirements of  guard protection units as blue 
forces, are shown on the fig.3 a, b, c, d.                                                          

7. SIMULATION RESULTS AND CONCLUSIONS  
As the concluding analyses of simulation tests in this paper, next attitudes are valid;  
1. Company level battle teams (CBT), less then traditional battalions, with variable integrated battle 

modules, presented in this paper, could be structured, also, as joint tactical battle unit. with smaller 
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tactical units employing ,using different new technologies, which are presented in example of NLOS 
weapon of this paper.  

2. Successful implementation of Non-line-of-sight (NLOS)weapon technologies battle modules, 
dimensioned as 4 launchers with 5 crew members each, security  control, FCS platoons technical 
support and logistic platoons, at the level of about 65 people, organized as battle module,could be 
employed at the  guard protection combat units. 

3. Simulation in this paper is realized based on new deterministic combat model of mathematical 
simulation composed of the ambush ripple tactics at the very beginning, and direct fire in the further 
layers attacks. Model is named as range indirect fire ambush of blue forces, realized as quite and 
sudden NLOS missiles air attack mathematically explained as Lanchester guerrilla warfare and direct 
fire composition model .Simulation test shows next:  
 Optimal number of guided missiles for the successful shooting and eliminating of low 

maneouvarable, (water disposed), 3-4 targets, could be 8 missiles in the single ripple. This shows 
maximum simultaneous guidance possibilities of battle module and determines number of 
operators on the 8 as the critical number for successful missions. The ratio of forces and targets 
in first ripple corresponds approximately to the ideal values of forces superiority parameter 
developed for ambush guerilla warfare tactics which is 0.705 theoretically and 0.739- o.8oo, in 
the simulation tests presented on the Fig 2, a, b, c. This error is acceptable regarding low integer 
number of combatants in the battle, which can not imagined mathematically  ideal constrains of 
guerilla warfare parabolic equation of forces strength and superiority parameter. 

 Loses of missiles in that case are about 12.5 -18 %, realized by unprepared area fire of AA guns 
in the same number as platforms That means less than two missiles of 8 ,in ripples content 
during assault. This proceeding have realized within ten minutes at the ranges of 50km ,of  
terrain flight maneuvering distances, or about 35 km at the straight line topographic distances of 
the targets. 

 Repeating attacks shows different possibilities of missiles to destroy all platforms targets 
protected with direct fires of so called prepared battle. Following question that number of 
operators is critical for the fast target destructions, with minimum ripples numbers, within many 
played simulations, next four are the most representative regarding their conclusions. 
a. First is ,event of  eliminating  of four operators in the combat unit. This provides annihilation 

of only 6 battle platforms  within 40 minutes of full battle time(figure 3a), 
b. Second is eliminating two operators in the battle after first ripple (fig3b), and also two 

operators but after second ripple, (fig3c),of eight allowable crews members in the modular 
unit. This causes decreasing of battle module efficiency in shooting. If two operators 
eliminated after first ripple, only 6 targets in two ripples with total 14 missiles, within 21 
minutes could be destroyed. If the 6 operators have been eliminating, after second ripple 
only 8 targets could be annihilated approximately for the 30 minutes. 

c. Thread supposition shows that for mentioned above time of 30 minutes are able to destroyed 
maximum 10 low maneouvarable ship targets targets in the three ripples of layered shot –
lock-shot attack with full crews of 8 operators on the 4 launchers of modular unit (fig3d). 
Efficiency of missiles modular unit  is about 80%.by casualties, and aproximatelly 100% 
regarding shooted and eliminated targets. 

4. The unique combination of NLOS weapon capabilities suggests that it may be always  as the main 
welcome weapon to fullfill both detect and engage functions, joint with, weapon range, probability 
of detection, and probability of kill, as integrated technology performances. Joint capabilities force 
packages integrators, and battle tactical planers, which focuses on the identification of particularly 
capabilities, can recognize NLOS weapon technologies as substrate for small intensity precision air 
strike support at the shorter tactical ranges. 
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Abstract: In this time, modern technical device characterized: complexity, variety and limited service life. 
Each product have service life cycle from entering on market to it out of date. If you wont  to have longer 
service life device, we need to make some inventive activities. Making this activities means that in specifying 
point of time, we  have to make some activities on product in aim its improvement. For improvement product 
in this time is more and more uses scientific methods on based on scientific basis with modern techniques 
and tools. One of the contemporary methods which has been applied in improving the technical facilities is: 
Theory of solving inventive tasks - TRIZ. As the basic tools which are used in the application of this 
methodology with order to solve specific technical problems used is inventive principles and contradiction 
matrix. In this paper is an attempt to approach the process using inventive principles  and the contradiction 
matrix in solving technical problems for the, which gives a specific example. 

Keywords: Technical contradiction, Inventive principles, Matrix of contradictions. 

1. INTRODUCTION 
In last time are increasing technical invention which are based on science, but in last time are become the 
subject of the planned research activities. Finding ways to solve technical problems within a technical system 
is the way to the development of innovation. 

By the end of the eighties of the last century, the prevailing opinion was that innovation is the result of 
spontaneous activities by its author. At that time, the advantage are given by trial and error methods and 
activating creative thinking. However, today it is almost inconceivable without scientific method get to 
innovation. 

In the former Soviet Union immediately after the Second World War, in the area of innovation activity is 
introduced and a new methodology of inventive problem solving known as TRIZ - a Russian acronym of the 
Theory solving problem of innovation (Teorija Rešenija Izobratetaljskih Zadač) 1. 

The creator of TRIZ methodology is his ideas and discoveries used in the so-called TRIZ tools, which 
greatly facilitate the process of innovation. A general among them are inventive principles. 
from the technical system is expected to perform its function without adverse effects and additional 
complications. To meet the request, will it necessary to solve some technical contradictions that are 
contained in a technical problem. For resolving technical contradictions, which consist of certain conflicting 
parameters (improving one, the other is getting worse), it is necessary to conduct an analysis of the technical 
system, describe the technical contradictions and to solve the technical contradictions by applying matrix of 
contradictions. The shown  is  procedure for solving technical problems of heat treatment of large hardening 
castings for armament.It also gives a part of matrix of contradictions with the proposed principles for solving 
the mentioned technical problem. 

2. INVENTIVE PRINCIPLES 
The creator of TRIZ methodology his ideas and discoveries turned into policies and settings, called TRIZ 
tools, which greatly facilitate the process of innovation. The broadest and most widely used among them are 
inventive principles, which apply equally successfully used in product development and business 
development. For implementation, it is necessary to mastered TRIZ tools and techniques.  

To TRIZ tools you come with studying a wide range of technology solutions, patents and inventions. 
Innovation principles by Altshuller2, are given in Table 1. 

                                                      
1 The development of this methodology was launched in 1946. by Genrih Altšuler (1926 - 1998), Russian engineer and inventor. 
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Table 1: „40 principles of invention in TRIZ“ 
Or. nm. Inventive principle Or. nm. Inventive principle 
1.  Segmentation 21. Skipping 

2.  Extraction, Taking out 22. "Blessing in disguise" or "Turn Lemons 
into Lemonade" 

3.  Local Quality  23. Feedback 
4.  Asymmetry 24. 'Intermediary'  
5.  Consolidation, Merging 25. Self-service  
6.  Universality 26. Copying 

7.  Nesting, Matrioshka, 
'Nested doll' 27. Cheap short-living objects, Dispose 

8.  Counterweight,  
Anti-weight 28. Mechanics substitution, Replacement of 

Mechanical System 

9.  Preliminary antiaction, 
Prior Counteraction 29. Pneumatics and Hydraulics Construction 

10.  Preliminary action, Prior Action 30. Flexible shells and thin films, Flexible 
Membranes or Thin Films 

11.  Beforehand cushioning, Cushion in 
Advance 31. Porous materials  

12.  Equipotentiality 32. Color changes, Changing the Color 

13.  Do It in Reverse, 
'The other way round'  33. Homogeneity 

14.  Spheroidality-Curvature 34. Discarding and recovering, Rejecting and 
Regenerating Parts 

15.  Dynamics 35. Parameter changes, Transformation of 
Properties 

16.  Partial or excessive actions  36. Phase Transition 
17.  Another dimension  37. Thermal expansion  
18.  Mechanical vibration  38. Strong oxidants, Accelerated Oxidation 
19.  Periodic action  39. Inert atmosphere, Inert Enviroment 
20.  Continuity of useful action 40. Composite materials 

 
Depending on the type of contradiction and the need for its removal, it is necessary to use certain 

principle, for which there are developed "standard" methods of its application. Creating a table of typical 
principles of eliminating technical contradictions is extremely hard work. Summary of standard procedures3 
(shown in Table 2) for elimination of contradictions presents daily manual in the work of inventors. In any 
case, you should know the typical methods (Rajić et al. 2006) and to know how to apply them. The inventor 
must know them as the basis which he need independently complements pursuant to the new technicals and 
patents publications. 

3. MATRIX OF CONTRADICTIONS 
In order to resolve technical contradiction that is contained in some technical problem, it is necessary to: 
analyze the technical system, describe the technical contradiction and approach to solve the technical 
contradiction with the use of specific tools for its solution. 

In the first phase, through the analysis of the technical system, determines the characteristics of the 
system that needs to be improved. After analyzing the system, it is necessary to single out the contradictions 
which hinder reaching discovered ideal solution with the analysis of their structure. Determination those 
characteristic of technical systems which deteriorate as a result of improving certain characteristics, which 
identifies the technical contradiction. 

In the final stage of solving technical contradictions, it is important using of 40 inventive principles and 
contradiction matrix. 

                                                                                                                                                                                
2 Serial number of principles given in this table is very important because the principles under the same serial number are listed in the matrix 
of contradictions too. 
3 There are referred standard procedures for part of the inventive principles used in solving the technical problems presented in this paper. 
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Table 2: Typical procedures for eliminating technical contradictions for part of the inventive principles 

Or. nm. 
Name of the 
principles 

Standard procedures of elimination technical contradictions 

1. Segmentation 
- Divide the object into independent parts. 
- Make object modular (easier installation or removal). 
- Increase the degree of fragmentation of the object.  

19. Periodic action  
- Instead of continuous action to use periodic or pulsating action.  
- If the action is already periodic, change its amplitude or frequency.  
- Using pauses between impulses to perform different activities.  

22. 

"Blessing in 
disguise" or "Turn 
Lemons into 
Lemonade" 

- Use harmful factors (particularly, harmful effects of the environment or the 
surrounding) to achieve positive effects.  

- Eliminate the primary harmful action by using other adverse action to solve the 
problem.  

- Increase the harmful factor to such a degree that it does not increase adverse 
effects. 

31. Porous materials  
- Make an object porous, or use supplementary porous elements (inserts, blankets, 

etc.). 
- If the object has already been made porous, first fill the pores with some material 

35. 
Parameter changes, 
Transformation of 
Properties 

- Change the physical state of the object.  
- Change the concentration or consistency. 
- Change the degree of flexibility. 
- Change the temperature or volume. 

39. Inert atmosphere, 
Inert Enviroment 

- Replace the normal with inert environment. 
- Introduce in the objests neutral substances or additives. 
- Realize the process in a vacuum.   
Principle 39. is contrary to the principle of 38.  

40. Composite 
materials - Switch from homogeneous to composite materials. 

 
To describe how to use the Matrix of contradictions, In this paper we provides an example of solving 

technical contradictions for one technical problem. Here is the example: In the process of hardening large metal 
castings for the needs of making parts of weapons, there are being heat treatment. One of the operations in the 
process of heat treatment is consists of large metal castings immersion in a tub with heated oil.  

To ensure the flow of this process, the operator must drawn a red-hot piece of metal from the furnace, 
transport him to a place above tub with the oil and gently descend it into the oil for the required heat 
treatment. After a few days of work, the operator complained about the difficult working conditions, with the 
explanation that he hardly breathe because all the smoke from burnt oil goes to him. The smoke beside 
breathing difficulties disables visual contact with the metal casting that is submerged.  

The smoke was not a problem in case when dealing with small parts because the ventilation system in the 
workshop was adequate. However, with large pieces like in this case, the smoke makes the main problem. 
Since the existing heat treatment process could not change, it was concluded that "something must be done, 
but don't know what." To solve a problem, it must be identified technical system which is causing the 
problem. In this case, the technical system which is causing the problem is composed of oil in the bath, the 
metal part that is treated and heat energy of the metal part. Smoke is a byproduct of this process that creates 
harmful effects to the operator. 

3.1. Analysis of the state of the technical system 
Using this analysis are determine the subsystems and components that make up the technical system or 
subsystem, seeing main system whom it belongs analyzed technical system - subsystem as well as the cause 
of the problem. In the analysis of the technical system, it is necessary: 

 Determine all elements of the technical system, 
 Identify the cause of the problem and 
 Formulate a characteristic that needs to be improved. 

Therefore, the analysis of the technical system contains two options for changing the characteristics of 
technical system: improving the already existing positive characteristics and elimination (neutralization) 
negative characteristics. 

Technical system can produce a useful function while at the same time creates a harmful function. The 
goal is to eliminate these negative characteristic. 

571



In completing the analysis of the technical system in order to determine characteristics for improvement shall 
be applied and can be useful following procedure of defining characteristics which will be improved, as follows:    

1. Name of technical system: The process of heat treatment of metal castings. 
2. The aim of the technical system. The system is designed to provide a process of treating large metal 

castings in the tub with the oil..  
3. List of the main elements of technical system and their functions is given in Table 3. 
4. Describe the function of technical system: Immersion red-hot metal casting in the tank with oil. As 

soon as part touch oil, oil burns and creates a "dense and opaque," smoke that rises up and pollute 
the environment and prevent visual contact operator’s with metal workpieces.  

5. Identify the characteristics that need to be improved or eliminated: Improving working conditions by 
eliminating operator of smoke or reducing the harmful effects of smoke. 

 

Table 3: Typical procedures for eliminating technical contradictions 
Or. Nm. Name of the element Function 

1. Metal part For treatment - heat treatment 
2. Oil Provides for easy cooling metal parts 
3.  Air Provides oxygen for combustion of oil 
4. Thermic energy Absorbed in the oil. 

 

3.2. Defining technical contradictions 
Conflict that exists inside of technical system is considered to be a technical contradiction. With the analysis 
of the technical system is determined characteristic that we want to improve while by defining technical 
contradictions is determined characteristic that must be resolved. If improving the one characteristic of a 
technical system, leading to deterioration in other characteristics, that means that there is an evident 
contradiction.  

In the process of determining the technical contradiction is applied and can help the following procedure 
of defining the technical contradictions, which consists of the instructions given in two points that need to be 
followed.:  

1. Give a description of desired (positive) characteristic that need to be further improved.  
A.  That characteristic is: __________________________________________________________ _ 
B. Provide a review of the usual description of the changes, with which can be achieved 
improvement of characteristic:_______________________________________________________ 
C.  Give a description of characteristic that will get worse if you use conditions presented in point 
1B. ____________________________________________________________________________ 
D. Give formulation of technical contradiction as follows: if the characteristic (1A) improved by (a 
description of how), _____________________________________________________, should 
follow a characteristic that is worsened (give a description of of deterioration): 
______________________ . 

 

In our problem, items 1A to 1D are not applicable because there is not trying to improve some technical 
characteristic of the system. Instead, it is trying to eliminate the harmful effect. 

 
2. Give a description of the negative characteristics that should be reduced, eliminated or 

neutralized. 
 A. That characteristic is smoke. 

B. Give the usual description of the changes which means a reduction, elimination or neutralization 
of smoke. In this case it would be the use of a metal lid to cover tub with an oil, which would 
prevent the smoke to spread around. 

 C. The procedure in this clause is to show description of the characteristic that will get  worse if 
use conditions listed under 2B. By applying the metal lid will increase complexity  of the system or 
will deteriorate mass of the system. 

D. The procedure in this clause is to define the technical contradiction, according to the following:  
 Technical Contradiction, TP - 1: If the characteristic (harmful effect that creates the smoke) reduce 

(eliminate) with using of metal lid, then will characteristic "complexity" of the system will get worse. 
 Technical Contradiction, TP - 2: If the characteristics (harmful effect that creates the smoke) reduce 

(eliminate) with using of metal lid, then the characteristic "mass" of the system will get worse. 
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3.3. Solving technical contradictions 
For any technical system is established the existence 39 generic characteristics. These characteristics also 
represent a contradictory parameters ("improving" one characteristic comes to "pad" the other characteristic). 
It is the following contradictory parameters:  

1. Weight of of moving object 
2. Weight of immovable object 
3. Length of of moving object 
4. Length of immovable object 
5. Surface of of moving object 
6. Surface of immovable object 
7. Volume of of moving object 
8. Volume of immovable object 
9. Speed 
10. Force 
11. Exertion, pressure 
12. Form 
13. Stability of the composition of the object 
14. Solidity 
15. Duration of action of moving object 
16. Duration of action of immovable object 
17. Temperature 
18. Sensitivity 
19. The energy consumed by a moving object 
20. The energy consumed by a immovable object 
21. Power 
22. Energy losses 
23. Losses of substances 
24. Losses of information 
25. Losses of time 
26. Quantity of substance 
27. Reliability 
28. Accuracy of measurement 
29. Accuracy of production 
30. External harmful factors for building 
31. Harmful factors generated by object 
32. Convenience for development 
33. Convenience for exploitation 
34. Convenience for repair 
35. Adaptation, universality 
36. Complexity of device 
37. The complexity of control and measurement 
38. 38th degree of automation 
39. Productivity 

On the basis of the above parameters contradictory, was formed the matrix of contradictions, dimensions 
39x39. Partial view of contradiction matrix4 is shown in Table 4. 
Contradiction matrix (Čabarkapa 2010), was made as follows: 
 In the leftmost vertical column are given the inventive principles with its serial numbe (which are listed 

in Table 1). 
 In the next vertical column are the characteristics which we wish to improve (change) with it's serial 

number.  
 Characteristics which are worsen  (by name, identical to those in a vertical column) there are in the top 

horizontal row. Instead of a full descriptions of each characteristic in the upper horizontal row are listed 
by their serial numbers (the same as the characteristics of the vertical column). 

                                                      
4 because of the size matrix of contradictions, this paper gives only a part of which is used to display the process of its implementation on a 
technical problem which is solve. 
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 In a cells matrix of contradictions, which are located at the intersection of the horizontal column (the 
characteristics of which are improving) and vertical column (characteristics that are worsen), is given 
the serial number that applies to some of the inventive principles (for specific application), from the rear 
left column. 

When working with the Principles and matrix, should keep in mind that the suggested principles can 
generate concepts of solving technical contradictions, which the most are promising. When  it offered the 
principle are acceptable, but generates a secondary prolem, it should not be automatically rejected. It is 
necessary to find a way to solve this secondary problem, and if necessary, and other additional problems. 
This method is often used to solve complex problems. 

There are two ways to solve technical contradictions: using matrices contradictions to locate the most 
effective principles or read each principle and choose the most suitable.  

When using the contradictions matrix, it is necessary to use the following steps: 
1. Define characteristics that need to be improved or eliminated (for this it is necessary to use point of 

1A or 2A, from part which is related to the definition of technical contradictions).  
2. Characteristic, which is defined in the first step, it is necessary to choose nearest the meaning 

characteristic from the left vertical column of the matrix of contradictions (Table 4).  
3. Define characteristics that is worsen (for this it is necessary to use point of 1C or 2C, from part 

which is related to the definition of technical contradictions). 
4. Characteristic, which is defined in the third step, it is necessary to choose nearest the meaning 

characteristic from the upper horizontal column of the matrix of contradictions (Table 4).  
5. At the intersection of the row and column there are  certain numbers which represents a set of 

principles from the leftmost column of the matrix. Because the are characteristics of the generated, 
they can choose a two or more combination. It is necessary to read the description of each 
sugerisanog Principle and try to apply it to the considered technical system. It takes a serious effort 
to implement standardized procedures for the selected suggested principle. Do not reject any idea, no 
matter how initially seemed absurd. 

6. If all the suggested principles completely inapplicable, it is necessary to repeat the process of 
formulating technical contradictions (perform reformulation) and try to re-use matrix contradiction 
to the concept of achieving a satisfactory working solutions. 

 
Table 4: Contradictions matrix of the of contradictory parameters 

PRINCIPLE 
FEATURES  

WHICH ARE 
IMPROVEMENTS 

FEATURES WHICH ARE WORSENS 

1 2 19 22 31 35 36 38 39 

1. Segmentation 1. 
Mass moving 
object 

- - 35, 12 
34, 31 

6, 2 
34, 19 

22, 35 
31, 39 

29, 5 
15, 8 

26, 30, 
36, 34 

26, 35 
18, 19 

35, 3 
24, 37 

2. Seclusion 2. 
Mass stationary 
object 

- - - 18, 19 
28, 15 

35, 22 
1, 39 

19, 15 
29 

1, 10 
26, 39 

2, 26  
35 

1, 28 
15, 35 

19. 
Periodically 
action 

19. 
The energy 
consumed by a 
moving object 

12, 18 
28, 31 - - 12, 22 

15, 24 
2, 35   

6 
15, 17 
13, 16 

2, 29 
27, 28 32, 2 12, 28 

35 

22. 
Converting 
damages in 
favor  

22. Energy losses 
15, 6 
19, 28 

19, 6 
18, 9 - ... 

- 
21, 35 
2, 22 - 7, 23  2 28, 10 

29, 35 

31. 
Porous 
materials  

31. 
Adverse internal 
factors 

19, 22 
15, 39 

35, 22 
1, 39 

2, 35 
6 

... 
21, 35 
2, 22 

- - 19, 1 
31 2 22, 35 

18, 39 

35. 

Parameter 
changes, 
Transformatio
n of Properties 

35. 
Adaptation, 
versatility 

1,  6  
15, 8 

19, 15 
29, 16 

19, 35 
29, 13 

18, 15 
1 - - 15, 29 

37, 28 
27, 34 

35 
35, 28 
6, 37 

39. 

Inert 
atmosphere, 
Inert 
Enviroment 

39. Productivity 
35, 26 
24, 37 

28, 27 
15, 3 

35, 10 
38, 19 

28, 10 
29, 35 

35, 22 
18, 39 

1, 35 
28, 37 

12, 17 
28, 24 

5, 12 
35, 26 - 

40. 
Composite 
materials 
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3.4. Solving technical contradictions in the analyzed example 
In this case: 
 The closest meaning of the characteristic “Adverse effect become by the smoke” je karakteristika u 31. 

redu Matrice, “Štetni unutrašnji faktori (koje proizvodi objekat)”.  
 The closest meaning of the characteristic "complexity" in 36th column of the matrix, "The complexity 

of the device." 
At the intersection of 31 rows and 36 column of the matrix of contradictions are numbers that are 

"suggested" the principles that lead the solving technical contradictions. 
For technical contradiction - 1, is given in Table 5 show. 
   
Table 5: Technical Contradiction TP - 1 
Technical contradictions Matrix cells Suggested principle Name of Principle 

Adverse external factors  
The complexity of the device 31x36 

19 
1 
31 

Periodically action 
Segmentation  
Porous materials 

 
Suggested principles are:19 – Periodically action; 1 – Segmentation and 31 – Porous materials. 
Periodic action (principle 19), includes the following procedures:  
 Instead of continuous action using periodic or pulsacionu action. 
 If the action is already periodic, change its amplitude or frequency. 
 Use pauses between impulses for perform various activities. 

Apply this principle to our example, means periodically dipping a certain part of the oil tank. 
This can only be achieved by opening and closing the oil tank. Unfortunately, the existing regulations on 

occupational safety prohibit such an operation, so that this principle can not be applied. 
Segmentation (Principle 1), includes the following procedures: 
 Divide the object into independent parts. 
 Divide part on modular subassemblies (easier installation or removal). 
 Increase the degree of fragmentation object. 
Apply this principle are means to divide the cover into several parts. Following the above mentioned 

instructions will increase the degree of segmentation greatly so that the cover looks like it was made up of a 
thousand or even a million pieces. The next step in the application of this concept is that the cover can be 
created in float form. This type of floating cover will not interfere with the process of dipping the 
incandescent part.  

Porous materials (princip 31), includes the following procedures: 
 To make an object porous, or use supplementary porous elements (inserts, coverings, etc.)..  
 If the object has already been made porous, fill the all pores with а material 
Apply this principle means that create the cover of the porous material. Combining this suggestion with 

the suggestion referred to in Section 1B contributes to making the cover of the porous ball or liquid. This 
porous material can absorb the smoke.  
At the intersection of 31 rows and 2 column of the matrix are the numbers that are most commonly used 
("suggested") principles that lead to the development of the concept of solving technical contradictions -2, 
whose presentation is given in Table 6. 

 
Table 6: Technical Contradiction TP - 2 
Technical contradictions Matrix cells Suggested principle Name of Principle 

Adverse external factors for product 
Mass stationary object 31x2 

35 
22 
1 
39 

Parameter changes, 
Converting damages in favor 
Segmentation  
Inert atmosphere 

 
Suggested principles are: 35 - Changes in physico-chemical parameters of the object; 22 - Conversion of 

damages in favor, 1 - Segmentation and 39 - Inert atmosphere. 
Changes in physico-chemical parameters of the object (principle 35), includes the following procedures: 
 Change the physical state of the object. 
 Change the concentration or consistency. 
 Change the degree of flexibility. 
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 Change the temperature or volume..  
Applying this principle recommends changing the physical state of the system. This means that the 

current solid state system has to be transformed into liquid or gaseous state. The solution implies a liquid 
state included in the TP-1. It is proposed lid transformation in the gaseous state that arouses interest. How 
can this be done? An inert gas that is heavier than air may remain in the tank so that the oil covers the oil 
surface. 

Converting damages in benefit (principle 22), includes the following procedures: 
 Use a harmful factors (particularly, harmful effects of the environment or the surrounding environment) 

to achieve positive effects. 
 Eliminate primary harmful action by using other harmful actions to solve the problem. 
 Increase harmful factor to such a degree that it does not increase harmful effects, temperature or 

volume. 
Applying this principle proposes to increase the amount of smoke to a degree that will become a barrier 

between oxygen and oil, protecting oil from inflammation. 
Segmentation (Principle 1), re-applied (analysis carried forward for TP - 1). An inert atmosphere 

(Principle 39), the application proposes the following procedures: 
 Replace a normal environment inert. 
 To introduce in subject neutral substances or additives. 
 To carry out the process in a vacuum.  
Finally we come to the conclusion that the contradictions in the selected example solved through 

conventional three stage steps. Principle 39, coupled with Principle 35 provides a simple solution to the 
problem. Liquid (oil in tub) or gas (smoke that generated during heat treatment of metal castings) are 
covered (Principle 35) with an inert substance (Principle 39), which will prevent the complication of the 
system by not let the smoke spread and thus interfere with operator in the business. 

5. CONCLUSION 
Modern technical devices and systems for defense needs are becoming more powerful and efficient, that 
requires to be both more complex and diverse. All resources for defense needs is now rapidly evolving, 
which causes rapid obsolescence of these resources and limit the ability of their prolonged use. Therefore, it 
is necessary to continually work on innovating in existing and in finding new technical weaponry and 
military equipment. In order to innovate the existing technical device, it is necessary to resolve certain 
technical problems that occur during its functioning. 

In resolving technical problems we can see appearing of contradictions, where improving one technical 
characteristic leads to the weakening of other. In order to resolve technical contradiction as reliable tool and 
technique is used the Matrix of contradictions with the use of innovative principles. 
In order to show procedure of implementation Matrix of contradictions in paper presents a practice example 
that was resolved by using this matrix and typical procedures provided for certain innovative principles. 
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Abstract: In this paper we will create and solve a MADM problem for transfer function time series models.
We take into account that from a stochastic criterion of a MADM problem we have to build two cardinal

criteria: the expectation, and the informational criterion (Shannon’s entropy or Onicescu’s informational
energy). For the first one we consider the forecasted value, and for the second one we use the variance of errors,
which is essential in computation of the value of second criterion.

Keywords: Transfer function time series models, MADM, linear regression, GDP per capita, employment rate

1. INTRODUCTION

A MADM (Multiple Attribute Decision Making) problem can be formulated as follows [14, 15, 4]. There are m
decision alternatives and n criteria used to determine the best (optimum) alternative decision. To select the best
decision according these attributes there is defined for each attribute the sense: minimum, if the attribute is a
loss, respectively maximum if it is a gain. Because in general there exist no decision optimal with respect each
criterion, we need an importance vector, P, that express the importance given for each criterion. Usualy P is a
probability vector.

The data of a MADM problem can be represented as in Table 1, where A1,...,Am are the decision alternatives,
C1,...,Cn are the criteria, the m×n matrix of ai j, 1 ≤ i ≤ m; 1 ≤ j ≤ n is the matrix of entries (the values of
criterion j if we take the decision i), P is the importance vector and sense is the sense vector.

Table 1: The MADM problem

C1 C2 ... Cn

A1 a11 a12 ... a1n

A2 a21 a22 ... a2n

... ... ... ... ...
Am am1 am2 ... amn

P p1 p2 ... pn

sense sense1 sense2 ... sensen

The entries ai j from the above table can be cardinal (real numbers), stochastic [14, 15], linguistic, or fuzzy
[15].

One of the steps in solving a MADM problem is to estimate the vector P of importance weights. The first
method presented in [15] is the method of eigenvector. We have given in this case the matrix B of relative
importance:

B =


1 p1

p2
... p1

pnp2
p1

1 ... p2
pn

... ... ... ...
pn
p1

pn
p2

... 1

 . (1)

In the above formula bi j =
pi
p j

is given by the decident, and it represents the relative importance of the
criterion i with respect the criterion j. These values can be any positives ones, but, in the ideal case (when the
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decident is not contradictory), there must be fulfilled some conditions [15]

{
b ji =

1
bi j

bi j =
bik
b jk

. (2)

We compute the maximum eigenvalue of B, λmax, and P is its corresponding eigenvector. If the decident is
not contradictory (the relations (2) are true) the rows of B are proportional, zero is an eigenvalue with the order
n−1, and maximum eigenvalue is n. We obtain P proportional to the rows of B.

Another method to estimate P is the least squares method [15]. We have to solve the extremum problem,
considering the above matrix B


min

m
∑

i=1

n
∑
j=1

(bi j p j− pi)
2, s.t.

n
∑
j=1

p j = 1
, (3)

where B = (bi j)i, j=1,n is the above matrix of relative importances.
Using the Lagrange multipliers’ method we solve first a linear system of equations, obtaining pi = pi (λ).

Next we compute λ from
n
∑
j=1

p j = 1, and, using this value, we estimate pi. If the decident is not contradictory,

we obtain the same solution as in the case of eigenvector method: the minimum sum is zero.
Another method to estimate P is the entropy method [15]. First we build a probability distribution for each

criterion j = 1,n:

pi j =
ai j

m
∑

k=1
ak j

, i = 1,m. (4)

For the above probability distributions we compute the normalised entropies [7, 8, 10]

H j =−
1

lnm
·

m

∑
i=1

pi j ln pi j, j = 1,n, (5)

and the measure of diversity

d j = 1−H j. (6)

The importance weights are given by

p j =
d j
n
∑

i=1
di

. (7)

Another step is to transform the entries ai j such that all entries are of the same type, i.e. all fuzzy, or all
cardinal. In this paper we consider the transformation such that all entries become cardinal.

If the corresponding entries of the criterion j, ai j, i = 1,m are stochastic, characterized by the random
variable X , we make from the stochastic criterion j two cardinal criteria: j1 and j2 [14, 15]. If X is simple, in
the form

X :
(

x1 x2 ... xk
q1 q2 ... qk

)
, (8)

with
k
∑

i=1
qi = 1, or continuous with the pdf f such that

b∫
a

f (x)dx = 1 there are computed first the expectation

m = E (X) and the variance σ2 =Var (X).
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After considering the random variable Y = X
σ

, which has the pdf g in the continuous case, we compute the
Shannon entopy, which is [7, 8, 10]

hi j =−
k

∑
t=1

qt lnqt (9)

in the discrete case, respectively

hi j =−

b
σ∫

a
σ

g(x) lng(x)dx (10)

in the continuous case.
The Shannon entropy can be replaced by the Onicescu’s informational energy [7, 8, 10]. This measure is

equal to

ei j =
k

∑
t=1

q2
t (11)

in the discrete case, respectively

ei j =−

b
σ∫

a
σ

g2 (x)dx (12)

in the continuous case.
The first cardinal criterion made from the stochastic criterion j has the entry on the row i (corresponding

to the decision i) equal to E (X), and the second one has the entry on the same row either equal to the above
Shannon enropy, either equal to the above Onicescu’s informational energy. The sense of expectation is the same
as for original criterion, while for the informational one, the sense is max for entropy, and min for informational
energy. These reverse senses can be explained by the fact that the entropy and the informational energy have
inverse variation [7].

After we have made all the entries cardinal, we need to normalize the entries such that all the criteria have the
same range [14, 15]. First we add a positive constant (large enough) such that all entries ai j become positives.
First normalization method is based upon vectorial norms [9]. The infinty norm and the p norm, with 0 < p < ∞

of a n−component vector x are


‖x‖

∞
= max

i=1,n
|xi|

‖x‖p =

(
p
∑

i=1
|xi|p

) 1
p . (13)

Using the norms ‖x‖2 and ‖x‖1 the normalized entries are [14, 15]

ri j =
ai j√
m
∑

k=1
a2

k j

, or (14)

ri j =
ai j

m
∑

k=1
ak j

. (15)
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Other normalization method presented in [14, 15] is the normalization by linear transforms. First we compute
for each criterion j the values amax

j = max
i=1,m

ai j and amin
j = min

i=1,m
ai j.

The first normalization method by linear transforms is

ri j =
ai j

amax
j

, (16)

if sense j = max, and

ri j = 1−
ai j

amax
j

, (17)

if sense j = min.
I Remark. Tacking into account that ai j are all positive, we can say that the normalization (16) uses the
vectorial norm ‖·‖

∞
from (13).

The second normalization method by linear transforms is [15]:

ri j =
amax

j −ai j

amax
j −amin

j
, (18)

if sense j = max, and

ri j = 1−
ai j−amin

j

amax
j −amin

j
, (19)

if sense j = min.
After normalization all the values ri j are such that 0 < ri j ≤ 1.
A method to solve a cardinal MADM problem is SAW (Simple Addidive Weighting). For this method the

sense of each criterion j must be max. If for one value j the corresponding criterion is min, we make it max
using the substitution ri j← 1

ri j
. The method is as follows [14, 15, 17].

1. Normalize the entries ai j, obtaining the new entries ri j.

2. Denoting by A the set of decision alternatives, compute the function f : A → R, fi = f (Ai) =

n
∑
j=1

p jri j

n
∑
j=1

p j

.

3. Order increasing the values fi, i = 1,m, and denote f(i), i = 1,m with their corresponding decision
alternatives A(i), i = 1,m, such that f(1) ≤ f(2) ≤ ...≤ f(n). The best decision is A(n).

We notice that if P is a probability vector in the above method, the denominator of the formula of fi is one,
hence it can be omited.

Another method to solve a cardinal MADM problem is TOPSIS (Thechnique for Order Preference by
Similarity to Ideal Solution).

The method is as follows [14, 15, 17]

1. Normalize the entries ai j, obtaining the new entries ri j.
2. Build up the weighted normalized matrix V = (vi j)i=1,m, j=1,n, vi j = p jri j.

3. Build up the ideal positive solution, V+=
(
v+1 ,v

+
2 , ...,v

+
n

)′ and the ideal negative solution V−=
(
v−1 ,v

−
2 , ...,v

−
n

)′,
defined as

v+j =


max
i=1,m

vi j if sense j = max

min
i=1,m

vi j if sense j = min , and

v−j =


min
i=1,m

vi j if sense j = max

max
i=1,m

vi j if sense j = min .
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4. Compute the distances between weighted normalized entries vi j and each of the ideal solution (using the
Euclidean distance), namely 

D+
i =

√
n
∑
j=1

(
vi j− v+j

)2

D−i =

√
n
∑
j=1

(
vi j− v−j

)2
.

5. Compute the relative closeness to the ideal solution for each alternative as Qi =
D−i

D+
i +D−i

. Note that
0 < Qi < 1.

6. Order the decision alternatives Ai as in the SAW method, but the order criterion is Qi: Q(1) ≤ Q(2) ≤ ...≤
Q(n). The best decision is also A(n).

If a MADM problem have been solved by n1 methods, they can be combined as follows. We create a cardinal
MADM problem having the same decision alternatives and n1 criteria, corresponding to the n1 methods, the
values of p j are set to be equal to 1

n1
, and all the senses are max. The entries ai j for the new problem are the

aggregate value of each solution if we take the involved decision alternative. For instance, ai j = fi for the SAW
method, respectively ai j = Qi for the TOPSIS method. Finaly we solve the new cardinal MADM problem, and,
if we will use the new solution in combination, we memorize the aggregate values of each decision alternative.

The uni-variable transfer function model is [11]

Yt = Xt +Vt , (20)

where Yt is the output variable, Xt is the part of Yt that can be explained by the input variable Ut , and Vt is the
error term (noise) that can not be explained by Ut . The forecast must be for Yt+1, and the forecast is in terms of
Ut analogue to the forecast using regression [3].

Xt in terms of Ut is written

Xt−δ1 ·Xt−1− ...−δr ·Xt−r = ω0 ·Ut−b−ω1 ·Ut−b−1− ...−ωs ·Ut−b−s, (21)

where b≥ 0 is the interval between the modification on the input variable and its effect on the output variable,

δ(B) = 1−
r
∑

i=1
δi ·Bi is an autoregressive operator applied to Xt , and ω(B) = 1−

r
∑

i=1
ωi ·Bi applied to Ut−b.

The error term Vt is an ARMA(p,q) model:

Vt−φ1 ·Vt−1− ...−φp ·Vt−p = at−θ1 ·at−1− ...−θq ·at−q. (22)

In the case of multi-variable transfer function we have the output variable Yt = (Y1t , ...,Ymt)
T a m-size vector,

and the input observable variable Ut = (U1t , ...,Ult)
T a l-size vector. The model is the same as in the case of

single variable, but the involved parameters become squared matrices [11]. Therefore we have

Yt = Xt +Vt , where (23)

Xt−
r

∑
i=1

∆i ·Xt−i = Ω0 ·Ut−b−
s

∑
i=1

Ωi ·Ut−i−b, and (24)

Vt−
p

∑
i=1

Φi ·Vt−i = at−b−
q

∑
i=1

Θi ·at−i. (25)
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For simplifying the model, in [11] it is considered p = r (the same autoregressive order for Xt and Vt), and s
is replace by r+ s (the values Θ∗j can be zero). We obtain

Yt−
p

∑
j=1

Φ j ·Yt− j =
s

∑
j=0

Θ
∗
j ·ut− j +at−

q

∑
j=0

Θ j ·at− j. (26)

After we estimate by the minimum squares method of the white noise at we forecast Yt+1.
Consider first two time series: the input series, Xt , and the output series, Yt . A decomposition of Yt is as

follows [1, 11]:

Yt = Ỹt +Vt , (27)

where Ỹt is the part of Yt strictly determind by the input Xt , and Vt is the error term (noise), that cannot be
explained by the input Xt .

A linear regression cannot be considered if at least one of the time series is not stationary [3]. This because
we can estimate a false linear regression, as in the case of false relation between the GDP of France and the
height of a tree behind French government building office. For transfer function models, in [1] the series Vt is
made stationary, starting from the decomposition

Yt =
∞

∑
k=0

τkXt−k +Vt , (28)

where Vt is a zero-mean stationary process, uncorrelated to Xt .
Using the intercorelation of lag k between the time series Yt and Xt and (28), we obtain [1]

γY X (k) =
∞

∑
j=0

τ jγX (k− j). (29)

If Xt = at is white noise of variance σ2
a, then all the terms except one of the sum in the above formula vanish.

It results that

τk =
γY X (k)

σ2
a

. (30)

This is the prewhitening of the input [1, 11]. Therefore the time series Yt is expressed analogous to the Wold
decomposition, but in terms of a white noise that corresponds to another time series. In [11] the output series Yt
is stationarized (tacking into account the trend and seasonal components) before prewhitening the input.

Consider the multilinear regression model

Y = A0 +
k

∑
i=1

Ai ·Xi, (31)

and we denote by Σ the variance-covariance matrix of the coefficients, and the quadratic form given by Σ by
Σ(X0, ...,Xk). Denote also by σ2

u the variance of residues.
The above value of Σ is [3]

Σ =Var
(

Â
)
= σ

2
u · (X ′X)

−1
, (32)

and the variance of Ŷ in terms of X is

Var
(

Ŷ (X1, ...,Xk)
)
= Σ(1,X1, ...,Xk)+σ

2
u. (33)
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2. THE METHODOLOGY

Consider the model with multiple entries. As in [1] and in [11], we perform the prewhitening of entries, but we
do the same for the exits. Therefore we identify the white noises U (i)

t for the entries, and V ( j)
t for the exits such

that

{
φ
(i)
1 (B)X (i)

t = θ
(i)
1 (B)U (i)

t

φ
( j)
2 (B)Y ( j)

t = θ
( j)
2 (B)V ( j)

t
. (34)

If we have more than one criterion, V ( j)
t are uncorrelated, obtaining finally Ṽ ( j)

t . For V ( j)
t , respectively Ṽ ( j)

t

we build the linear regression(s) in terms of U (i)
t , and next we apply the formula (33) for U and V instead of

X and Y . If we have performed a rotation to uncorelate the exits, we perform the inverse rotation to find the
variances of V (i)

t+1 in terms of X ( j)
t+1.

Due to the linear combinations of (34), we choose the variance of Y ( j)
t+1

(
X (1)

t+1, ...,X
(k)
t+1

)
such that

Var
(

Y ( j)
t+1

(
X (1)

t+1, ...,X
(k)
t+1

))
Var

(
Y ( j)

t

) =
Var

(
V ( j)

t+1

(
X (1)

t+1, ...,X
(k)
t+1

))
Var

(
V ( j)

t

) . (35)

After this we will solve the obtained MADM problem using the method to the stochastic MADM problems
[14, 15]: we create for each criterion another one (informational) to measure the incertitude. Next we solve the
obtained cardinal MADM problem using either SAW or TOPSIS method.

3. APPLICATIONS

I Example 1. Consider the GDP per capita for the period 1993—2011, according [18], and the total employment
rate in the period 1997—2012 and the energetic intensity of economy (equivalent kg oil consumed for production
of 1000 Euro) in the period 1996-2010, according [19]. The data are in the case of Romania.

Denote by X1t , X2t and Yt the time series representing the GDP per capita, the energetic intensity of economy,
respectively the total employment rate. The corresponding white noises are U1t , U2t , respectively Vt . First
of all we apply the Dickey—Fuller unit root test and the ADF (Augumented Dickey—Fuller) test [3], we
identify the order of integration1 for the three time series. After stationarizing, we find the optimal ARMA
structure using the minimum value of AIC (Akaike Information criterion [3, 11, 1]), and we estimate the ARMA
coefficients. For GDP per capita we obtain the ARIMA(2,2,0) model with Φ1 =−0.13236 and Φ2 =−0.42948:
AIC = 294.64272. For the energetic intensity of the economy the model ARIMA(1,1,0) with Φ =−0.01976:
AIC = 128.4618. For the employment rate, we obtain the model ARIMA(0,1,0) (first difference is white noise).
We check that the first difference is white noise using the BDS test.

Using the above ARIMA structures, we obtain the following relations to obtain the white noises:

 U1t = X1t−1.86764X1t−1 +1.16476X1t−2−0.7266X1t−3 +0.42948X1t−4−79.22511
U2t = X2t−0.98024X2t−1−0.01976X2t−2 +26.01959
Vt = Yt−Yt−1−0.05156

.

Tacking into account that the last moments for the considered time series are 2011 for GDP per capita, 2010
for the energetic intensity of economy, and 2012 for employment rate, we obtain U12012 = X12012−25451.90615

U22011 = X22011−369.35111
V2013 = Y2013−63.85156

.

Next we perform for the last 14 values of the above white noises the linear regression of Vt with respect to
U1t and U2t . We obtain

1 The same orders of integration are found in the case of both tests.
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Vt = 0.041341−0.00022U1t−1−0.00496U2t−2,

with the variance-covariance matrix of coefficients Σ =

 0.14493 5.68 ·10−6 1.39 ·10−6

5.68 ·10−6 8.89 ·10−8 −1.07 ·10−7

1.39 ·10−6 −1.07 ·10−7 0.00034

.

Replacing t by 2013, we obtain

V2013 = 0.041341−0.00022U12012−0.00496U22011, and

Y2013 =V2013 +63.85156.

The variance of the residues is 2.02399, and the variance of V2013 depending on U12012 and U22011 is

Var (V2013 (U12012,U22011)) = Σ(U12012,U22011)+2.02399, and

Var (Y2013 (U12012,U22011)) =Var (V2013 (U12012,U22011)) ·4.50045.

We generate now 1000 pairs for GDP per capita for 2012 and energetic intensity for 2011, uniform on
[0,m+3σ] = [0,37793.696] for GDP, and on [m−3σ,m+3σ] = [191.98723,911.05224] for energetic intensity.
We have taken into account that m−3σ =−18117.8 < 0 for GDP per capita.

For each pair we estimate first U12012 and U22011, and V2013 using linear regression. Next we estimate Y2013,
and the variance of this forecast. Using this variance, we compute the Shannon entropy and the Onicescu
informational energy.

As the method of normalization we use (16).
Except the case of Shannon entropy and the TOPSIS ordering method, we obtain the optimal GDP per

capita 21934.18423 and the optimal energetic intensity 346.47301. It results an employment rate 70.15558
(maximum; minimum being 58.76189), the Shannon entropy 4.27456 (max = 4.66779; min = 2.55938), and
the Onicescu informational energy 0.01623 (min = 0.01095; max = 0.09018). The values of f are 0.9722 in the
case of entropy and 0.94062 in the case of informational energy, and the value of Q in the case of informational
energy and TOPSIS is Q = 0.93792.

In the case of entropy and TOPSIS the optimal GDP per capita is 3730.95781, and the optimal energetic
intensity is 315.00278. It results the employment rate 67.57398, the entropy 4.49783, and Q = 0.8543.

I Example 2. Consider the expenses for R&D in the period 1995—2011, using the unit equal to 1000 lei. The
data from [18] are also in the case of Romania.

We will consider two criteria, the GDP per capita in 2012 and the employment rate in 2013, and the decisions
given by the energetic intensity in 2011 and the expenses for R&D in 2012.

For this application Y 1 and Y 2 are X1 and Y (GDP per capita and employment rate) from Example 1. Of
course, the corresponding white noises are V 1 and V 2. The variables X1 and X2 are the energetic intensity of
the economy (X2 in the above mentioned example), and the expenses for R&D. The corresponding white noises
are U1 and U2, and the uncorrelated exit white noises are Ṽ 1 and Ṽ 2. We have already expressed V 1t , V 2t and
U1t in terms of Y 1t and its previous values, of Y 2t and its previous values, respectively of X1t and its previous
values. The same we can say about V 12012, V 22013 and U12011 in terms of Y 12012, Y 22013, respectively X12011.

In the case of the expenses for R&D we obtain the model ARIMA(1,2,0) with Φ =−0.47565. The linear
combination for U2 is

U2t = X2t−1.52435X2t−1 +X2t−2 +0.47565X2t−3−6693.036841,

and from here

U22012 = X22012−162714.5829

First we uncorelate (using the variance-covariance matrix and its eigenvectors) the values of V 1t−1 and V 2t .

We obtain the rotation
(

0.000216802 0.999999976
0.999999976 −0.000216802

)
.

Next we perform the linear regressions for the rotated white noises of GDP per capita and of employment
rate Ṽ 1t−1 and Ṽ 2t in terms of the other white noises. We obtain
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{
Ṽ 1t−1 = 0.03434−0.00413U1t−2−1.043 ·10−6U2t−1

Ṽ 2t =−80.06287+3.14709U1t−2−0.02434U2t−1
.

Next we estimate the values of Ṽ 12012 and Ṽ 22013, and their variances.
Using the reverse rotation we estimate these values for V 12012 and V 22013, and after this the corresponding

values for Y 12012 and Y 22013. Before this we have generated 1000 pairs of energetic intensity and expenses for
R&D.

After we have obtained the cardinal MADM problem, we compute the weights using the eigenvector method
considering b12 = 0.8 and b21 = 1.2. We obtain P = (0.31464,0.3303,0.13485,0.2202)′ (we have considered
the incertitude being 0.3 for GDP per capita, and 0.4 for employment rate, because a government is more
interested to cover the real employment/ unemployment rate than to cover the real GDP per capita).

We use the same normalization method as in the case of single regression.
Except the case of Onicescu informational energy and TOPSIS method, we obtain the same optimal solution:

897.53338 for the energetic intensity and 27983.96523 for expenses for R&D. The obtained GDP per capita
is maximum, 27362.04799 (min = 21594.81685), and the employment rate is 61.43274 (min = 60.71204;
max = 64.82188). The obtained entropies are in both cases of ordering method 12.54915 (min = 10.58712;
max = 12.64078), and 4.51358 (min = 2.55155; max = 4.60522), and the value of f is 0.97737 and the
value of Q is 0.86751. The values of informational energy are 4.13625 ·10−6 (min = 3.77406 ·10−6; max =
2.94242 ·10−5) and 0.01278 (min = 0.01166; max = 0.09089), and f = 0.93282.

In the case of Onicescu informational energy and TOPSIS method, we obtain the optimal energeic intensity
874.00196, and the optimal expenses for R&D 13355.95194. The obtained GDP per capita is 27323.60102,
and the obtained emploment rate is 61.55344. The informational energies are 4.30157 ·10−6 and 0.0133, and
finally Q = 0.93007.

4. CONCLUSIONS

In the linear regressions from the previous section, we have retain only the minimum number of computed
values of white noise. Because for the GDP per capita we have 19 values and the series is I (2), we have 17
white noise values. Analogous we obtain 14 white noise values for the energetic intensity of the economy, 15
white noise values for the employment rate, and 15 white noise values for the expenses for R&D. Therefore,
for linear regressions (and for rotation in the case of the last application) we consider the last 14 values for the
corresponding white noises.

Because the last value is in 2012 (employment rate), we index this variable in regressions by t, the variables
with the last value in 2011 (GDP per capita and expenses for R&D) by t−1, and the energetic intensity of the
economy (with the last value in 2010) by t−2. Of course, the last values of explanatory variables must precede
or be equal to the last ones of resulting variables: in the first application 2011 and 2010 precede 2012, and in the
second application 2010 precedes 2011 and 2012, and 2011 is the same for Y 1 (GDP per capita), and precedes
2012 for Y 2 (employment rate).

For the MADM problems we have generated in the intervals m±3σ (or [0,m+3σ] if m−3σ < 0) the values
of X in the next moment. An open problem is to generate only the corresponding white noises on m±3σ, and
to solve the problems in this case.

The incertitude in decision making has been considered in [6] for studying the relationship between inflation
and inflation uncertainty in the case of Serbia. We have used for each criterion such uncertaincy measures in
order to make the distribution of the weight of initial stochastic criterion to the two cardinal criteria obtained
from it. Of course, if we have only one stochastic criterion, as in Example 1, the initial weight is one. Otherwise,
we have first to compute the weights of the criteria (as if they are cardinal), and next to distribute these weights
to the 2 ·n cardinal criteria.

We notice also that generally we obtain the same optimal solution in the both above examples. Only the case
of TOPSIS ordering method, and Shannon entropy, respectively Onicescu informational energy lead to different
solution.

In this paper we have used only two methods to solve MADM problems: SAW and TOPSIS, which are
methods using information about criteria (see [13, 14]). In the mentioned papers there are mentioned also some
other methods using information about criteria, as conjunctive and disjunctive methods; the lexicografic method
and the permutation method; the hierarchy additive weighting method; the method of diameters; the method of
Onicescu; the ELECTRE (ELimination Et Choice Translating REality) method; and the method of hierarchic
combinations. There are mentioned also methods without any informations about criteria or about decision
alternatives (the method of dominance, the MAXIMIN method and the MAXIMAX method), and methods
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using information on decision alternatives (the LINMAP method; the iterative weighting method and the method
of multidimensional scalling).

In [12] there are used the LAM (Linear Assignment Method), the SAW method, the AHP (Analytical
Hierarchi Process) method, the ELECTRE method and the TOPSIS method for a MADM justification of a
budget reduction decision. An open problem is to use as method to solve the MADM problems that appear in
this paper using some of the above mentioned methods.

Due to the incertitude, we have used the residues in estimation/ forcasting to create the two cardinal criteria
from a time series entry. But a time series has also a dynamic component. An open problem is how to build
three cardinal criteria, such that the third quantifies the dynamic component.
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Abstract:In this paper we measure the attractiveness of educational profiles in Serbia using two 

methodological approaches. We compose composite index of attractiveness and also we use multi-criteria 

outranking approach. We apply author’s modification of ELECTRE method – ELECTRE Multi-Level 

Outranking. 

Keywords:Outranking, ELECTRE, PISA. 

1. INTRODUCTION 

In a last two decades the importance of educational international surveys was recognized by economists as 

the individual skills are implemented in vast number of macroeconomic models in term of human capital. 

These surveys are used in empirical analyses to further research such theoretical models. Our interest is to 

investigate the behavior of high skilled and low skilled students in their selection of future profession by 

observing high school programs they have selected. We want to show, using Multi Criteria Decision-Making 

(MCDM), to our knowledge never used before in this field in similar fashion, that students’ academic 

achievement is correlated by their selection of high school. Several studies have shown the significant impact 

of students’ background to their future academic achievement. Therefore, we will separate students in 

different socio-economic groups to neutralize the background effect and try to compare their achievement 

and high school choice within each group. 

We measure attractiveness of high school programs in Serbia for students with high and low level of 

competencies in three subjects: mathematics, reading and science. We use PISA 2009 data. PISA survey is 

held every three years by OECD since 1997 with more than 70 countries and economies participating. The 

goal of PISA survey is to test educational system worldwide by testing skills of 15 years old. Unlike other 

curricula based surveys, PISA tests are designed to assess to what extent students at the end of compulsory 

education, can apply their knowledge to real-life situations and be equipped for full participation in society. 

Students and schools also fill in detailed questionnaires which provide us ideal dataset for further analysis of 

educational system. 

As measure of attractiveness we create Index of Educational Profile Attractiveness (IEPA). This index is 

endogenously defined. It is a composite indicator contained from 24 parts. Each part is normalized parameter 

which shows percentage of low and high skilled students in each of four socio-economic groups selected. We 

do this for all three subjects, mathematics, reading and science, tested by PISA. This index makes strong 

indication to school’s authorities in order to perceive the ability of students which comes to their schools.  

We further investigate the attractiveness of high school programs by using ELECTRE MLO (ELECTRE 

Multi-Level Outranking), author’s modification of ELECTRE methods.  

2. DATA SELECTION 

For the purpose of our research we use PISA 2009 data. PISA survey is held every three years by OECD 

since 1997 with more than 70 countries and economies participating. The goal of PISA survey is to test 

educational system worldwide by testing skills of 15 years old. Unlike other curricula based surveys, PISA 

tests are designed to assess to what extent students at the end of compulsory education, can apply their 

knowledge to real-life situations and be equipped for full participation in society.The results from 2009 

survey can be found in OECD (2010) where we can also inform about the general goal of this survey such as 

the idea that PISA “reviews the extentto which students near the end of compulsory education haveacquired 

some of the knowledge and skills that are essential for fullparticipation in modern societies, particularly 

reading, mathematics and science. […] PISA focuses on young people’s ability to use their knowledge and 
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skills to meet real-life challenges. This orientationreflects a change in the goals and objectives of curricula 

themselves, which are increasingly concerned withwhatstudents can do with what they learn at school and 

not merely with whether they have mastered specific curricularcontent.” 

PISA uses two-stage stratified sample, representative to target population. OECD (2012a) states that 

reasons for this methodology are: “improving the efficiency of design and making survey more reliable, 

ensuring that all parts of the population are included in the sample and ensuring adequate representation of 

specific groups of the target population in the sample.” 

We use data of Serbian students. There are eight educational profiles we differentiate: Gymnasium, 

Technical, Medical, Economic, Agricultural, Art and Mixed schools. The goal is to evaluate the 

attractiveness of each of them. However, two of these profiles are not relevant; Mixed schools and students 

aged 15 from Primary schools and they will be excluded from our analysis. 5522 students participated in the 

survey. Excluding these two profiles will leave us with 5420 students. Students are split in four different 

groups, separated by quartiles of their socio-economic status (ESCS). This status is given by ESCS index 

measured by PISA survey and conveys information about social, economic, cultural and educational status of 

student’s family. It is an index created based on indices that measure highest occupational status of parents, 

highest educational level of parents in years of education according to ISCED and home possessions. For 

further details about the creation of ESCS index and PISA methodology in general, see OECD (2009, 

2012a).  

The reason for splitting students into these groups is to neutralize the impact of inequality in opportunity 

caused by socio-economic status. The inequality of opportunity, as the main reason for our separation of 

students, has been studied by numerous authors (Martins and Veiga ,2010; Ammermüller et al., 2005). 

Dustmann (2004) shows that the student’s choice of school in Germany is closely linked with the parental 

background, integral part of ESCS index. 

We measure two things in each group, the percentage of low skilledstudents, students which are 

concerned as illiterate by OECD standards and the better performing students, measured as students at the 

top three levels of proficiency on PISA scale. For the definition of PISA proficiency levels see Technical 

Report, OECD (2012a). We do this for the three fields PISA covers, mathematics, science and reading. 

3. INDEX OF EDUCATIONAL PROFILE ATRACTIVENESS 

We want to use data to create Index of Educational Profile Attractiveness (IEPA). It will convey the 

information about the quality of a student in each of seven existing educational profiles in Serbia. Using 

PISA 2009 data shown above we have the percentage of two groups of students in each quartile and for 

every educational profile we observe. Let ijkp  represent the given percentage where indices for a given 

subject (mathematics, reading and science) we observe are given by {1,2,3,4}, {1,2}, {1,2,...,7}.i j k∈ ∈ ∈  

Index i  represents one of four groups split by quartiles of ESCS index, j  two groups of students regarding 

their proficiency level, whereas for 1j =  we observe low level proficiency students and the goal is minimize 

this number, while we want to maximize percentage of high level students, marked by 2.j = Parameter k  

stands for region. For every group i  we define two maximal and minimal values for each of proficiency 

level groups j : 

max        ,ij ijk
k

M p i j= ∀           (1) 

min          ,ij ijk
k

m p i j= ∀           (2) 

We transform these percentages into normalized values of attractiveness ijka  in following fashion: 
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For every subject PISA tests students, mathematics, reading and science we create Index of Subject 

Attractiveness for each educational profile� 

1
.
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The Index of Educational Profile Attractiveness for every educational profile is the mean value of three 

Indices of Subject Attractiveness: 

1
( ).

3

math reading science

k k k kA A A A= + +          (5) 

4. MCDM OUTRANKING APPROACH 

In order to rank educational profiles we used ELECTRE (Elimination EtChoixTraduisant la REalité – 

Elimination And Choice Corresponding to Reality) multi-criteria outranking method based on Roy (1991). 

Unlike value-function approaches in which the output of an analysis is a value for each alternative, here we 

have an outranking relation for a set of alternatives.The basic idea of outranking methods is to seek and 

eliminate alternatives that are ‘dominated’. ELECTRE I is developed for a choice problematic. ELECTRE Is, 

a modification more frequently used nowadays for choice problematic as stated in Roy (1991). On the other 

hand ELECTRE II, III and IV deal with ranking problems and ELECTRE TRI with a sorting problematic. 

For further details about the recent development see Figueira et al. (2010). 

To our knowledge, there have not been any papers using these methods in economics of education. 

Although, there have been various studies using Data Envelopment Analysis (DEA) in education, starting 

from Bessent and Bessent (1980) and Bessent et al. (1982). Pelerman and Santin (2011) use DEA approach 

to measure the difference in efficiency level across private and public schools with a help of stochastic 

distance function. Stewart (1996) has compared the traditional goals of DEA and MCDM while Sarkis 

(2000) made a comparative analysis of DEA and various MCDM methods including PROMETHEE and 

ELECTRE methods. As stated ‘DEA arises from situations where the goal is to determine the productive 

efficiency of a system or ‘decision making unit’ (DMU) by comparing how well these units convert inputs 

into outputs, while MCDM models have arisen from problems of ranking and selecting from a set of 

alternatives that have conflicting criteria.’ 

In general, ELECTRE method is based on a pairwise comparison between alternatives using two types of 

indices: Concordance and Discordance. For each ordered pair of options (A, B) Concordance and 

Discordance indices are assigned. Concordance index can be seen as ‘measuring the arguments in favor of 

‘A outranks B’ and a Discordance index may shed some doubt upon latter statement’ (Vincke, 1992). This 

will give us one of the following three relationships between two alternatives: dominance, indifference and 

incomparability. Our goal is to acquire the most satisfying alternatives. Major drawback of ELECTRE 

methods arises from the rather non intuitive inputs required - concordance and discordance threshold values. 

Also, in ELECTRE I all alternatives that form a cycle are considered indifferent. Our proposed modification 

of ELECTRE attempts to overcome this feature, and software package we have developed allows easy 

interpretation of the obtained results. 

We consider a set of alternatives ��, ��, …�� which we evaluate using following criteria ��, ��, …�	, 
each with associated weights 
�, 
�, …
	 and scale of scores ��, ��, … �	 for each criterion. Every scale of 

scores is a finite subset of a set of integers with ranges |��|, |��|, … |�	|. Let the scores of alternatives with 

respect to criterion � be denoted as ��� , ��� , … ���.The choice of criteria is a DM’s problem. Also DM has 

to determine their associated weights and scale of scores as well as the scores of alternatives with respect to 

the criteria, and it can be done either by voting or some other recommended procedure. 

We introduce the following symbols for the alternatives �� and ��: 
���
� � ���|��� � ���� 
���
� � ���|��� � ����           (6) 

���
� � ���|��� � ����, 

where the sets ���
�, ���

�, ���
� represent criteria where the performance score of alternative �� is higher ����

��, 
lower ����

�� or equal ����
�� to the performance of the alternative ��. We represent the symbols for the weights 

and scores with 


�
� �  !

∑  !
#
!$%

            (7) 

where
�
�  is the normalized weight of the �th criterion and 
� is the ‘regular’ weight of the �th criterion. 

Also, if we denote by ���
�  the normalized score of alternative �� with respect to criterion �, ��� the score of 

alternative �� with respect to criterion � and by |��| the scaled-score range of criterion � then 

���
� � &'!

|(!|
            (8) 

Let �� and �� be two alternatives we want to compare. The Concordance index )�� for the hypothesis that 

‘�� is better than��’ is defined by the following equation: 
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According to the formula, the Concordance index sums all the weights for those criteria where the 

performance score of �� is at least as high as that of �� (normalizing them by dividing this sum with the sum 

of all weights). 

The important feature of the ELECTRE method is the principle of rejection of hypothesis if there exists a 

large resistance, no matter how large the Concordance index is. This principle is incorporated in Discordance 

index /�� for the hypothesis that ‘�� is better than��’ defined in following manner: 

/�� � max�*3',4
&,!�&'!
|(!|

.                    (10) 

This would imply that for each criterion where alternative ��outperforms��, this ratio - the Discordance 

index, is calculated for the difference in performance level between �� and �� and the maximum observed 

difference in score on the criterion observed among every pair of options. We can compute Concordance and 

Discordance index for every pair of alternatives, hence alculate Concordance and Discordance matrices. 

The issue of selecting threshold values which will determine outranking between options still remains. 

We will consider that alternative outranks other alternative if the corresponding Concordance index is bigger 

than threshold value while the Discordance index lies below its threshold value. Formally, for the threshold 

values 0 � 6 � 7 � 1 alternative �� outranks the alternative �� if )�� 9 7 and/�� : 6. Simultaneously, the 

opposite should not be true, e.g. )�� 9 7 and /�� : 6 is not fulfilled.The relation ‘�� outperform ��’ will be 

denoted as�� ; ��. If �� ; �� and �� ; �� we will consider these alternatives indifferentwhereas 

alternatives are incomparable if neither �� ; �� nor �� ; �� is fulfilled.  

4.1. ELECTRE Multi-Level Outranking (ELECTRE MLO) 

One of the main drawbacks regarding ELECTRE I is that alternatives that form a cycle are considered 

indifferent. Anić and Larichev introduce the Absolute Significance Threshold (AST) for a modified 

Concordance index (Anić and Larichev, 1996). If the modified Concordance index is above AST then there 

will be no cycles in the relation graph. Moreover, the core subset will not be empty which might occur in the 

original method. Conditions under which there are not any cycles in graph is formulated. The modified 

Concordance index does not take into account those criteria for which the performance scores of alternatives 

are equal. Modified Concordance index for the hypothesis that ‘�� is better than��’ is defined as follows: 

C=>
� �

∑  !!*+',
-

∑  !!*+',
-.+',

4
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Let parameter ?�� be defined as 
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We present the theorem that states the condition under which there will not be any cycles in the relation 

graph. The proof can be found in Anić and Larichev (1996). 
 

Theorem:Let the parameter 7 be chosen in a way that 

7 �
A',
A',��

.                      (13) 

Then the parameter 7 denotes the threshold value for the Concordance index for which there will be 

no cycles in the relation graph, i.e. the indifference relation between alternatives will not appear. 

We define the Absolute Significance Threshold as  

�BC �
A',
A',��

.                      (14) 

Then, for the threshold value of Concordance index above the AST the kernel subset of alternatives will not 

be empty. All the alternatives in the kernel are incomparable. 

For the evaluation of school programs we use modified ELECTRE outranking approach, ELECTRE 

MLO (ELECTRE Multi-Level Outranking) Method, introduced and used in Petrović et al. (2012). This 

method offers a new ranking scheme. As already stated, ELECTRE I (as well as modifications) deal with 

choice problematic, and this method would split our school profiles into two groups – kernel profiles and 

profiles outside the kernel.Similar to ELECTRE II-IV our approach introduces hierarchical levels of 
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alternatives. This qualitative approach has several advantages over traditional quantitative evaluation. Most 

importantly, in these ELECTRE methods, we might find ourselves in situation to rank alternatives that are 

actually very close to each other, our approach avoids this situation. 

Hierarchical levels offer policy maker ability to differentiate among educational profiles and apply 

different policies for educational profiles in different level of hierarchical structure in order to enhance the 

quality of education. ELECTRE MLO will rank our educational profiles into hierarchical levels creating a 

relation tree. The idea behind the creation of these hierarchical levels lies in the specific iterative procedure 

which involves the repeated identification of preferable educational profiles. Primarily, we select the kernel 

profiles as described above using AST to avoid empty set kernel. The kernel profiles will be considered as 

the first level profiles and these profiles are not out-dominated. We apply the same procedure for the 

remaining educational profiles, creating the new kernel among them. These profiles will be the second level 

profiles – the profiles that are outperformed only by some first level profiles. We use this procedure as long 

as we have alternatives that have not been in kernel in this iterative procedure. In general, the educational 

profile outside the kernel iA  belongs to the hierarchical level kL  if the following condition is satisfied: 

{ }max ( ) 1.j t j it A L A A k∃ ∈ = −�                    (15)  

5. RESULTS 

We follow the described procedure and calculate Index of Attractiveness using PISA 2009 data for Serbia. 

IEPA and all Indices of Subject Attractiveness are presented in Table 1. 
 

Table 1: IEPA. 

     Indices of Subject Atractivness 

IEPA Educational Profiles Mathematics Reading Science 

Gymnasium 1 0.995 0.954 0.983 

Technical 0.323 0.288 0.333 0.315 

Technical Vocational 0.016 0.018 0.001 0.012 

Medical 0.708 0.842 0.721 0.757 

Economic 0.439 0.512 0.427 0.459 

Agricultural 0.047 0.134 0.051 0.077 

Artistic 0.576 0.618 0.681 0.625 
 

The same data for calculating scores are used as for the purpose of ELECTRE MLO method. After the 

normalization of data we have scores for each of the described group. Decision about the weights for each 

criterion is one of the concerns DM is faced when using ELECTRE methods. Here, we do not have this 

problems as we consider all groups of students equally important as well as we do not differentiate among 

‘good’ and ’bad’ group of students. Of course, policy maker can change weights if necessary. For example, if 

the desired policy for some country is to lower the number of functionally illiterate students
1
 then the DM 

would give the bigger weight to the criteria measuring the percentage of students below level 2 on PISA 

proficiency scale.  

Scores are applied in the ELECTRE MLO software we have developed. Given the fact that the value of 

the AST is 0.75 we select the threshold values for Concordance index to be 0.75 while we chose Discordance 

index to be 0.35. The hierarchical levels observed from the relation tree are given in Table 2. 

From Table 2 we can also compare the results from two methodological approaches we have used. It is clear 

that the results from both approaches are in line with each other. Although Medical and Artistic profile are 

on the same level generated with ELECTRE MLO, IEPA gave slight advantage toward Medical schools. 

Furthermore, after observing IEPA, merging these two profiles into same level is not surprising result as the 

relative difference between these two profiles is the smallest difference observed.  

From Table 2 we can also compare the results from two methodological approaches we have used. It is 

clear that the results from both approaches are in line with each other. Although Medical and Artistic profile 

are on the same level generated with ELECTRE MLO, IEPA gave slight advantage toward Medical schools. 

Furthermore, after observing IEPA, merging these two profiles into same level is not surprising result as the 

relative difference between these two profiles is the smallest difference observed.  

                                                      
1 Functionally illiterate student is the student below the second level of proficiency according to PISA scale. See OECD (2010) for 

more details. Of course, we talk about the illiteracy in each of tested areas. 
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Table 2: Hierarchical levels. 

 Level Educational Profile

Level 1 Gymnasium

Level 2 Medical

Artistic

Level 3 Economic

Level 4 Techical

Level 5 Agricultural

Level 6 Techical Vocational

The instability of results is one of

problems. The given hierarchical order will change only if 

becomes the first level profile. This is interesting when comparing to IEPA because Medical educational 

profile has higher IEPA. However, this does n

they will remain incomparable regardless of

The same situation as described above will happen for 

preorder with Medical profile in front of Artistic.

We see that the result is highly robust after applying changes in weights to observe different perspectives 

of policy maker. We have simulated several potential policy makers’ strategies. W

scores for low level proficiency students to simulate strategy focusing on raising number of functionally 

literate pupils and the result remained highly robust with the hierarchical level remaining the same. The same 

situation occurred while simulating policy makers’ choice of giving more importance to the number of 

higher proficiency level students as well as the situation where the more weight was assigned to the students 

from lower socio-economic class. Furthermore, the stability of

MLO lead to same conclusion.  

The results of ELECTRE MLO can be presented through relation tree which is the graphical 

interpretation of Table 2. Also, the arrows on relation tree give us answer to the question, w

dominates which profile in this outranking system. The relation tree is presented in Figure 1.

 

Figure 1

 Educational Profile IEPA 

Gymnasium 0.983

Medical 0.757

Artistic 0.625

Economic 0.459

Techical 0.315

Agricultural 0.077

Techical Vocational 0.012
 

ability of results is one of concerns in this type of analysis. However, we do not face such 

roblems. The given hierarchical order will change only if  when Artistic profile goes to kernel and 

becomes the first level profile. This is interesting when comparing to IEPA because Medical educational 

profile has higher IEPA. However, this does not imply that Artistic profile outperforms Medical schools and 

they will remain incomparable regardless of . On the other side, the order do not change for 

The same situation as described above will happen for while for the 

preorder with Medical profile in front of Artistic. 

We see that the result is highly robust after applying changes in weights to observe different perspectives 

of policy maker. We have simulated several potential policy makers’ strategies. W

scores for low level proficiency students to simulate strategy focusing on raising number of functionally 

literate pupils and the result remained highly robust with the hierarchical level remaining the same. The same 

d while simulating policy makers’ choice of giving more importance to the number of 

higher proficiency level students as well as the situation where the more weight was assigned to the students 

economic class. Furthermore, the stability of results is shown as both IEPA and ELECTRE 

The results of ELECTRE MLO can be presented through relation tree which is the graphical 

interpretation of Table 2. Also, the arrows on relation tree give us answer to the question, w

dominates which profile in this outranking system. The relation tree is presented in Figure 1.

Figure 1: The relation tree of educational profiles. 
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ot imply that Artistic profile outperforms Medical schools and 

not change for  

 we get complete 

We see that the result is highly robust after applying changes in weights to observe different perspectives 

of policy maker. We have simulated several potential policy makers’ strategies. We gave more weight to 

scores for low level proficiency students to simulate strategy focusing on raising number of functionally 

literate pupils and the result remained highly robust with the hierarchical level remaining the same. The same 

d while simulating policy makers’ choice of giving more importance to the number of 

higher proficiency level students as well as the situation where the more weight was assigned to the students 

results is shown as both IEPA and ELECTRE 

The results of ELECTRE MLO can be presented through relation tree which is the graphical 

interpretation of Table 2. Also, the arrows on relation tree give us answer to the question, which profiles 

dominates which profile in this outranking system. The relation tree is presented in Figure 1. 
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6. POLICY IMPLICATIONS 

Policy maker can now apply different measures to these profiles according to the current educational 

strategy. For example, if the policy maker’s goal is to lower the illiteracy level in the country (which is 

current issue in Serbia) it should focus on schools from educational profiles from the lower hierarchical 

levels. On other hand, if the policy maker’s idea is to improve the number of highly educated citizens in 

population or focus on scientific development the reform should emphasize schools from higher level 

educational profiles.  

Moreover, let us assume, for example that the policy maker’s goal is to improve the quality of student’s in 

agricultural schools. Hierarchical levels give us significant information – evolutionary path of a school type 

toward a better hierarchical level. Evolutionary path is the path of a selected profile toward the highest level 

of relation tree while giving a suitable benchmark for reaching next level. This means that in order to 

enhance the quality in these schools the reform should be focused on profiles from the next hierarchical level 

which outperform observed profile. These profiles from higher level are the suitable benchmarks as they give 

opportunity for a least radical reform which should be implemented in a path toward highest level schools. 

This can be done through joint professional development of educational staff, by creating curricula changes 

in accordance to this educational profiles or some other strategic partnership with schools from this level. As 

PISA study is repeated every three years policy maker can also follow the development of active policy and 

observe its progress. 

7. CONCLUSION 

Using two methodological approaches we ranked educational profiles in Serbia. Outranking approach, using 

author’s modification of ELECTRE method sorted profiles in six hierarchical levels. By creating Index of 

Educational Profile Attractiveness we wanted to further support the precision of result and confirm their 

robustness. IEPA gave complete preorder of profiles, in line with the ELECTRE findings. Furthermore, the 

robustness check of ELECTRE MLO showed that outranking relation we obtained is highly robust which is 

important for possible policy implications done in future. 

The result showed that the gymnasium is the most attractive secondary education program in Serbia 

attracting most successful students. This is line with previous findings for Serbia (OECD, 2012b).  This 

findings, supported by the robustness check, allow policy maker nice insight of system and give guidelines 

how to tackle the reform of system according to policy maker’s chosen goals. 
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Abstract: Continuous quality improvement and modernization of the educational process are some of the 
most important factors for the success of educational institutions. To determine students' preferences 
towards using English to teach content courses (English Medium Instruction – EMI), conjoint analysis is 
proposed in this paper. Conjoint analysis is a research technique for measuring customers' preferences, and 
a method for simulating how customers might react to changes in current products or to new products 
introduced into an existing market. Students’ preferences towards EMI will be determined using an 
illustrative example. More precisely, we will identify students’ preferences towards EMI, in order to perform 
market segmentation and to determine the optimal structure of their offer. Fulfillment of student needs will 
result in a more efficient teaching and in maximization of the students’ achievement. Happy and successful 
students present the best way to attract potential students and to provide a stable competitive position of 
college in today’s market. 

Keywords: Conjoint analysis, students’ preferences, English Medium Instruction, segmentation, simulation. 

1. INTRODUCTION  
Due to globalization, English language is continuously expanding its influence on all languages of the world. 
The influence of the English language is particularly evident in the language of the media and information 
technology. By number of speakers it occupies the third place in the world, and is the official language in 
many countries, including the European Union. Managers, who must be up to date with all the world news, 
have no excuse for not knowing the English language. A person, who lacks English knowledge, is not able to 
participate in international communication. It is therefore of great importance to provide students with the 
opportunity to study in English, because in this way universities will become competitive in the world 
market, and their doors will be open to international cooperation and foreign students. 

In today's highly competitive marketplace, locating and specifically targeting unique market segments is 
both a reality and a necessity for most companies. Creative market segmentation strategies often afford the 
company a strategic advantage over its competitors. The benefits of market segmentation have been seen to 
include an ability to gain a fuller understanding of a particular market, improved techniques to predict 
consumer behaviour, and an improved ability to identify and exploit new market opportunities for 
commercial benefit (Hoek et al., 1996).  

When a decision is made to explore a market segmentation policy, two immediate questions must be 
addressed: What method is to be used to segment the market, and on what basis will the market be 
segmented (Neal, 2005)? The literature discusses two main approaches to segmentation. They are a priori 
and post hoc or data driven (Dolnicar, 2004; Kara and Kaynak, 1997; Wind, 1978). In a priori segmentation, 
the number of segments, their relative size, and their description are known in advance while in post hoc 
segmentation, these three characteristics are found after the fact. 

While an a priori approach may guarantee within segment similarity by ensuring, for example, that all 
segment members come from similar geographic regions and income ranges, this does not necessarily mean 
that all segment members will respond in the same way to marketing stimuli (Hoek et al., 1996). Therefore, 
the second approach is to segment markets on a post hoc basis where the researcher chooses a range of 
interrelated variables and then clusters buyers into groups whose average within-group similarity is high and 
whose between group similarity is low (Wind, 1978). 

Conjoint is one of the best methods of measuring benefits sought by customers. Actually, measuring 
actual or perceived benefits lies at the heart of most market segmentation approaches. Understanding what 
people most value in products or services allows to tailor marketing programs to communicate those benefits 
and redesign existing products or create new products with those benefits in mind. Conjoint analysis is 
widely used in the field of education. Soutar i Turner (2002) used conjoint and cluster analysis to suggest a 
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better university education system for students. Kim et al (2009) used conjoint analysis to improve the 
current EMI (English Medium Instruction) lectures at universities in Korea. They conducted a survey among 
the students to find out what are their expectations from EMI teaching. In some studies, researchers have 
aimed to improve student satisfaction and learning by focusing on identifying student needs. These studies 
also aimed to increase student participation in the design and improvement of the course curriculum 
(Wiklund and Wiklund, 1999).  

The aim of this paper is to identify preferences of students of Faculty of Organizational Sciences towards 
EMI. It will be shown how conjoint analysis can be used to define the characteristics of EMI. Special 
attention will be paid on applicability of conjoint analysis to a priori and post hoc segmentation. One of the 
essential features of the conjoint analysis is the ability to perform market simulation, based on the obtained 
data. In the conducted study it will be shown that, using this method an organization can predict the reaction 
of the market to the introduction of a new product. 

2. CONJOINT ANALYSIS  

2.1. The concept and Conjoint analysis procedure 
Conjoint methods of analysis were first developed in the 1960s by mathematical psychologists and 
statisticians Luce and Tukey (1964). Because people tend to be better at giving well-ordered preferences 
when evaluating options together (“conjointly”) rather than in isolation, the method relieves a respondent 
from the difficult task of accurately introspecting about the relative importance of individual attributes for a 
particular decision (Green and Srinivasan, 1971).  

Conjoint analysis involves the measurement of consumer preferences or choices. It implies the study of 
the joint effects of multiple product attributes on product choice. The researched products (or services or new 
conditions) are described in terms of product profiles. Each profile is a combination of attribute levels for the 
selected attributes. The experimental procedure involves profiles being presented to respondents who are 
invited to express their preference by rating or ranking these profiles (see Figure 1). Preference functions are 
estimated from this data, using ordinary least squares regression for rating the data, and ordinal techniques 
when the rankings are obtained. These functions assume preference to be a linear-in-parameters function of 
the attributes that are included in the profiles. 

 

 
Figure 1: Creating profiles in conjoint analysis 

 
A conjoint analysis study includes the following key steps: 
 1. Attribute list formulation. A business problem is defined and an attribute (features) list is 
developed to study the problem. 
 2. Data collection. Respondents are asked to express the trade-offs they are willing to make among 
product features by rating, sorting or choosing among hypothetical product concepts. 
 3. Utility calculation. A set of preference values (also called part worth utilities) is derived from the 
interview data; they reflect the trade-offs each respondent made. 
 4. Market simulation. The utility values are used to predict how buyers will choose among 
competing products and how their choices are expected to change as product features and/or price are varied. 
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The number of possible profiles increases immensely with the increasing numbers of attributes or levels. 
For example, six attributes, each having five levels will result in 56 = 15625 profiles, each requiring at least 
one observation in order to estimate all the possible effects. And we cannot consider this number of profiles 
as being a reasonable task that an interviewee can complete. Even if each choice set is composed of 4 
alternatives for which the interviewee has to choose one, it will make more than 3906 choice cases. That’s 
why analysts often use fractional factorial design. Thus, fractional factorial designs, which assume no 
interactions between attributes and ensure the absence of multicollinearity, are used to reduce the number of 
profiles. In this reduction process, the goodness of the reduced designs is especially important (Kuzmanović, 
2008).  

Having collected the information on individual preference, the responses need to be analyzed. To 
determine the relative importance of different attributes to respondents, the trade-offs that individuals make 
between these attributes, as well as the overall benefit taking into account these trade-offs, a relationship 
must be specified between the attributes’ utility and the rated responses. The simplest and most commonly 
used model is the linear additive model. This model assumes that the overall utility derived from any 
combination of attributes of a given good or service is obtained from the sum of the separate part-worths of 
the attributes. Thus, respondent i’s predicted conjoint utility for profile j can be specified as follows:  

1 1

kLK

ij ikl jkl ij
k l

U x 
 

  ,      1, ..., , 1, ...,i I j J   (1) 

where: 
 I is the number of respondents;  
 J is the number of profiles;  
 K is the number of attributes;  
 Lk is the number of levels of attribute k.  
 βikl is respondent i’s utility with respect to level l of attribute k.  

 jklx  is such a (0,1) variable that it equals 1 if profile j has attribute k at level l, otherwise it equals 0. 
 εij is a stochastic error term. 

The parameters βikl are estimated by a regression analysis. These parameters, also known as part-worth 
utilities, can be used to establish a number of things. Firstly, the value of these coefficients indicates the 
amount of any effect that an attribute has on overall utility – the larger the coefficient, the greater the impact. 
Secondly, part-worths can be used to calculate the relative importance of each of K attributes, which is 
known as an importance score or value. These values are calculated by taking the utility range for each 
attribute separately, and then dividing it by the sum of the utility ranges for all of the factors. The results are 
then averaged to include all of the respondents. 

Given that part worth utilities are calculated at the individual level, if preference heterogeneity is present, 
the researcher can find it. Therefore, part-worths can be used for preference-based segmentation. 
Respondents who place similar value to the various attribute levels will be grouped together into a segment. 
Segmentation of conjoint part-worths produces true “benefit segments”. Widely used method for preference-
based segmentation across industries is K-means cluster procedure (Kuzmanović et.al., 2011; Mankila, 
2004). 

Overall utility scores (Uij) can be estimated for different combinations of attributes by inserting the 
appropriate part-worths into Eq. 1. These utility scores can be further used to predict the market shares for 
each of the defined combinations. For that purpose logit model can be used: A logit model represents the 
probability that customer i will choose the jth profile from a set of m exiting profiles on the market, and can 
be expressed as: 
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The exponent b is used to fine-tune the results so that they reflect the current customer behaviour on the 
market more accurately. One of the real powers of conjoint analysis is to perform a what-if analysis. This can 
be done using conjoint simulation models. Market simulations make it possible to find out all hidden effects 
that could have influence on products’ market share. 

2.2. Segmentation and simulation based on conjoint data 
As mentioned above, conjoint analysis is well suited for the implementation of both types of market 
segmentation: a priori and post hoc (see Figure 2). It is possible for several reasons. First, the focus of 
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conjoint analysis is squarely on the measurement of customer preferences for product attribute levels 
(including price) and customer benefits that may flow from the product attributes. Second, conjoint analysis 
is a micro-based measurement technique. Part-worth functions (i.e. preference for attribute levels) are 
measured at the individual level. Hence, if preference heterogeneity is present, the researcher can find it. 
Third, conjoint studies typically entail the collection of respondent background information (e.g., 
demographic data, psychographic data). One should bear in mind, however, that customer background 
variables, particularly demographic ones, do not necessarily correlate well with attribute preferences (Moore, 
1980). Increasingly, background data include information collected on respondents’ perceived importance of 
purchase/use occasions. Fourth, even rudimentary conjoint studies usually include a buyer choice simulation 
stage in which the researcher can enter new or modified product profiles and find out who chooses them 
versus those of competitors. Wind (1978) calls this approach flexible segmentation. 
 
 

 
 

Figure 2: Conjoint analysis implementation procedure and its application for market segmentation 

3. ILLUSTRATIVE EXAMPLE 
The aforementioned motivation for this research is the creation of EMI at the University of Belgrade, Faculty 
of Organizational Sciences. In order to demonstrate that it is possible to use conjoint analysis for defining the 
structure and characteristics of EMI, a conjoint study has been conducted. The main objectives of the study 
were to determine the students’ preferences towards EMI, to determine the ideal structure of the teaching and 
to perform segmentation and simulation based on students’ preferences.  

The list of key attributes for EMI is created based on literature review (Kim et al., 2009). Five selected 
attribute and levels assigned to them for the purpose of this study are shown in Table 1. Once attribute and 
attribute levels are selected, they must be combined to form different hypothetical teaching profiles. 18 
profiles were generated by software, from which two were the control profiles (holdout tasks). Control 
profiles were not used to calculate preferences. Their only purpose was to check the quality of the obtained 
results. In order to elicit the preferences for the various profiles in this study, a rating approach is employed. 

The conjoint survey was conducted among the students of University of Belgrade, Faculty of 
Organizational Sciences, from November 2012 to January 2013. In total, 96 students completed the 
questionnaire. However, 8 questionnaires were eliminated since those students filled in the questionnaire 
with a monotonous pattern (e.g. marking all profiles as 7 or 1), or left some items empty, or filled in their 
personal information form but left other items empty. After this elimination, the number of valid 
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questionnaires was 88. While this sample size may be regarded as relatively small, it is not atypical for 
Conjoint analysis application when the survey goal is investigational work, or to develop a hypotheses about 
a market (Orme, 2006). In regard to the statistical problems which may arise from a small sample, these are 
mitigated by the fact that each respondent in a Conjoint analysis study provides multiple observations with 
respect to his or her preferences. 

Of these students, 59 (67.0 %) were females and 29 (33.0 %) were males. Almost a half of the 
participants were students of Management Department (48.9%), while 30.7% were students of Information 
systems and technology and the rest 20.4% were students of Quality and Operational Management. 

The averaged importance values of attributes and part-worths calculated for every attribute level are 
presented in Table 1. Very surprising fact is that respondents find „Class size“ as the most important 
attribute, more specifically a group of 20 students. The second most important attributes are: “Diploma 
Supplement” and "Language". The respondents expressed the expected behavior; they showed greater 
preference for the existence of the Diploma Supplement compared to the absence of the same.  

A high value of the Pearson coefficient, 0.998, confirms the high level of significance of the obtained 
results. Similarly, a high value of the Kendall correlation coefficient, 0.967, indicates a high level of 
correlation between the observed and estimated preferences. The Kendall coefficient for two holdout profiles 
has a value of 1.000, which is an additional indicator of the high quality of the obtained data.  
 
Table 1: Averaged part-worths and attributes importance  

 
The most preferred EMI on aggregate level is the following: the course has to be mandatory, class size is 

up to 20 students, teaching method is interactive, final exam should be in Serbian language and there has to 
be a diploma supplement.  

3.1. Preferences of a priori defined segment 
In order to determine whether there are differences in the preferences of specific group of respondents, 
analysis was also performed for the predefined segments. A priori segmentation is performed based on the 
respondents’ knowledge of English language. The sample consisted of two respondents (2.3%) at beginner 
level of English, 44 respondents (50%) at the intermediate level, and 42 respondents (47.7%) at the advanced 
level of English (Figure 3). 

For respondents at the beginner level of English, the most important attribute is “Language” (32.63%), 
namely, taking final exam in Serbian, which was expected, because their level of English proficiency is low. 
“Teaching Method” (22.14%), where the preferred level is interactive teaching, and “Class Size” (19.52%), 
which should not have more than 60 students, stood out as very important attributes. 

Respondents, at the intermediate level, find the attribute “Language” (25.94%) the most important, 
namely, that the final exam is in Serbian, which was expected, because their English skills are at the 
intermediate level and they do not feel confident enough to take exams in English. Other two attributes in 
order of importance are “Class size” (24.19%), which should not have more than 60 students and “Diploma 
Supplement” (23.51%), which should exist.  

Respondents, at an advanced level, consider “Class size” (25.99%) as the most important attribute and 
prefer level - up to 20 students. This is followed by the attributes “Diploma Supplement” (24.48%) and 
“Language” (20.77%).  

Attributes Attribute levels Part-worth utilities Importance values 

Course type Elective -0.092 
11.62% Mandatory 0.092 

Class size 
Up to 20 students 0.571 

24.94% From 20 to 60 students 0.034 
More than 60 students -0.605 

Teaching method Interactive 0.300 
16.17% Ex Cathedra -0.300 

Language 
Only English 0.098 

23.63% Extra materials in Serbian -0.209 
Final exam in Serbian 0.112 

Diploma Supplement Yes  0.633 
23.64% 

No  -0.633 
Constant = 4.251    
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Figure 3: Segment-level attributes importance 

3.2. Preference based segmentation 
A more detailed analysis of part-worths at the individual level revealed wide heterogeneity in consumer 
preferences. Therefore, a cluster analysis was performed to classify respondents into more homogeneous 
preference groups. These part-worths are then used as input for cluster analysis. This approach has been 
conducted by various researchers across industries, in order to determine customer segments based on 
distinct preference profiles (Kuzmanovic et al., 2013, Mankila, 2004) 

Using preferences for each of the respondents provided by the survey, we were able to perform a post hoc 
segmentation. The obtained preferences were used as a segmentation criterion. The K-means cluster 
procedure in SPSS 16.0 was used to perform the segmentation. K-means clustering is a set of mathematical 
procedures which provide data grouped into a number of clusters predefined by the user. An analysis of 
variance revealed that the segments in the 3-cluster solution differed significantly from each other, with 
respect to their part-worths generated by the conjoint analysis. The analysis yielded three segments whose 
preferences are presented in Figure 4.  
 

 
 

Figure 4: Segment-level attributes importance 
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The first segment includes 40 respondents and they make 45.45% of the total sample. The most important 
attribute for members of this segment is “Diploma Supplement” (45.40%). The second most important 
attribute is the "Language" (24.90%), where they prefer level – final exam in Serbian. The least important for 
them is teaching method (0.65%). Most members of this segment attend the first or the second year of 
college, and their knowledge of English language is at the intermediate level. Due to the aforementioned 
characteristics this segment was named "Certificate fans" (above all there should be a Diploma Supplement). 
It lead to conclusion that students of this segment do not want to invest a lot effort in the studies, but just 
want to get a degree the fastest, the simplest, and the easiest way possible. This is because they perceive a 
degree as "a way to a better and safer life." However, one must take into account that the majority of this 
segment just "got out" from the high school and they have still not developed an awareness of the 
requirements and laws of the market, where practical experiences, skills, and extra-curricular activities are as 
important as a degree.  

The second segment consists of 46 respondents, representing 52.27% of the total sample. For members of 
this segment the most important attribute is the group size (34.97%), which should not exceed 20 students. 
Interactive teaching is also very important for them (24.39%). This suggests that they prefer working in 
small group settings, which allow them to exchange ideas. Existence of a Diploma Supplement is desirable, 
and also having teaching and exams only in English. Most members of this segment are in the final year of 
study, and their knowledge of English is at the advanced level. They are the ones we recognize as "Young 
leaders", who tend to use their full potential during their studies and later in their career. Students of this 
segment are characterized by continuous work, dedication, and desire to become professionals in their field 
of study. They have a high level of self-actualization and strive to have successful and influential career. 

The third segment includes 2 respondents (2.27% of the total sample), and it is the smallest segment. The 
most important for them is that the course, which they will take in English, is an elective one (79,52%). 
Respondents, who belong to this segment, are majoring in information systems and technology, and their 
knowledge of English language is at the intermediate level. Students of this segment are characterized by the 
desire to take only those courses in English that are of their own choice ("Choice above all"). Apropos, they 
are willing to listen in English only what interests them.  

3.3. What if analysis 
One of the most important features of conjoint analysis is its ability to perform a market simulation. The 
simulator is used to convert raw conjoint data (part-worth utility) into something much more managerially 
useful: simulated market choices (sawtoothsoftware.com). Thus, in this study, we used “what if“ analysis to 
compare different scenarios and their potential outcomes based on changing conditions. Part-worth utilities 
were used as input values. Three different scenarios, with subject characteristics and their share of 
preferences calculated using logit model, are given in the Table 2 and Figure 5.  

In Scenario 1, we tried to determine what would happen if we decided to organize teaching fully in 
English (subject 3), compared to subjects (subject 1, subject 2) that, as such, already exist in college. In this 
scenario, the highest share of preferences has subject 3 (40.2%), followed by subject 2 (34.6%) and lastly, 
with the lowest share of preferences, subject 1 (25.2%). Following comparison of subject 1 with subject 2, 
we noticed that just a change in the size of the class (from „from 20-60 students“ in the class to „up to 20 
students“ in the class) has led to an increase of 9.4% in the students’ preferences. Further analysis showed 
that organizing teaching completely in English, while keeping other characteristics of subject 2, would 
increase share of the preferences by 5.6%.  

Should it happen that a subject becomes an elective, what would happen to the preferences of students 
towards it? Scenario 2 gave the answer to that question. We assumed that characteristics of subjects 1 and 2 
remained the same like in scenario 1, while subject 3 became elective. In this case, the preferences of 
students towards subject 3 will be, reduced by 2.2%, and towards subject 2, they will increase by 1.6%, 
compared to scenario 1. 

It must be considered that there are teachers that are the most suitable with ex cathedra teaching method, 
and that there will be courses of that type of instruction. What are the preferences of students in this case? 
Scenario 3 examines this option. If one looks at the Table 2, one can see that subject 1 and subject 2 have 
almost the same share of preferences (differs by 0.7%). This leads to the conclusion that it is the same for 
students when a group is from 20 to 60 students, and teaching is interactive or when a group is up to 20 
students and teaching is ex cathedra. 
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Table 2: What if analysis 
Scenario Subject Subject characteristics Share 

S 1 

Subject 1 The course is mandatory; Class size is from 20 to 60 students; 
Teaching method is interactive; Final exam is in Serbian language; 
There is a diploma supplement 

25.2% 

Subject 2 The course is mandatory; Class size is up to 20 students; Teaching 
method is interactive; Final exam is in Serbian language; There is a 
diploma supplement 

34.6% 

Subject 3 The course is mandatory; Class size is up to 20 students; Teaching 
method is interactive; Teaching and exams are only in English; There 
is a diploma supplement 

40.2% 

S 2 

Subject 1 The course is mandatory; Class size is from 20 to 60 students; 
Teaching method is interactive; Final exam is in Serbian language; 
There is a diploma supplement 

25.9% 

Subject 2 The course is mandatory; Class size is up to 20 students; Teaching 
method is interactive; Final exam is in Serbian language; There is a 
diploma supplement 

36.2% 

Subject 3 The course type is elective; Class size is up to 20 students; Teaching 
method is interactive; Teaching and exams are only in English; There 
is a diploma supplement 

38.0% 

S 3 

Subject 1  The course is mandatory; Class size is from 20 to 60 students; 
Teaching method is interactive; Final exam is in Serbian language; 
There is a diploma supplement 

27.7% 

Subject 2 The course is mandatory; Class size is up to 20 students; Teaching 
method is ex Cathedra; Final exam is in Serbian language; There is a 
diploma supplement 

27.0% 

Subject 3 The course is mandatory; Class size is up to 20 students; Teaching 
method is interactive; Teaching and exams are only in English; There 
is a diploma supplement 

45.3% 

 
Subjects described in the simulation in most cases already exist or it is necessary to make very small 

changes in order to exist. Simulation showed that a slight change in subject characteristics can significantly 
influence on students’ preferences towards that subject.  

 

 
Figure 5: Preferences share of three scenarios 

4. CONCLUSION 
Creating a marketing strategy and planning marketing activities is unthinkable today without previously 
conducting a market segmentation. As the process of determining market segments, market segmentation 
allows companies to adapt their business to the needs of different subsets of consumers, and thus make a 
profit and gain strategic advantage over its competitors. Today, not only companies, but faculties too, must 
ensure themselves a competitive advantage in order to attract students, that is, to survive in the market. The 
first step towards achieving status of international university is to introduce EMI. 
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This paper explored potential usage of conjoint analysis for market segmentation with emphasis on two 
approaches: a priori and post hoc segmentation. An empirical study was conducted, whose aim was to 
determine students' preferences towards EMI using conjoint analysis, and afterwards to execute a priori and 
post hoc segmentation and determine whether there are differences between different groups of students and 
what they are. In order to determine how will the students respond to changes in teaching, a simulation, 
based on obtained preferences, was performed. 

Post hoc segmentation showed visible differences between segments, which can be used during the 
implementation of EMI. Based on the preferences of the attributes three different groups (segments) of the 
students were identified: "Certificate fans", "Young leaders", and "Choice above all". The study showed how 
the opinion of students is changing through the study. While in the early years of the study, students just 
want to finish college and get a degree as soon as possible and with the least effort, final year students 
attitude is much more mature. Most of the final year students have developed an awareness of the need for 
continuous improvement of personality, both on a professional and on a personal level. These data are very 
useful because they indicate which characteristics it should be paid attention to and how the EMI should be 
structured. A priori segmentation was done according to students’ level of English proficiency (beginner, 
intermediate, advanced). It pointed out to the similarity of respondents at an advanced level of English to the 
segment "Young leaders", which is understandable if one considers that the majority of respondents, 
comprising segment "Young leaders" have advanced knowledge of English. The simulation showed that the 
increase of students’ preferences towards EMI does not require large investments and that only small 
changes in teaching are sufficient to significantly influence the preferences of students. Depending on the 
type of the course, it may be a reduction of the group size to "up to 20 students", organizing the teaching 
entirely in English, or changing method of teaching to interactive. 

To create more effective teaching in the English language, it is important to understand the requirements 
and preferences of students. This study showed that the conjoint analysis can be used for this purpose. 
Important preference forms of students towards teaching in English have been successfully defined. 
Although the fact that the sample consisted of only students of the Faculty of Organizational Sciences, limits 
the applicability of the results only to the faculties of managerial and economic profile, there is a hope that 
future studies will contribute more and elaborate structure of teaching in English more precisely. 
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Abstract: The paper presents the results of a relative efficiency evaluation, performed on the data collected 
from 17 lessors, which operate in Serbia. Collected data covers the reference period of three consecutive 
years – 2009, 2010 and 2011. The relative efficiency of each lessor is evaluated by Data Envelopment 
Analysis (DEA) and Distance Based Analysis (DBA). The companies are ranked based on the obtained index 
of efficiency that is calculated using these two methods. In addition, DEA provides information of inputs 
need to be reduced for some inefficient lessors to become efficient, while DBA provides an overview of the 
most influential inputs in determining the efficiency, and given that each company can establish the optimal 
control in order to increase efficiency. 

Keywords: Efficiency, Data envelopment analysis (DEA), Distance Based Analysis (DBA), leasing 
companies. 

1. INTRODUCTION 
One of the most important principles in every business is the principle of efficiency, which consists in 
achieving the highest possible output with minimal input or investment. The most obvious example of 
efficiency is ratio between one output and one input. Data Envelopment Analysis (DEA) is mathematcal 
technique for comparative efficiency analyses introduced by Charnes, Cooper and Rhodes (1978). It allows 
simultaneous consideration of multiple outputs and multiple inputs and calculates the relative efficiency for 
every observed unit. (Bulajić, Savić and Savić, 2011). Nowadays, DEA is an increasingly popular 
management tool and is widely applied in solving real business problems. At the beginning, DEA has been 
used for the efficiency evaluation of the non-profit units. Later on, the area of application has spread to profit 
sector such as banking insurance and leasing sector. On the other hand, Distance Based Analysis (DBA) 
(Jeremić et al, 2012) is solving the same problem of ranking and evaluating the Decision Making Units 
(DMU), including large amount of attributes. As a result DBA can provide the quantity of information which 
every attribute provides regarding the importance of the attributes in the process of evaluation DMUs.  

In this paper, the efficiency of the 17 leasing companies in Serbia is assessed using DBA and DEA 
methods. The leasing sector is one of the least developed leasing sectors in Europe. However, in past few 
years, there have been some indicators and signs of improvement in this field. The purpose of this research is 
to evaluate and compare efficiency from the different aspects of the business.   
The efficiency is calculated for the period of three consecutive years, 2009, 2010 and 2011. Two methods are 
used: DBA and DEA. Information of the importance of the attributes as a result from applying DBA are used 
for defining weights restriction in applying DEA.  

The paper is organized as follows. The first section describes the main characteristics of leasing sector in 
Serbia with relevant reports of National Bank of Serbia. Next section presents the theoretical background of 
used methods. Furthermore, the problem and the data set on which the methods are applied are presented. 
Next section contains the results and comments. Conclusion and remarks are given in the last section.   

2. LEASING 

2.1. Main characteristics of Leasing sector in Serbia 
Leasing sector has developed in the 1950s of the 19th century in USA. Financial leasing is investing in fixed 
assets or durable goods and presents alternative to own purchases, bank loans and borrowings by debt 
securities.    
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Leasing is very important form of corporate financing regarding financial reasons, simple procedures and 
specialization and experience of lessors.   

Serbian Business Registers Agency keeps a register of financial leasing in accordance with the law 
(http://www.apr.rs). Financial Leasing Register began with operations in 2004. It represents a single 
centralized electronic database containing data of financial leasing agreement, changes and amendments in 
data, notes on dispute concerning the termination of the lease and financial lease contracts. 

2.2. Statements of the National Bank of Serbia (NBS) 
National Bank of Serbia (http://www.nbs.rs) on quarter basis reports about business results of the companies 
which operate in leasing sector in Serbia. In reports, NBS presents the overview of participants in this 
industry, balance structure, balance standing and quality of assets, performance indicators and reserve funds. 

For the analysis of leasing performance NBS uses the following indicators: 
• Return on assets (ROA - %) – proportion of income before taxes and average level of assets,  
• Return on equity (ROE - %) – proportion of income before taxes and average level of equity  
• Net interest margin (%) – proportion of net interest income from and average level of standing from 

financial leasing,  
• Average lending rate (%) – proportion of interest income and average level of standing from 

financial leasing,  
• Average deposit rate (%) – proportion of interest expense and average level of financial debt (long 

term loans, short term loans and other financial debts),  
• Coverage of interest expenses (x) – proportion of income before taxes increased from interest 

expenses and interest expenses, 
• Total debt to equity (x),  
• Long term debt to equity (x),  
• Operating expenses to average standing (%) – proportion of total operating expenses and average 

level of standing from financial leasing. 

3. THEORETICAL BACKGROUND OF METHODS FOR RANKING AND EFFICIENCY 
EVALUATION  

3.1. DBA method  
Implementation of DBA method consider implementation of I distance separately on input attributes and 
output attributes and results normalization with . After that the proportion of results should be calculated.  

In paper „Statistical approach to evaluation of social-economical development of MENA countries“  
(Milenković, Jeremić, Đoković i Dobrota, 2011), authors were using I distance for ranking 18 countries in 
Middle East and North Africa.  

Statistical approach for efficiency evaluation of organizational units was used for evaluation of health 
sector for 27 countries in European Union (Jeremić, Bulajić, Martić, Marković, Savić, Jeremić i Radojičić, 
2012).  

Branislav Ivanović (1977), during his research which obtained ranking of countries and political regions 
according to its development, in period from 1950. to 1970. was observing the large number of social and 
economical attributes. An issue ocurred in this research, how to use all attributes and relative information 
from them and calculate unique indicator, according which the ranking will be enabled. Ivanović defined I-
distance as a combination of all attributes involved in analysis, according which is defined the unique 
procedure for ranking DMUs. In his research the procedure for ranking countries and regions was defined. I-
distance can be used in every similar situations, when the problem is ranking of DMUs according to large 
number of quantitative attributes.  

Lets define X = x1s, x2s, ... , xks as a set of attributes, sorted according to importance for decision making 
unit Ps.  

I-distance for units Pr and Ps is defined as: 

 (1) 

where di(r,s) = xir – xis,  i1, ... , k is a discriminatory effect, or distance between the values of the 
attributes Xi for Pr  and Ps, I  is standard deviation Xi, and rji.12...j-1 is the partial correlation coefficient for Xi 
and Xj. (j  i). 
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I - distance is calculated in following steps: 
 Calculation of value of discriminatory effect for attribute X1, (the most important attribute), 
 On first step the value of discriminatory effect X2 which is not covered by X1 is added,   
 In next step the value of discriminatory effect X3 which is not cover by X1 i X2 is added 
 The steps are repeated for all attributes. 

Formula (2) is used for input oriented model, and formula (2') for output oriented model. 

   (2) 

3.2. DEA method  
American economists Charnes, Cooper and Rhodes (1978) introduced the CCR DEA model with assumption 
of constant returns to scale. The proposed approach was further developed by Banker, Charnes and Cooper 
(1984) known as BCC DEA model that includes variable returns to scale. 

Data Envelopment Analysis (DEA) is a linear programming technique, which is used to measure the 
efficiency of multiple decision-making units (DMUs) using multiple inputs for producing multiple outputs. 
DEA has been successfully applied in efficiency assessment of hospitals, schools, libraries, banks, insurance 
companies, university departments and police stations. 

The basic BCC DEA model (Savić, 2012): 

 
s.t:  

       (3) 

 
, , 

  

where: 

hk is the efficiency of unit k, 

xij is quantity of input i used by observed DMUj ( ), 

yrj is quantity of output r produced by observed DMUj ( ), 

µr is the weight given to output r by base DMUk, 

I is the weight given to input i by base DMUk, 

n is the number of  DMU ( ), 

m is the number of inputs ( ), 

s is the number of outputs ( ), 

 is a very small positive number. 

The I and µr are the variables in model presented above. They are determined as weights assigned to the 
inputs and outputs. This variables need to be greater than or equal to some small positive number , in order 
to avoid any input or output being ignored in determining the efficiency. Each DMU is allowed to adopt the 
most favorable set of weights. The unit is efficient if the efficiency is equal to 1, otherwise if it is less than 1 
it is considered inefficient.  
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The performances of DMUs were evaluated by comparing their performance with the best performing 
DMUs of the data set. The best performing DMUs form the efficiency frontier (Andersen & Petersen, 1993). 
If DMU is enveloped by frontier (e.g. not lay on the frontier), it is considered as inefficient. DEA provides 
information on what are the changes required in input and output data for inefficient DMU to reach the 
efficiency frontier. After the evaluation of the relative efficiency of every DMU, the analysis shows how 
inputs and outputs need to be changed in order to reach the efficiency of the target DMU (Stancheva & 
Angelova, 2004). 

Data Envelopment Analysis (DEA) is becoming an increasingly popular management tool, which is 
applied in solving of the real business problems. 

Output oriented model with restricted weights was used for efficiency evaluation of lessors. Constrains 
are defined as:  

, i = 1, …, m (4) 

, r = 1, …, s (4') 

The expert (user) defines the values of parameters (limits) ,  which introduces the estimation in 
DEA model by taking into consideration the relative importance of inputs and outputs (Martić, Savić, 2001).  

4. PROBLEM DESCRIPTION 
As it was already mentioned above, this paper shows importance of DBA and DEA methods in evaluation 
and ranking of lessors in Serbia. This paper presents the results of applying these methods and 
recommendations for there improvement. In Serbia, at the end of the second quarter of 2012th there were 16 
lessors. The company OTP Leasing d.o.o. Novi Sad is in the process of voluntary liquidation. The data on 
which the above mentioned methods are applied cover the time period of three years: 2009, 2010 and 2011. 
Data were collected from the website of the Serbian Business Registers Agency and include 17 lessors. All 
data are expressed in thousands of RSD. 

DBA and DEA methods were applied on the same dataset. The following attributes were selected: total 
assets, total capital, business outgoings, operating expenses as inputs and income from interest and operating 
income as outputs from the proceses of  performing lesasors services. Operating expenses were calculated as 
the absolute difference of operating profit before tax (business result) and operating profit (regular operating 
result), while business outgoings are represented by the sum of interest expenses from leasing and expenses 
from leasing. These attributes are used for appropriate, comprehensive and quantitative presentation of 
lessors. In numerous previous papers assets were used as an attribute for ranking companies for obvious 
reasons. Capital was chosen in order to show the relations of capital and liabilities in total liabilities, and in 
addition to provide better insight in assets. Operating expenses include domestic and foreign interest 
expenses and expenses from financial leasing (Raiffeisen Leasing d.o.o. Beograd, Notes to the financial 
statements of 2010). These costs include: the cost of insuring the financial lease, the cost of seizure and 
storage of financial leasing, the cost of registration fees for leasing contracts and other expenses arising from 
financial leasing. Business expenses were chosen as an attribute in order to show the cost of operations, and 
in addition to the picture provided by revenues. Business expenses provide information how lessors operate 
and represents fixed costs. As the attributes they are selected to complete the picture of the costs incurred in 
running the business and to compare their value to the revenues. Mentioned attributes are included as inputs 
in the application of methods. As outputs income from interest and operating income are chosen. Income 
from interest includes interest on financial leases and penalty interest. Operating income includes income 
from insurance, income from administrative operations, income from intercalary interest, income from 
issuing warnings for late payment and other income. As the outputs precisely these attributes were chosen, 
because they provide a complete picture of business performance, with goal to increase these values. 

5. APPLICATION OF METHODS AND RESULTS 

5.1. Application of DBA method 
Basic I-distance is applied on the collected data, because all the partial correlations are positive. If a partial 
correlation were negative, squared I- distance would be applied. I-distance is applied separately to the input 
and output attributes, then their ratio was calculated. Since the efficiency were calculated as the value of I-
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distance for inputs divided with the value for outputs, all DMUs with an efficiency less than 1 are considered 
to be efficient. The significance of attributes is presented in Table 1, and the results of DBA method are 
presented in Table 2. 
 
Table 1: The significance of attributes based on DEA method 

Input 2009 2010 2011 
Assets {I} 3.68 3.814 3.532
Capital {I} 3.49 3.575 3.206
Business outgoings {I} 3.46 3.701 3.392
Operating expenses {I} 3.27 3.72 2.908

 

 

 
.   

Table 2: DBA efficiency 

Leasing company 
2009 2010 2011 

DBA Rank DBA Rank DBA Rank 
 "Otp Leasing" d.o.o Novi Sad 0,72 1 10,12 17 11,09 17 
 "Porsche Leasing SCG" d.o.o. Beograd 1,23 13 0,9 6 0,89 10 
“SOGELease Srbija” d.o.o. Beograd 1,11 8 0,87 5 0,78 5 
CA Leasing Srbija d.o.o. Beograd 1,16 10 1,08 10 0,83 7 
EFG Leasing a.d. Beograd 1,37 14 1,42 13 1,32 16 
Hypo Alpe-Adria-Leasing d.o.o. Beograd 1 6 1 8 1 14 
Intesa Leasing d.o.o. Beograd 1,38 15 1,36 12 0,89 11 
Lipaks d.o.o. Beograd 1,73 16 1,65 16 1,22 15 
NBG Lizing d.o.o. Beograd 1,08 7 0,92 7 0,81 6 
NLB Leasing d.o.o. Beograd 1,21 12 1,5 15 0,9 12 
Piraeus Leasing d.o.o. Beograd 2,09 17 1,21 11 0,99 13 
Procredit Leasing d.o.o. Beograd 0,88 4 0,73 1 0,66 3 
Raiffeisen Leasing d.o.o. Beograd 0,94 5 0,75 2 0,85 9 
S-leasing d.o.o. Beograd 0,87 3 0,86 4 0,62 2 
Unicredit Leasing Srbija d.o.o. Beograd 1,14 9 1,46 14 0,75 4 
VB Leasing d.o.o. Beograd 1,17 11 0,76 3 0,5 1 
Zastava Istrabenz Lizing d.o.o. Beograd 0,85 2 1,06 9 0,85 8 

 
Based on the results of DBA method, there are six efficient leasors which represents 35% of the total 

observed sample. In comparison to 2010, in 2011 there has been a small change. The number of efficient 
lessors has increased to 14. Although VB Leasing has lower values of attributes in comparison to the S-
Leasing, it has rank 1 with an efficiency of 0.5, which represents a better result compared with the first-
ranked DMU in 2009 and 2010. Lipaks d.o.o. and EFG Leasing are ranked as inefficient for all three years of 
the analysis. OTP Leasing has dropped from 1st place in 2009 to last place in 2010 and 2011. The reasons for 
that is drastic reduction of outputs compared to a smaller reduction of inputs due to operating expenses. In 
2011 interest expenses were 0. 

Spearman correlation coefficient (Kossowski, Hauke, 2011) shows that there is a significant correlation 
between the results in 2010 and 2011. The results in 2009 are more correlated with the results in 2010, but 
the correlation was not statistically significant. It is assumed that there was a transition in 2010, which 
influenced the results in 2010 and 2011. (Figure 1). 

Output 2009 2010 2011 
Income from interest  {O} 1.00 1.00 0.965
Operating income {O} 0.98 0.952 0.776
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Figure 1: Spearman correlation coefficient for DBA method 

5.1. Application of DEA method 
DEA method is applied on the same database as the DBA method. To obtain the results EMS software is 
used (http://www.dea.com). In order to rank companies the super-efficiency computation has been selected 
(Lovell C, Rouse A, 2003). The output-oriented model was chosen, because the logic of getting the highest 
possible output values from the available inputs. The first application of DEA was performed without 
weights restrictions and a result was a very large number of efficient companies. DEA method without 
weight restriction in the case of assessing the efficiency of lessors assigns to some attributes weights value 
zero and thus completely ignores their effect. 

In order to provide adequate presentation of business and ranking DMU, DEA method with weight 
restriction was used. To determine the importance of attributes, the results of first phase in the application of 
DBA method were used, and to determine the boundaries of weights the correlation of data were used. 

Induction of weights restriction constricts the set of available values for weights, and thus reduces the 
number of relatively efficient units. 

Importance of attributes from 2009 to 2011 based on the results of DBA method has been normalized 
with L1 metric. Correlation matrix is calculated according to attribute importance for each year (Alp, Mecit, 
2012). Final correlation matrix is shown in Table 3. Values in the final matrix are average values of 
correlation matrix for these three years.  

 
Table 3: The correlation matrix 

  Assets 
{I} 

Business 
outgoings 
{I} 

Capita
l {I} 

Operating 
expenses 
{I} 

Income from 
interest {O} 

Operating 
income{O} 

Assets {I} 1.00 0.86 0.90 0.91 0.97 0.82 
Business outgoings {I} 0.86 1.00 0.74 0.76 0.92 0.82 
Capital {I} 0.90 0.74 1.00 0.78 0.88 0.71 
Operating expenses{I} 0.91 0.76 0.78 1.00 0.91 0.72 
Income from interest{O} 0.97 0.92 0.88 0.91 1.00 0.84 
Operating income {O} 0.82 0.82 0.71 0.72 0.84 1.00 

 
I = {i1, i2, i3, i4} the vector of input attributes. 

O = {o1, o2} the vector of output attributes. 

General note of inequalities for weight restriction is: W(i, o) > 0. In order to formulate restriction for 
weights, general note is applied separately for input and output attributes (Wang, Luo, Liang, 2008). Number 
of restrictions is equal to (I -1)! + (O - 1)! which in this case is 7. 
All inequalities for weight restriction of input attributes are in the following form: 

aj * ij + bk * ik > 0, j ≠ k, i = 1, 4   (5) 

612



aj i bk are  correlation coefficients. As the attribute total assets is more important than business expenses 
based on the results of DBA method, relation i1> i2 is valid. This restriction alone is not enough, because i1 
can be irrelevantly greater than i2, which satisfies the restriction. Using correlation between assets and 
business expenses, the restriction can be written as: 

  (6) 

Restrictions for other attributes are: 

  

  

 

  

  

  

Results of applying DEA with restricted weights are shown in Table 4. 

Table 4: DEA efficiency 

Leasing company 
2009 2010 2011 

DEA Rank DEA Rank DEA Rank
 "Otp Leasing" d.o.o. Novi Sad  156.41% 12 320.87% 17 560.62% 17
 "Porsche Leasing SCG" d.o.o. Beograd 105.38% 3 116.35% 5 132.43% 6
“SOGELease Srbija” d.o.o. Beograd 151.16% 10 121.31% 6 139.57% 8
CA Leasing Srbija d.o.o. Beograd 136.54% 8 153.65% 10 147.45% 9
EFG Leasing a.d. Beograd 182.95% 16 193.81% 15 245.13% 16
Hypo Alpe-Adria-Leasing d.o.o. Beograd 133.27% 7 130.91% 9 135.36% 7
Intesa Leasing d.o.o. Beograd 168.50% 14 163.41% 11 178.24% 12
Lipaks d.o.o. Beograd 239.27% 17 186.11% 13 193.27% 15
NBG Lizing d.o.o. Beograd 152.96% 11 125.21% 7 128.01% 5
NLB Leasing d.o.o. Beograd 165.73% 13 205.59% 16 180.63% 13
Piraeus Leasing d.o.o. Beograd 180.48% 15 174.04% 12 172.24% 11
Procredit Leasing d.o.o. Beograd 86.62% 1 99.79% 2 95.83% 3
Raiffeisen Leasing d.o.o. Beograd 112.01% 4 93.25% 1 95.65% 2
S-leasing d.o.o. Beograd 128.47% 6 112.48% 4 125.91% 4
Unicredit Leasing Srbija d.o.o. Beograd 139.63% 9 189.60% 14 181.64% 14
VB Leasing d.o.o. Beograd 114.37% 5 99.87% 3 92.79% 1
Zastava Istrabenz Lizing d.o.o. Beograd 101.09% 2 129.46% 8 165.54% 10

 

In 2009 only Procredit is ranked as efficient unit and is used as exemplary unit. In this year due to the 
high value of the operating expenses and low value of operating income the weights that come with these 
attributes is assigned a value 0 for ranking the lessor ProCredit. In ranking Zastava weights that go along 
with business outgoings, capital and operating expenses have value 0 for the same reasons. Operating income 
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have a higher value than income from interest, and the weight of the output attributes are formed to comply 
with the limit and allocate the operating income as more important. Recommendation to Zastava in order to 
move in a relatively efficient units is to reduce business outgoings for 591 (the current state is 33,641), 
capital for 105,777.62 (the current state is 142,367) and operating expenses for 8,474.33 (the current state 
9,244). The realization of these recommendations is possible, so the Zastava has a chance in the future to be 
ranked as a relatively efficient. Of course, its ranking in the future depends on the business competition and 
its efficiency. Next ranked are: Porsche, Raiffeisen and VB. The percentage share of operating expenses in 
total costs for these three DMU is very high, that is why the weight that goes with this attribute is assigned a 
value 0. Porsche is one of the smaller lessors keeping into the account the value of assets, also with available 
inputs achieves proportionately lower income from interest. Value of operating income is higher than value 
of relatively better DMUs, but this output is less important than income from interest. To become an efficient 
DMU Porsche needs to reduce capital and operating costs for 96,535.71 and 184,238.5 respectively. The 
current values for these attributes are 260,101 and 243,816. Raiffeisen ranks second (the first is the Hypo 
Alpe Adria) based on the value of assets. Recommendations to increase the efficiency by reducing the capital 
(from 907,584 to 1,140,864) and operating expenses (from 566,209 to 299,523). VB has a very high value of 
operating expenses, the weight that goes with this attribute is assigned with value 0, and the recommendation 
is to reduce these costs by 45%. 

In 2010  three units were rated as relatively efficient, based on the results shown in Table 4. In addition to 
ProCredit, Raiffeisen and VB are ranked as efficient. Raiffeisen appears 11 times as an exemplary unit to 
inefficient units, and ProCredit 3 times. Only Zastava as inefficient unit has to reduce business outgoings by 
16% in order to become efficient. Zastava and  OTP should reduce operating expenses over their value. Only 
Piraeus as a recommendation has to increase the operating income by 20% in order to achieve efficiency. 

 Number of efficient DMU in 2011 remained the same. Raiffeisen is an exemplary unit for following 
DMUs: S-Leasing, Porsche, Hypo Adria Alpha, Zastava, Intesa Lipaks and OTP. These units are based on 
the values of attribute larger DMUs. ProCredit is an exemplary unit for following DMUs: NBG, SoGe, CA, 
Piraeus, NLB, EFG, while the VB is an exemplary unit only for UniCredit. Only Hypo Alpe Adria should 
increase operating income for 154%. 

 The greatest correlation is for results of the 2010 and 2011 , which could be concluded from the table of 
results. Results in 2009 are more correlated with the results of 2010 than with the results of 2011. Based on 
Spearman 's correlation coefficient correlation data is statistically significant for mutual comparison of all 
three years (Figure 2). 

 
Figure 2: Spearman correlation coefficient for DEA method 

5.3. Comparative analysis of results 
Comparative analysis provides an insight of the differences of results from application of two different 
methods. In addition, based on the method for determining the efficiency of different methods reasons can be 
defined for differences in the results. 

For the purpose of calculation the correlation of DBA and DEA methods the Spearman's correlation 
coefficient for each observation period has been used. Spearman correlation coefficient has the highest value 
for 2010 (0.971), i.e. the highest correlation of the results of DBA and DEA methods is in 2010, followed by 
the 2011 (0.714) and the lowest correlation is in 2009 (0.618). 

The biggest difference in ranking in 2009 is for OTP (DBA provides better rank) and Porsche (DEA 
provides better rank). OTP has the lowest value of all attributes. It is ranked as the number 1, using the DBA 
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because it has the lowest value of I-distance for the input and output attributes. DEA ranked OTP much 
lower because with low values of input attributes; it achieves significantly lower values of output attributes. 
Porsche has rank 3 with the DEA method, because it achieves relatively high levels of output with current 
inputs. The difference in ratings for VB is 6, for NBG 4 and for ProCredit Leasing and S-Leasing is 3. 

The biggest difference in the ranking in 2010 is for LIPAKS and it is 3. DEA has made this a better 
ranking lessor. The difference of 2 is for the EFG, except that in this case DBA gave a better ranking. All 
other differences in ranks are 0 and 1. 

The biggest difference in 2011 in ranking is for UniCredit, then Hypo Alpe Adria and Raiffeisen. DEA 
has given law rank for UniCredit due to low income compared to the values of input attributes. DBA has 
assigned better rank to this DMU because the I-distance applied to the output attributes for UniCredit is 
greater than I-distance applied to input attributes. Hypo Alpe Adria, Raiffeisen and Porsche are better ranked 
based on DEA method. 

6. CONCLUSION 
This paper presents the efficiency measurement of  leasing companies in Serbia. Leaders in the leasing 
industry, companies that follow them and those that are inefficient are identified using DEA and DBA 
methods. In order to survive in the market inefficient companies have to change their business principles. 

The results has shown that DEA and DBA methods can be sucessfuly used for effciiency evaluation and 
ranking in leasing sector. DBA method is based on statistical I-distance method and can be consider as ideal 
point method, while DEA is considered as frontier analyst method. This difference can cause diference in 
ranking of the observed units. Besides ranking, DBA is useful for finding out the importance of used criteria 
in efficiency evaluation. The obtained importance is the same for all units in the observed dataset. On the 
oposite, DEA assign different weighs to each criteria for every DMU. DEA allows determining counterpart 
units and target setting. In this paper results of DBA have been included into DEA in the phase of weight 
restriction setting. This procedure was useful for obtaingn more realistic results 

Future research in this industry can include data for the upcoming years and changes that are made in 
leasing industry. Further research can monitor the developing trends and growth of the leasing companies in 
Serbia. Re-ranking can show which leasing company has survived, has grown and developed, has sustainable 
business and increased earnings. 
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Abstract: The Service Oriented Approach (SOA) is based on the idea that distributed applications can be
flexibly composed by integrating independently developed component services. When choosing actual services
to be included in the composition their non-functional (Quality of Service – QOS) properties must also be taken
into account due to the fact that a large number of available services offer similar functionality. On the other
hand certain constraints regarding the required performances (i.e. the required QoS levels) may also be given.
Therefore, web service selection presents a multi-objective multiple constraint problem and in this paper we
model it as a discrete multi-objective linear fractional programming problem (MOLFPP). In order to solve this
problem we adapt a previously published technique for generating strongly efficient solutions to a MOLFPP to
the discrete case. We present a complete methodology for solving the web service selection problem and report
the experimental results obtained by testing it on 50 instances generated by varying the input parameters.

Keywords: Web service selection, SOA, QoS, multi objective programming, linear fractional programming.

1. INTRODUCTION

A large number of software components providing certain functionality i.e. web services are accessible on the
Internet and they can be grouped into classes on the basis of the functionality they provide. When a desired
functionality cannot be provided by a single service it might be achieved by executing a set of different services
which is the basis of the Service Oriented Approach (SOA) [2]. In SOA distributed applications can be flexibly
composed by integrating independently developed component services. To this end, the first step would be to
establish which classes are necessary for achieving the desired complex functionality. The next step would be to
choose actual services from each of the required classes to be included in the composition.

However, with the proliferation of web services offering similar functionality, developed on various platforms
and in various programming languages, the problem of how to choose the best one from a given class has
become increasingly important. Thus the non-functional properties of services - Quality of Service (QoS) have
become even more relevant. On the other hand, certain constraints regarding the required performances (i.e.
the required QoS levels) are usually also given. Therefore, the goal is to select the composition with the best
performance which at the same time satisfies the given constraints.

There are different approaches in literature for modeling the web service selection problem. In a large
number of them it is modeled as a multi- dimensional multiple-choice knapsack problem (MMKP) (e.g. [12, 1]).
Other approaches propose modeling the problem as a multiconstrained optimal path (MCOP) problem [10, 11]
or a resource constrained project scheduling problem [5]. Most of these approaches use the Simple Additive
Weighting technique (SAW) for combining the multiple QoS related criteria into a single utility function.

At the same time various approaches, both exact and heuristic, have been proposed, as well, for solving
the problem. Approaches for obtaining exact solutions of the problem include Integer Linear Programming
[12, 1], Branch and Bound Integer Programming [10, 11], Dynamic Programming [3, 4] (however, in these
last two papers the authors assume the absence of QoS constraints which is too restrictive for most real-worlds
problems), etc. In light of the large number of different approaches for solving the problem which are closely
tied to the models used for formulating the problem it would be impossible to give a comprehensive overview
within the space constraints of the paper. A detailed survey of the various approaches can be found in [6, 8].

When the selection has to be made on the basis of several QoS attributes the problem becomes a multi-
objective one. In order to model this problem we favorable combine the original objectives and formulate a
multi-objective linear fractional programming (MOLFP) problem. Using the procedure introduced in [7] we
generate an efficient solution to the MOLFP problem and adopt it as a solution to our initial problem. To the
best of our knowledge this is the first time that multi-objective linear fractional programming is proposed for
modeling and solving the web service selection problem.
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The remainder of the paper is organized as follows: in Section 2 the web service selection problem is
explained in detail. Section 3 describes the MOLFP model that we propose for solving the web service selection
problem. This section also outlines the technique for deriving efficient solutions to the formulated model.
Experimental results are presented in Section 4. Finally, in Section 5 conclusions and ideas for further work are
offered.

2. THE WEB SERVICE SELECTION PROBLEM

Selecting the best web service for a given functional requirement from a vast collection of suitable services
available on the internet is not an easy task, and non-functional requirements (QoS) usually play an important
role in the decision making process. When the desired functionality cannot be provided by a single service but
might be achieved by executing a set of services the task becomes even more complex. First it is necessary to
determine the essential components, each providing part of the desired functionality, and then compose them in
an appropriate manner. Once the composition has been established the next step is to select actual services for
each of the components. The web service selection problem therefore, consists of selecting component services
in such a manner that the resulting composition not only fulfils the desired functional requirements but is also
optimal in terms of the relevant non-functional requirements.

Given a set of classes C = {C(1), ...,C(m)} which are necessary to provide the required functionality, each
consisting of a set of services si j, the aim is to select a single service from each of the classes to be included in
the composition CS. Since the selection should be made on the basis of non-functional requirements first the
relevant QoS attributes must be chosen qk(k = 1, ...,n).Though there exist various QoS attributes which could
be regarded (a detailed description can be found in [9]) only four most commonly used attributes have been
chosen for illustrating the proposed approach (Table 1:).

Table 1: Selected QoS attributes

QoS Attribute Description Unit
Response time Time taken to send a request and receive a response. millisecond
Latency Time the server takes to process a given request. millisecond
Availability The probability that a service is operating. Percent
Reliability Ratio of the number of error messages to total messages. Percent

When selecting services for a composition the basis for the selection should be the performances of the
composite service as a whole. Several challenges arise when computing the overall QoS for a web service
composition. First, the QoS values need to be aggregated in some way, and the nature of the aggregation depends
on the chosen QoS attributes e.g. the response time of a web service composition is calculated as the sum of
the response times of the participating services, the throughput of a composition is equal to the throughput of
its fastest component, while the reliability is calculated as the product of the reliabilities of the participating
services etc. (Table 2:). Next, if the selection should be made on the basis of more than one QoS attribute it is
necessary to take into account the fact that for some of the QoS attributes the maximum value is preferable,
while for others the minimum value is preferred.

Table 2: Composite QoS characteristics

QoS Attribute Aggregation Formula Type

Availability q1(x) =
m

∏
i=1

pi

∑
j=1

q1
i jxi j max

Response time q2(x) =
m

∑
i=1

pi

∑
j=1

q2
i jxi j min

Reliability q3(x) =
m

∏
i=1

pi

∑
j=1

q3
i jxi j max

Latency q4(x) =
m

∑
i=1

pi

∑
j=1

q4
i jxi j min

Generally, certain constraints regarding the performances (i.e. the required QoS attribute levels) of the
composite service are also given Q = {Q1, ...,Qn}, so the goal then becomes to select the best composition
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which satisfies the given constraints. It should be noted that, in general, the set of attributes on the basis of which
the selection should be made need not necessarily be the same as the set of attributes for which the constraints
are given and the proposed approach does not require that these sets be the same.

When the selection has to be made on the basis of several QoS attributes the problem becomes a multi-
objective problem and could be stated as follows: It is necessary to maximize the functions q1(x) and q3(x) and
at the same time minimize the functions q2(x) and q4(x) while satisfying the following constraints:

qk(x)≤ Qk, k = 1, ...,n,
pi

∑
j=1

xi j = 1, i = 1, ...,m,

xi j ∈ {0,1}, j = 1, ..., pi; i = 1, ...,m,

where k = 1, ...,n denotes the relevant QoS attributes; i = 1, ...,m the classes in the composition and j = 1, ..., pi
the services in class C(i). The variable xi j is set to 1 if the corresponding service should be included in the
composition otherwise, it is set to 0.

3. SOLVING THE WEB SERVICE SELECTION PROBLEM

3.1. Modeling

There are different approaches in literature for modeling the web service selection problem. Most of them
use the Simple Additive Weighting technique (SAW) for combining the multiple QoS related criteria into a
single utility function. Each of the chosen QoS attributes is assigned a preference (usually arbitrary) and a
weighted sum is composed. Bearing in mind that the QoS attributes are often heterogeneous and defined using
different metrics it is also necessary to normalize their values so that they can be uniformly combined in the
utility function.

In this paper we propose a new method for solving the multi-objective problem: we pair the initial objectives
and optimize their ratios. In this way the assignment of arbitrary weights to the chosen QoS attributes is avoided
and there is no need to normalize the values of these attributes. The initial problem is transformed to the discrete
multi-objective fractional programming problem

max
x∈X

{
z(x) =

(
q1(x)
q2(x)

,
q3(x)
q4(x)

)}
(1)

subject to:

qk(x)≤ Qk, k = 1, ...,4,
pi

∑
j=1

xi j = 1, i = 1, ...,m, (2)

xi j ∈ {0,1}, j = 1, ..., pi; i = 1, ...,m.

For the stated problem the objective function will consist of two fractions. The nominators and denominators
in the objective function represent the composite QoS values calculated according to the formulas given in
(Table 2:). Taking into account the nature (unit measure and type) of the selected attributes, the composite
Availability and Response Time have been chosen for the first fraction, while the composite Reliability and
Latency will be represented by the second fraction. Since the Response Time and Latency should be minimized
while the Availability and Reliability should be maximized the former are designated as the denominators while
the latter are designated as the nominators of the fractions. Thus, both fractional objectives will have the same
unit (percent/millisecond) and will be maximized.

Obviously the given model could be augmented for any given number of correlated QoS attributes (thus
increasing the number of fractions) though only four have been chosen in this paper for illustrative purposes.
This generalization does in no way restrict the applicability of the proposed solution.

This multi-objective fractional programming problem is non-linear. However, it would be easier to solve
such a problem if it was defined as a linear one. To achieve this some adjustments must be made. First, the
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non-linear aggregation functions are transformed into linear ones (e.g. by applying a logarithmic function to the
products to transform them into sums of logarithms). The relation

log

(
m

∑
i=1

pi

∑
j=1

qk
i jxi j

)
=

m

∑
i=1

pi

∑
j=1

(log(qk
i j))xi j, k = 1,3

is true knowing that, for any feasible solution, exactly one xi j is 1 and all others are 0, for each i = 1, . . . ,m.
Next, since both the nominators and denominators must be positive functions [7] and the logarithmic

functions do not meet this requirement they must be scaled by adding a value αl to them to render them positive
(since the denominator functions are positive there is no need to adjust them). The values αl are calculated as
follows:

α1 = w+
m

∑
i=1
| min

j=1,...,pi
log(q1

i j)| (3)

α2 = w+
m

∑
i=1
| min

j=1,...,pi
log(q3

i j)|

where w is a parameter which is set to an appropriate value to ensure that the smallest possible sum is always
strictly greater than smallest possible value of the sum of logarithms of the aggregating function (e.g. w = 1).

Now the discrete MOLFP model of the web service selection problem could be formulated as follows:

max
x∈X

{
z(x) =

(
∑

m
i=1 ∑

pi
j=1(log(q1

i j))xi j +α1

∑
m
i=1 ∑

pi
j=1 q2

i jxi j
,
∑

m
i=1 ∑

pi
j=1(log(q3

i j))xi j +α2

∑
m
i=1 ∑

pi
j=1 q4

i jxi j

)}
(4)

subject to:

m

∑
i=1

pi

∑
j=1

(log(qk
i j))xi j ≤ log(Qk), k = 1,3,

m

∑
i=1

pi

∑
j=1

qk
i jxi j ≤ Qk, k = 2,4, (5)

pi

∑
j=1

xi j = 1, i = 1, ...,m,

xi j ∈ {0,1}, j = 1, ..., pi; i = 1, ...,m.

3.2. Solving

The use of a novel technique introduced in [7] is proposed for solving the posed problem. As shown in the cited
paper this technique can be used to generate strongly efficient solutions to a MOLFPP starting from any feasible
solution. It should be noted that this technique has been formulated for MOLFPP where the solution space is
continuous. Since the solution space of the posed problem is in fact discrete an adaptation has been made to suit
this case.

Denoting

F1(x) =
m

∑
i=1

pi

∑
j=1

(log(q1
i j))xi j

F3(x) =
m

∑
i=1

pi

∑
j=1

(log(q1
i j))xi j
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we construct the following discrete linear programming problem on the basis of the posed MOLFPP (4)-(5):

max(d+
1 +d+

2 +d−1 +d−2 )

s.t. F1(x)+α1−d+
1 = (F1(x∗)+α1)θ1,

F3(x)+α2−d+
2 = (F3(x∗)+α2)θ2, (6)

q2(x)+d−1 = q2(x∗)θ1,

q4(x)+d−2 = q4(x∗)θ2,

Fk(x)≤ log(Qk), k = 1,3,

qk(x)≤ Qk, k = 2,4,
pi

∑
j=1

xi j = 1, i = 1, ...,m,

xi j ∈ {0,1}, j = 1, ..., pi; i = 1, ...,m,

d+
1 ,d

+
2 ,d

−
1 ,d

−
2 ,θ1,θ2 ≥ 0

Problem (6) is the adaptation of the problem referred in [7] and is used for constructing the procedure for
finding efficient points. Let x0 be an arbitrary feasible solution to problem (5). The following procedure will
generate an efficient solution to problem (5)

Step 1: Set x∗ = x0 and h = 1.

Step 2: Solve problem (6). Let (xh,θh,dh+,dh−) be its optimal solution.

Step 3: If d+
1 + d+

2 + d−1 + d−2 = 0, STOP, xh is a strongly efficient solution to problem (5). Otherwise,
set x∗ = xh, h = h+1 and go to Step 2.

The philosophy of problem (6), as it was proven in [7], is that by maximizing the sum of the deviation
variables the values of all objectives increase or remain unchanged. Thus, in each step of the procedure a better
point is obtained. The procedure stops when no increase is possible. These facts function in the same way in the
discrete case as in the continuous one.

4. EXPERIMENTAL RESULTS

The proposed technique was tested by varying the number of classes (m) and services in the classes (p). The re-
sults were compared to the results obtained through an exhaustive search of combinations where possible. Every
time an efficient solution to the initial problem was obtained. The proposed algorithm has been implemented in
GNU MathProg. The optimization problems were solved using GLPK. The experiments were performed on 50
test instances and for each instance an efficient solution was obtained in less than 1 second, except in the case of
larger instances (e.g. 10x1000) where the time was between 40 and 400 seconds per iteration. The results are
summarized in the following table.

Table 3: Experimental results (the exhaustive search time given in the second row is measured in milliseconds)

m=3 p=10 m=7 p=10 m=10 p=10 m=10 p=100 m=10 p=1000
Time: 15.625 Time: 46859.4 Time: 26218031.25 Time: N/A Time: N/A

Instance Iterations Instance Iterations Instance Iterations Instance Iterations Instance Iterations
1 1 1 1 1 2 1 2 1 2
2 1 2 1 2 2 2 2 2 3
3 1 3 1 3 2 3 2 3 2
4 1 4 1 4 2 4 2 4 3
5 1 5 1 5 2 5 2 5 2
6 1 6 1 6 2 6 3 6 2
7 1 7 1 7 2 7 3 7 2
8 1 8 1 8 2 8 2 8 2
9 1 9 1 9 2 9 2 9 2
10 1 10 1 10 2 10 2 10 2
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The results show that the proposed technique generates a strongly efficient solution from an arbitrary feasible
solution in an extremely short timeframe in just a few iterations, regardless of the dimensions of the problem.

5. CONCLUSION

The web service selection problem for a required functionality consists of creating an optimal composition of
web services (in terms of its non-functional requirements i.e. the chosen QoS attributes) by selecting adequate
component services, from sets of available services, each providing part of the desired functionality. When the
selection should be made on the basis of several QoS attributes the problem presents a multiple criteria problem.

In this paper we proposed a MOLFP model. The benefits of the proposed approach in comparison to the
customary Simple Additive Weighting Technique (SAW) used in most existing approaches based on the MMKP
model are twofold. Firstly, the assignment of preferences, which are usually arbitrary, is avoided. Secondly,
since the QoS attributes are usually heterogeneous and defined using different metrics it is usually necessary to
normalize their values in order to uniformly combine them into a single utility function. Since the proposed
model does not require that a single utility function be constructed there is no need to normalize these values.

Subsequently, for solving the posed problem the use of a novel technique for generating efficient solutions
for such problems was proposed. The experimental results show that the proposed technique results in an
efficient solution in a short timeframe and in just a few iterations, regardless of the dimensions of the problem.
The exact solution for 100 services from 10 classes was found, through an exhaustive search of combinations, in
7.5 hours while it was found in less than 2 seconds by the proposed technique. It should be noted that even for
larger instances containing up to a 1000 services per class the proposed technique took less than a minute while
it was impossible to time the exhaustive search for these instances.

The proposed technique yields a single strongly efficient solution which is only convenient for a priori
decision making. Further work in this area may be related to exploring the possibility of obtaining all of the
efficient solutions of the posed problem. It is assumed that this could be achieved by varying the value of
parameter w in (3). Exploring this hypothesis will be the subject of further work.
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Abstract: We consider some types of generalized convexity and discuss new global semiparametric sufficient
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1. INTRODUCTION

Optimization problems on a measure space belong to optimization problems involving functions defined on a
σ-algebra of subsets of a finite atomless measure space. Such problems appear in several applications including
electrical insulator design, optimal distribution of crops subject to rainfall in the given region, shape optimization,
fluid flow, optimal plasma confinement and statistics. The investigations in the field of optimization problems on
a measure space followed closely on the lines of development in nonlinear programming with point-functions. A
good account of optimality conditions and duality for programming problems involving set and n-set functions
can be found in the paper of Stancu-Minasian and Preda [4] and the references therein.

Consider the multiobjective fractional subset programming problem

min
(

F1(S)
G1(S)

,
F2(S)
G2(S)

, ...,
Fp(S)
Gp(S)

)
subject to H j(S)5 0, j ∈ q, S ∈ An,

(P)

where An is the n-fold product of the σ-algebra A of subsets of a given set X , Fi,Gi, i ∈ p = {1,2, ..., p}, and
H j, j ∈ q = {1,2, ...,q}, are real-valued functions defined on An , and Gi(S)> 0, for all i ∈ p and S ∈ An such
that H j(S)5 0, j ∈ q. Let F ={S ∈ An : H j(S)5 0, j ∈ q} be the set of all feasible solutions to (P). We further
assume that F is nonempty.

For any vectors x = (x1,x2, . . . ,xm), y = (y1,y2, . . . ,ym) ∈ Rm, we denote x 5 y iff xi 5 yi for each i ∈M =
{1,2, ...,m}; x≤ y iff xi 5 yi for each i ∈M and x 6= y; x < y iff xi < yi for each i ∈M. We write that x ∈ Rm

+ iff
x = 0.

In Problem (P) minimality is taken in terms of efficient solution as defined below.
A feasible solution S0 ∈ F is said to be an efficient solution to (P), if there is no other S ∈ F such that(

F1(S)
G1(S)

,
F2(S)
G2(S)

, ...,
Fp(S)
Gp(S)

)
≤
(

F1(S0)

G1(S0)
,

F2(S0)

G2(S0)
, ...,

Fp(S0)

Gp(S0)

)
.

Zalmai [7] introduced a new class of generalized convex n-set functions, called (F ,α,ρ,θ)-V -convex
functions, and presented numerous sets of parametric and semiparametric sufficient efficiency conditions for
Problem (P).The function F was assumed to be a sublinear function in the third argument.

Stancu-Minasian and Paraschiv [3] presented global semiparametric sufficient efficiency conditions for
Problem (P) using the new class of (F ,b,φ,ρ,θ)-univex n-set functions, defined in Zalmai [6], assuming that
F is a convex function in the third argument. The class of convex functions is more general than the class of
sublinear functions.

Stancu-Minasian and Stancu [5] presented new global semiparametric sufficient efficiency conditions for
Problem (P) using the same functions defined by Zalmai [6], by using a partition of q and assuming that F is a
convex function in the third argument.

In this paper we present new generalized semiparametric sufficient efficiency conditions for Problem (P),
using the same class of (F ,b,φ,ρ,θ)-univex n-set functions, by using a partition of p in addition to those of q
considered in [3] and [5]. In our approach, we also suppose that F is a convex function in the third argument.
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2. DEFINITIONS AND PRELIMINARIES

Let (X ,A,µ) be a finite atomless measure space with L1(X ,A,µ) separable, and let d be the pseudometric on An

defined by

d(R,S) =

[
n

∑
k=1

µ2 (Rk∆Sk)

]1/2

,

where R = (R1,···,Rn) and S = (S1,···,Sn) ∈ An and ∆ denotes the symmetric difference.
Thus, (An,d) is a pseudometric space. For h ∈ L1(X ,A,µ) and T ∈ A, the integral∫

T
hdµ is denoted by 〈h,χT 〉, where χT ∈ L∞(X ,A,µ) is the indicator (characteristic) function of T .

Definition 2.1. [2] A function F : A→R is said to be differentiable at S∗ ∈ A if there exist DF(S∗) ∈ L1(X ,A,µ),
called the derivative of F at S∗ , and VF : A×A→ R such that

F(S) = F(S∗)+ 〈DF(S∗),χS−χS∗〉+VF(S,S∗),

for each S ∈ A, where VF(S,S∗) is o(d(S,S∗)), that is,

lim
d(S,S∗)→0

VF(S,S∗)
d(S,S∗)

= 0.

Definition 2.2. [1] A function G : An → R is said to have a partial derivative at S∗ = (S∗1, ...,S
∗
n) ∈ An with

respect to its i-th argument, if the function F(Si) = G(S∗1, ···,S∗i−1,Si,S∗i+1,···,S
∗
n) has derivative DF(S∗i ), i ∈ n =

{1,2, . . . ,n}.
We define DiG(S∗) := DF(S∗i ) and write DF(S∗) = (D1F(S∗),···,DnF(S∗)).

Definition 2.3. [1] A function G : An → R is said to be differentiable at S∗ if there exist DF(S∗) and WG
: An×An→ R such that

G(S) = G(S∗)+
n

∑
i=1

〈
DiG(S∗),χSi−χS∗i

〉
+WG(S,S∗),

where WG(S,S∗) is o(d(S,S∗)) for all S ∈ An.
In what follows we consider F : An×An × Rn → R and a differentiable function F : An → R. Let b :

An×An→ R+,θ : An×An→ An×An such that S 6= S∗⇒ θ(S,S∗) 6= (0,0) , φ : R→ R and a real number ρ.
Definition 2.4. [6] A function F is said to be (strictly) (F ,b,φ,ρ,θ)- univex at S∗ if

φ(F(S)−F(S∗))(>)= F (S,S∗;b(S,S∗)DF(S∗))+ρd2(θ(S,S∗))

for each S ∈ An.
Definition 2.5. [6] A function F is said to be (strictly) (F ,b,φ,ρ,θ)- pseudounivex at S∗ if

F (S,S∗;b(S,S∗)DF(S∗))=−ρd2(θ(S,S∗)) =⇒ φ(F(S)−F(S∗)) (>) = 0

for each S ∈ An,S 6= S∗.
Definition 2.6. [6] A function F is said to be (prestrictly) (F ,b,φ,ρ,θ) -quasiunivex at S∗ if

φ(F(S)−F(S∗))(<)5 0 =⇒ F (S,S∗;b(S,S∗)DF(S∗))5−ρd2(θ(S,S∗))

for each S ∈ An.

3. GENERALIZED SUFFICIENT EFFICIENCY CRITERIA

For Problem (P), Zalmai ([7], Theorem 2.1) gave necessary conditions of efficiency.
In this section we formulate and discuss several families of generalized sufficiency results for (P) with the

help of a partitioning scheme on the index sets p and q.
Let {J1,J2, ...,Jm} be a partition of the index set q; thus Jr ⊂ q for each r ∈ {1,2, ...,m}, Jr∩ Js = /0 for each

r 6= s, and
m
∪

r=1
Jr = q. Also, let {I1, I2, ..., Ik} be a partition of p such that K = {1,2, ...,k} ⊂M = {1,2, ...,m}. In

addition, we shall make use of the function Λt(·,v): An→ R defined for fixed v by

Λt(T,v) = ∑
j∈Jt

v jH j(T ), t ∈M.
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Let the function Ωt(·,S,u,v) : An→ R be defined, for fixed S,u,v, by

Ωt(T,S,u,v) = ∑
i∈It

ui [Gi(S)Fi(T )−Fi(S)Gi(T )]+ ∑
j∈Jt

v jH j(T ), t ∈ K.

Let m = |M| , m1 = |M1| , m2 = |M2| , where {M1,M2} is a partition of M.
Let S∗ ∈ F and assume that Fi, Gi, i ∈ p, and H j, j ∈ q, are differentiable at S∗, and that there exist

u∗ ∈U =

{
u ∈ Rp : u > 0,

p
∑

i=1
ui = 1

}
and v∗ ∈ Rq

+ such that

F
(

S,S∗;b(S,S∗)
{

p
∑

i=1
u∗i [Gi(S∗)DFi(S∗)−Fi(S∗)DGi(S∗)] +

q
∑
j=1

v∗jDH j(S∗)
})

= 0,S ∈ F, (3.1)

v∗jH j(S∗) = 0, j ∈ q,(3.2)

where F (S,S∗; ·) : Ln
1(X ,A,µ)→ R is a convex function.

Theorem 3.1. Let S∗ ∈ F and assume that Fi, Gi, i ∈ p, and H j, j ∈ q, are differentiable at S∗, and there exist
u∗ ∈U and v∗ ∈ Rq

+ such that (3.1) and (3.2) hold. Furthermore, we assume that any one of the following sets
of hypotheses is satisfied:

(a) (i) 2kΩt(·,S∗,u∗,v∗) is strictly (F ,b,φt ,ρt ,θ)-pseudounivex at S∗, φt is increasing and φt(0) = 0 for
each t ∈ K;

(ii) 2(m− k)Λt(·,v∗) is (F ,b,φt ,ρt ,θ)-quasiunivex at S∗, φt is increasing and φt(0) = 0 for each
t ∈M\K;

(iii)
1
k ∑

t∈K
ρt +

1
m− k ∑

t∈M\K
ρt = 0;

(b) (i) 2kΩt(·,S∗,u∗,v∗) is (F ,b,φt ,ρt ,θ)-quasiunivex at S∗, φt is increasing and φt(0) = 0 for each
t ∈ K;

(ii) 2(m− k)Λt(·,v∗) is strictly (F ,b,φt ,ρt ,θ)-pseudounivex at S∗, φt is increasing and φt(0) = 0
for each t ∈M\K;

(iii)
1
k ∑

t∈K
ρt +

1
m− k ∑

t∈M\K
ρt = 0;

(c) (i) 2kΩt(·,S∗,u∗,v∗) is (F ,b,φt ,ρt ,θ)-quasiunivex at S∗, φt is increasing and φt(0) = 0 for each
t ∈ K;

(ii) 2(m− k)Λt(·,v∗) is (F ,b,φt ,ρt ,θ)-quasiunivex at S∗, φt is increasing and φt(0) = 0 for each
t ∈M\K;

(iii)
1
k ∑

t∈K
ρt +

1
m− k ∑

t∈M\K
ρt > 0;

(d) (i) 3k1Ωt(·,S∗,u∗,v∗) is strictly (F ,b,φt ,ρt ,θ)-pseudounivex at S∗ for each t ∈K1 6= /0, 3k2Ωt(·,S∗,u∗,v∗)is
prestrictly (F ,b,φt ,ρt ,θ)-quasiunivex at S∗for each t ∈ K2 6= /0,φt is increasing and φt(0) = 0 for each t ∈ K,
where { K1,K2} is a partition of K ;

(ii) 3(m− k)Λt(·,v∗) is (F ,b,φt ,ρt ,θ)-quasiunivex at S∗, φt is increasing and φt(0) = 0 for each
t ∈M\K

(iii)
1
k1

∑
t∈K1

ρt +
1
k2

∑
t∈K2

ρt +
1

m− k ∑
t∈M\K

ρt = 0;

(e) (i) 3kΩt(·,S∗,u∗,v∗) is prestrictly (F ,b,φt ,ρt ,θ)-quasiunivex at S∗, φt is increasing and φt(0) = 0
for each t ∈ K;

(ii) 3(m1− k1)Λt(·,v∗) is strictly (F ,b,φt ,ρt ,θ)-pseudounivex at S∗, for each t ∈ (M\K)1 ,3(m2− k2)Λt(·,v∗)
is (F ,b,φt ,ρt ,θ)-quasiunivex at S∗ for each t ∈ (M\K)2 , φt is increasing and φt(0) = 0 for each t ∈ (M\K) ,
where { (M\K)1 ,(M\K)2} is a partition of M\K, with (M\K)1 6= /0,m1 = |(M\K)1| and (M\K2) 6= /0,m2 =
|(M\K)2| ;

(iii)
1
k

∑
t∈K

ρt +
1

m1− k1
∑

t∈(M\K)1

ρt +
1

m2− k2
∑

t∈(M\K)2

ρt = 0;

(f) (i) 4k1Ωt(·,S∗,u∗,v∗) is strictly (F ,b,φt ,ρt ,θ)-pseudounivex at S∗, for each t ∈ K1, 4k2Ωt (·,S∗,u∗,v∗)
is prestrictly (F ,b,φt ,ρt ,θ)-quasiunivex at S∗, for each t ∈ K2,φt is increasing, and φt (0) = 0 for each t ∈ K,
where {K1,K2} is a partition of K with K1 6= /0,k1 = |K1| and K2 6= /0,k2 = |K2| ;

(ii) 4(m1− k1)Λt(·,v∗) is strictly (F ,b,φt ,ρt ,θ)-pseudounivex at S∗, for each t ∈ (M\K)1, 4(m2− k2)Λt(·,v∗)
is (F ,b,φt ,ρt ,θ)-quasiunivex at S∗, for each t ∈ (M\K)2 ,φt is increasing, and φt (0) = 0 for each t ∈ (M\K) ,
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where {(M\K)1 , (M\K)2} is a partition of M\K, with (M\K)1 6= 0,m1 = |(M\K)1| and (M\K)2 6= /0,m2 =
|(M\K)2| ;

(iii)
1
k1

∑
t∈K1

ρt +
1
k2

∑
t∈K2

ρt +
1

m1− k1
∑

t∈(M\K)1

ρt +
1

m2− k2
∑

t∈(M\K)2

ρt = 0;

(iv) K1 6= /0 or (M\K)1 6= /0, and
1
k1

∑
t∈K1

ρt +
1
k2

∑
t∈K2

ρt +
1

m1− k1
∑

t∈(M\K)1

ρt +
1

m2− k2
∑

t∈(M\K)2

ρt > 0.

Then S∗ is an efficient solution to (P).
Proof. (a) Suppose to the contrary that S∗ is not an efficient solution to (P). Then there exists S ∈ F such that

Gi(S∗)Fi(S)−Fi(S∗)Gi(S)5 0, i ∈ p, and Gl(S∗)Fl(S)−Fl(S∗)Gl(S)< 0 for some l ∈ p.
Since u∗ > 0, these inequalities yield

∑
i∈It

u∗i
[
Gi(S∗)Fi(S)−Fi(S∗)Gi(S)

]
5 0, t ∈ K.

with strict inequality holding for at least one t ∈ K.
Because v∗jH j(S) 5 0 for each j ∈ q, S,S∗ ∈ F, it follows from these inequalities and (3.2) that for each

t ∈ K,

2kΩt(S,S∗,u∗,v∗) = 2k

[
∑
i∈It

u∗i
[
Gi(S∗)Fi(S)−Fi(S∗)Gi(S)

]
+ ∑

j∈Jt

v∗jH j(S)

]
5 0 =

= 2k

[
∑
i∈It

u∗i [Gi(S∗)Fi(S∗)−Fi(S∗)Gi(S∗)]+ ∑
j∈Jt

v∗jH j(S∗)

]
= 2kΩt(S∗,S∗,u∗,v∗).

with strict inequality holding for at least one t ∈ K.
From the properties of φt we see that for each t ∈ K ,

φt
(
2kΩt(S,S∗,u∗,v∗)−2kΩt(S∗,S∗,u∗,v∗)

)
5 0,

which in the view of (i) implies that for each t ∈ K,

F

(
S,S∗;b(S,S∗)2k

{
∑
i∈It

u∗i [Gi(S∗)DFi(S∗)−Fi(S∗)DGi(S∗)]+ ∑
j∈Jt

v∗jDH j(S∗)

})
<

−ρtd2(θ(S,S∗)).(3.3)

Summing after t ∈ K we obtain

∑
t∈K

F
(

S,S∗;b(S,S∗)2k
{

∑
i∈It

u∗i [Gi(S∗)DFi(S∗)−Fi(S∗)DGi(S∗)]+ ∑
j∈Jt

v∗jDH j(S∗)
})

<

<− ∑
t∈K

ρtd2(θ(S,S∗))

But from the convexity of F
(
S̄,S∗; ·

)
and the above inequality, we have

F

(
S̄,S∗;b(S̄,S∗)

{
∑
t∈K

∑
i∈It

2u∗i [Gi(S∗)DFi(S∗)−Fi(S∗)DGi(S∗)]+ ∑
t∈K

∑
j∈It

2v∗jDH j(S∗)

})
=

F

(
S̄,S∗;b(S̄,S∗)

1
k ∑

t∈K
2k

{
∑
i∈It

u∗i [Gi(S∗)DFi(S∗)−Fi(S∗)DGi(S∗)]+ ∑
j∈It

v∗jDH j(S∗)

})
5

1
k

F ∑
t∈K

(
S̄,T ;b(S̄,S∗)2k

{
∑
i∈It

u∗i [Gi(S∗)DFi(S∗)−Fi(S∗)DGi(S∗)]+ ∑
j∈Jt

v∗jDH j(S∗)

})
<−1

k ∑
t∈K

ρtd2(θ(S̄,S∗)).

i.e.,

F
(

S̄,S∗;b(S̄,S∗)
{

∑
k∈K

∑
i∈It

2u∗i [Gi(S∗)DFi(S∗)−Fi(S∗)DGi(S∗)]+

+ ∑
t∈K

∑
j∈Jt

2v∗jDH j(S∗)
})

<−1
k

∑
t∈K

ρtd2(θ(S̄,S∗)).
(3.4)

626



Since for each t ∈M\K,

2(m− k)Λt(S̄,v∗)5 0 = 2(m− k)Λt(S∗,v∗),

it follows from the properties of φt that

φt
(
2(m− k)Λt(S̄,v∗)−2(m− k)Λt(S∗,v∗)

)
5 0,

which on account of (ii) implies that

F

(
S̄,S∗;b(S̄,S∗)2 ∑

t∈M\K
∑
j∈Jt

v∗jDH j(S∗)

)
=

F

(
S̄,S∗;b(S̄,S∗) ∑

t∈M\K

1
m− k

2(m− k) ∑
j∈Jt

v∗jDH j(S∗)

)
5

1
m− k ∑

t∈M\K
F

(
S̄,S∗;b(S̄,S∗)2(m− k) ∑

j∈Jt

v∗jDH j(S∗)

)

5− 1
m− k ∑

t∈M\K
ρt d2(θ(S̄,S∗)).

i.e.,

F

(
S̄,S∗;b(S̄,S∗)2 ∑

t∈M\K
∑
j∈Jt

v∗jDH j(S∗)

)
5− 1

m− k ∑
t∈M\K

ρtd2(θ(S̄,S∗)).(3.5)

Now, using (3.1), the convexity of F
(
S̄,S∗; ·

)
, (3.4) and (3.5), we obtain

0 5 F

(
S̄,S∗;b(S̄,S∗)

{
∑
i∈It

2ui [Gi(S∗)DFi(S∗)−Fi(S∗)DGi(S∗)]+

∑
t∈M\K

∑
j∈Jt

2v∗jDH j(S∗)

})
+F

(
S̄,S∗;b(S̄,S∗)2 ∑

t∈M\K
∑
j∈Jt

v∗jDH j(S∗)

)
<

−1
k ∑

t∈K
ρtd2(θ(S̄,S∗))− 1

m− k ∑
t∈M\K

ρtd2(θ(S̄,S∗)),

which contradicts (a) (iii).
Therefore, we conclude that S∗ is an efficient solution to (P).
(b) The proof is similar to that of part (a) in which inequality (3.3) is replaced by inequality

F

(
S,S∗;b(S,S∗)2k

{
∑
i∈It

u∗i [Gi(S∗)DFi(S∗)−Fi(S∗)DGi(S∗)]+ ∑
j∈Jt

v∗jDH j(S∗)

})
<

5−ρtd2(θ(S,S∗)).(3.6)

and inequality (3.5) is replaced by inequality

F

(
S̄,S∗;b(S̄,S∗)2 ∑

t∈M\K
∑
j∈Jt

v∗jDH j(S∗)

)
<− 1

m− k ∑
t∈M\K

ρtd2(θ(S̄,S∗)).(3.7)

(c) The proof is similar to that of part (a).
(d) Proceeding as above, we have

φt
(
3k1Ωt(S,S∗,u∗,v∗)−3k1Ωt(S∗,S∗,u∗,v∗)

)
5 0, for each t ∈ K1

and

φt
(
3k2Ωt(S,S∗,u∗,v∗)−3k2Ωt(S∗,S∗,u∗,v∗)

)
5 0, for each t ∈ K2
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which in the view of (i) imply that for each t ∈ K1,

F

(
S,S∗;b(S,S∗)3k1

{
∑
i∈It

u∗i [Gi(S∗)DFi(S∗)−Fi(S∗)DGi(S∗)]+ ∑
j∈Jt

v∗jDH j(S∗)

})
<−ρtd2(θ(S,S∗)).

and for each t ∈ K2,

F

(
S,S∗;b(S,S∗)3k2

{
∑
i∈It

u∗i [Gi(S∗)DFi(S∗)−Fi(S∗)DGi(S∗)]+ ∑
j∈Jt

v∗jDH j(S∗)

})
<−ρtd2(θ(S,S∗)).

The rest of the proof is similar to that of parts (a)-(c).
(e)-(f) The proofs follows on similar lines as that of cases (a)-(d) and therefore are omitted.

Note that Theorem 3.1. contains a number of special cases that can be easily identified by appropriate
choices of the partitioning sets {I1, . . . , Ik} and {J1, . . . ,Jm} .

4. CONCLUSION

In this paper we have obtained new global semiparametric sufficient efficiency conditions for a multiobjective
fractional programming problem involving (F ,b,φ,ρ,θ)-univex n-set functions, where F is a convex functions
in the third argument.
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Abstract: Nowadays, business conditions in banks are more complex and they require multi criteria 
approach to solving problems which allows compilation of a number of alternatives evaluated according to 
the predetermined criteria. The aim of this paper is to explain the importance of multi criteria decision 
making and, also to show possibilities of its use in resolving problems and making decisions in commercial 
banks. Information used in this study are based on data presented in academic journals and on usage of the 
softwares specialized for decision making support. This paper is intended for researchers and practitioners 
who deal with the principles of decision making and practitioners who make decisions in commercial banks. 

Keywords: Multi criteria analysis, commercial banks, AHP, ELECTRE  

1. INTRODUCTION 
All users of the bank services can be clasified into two groups: those who regularly pay their obligations and 
those who do not. In order to incerase collcetion of delinuqent portfolio,  it is necessary to clearly define 
collaterals used for loans and guarantees. For many banks products, collateral is promissory note and 
authorization for collection, forgetting that, regarding the classification of risk investments, they do not 
obtian any benefits or loss reduction. Loans and other banks products secured by promissory notes and 
authorization for the collection have high degree of risk. Accordingly, the percentage of failure and unpaid 
obligations is higher. 

The problem to be solved is defining a new collection strategy. Based on the results achieved in the 
previous periods, Bank concluded that it must increase the number of court procesess in order to increase 
payments from its debtors. Given that the bank engages external law offices, and taking into account the fact 
that contracts with them are concluded on an annual basis, it is necessary to decide whether and with which 
of preselected law offices cooperation should be cutten off. Of course, based on the trend line for the new 
business year, it will be difinig whether Bank could expect increasing or decreasing the number of cases. If 
Bank could expect growth in the number of cases, it is necessary to hire new law offices.  

In this paper, we will discuss the problem of defining a collection strategy.  In general, the strategy 
represents a detailed plan based on desired goals, available resources and relevant business policies. In the 
first part we will present the basic operational research and decision making theory problems.  In the second 
part of the paper we will present ELECTRE method, as one of the most important and the most applicable 
decision making methods. The third section presents AHP method and its adventages which refer to the 
posslibility to split problem on two or more levels. Forth part of the paper presents results obtained by 
ELECTRE and AHP methods, rank of the law offices, i.e alternatives,  as well as comparative analyses of 
mentioned methods and obtained results. Also, we have to notice that is rank of the law offices would be 
treated regarding thier results from the previous periods. 

2. LITERATURE REVIEW  
Decision-making is a process that is implied with a particular problem in which the decision maker has a 
number of alternatives. The choice of decision-makers means that he compares these alternatives and 
evaluates their consequences. In the literature we find a definition by which the decision is choice between 
possible alternative activities.1 Analysis of the decision-making process model contian several phases which 

                                                      
1 Čupić Milutin, V.M Rao Tummala, Suknović Milija, ’Odlučivanje: formalni pristup', FON, 2003 
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are common to the most of models. Regardless of how different authors differentiate and appointe decision-
making stage, one could notice some same stages and activities. 
 Data collection 
 Data analysis 
 Generating alternative solutions 
 Comparison and evaluation of solutions. 2 

In the modern business environment, optimization methods have became unavoidable in decision-making. 
Operation research include sciences approach for solving mathematical problems in the study of complex 
problems that arise in the administration and management of large systems, which consist of people, 
materials and funds. Multi-Attribute Decision Making is the most well known branch of decision making. It 
is a branch of a general class of Operations Research (or OR) models which deal with decision problems 
under the presence of a number of decision criteria. This super class of models is very often called multi-
criteria decision making (or MCDM).2 Multi criteria decision making problems could be divided into Multi-
Objective Decision Making (MODM) and Multi-Attribute Decision Making (MADM). In this papar we will 
discuss Multi-Attribute Decision Making problem. MADM problems are known as a problems which 
concentrates on problems with discrete decision spaces. In these problems the set of decision alternatives has 
been predeterminated. 

Modern organizations are systems that perform their business in a highly dynamic environment  and they 
are faced with problems which are, usually, unstructured. The decisions made in these systems have been 
affected by large number of criteria which often had qualitative character. In this sense, the models created to 
solve almost all organizational problems are only an approximation of real systems. In order to solve this 
type of problems, it is necessary to: 
 formulate the problem, 
 develop a mathematical model, 
 solve the model (collect input data, determine the optimality criteria and limiting conditions, etc.). 
 find the optimal solution, test it and apply. 

Hwang and Yoon3 induced many methods available for solving MCDM problems. However, some of these 
problem where criticized by Stewart4 who have marked many of those models as ad hoc and to certain 
degree unjustified on theoretical and/or empirical grounds. Therefore, there was a need to create and solve 
mathematical models which deals with uncertainties. The popular view of strategic decisions is that they 
typically involve a high degree of uncertainty, high stakes, major resource implications, and long-term 
consequences.5 Furthermore, the process of creating, evaluating and implementing strategic decisions is 
typically characterized by the consideration of high levels of uncertainty, potential synergies between 
different options, long term consequences, and the need of key stakeholders to engage in significant 
psychological and social negotiation about the strategic decision under consideration.6 Regarding the 
business decision in the modern environment, we could point out two crucial challenges in dealing with 
strategic decisions. Those are presence of high level of uncertainty and decision complexity. 

3. ELECTRE METHOD 
One of the main decision making problems is to choose the right decision making method. Different 
decision-making methods and techniques can serve as a useful tool in making business decisions.  Decision-
making process is an important business activity, and it became more important by the development of 
                                                      
 
2 E. Triantaphyllou, B. Shu, S. Nieto Sanchez, and T. Ray, (1998) Multi-Criteria Decision Making: An 
Operations Research Approach, Encyclopedia of Electrical and Electronics Engineering, (J.G. Webster, Ed.), 
John Wiley & Sons, New York, NY, Vol. 15, pp. 175-186 
3 Hwang C. L. and Yoon K. (1981) Multiple Attribute Decision Making Methods and Applications, Springer-
Verlag 
4 Stewart T. J.,(1992),A critical survey on the status of multiple criteria decision making theory and practice, 
OMEGA International Journal of Management Science, Vol.20, No.5-6, 569-586 
5 G. Johnson, K. Scholes, and R. Whittington (2005) Exploring Corporate Strategy: Text and Cases Prentice 
Hall, London, 7th edition 
6 Gilberto Montibeller and Alberto Franco, (2010) Multi-Criteria Decision Analysis for Strategic Decision 
Making, Handbook of Multi criteria Analysis, Applied Optimization 103, DOI 10.1007/978-3-540-92828-
7_2, Springer-Verlag Berlin Heidelberg 
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decision making theory and operations research. According to Schermerhorn decision is a choice between 
several alternative options for solving the problem. The decision aims to achieve a goal and it is a result of 
the selection, from a set of alternatives, that make benefit to the decision maker. 

The concept of multi-criteria decision-making is related to the situation of deciding when there are a 
number of conflicting criteria.  Those conflicting criterira and their consideration make a significant step to 
creation of mathematical models which represents real business problems. Classical optimization methods 
use only one criterion in deciding, which drastically reduces the conection beetwen real problem and 
mathematical model. 

The multiple criteria decision making problems have certain common characteristics: 
 Criteria and attributes should be created by decision-maker 
 Conflict among the criteria, which is very common situations in real systems 
 Incomparably units of measure, because different criteria or attributes, have different units of measure 
 Design and selection. The solution to this kind of problem are the design of the best action or 

selection of the best action from the  set of predefined actions. 
During the period of thiers developments, in decision making theory and operations research, recearchers 

developed a variety of methods (PROMETHEE, AHP, ELECTRE, MAX-MIN, MAX-MAX, conjunctive 
method, disjunctive methods, etc..) and depending on the methods that have been  used, solution could be  
given as: 
 Rank alternatives 
 The best alternative or 
 A set of alternatives that meet specific, pre-defined criteria. 
The basic concept of the ELECTRE method is to deal with “outranking relations” by using pairwise 

comparisons among alternatives under each one of the criteria separately. ELECTRE method is proposed if 
decision maker wants to include significant number of criteria, which means that number of criteria should 
be higher than three. In practice, usage of this method in not recommended if number of criteria is less than 
five and it could be up to twelve or thirteen. In real situations there is a problem to determine mathematical 
domination of one action to another.  ELECTRE method compares the action in pairs. First, it examines the 
level of agreement between weight preferences and paired relationship of domination (between individual 
actions), then it examines degree of inconsistency regarding which the weight of individual actions are 
different. This is why the ELECTRE method is, also, called analysis of consent. ELECTRE method is one of 
the first method which appllied the possibility of quantification of decision problems with qualitative 
expessed alternative values. By the further improvement of ELECTRE methods, three more versions of this 
method were developed: ELECTRE II, ELECTRE III and ELECTRE IV, which in this paper will not be 
considered. One of the most important characteristic of the ELECTRE method is the presence of the new 
preference relation R which presents incomparability. In real situations, decision maker could be faced to the 
alternatives which have very low connection level and, therefore, they could be not compared. That is why is 
necessary to include the term of incomparability in the situation of comparation of different alternatives.  

The construction of an outranking relation is based on two major concepts: 
 Concordance. For an outranking aSb to be validated, a sufficient majority of criteria should be in 

favor of this assertion. 
 Non-discordance. When the concordance condition holds, none of the criteria in the minority should 

oppose too strongly to the assertion aSb. 
The procedure of applying the method is iterative and it consists of the following steps: 
 calculating the normalized decision matrix 
 calculating the weighted normalized decision matrix 
 determining the sets of consistencies and inconsistencies 
 determining consistencies matrix  
 determining inconsistencies matrix  
 determine consistencies domination matrix   
 determining inconsistencies domination matrix   
 determining the aggregate dominance matrix 
 elimination of unwanted actions.  
Data presented in Table 1 refer to: 
 total balance (debt) as the sum of debt in all cases that are assigned to specific lawyer 
 the sum of all payments annually by individual lawyers 
 number of loans repaid during the year 
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 timeliness of delivery of the monthly report is a qualitative attribute. It is presented by the following 
scale: 

every month - 5 
once in two month – 4  
once in three month - 3 
once in four month - 2 
less then once in five month - 1 
 Achieving better communication between the bank and the lawyer is one of the best way to incerase 

payments and collcetion activities. In this sense, communication, as well as a qualitative attribute is 
defined as: 

excellent - 5 
very good - 4 
good - 3 
poor - 2 
very poor – 1 
 
Table 1: Input data 

No Total balance  Payments  Repaid loans Monhtly report Communication 
1 288.778,38 1.742,97 1 every month excellent
2 186.371,74 445,57 1 once in two month good
3 601.612,86 3.101,93 3 once in four month very poor
4 379.479,95 849,21 0 every month very good
5 347.344,54 772,2 1 every month excellent
6 428.976,60 1.730,80 1 once in three month good
7 259.054,74 723,48 0 once in three month excellent
8 75.557,32 495,21 0 once in two month good
9 126.059,37 161,48 0 once in four month poor
10 490.542,52 1.150,41 1 once in three month good
11 216.694,70 1.255,17 1 once in three month good
12 260.913,85 3.362,66 1 once in four month poor
13 426.013,68 928,24 1 once in four month very poor
14 264.271,23 305,53 0 once in two month very good
15 629.892,90 1.740,89 0 every month very good

 
 
In figure 1 is presented quantified decision matrix wtih contains all of the aletnatives and criteria and thier 
values. Values of the criteria which has qualitative character are processed according to the presented scales 
and they are presented with thier quantified values. 
 

 
Figure 1: Quantified decision matrix 
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After obtaining the normalized decision matrix, it is necessary that decision maker state his opinion 
regarding attributes. Based on that, we got the weighted normalized decision matrix. In this case, we used 
five attributes of lawyers  classification. However, considering the five atributs and having in mind ultimate 
banks objective - making profits and increasing liquidity, so the bank could be able to invest in other loans, 
we can say that attribute ’payments’ is the most important for the bank. Accordingly, the payments are 
criteria that can be assigned weights 10. Further, total unpaid receivables have to be as low as possible in 
order to fullfil banks major goals. Thus, the attribute 'total balance' can be assigned weight 6. Number of 
repaid loans is an attribute which is assigned weight 8. Attributes such as 'timeliness of delivery of reports' 
and 'communication' are not crucial to achieving the ultimate goal of the bank, make more profit, and they 
are assigned with weights 4 and 2.  
 

 
Figure 2: Criteria weights 

 
The basic output of the ELECTRE method is the division of all alternatives into two subsets where one 

subset present efficient, and second one - inefficient alternatives. As we could not present all the stages of 
implementing ELECTRE method, we will present part od final obtained result in the form of report. 
  

 
Figure 3: ELECTRE method – final report 
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ELECTRE methods report shows which alternatives could be caraterized as unwanted. We can conclude 

that the most dominant lawyer offices are 1,3,6,11 and 12.  So, with this lawyer offices Bank, of course, 
should continue work while lawyer offices  4,9,10,14,15 do not dominate over any of the other alternatives, 
by any criterion, so, in that sense, the Bank could suspend cooperation with them. Given the large number of 
cases and tends of thier increasing, Bank should suspend cooperation only with law offices that do not 
dominate over any other alternative.  

4. AHP METHOD 
Due to the fact that law offices 4,9,10,14,15 do not dominate over any of other alternatives, we will exclude 
them from further analyse. AHP is one of the most popular MCDM methods and we will apply this method 
with the aim is to rank other ten law offices. AHP method calculates the scores for each alternative based on 
pairwise comparisons and it assists decision-makers to solve complex decision problems. In methodological 
perspective, AHP is a multiple criteria method, where process of finding the result is based on the 
decomposition of a complex problem. Making complex decisions involves multiple criteria and first step is 
to decompose the main goal into its constituent sub-goals or sometimes called objectives, progressing from 
the general to specific ones. At the top of the hierarchy is the goal, which is followed by criteria and sub-
criteria (if any), while the lowest hierarchical levels are attributes. Figure 3 representes hierarchical model of 
the law offices ranking problem . AHP method is characterized by high flexibility, which allows to decision 
makers to define relationships and dominance of one  criteria or attribute over others and it could be applied 
to very complex problems with a large number of criteria and attributes.  AHP method is based on the 
concept of balance, which is used to determine the relative significance of the overall set of attributes, 
activities or criteria, and which refers to the analyzed decision problem.  

 
Figure 4: Structuring of the problem – AHP 

 
After defining the hierarchy it is necessary to define matrix of pairwise comparison which corresponding 

to each level of the hierarchy. In AHP the decision matrix becomes a comparison matrix which describes 
relative importance of one attribute over another. i.e. AHP aggregates average scores generated from 
pairwise comparison matrices. Figure 5 presents the matrix of pairwise comparison of attributes of the first 
level. This process is repeated for all levels of the hierarchy. The ratings are assigned to the attributes of one 
hierarchical level regarding thier relevance in relation to the attribute of the upper-level. In this model we 
applied nine-point scale to assign weights. 
 

 
Figure 5: Matrix of pairwise comparison 
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Assessments and priorities of alternatives  regarding the attributes  are defined for each of the five defined 
attributes used in this model.  Figure 5 shows the matrix of priorities with respect to attribute a higher level 
’Total balances’ while the matrix of assessment and priorities for the remaining four attributes of higher level 
will not be presented. 
 

 
Figure 6: Assessments and proirities matrix  

 
Unique and normalized vectors should be defined at each level of the hierarchical structure in order to 

determine the relative priority. Chart which presents a normalized values of criteria is presented in Figure 7. 
 

 
Figure 7: Criteria weigths  

 
We can conclue that the most important attribute is 'payments’. Thus, detecting and solving problems 

using AHP criteria values are approximately the same to the once obtain by using ELECTRE method. 
Graphical presentation of rank of alternatives i.e law offices, obtained by using the AHP method is shown in 
Figure 8. 
 

 
Figure 8: AHP method – results 
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Based on the results obtain by using the AHP method, we can conculde that law office 1 is alternative 
which has the highest rank, and it is followed by the alternatives 3,6 and 10. Other alternatives are 
approximately equally ranked. 

5. COMPARATIVE ANALYSIS OF RESULTS OBTAINED BY AHP AND ELECTRE METHODS 
The Multi criterion Decision-Making (MCDM) are gaining importance as potential tools  for analyzing 
complex real problems due to their inherent ability to judge different alternatives (Choice, strategy, policy, 
scenario can also be used synonymously) on  various criteria for possible selection of the best/suitable 
alternatives. Multi criterion Decision-Making (MCDM) analysis has some unique characteristics such as the 
presence of multiple non-commensurable and conflicting criteria, different units of  measurement among the 
criteria, and the presence of quite different alternatives.  

The purpose of using both of presented methods are solving of decision making problems in business 
situations where there are more than one criterion and in business situations where number of alternatives is 
limited. Criterias are, often, very conflicted. Methodologicaly, those two presented methods are very similar. 
One of the basic adventage of those methods is that decision making process is based on the decision maker 
assessment. AHP method, unlike the ELECTRE, base decision making process on its destructuring, and 
according that, when this method is used, hierarhical structure should be defined firstly.   

Regarding the results obtained by ELECTRE and AHP methods we can conclude that solutions have 
approximately the same values. Also, ranks criteria are assessed with approximately same weights, as it is 
presented in the figures 2 and 7. Thus, criteria 'Payments' is assessed with the highest weight and second 
criteria is 'Total balances', according to hte AHP method, i.e. 'Repaid loans', according to the ELECTRE 
method. 

ELECTRE method uses preferences of the decision maker in order to rank alternatives. According to the 
ELECTRE method, the highest rank alternative is a12 and this alternative dominates over all other 
alternatives and alternatives 1,3,6 and 11 follows the best ranked alternative. According to  the AHP method, 
the best ranked alternative is a1, and it is followed by alternatives 3,6 and 10. Rank is uniquely deternimed 
for all other alternatives from 2 to 10. 

We can conclued that the solution obtained by using the AHP method is more precisely, due to the fact 
that all of alternatives are uniquely ranked, unlike the ELECTRE method, where is presented which of the 
alternatives is the most domianate. 

7. OTHER MCMD METHODS 
There are a varety of existing MCDM methods. Some of the most commonly used  MCDM methods are  
ELECTRE, promethee, Compromise Programming, Cooperative Game theory, Composite Programming, 
Analytical Hierarchy Process, ANP, Topsis, Multi-Attribute Utility Theory, Multicriterion Q-Analysis etc. 
Among these developed MCDM methods, many of them have different underlying assumption, information 
requirement, analysis models, and decision rules that are designed in oreder to solve some class of decision 
making porblems.  

The PROMETHEE method is based on mutual alternative pairwise comparison with respect to each of 
the selected criteria. In order to perform alternative ranking by the PROMETHEE method, it is necessary to 
define preference function P (a,b) for alternatives a and b after defining the criteria. PROMETHEE method 
belongs to the group of 'soft' multicriteria analysis methods, which had no difficulties in treatment of 
decision areas and different criteria metrics, as well as cases where verbal assessment of qualitative 
performance have to be coded previously, or when it is just needed to use a different values scale in 
assessing of performance of alternatives compared to the criteria. One of the main advantages of this method 
are that it is simple and it enables partial (PROMETHEE I) and complete (PROMETHEE II) ranking the 
shares, depending on the needs of decision makers.  

Analytical network process (ANP) is a decision-making analyses method that takes into account many 
different criteria and their preferences, including feedback between criteria and alternatives, which are 
defined by experts. This model was developed by improving AHP model which is often used in making 
business decisions. Improvements of ANP model in comparation to AHP are that ANP method allows the 
treatment of the interaction between elements of the same level. ANP method is developed for solving 
multicriteria problems with interdependent criteria. ANP is one of the multivariate decision making methods. 
It's useful when decision makers should consider multiple factors and choices. 
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6. CONCLUSION 
Multi criteria analyses and its methods became unavoidable in planning, management and operational 
planning. Multi criteria methods are simple and software supported and thats why are they used very often 
by the modern planners, managers and other decision makers. Operational research and other relevant 
sciences still research the most efficiant ways to apply those methods, and it also, analyses their consistency 
and reliability.  

In this paper, we presented one example how to implement decision making analyses. It is important to 
notice that multi criteria analyses could be used in defining strategies in business banks, and how it could 
help to decision maker to improve collection and payments processes which lead to reaching the final goal of 
all business subjects – increasing of profit. Thus, decision making in modern banks is complex process 
which requires strong and detailed analyses of carefully collected data. Multi criteria analise should be used 
in order to solve business problems and to select the most acceptably solution, which are conected to the 
different requirements and goals, and with different relative significance of those requirements. Multi cirteria 
methods are very powerfull managing tools for business decision making and they are neccesary in oreder to 
get full view of all alternatives and total benignity of one alternative in comparation with others. It allows to 
the decision maker to justify his decision with more arguments.  

The main purpose of this paper is to explain the role and significance of the multi criteria analyse, and 
also to elaborate theoretical methods and models that could be implemented. Models presented in this paper 
has certains adventages, and it allows to the decision makers to consider which strategy should be 
implemented.  
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Abstract: A multivariable approach in problem solving is displayed in the example of systems restructuring of 
the technical rock open pits in the region of Velenje, Republic of Slovenia. While ranking five open pits, with 
fourteen criteria conditions, the models PROMETHEE, ELECTRE, AHP and VIKOR models were used. Because 
the model ranks are differentiated, the final comparison of the open pits was done through weighting. The 
conclusion emphasizes that there is no general scientific accord as to which models or methods are more 
suitable as tools for the analysis of this type of problems and reaching of management decisions. 

Keywords: Multivariability, restructuring, regional planning, exploitation, technical rock. 
 

1. INTRODUCTION 
Technical rock as a cheap commodity which does not tolerate high transport costs, is exploited in open pits 
near the consumer centers. Production planning can be at state level (state plan for mineral ore production), 
region or local community level. The basic goals of production planning are conflicted, on one hand there is 
the industrial and economic interests which require providing the market with the necessary stone quantities 
and achieving economical gain, and on the other hand is the ecological demand for not endangering the 
environment. Maintaining a balance between these requirements is a main condition for exploitation of 
technical rock. This paper is about the exploitation of technical rock with the method of sustainable 
production relating equally to the mineral-ore complex in its entirety. In this sense, the example of Slovenia 
is interesting in particular, because of its many locations of minor exploitation of mineral ore. This was 
possible because economic policy was directed towards using all available resources regardless of the impact 
on the environment. Today Slovenia is following new trends, which have caused many limitations for the 
existing, and opening of new exploitation pits, heavier regulation of safety conditions of exploitation 
technologies and selective shutting down of economically less important, from a location standpoint 
troublesome and strategically less important mineral ores. 

In the Velenje region, Slovenia, one of the current issues is rationalization of open pit exploitation of 
technical rock, which is currently done in five locations: Paka, Selo pri Velenju, Podgora, Stranice and 
Poljčane. Figure 1 displays a map with borrowing sites locations and locations of open pits of technical rock 
in Slovenia. 

Rationalization of exploitation of technical rock in the Velenje region, analytically caused a problem 
because of its location-allocation multivariabillity. In the process of rationalization of such a mining 
structure, criteria ranking of mining objects through precise measurement is inevitable. Because numerous 
factors influence, but do not have the same importance on mine ranking, a careful selection and introduction 
of only important factors into the analysis is necessary. In this case the important factor are: geological, 
hydro-geological and engineering-geological characteristics of the work environment, reserves and quality of 
mineral ore, basin location, land price, surrounding ambiance, impact on the environment, local 
acceptability, communication conditions and accessibility, market, applied technologies, used energy 
sources, investment levels, land reclamation conditions, revitalization and landscaping of the exploitation 
area, employment of local work force, legal and normative terms and state strategy of the mineral industry. 
Considering the goal and the allowed scope of the work, the aforementioned factors will not be dealt with 
individually in this paper. In order to establish a connection between the multivariable analysis and the 
realistic mining system, short descriptions of the five open pits are given below. 
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2. OBJECTS OF THE REGIONAL MINING SYSTEM 
Open pit Paka (OP1), was opened in 1969, because of the need for construction stone in Velenje and road 
construction. The pit consists of dolomites and occasionally lime dolomites. The open pit is located 250 m 
from the Velenje - Slovenj Gradec regional road and has a good connection to the consumers in the area. 
There are no larger residential and industrial objects in the surroundings. 
 

Open pit Selo pri Velenju (OP2), was opened because of the need for stone aggregates in concrete and 
concrete element production. The open pit is surrounded with, on the south side a gravel road, on the west 
side a forest road with accessory mining objects, on the north a local road, on the northwest a settlement. 
 

Open pit Podgora (OP3), the limestone in the deposit is dark gray, sporadically bituminous, thick grained and 
thick layered, sporadically massive, with frequent inserts of limestone breccia. Aggregates for pads and 
concretes, mounds, stone (limestone) flour are produced at the open pit. Crushed rock is used for support 
walls, and the less quality rock for road construction. The open pit is well connected with the consumer 
centers by communication infrastructure. 

 

 
 

Figure 1:  Borrowing site and open pits of technical rock locations in Slovenia 
 

Open pit Stranice (OP4), is located near the regional road Slovenske Konjice - Zreče. It is a dolomite deposit, 
used for stone aggregate production for plaster and reinforced concrete. 
 

Open pit Poljčane (OP5), is located near Slovenska Bistrica and was opened more than 60 years ago, and is 
the largest open pit of technical rock in this region. Dolomite is used as an aggregate for production of 
plaster, concrete and pads, in agriculture as dolomite flour APNIN - Mg. 

3. RANKING OF OPEN PITS 

Rationalization of the structure of the open pits of technical stone in the Velenje region, has an economical 
and ecological justification and can be conducted because these are deposits in which mineral ores of similar 
characteristics and purposes such as production of aggregates for plaster, concrete, concrete elements and 
road construction are being exploited. When defining a rational structure of open pits of technical stone in 
the Velenje region, multivariable ranking was applied. In the initial model, table 2, 14 criteria were used: 
 K1 - Concord in operation of the open pit with the legal and normative regulations; 
 K2 - Confirmed mineral ore deposits (u 106t); 
 K3 - Availability of a location from the infrastructural aspect; 
 K4 - Land price at the open pit  location (€/m2); 
 K5 - Spatial fit of the open pit; 
 K6 - Mineral ore quality; 
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 K7 - Applied exploitation and processing technology modernization; 
 K8 - Energy efficiency of the existing mining system; 
 K9 - Environmental impact ( noise, dust, exhaust gasses, erosion etc.); 
 K10 - Affordability of land reclamation and area landscaping; 
 K11 - Proximity of ore requirements; 
 K12 - Local work force availability; 
 K13 - Communication connection (favorability); 
 K14 - Level of required investments (given in 106€) for technological improvement. 

 

The problem is dominated by the qualitative criteria metrics, the criteria values, K3, K5, K6, K7, K8, K9, K10, 
K11, K12 and K13 are qualitative and vary in range from 2 to 10. Only three criteria K2, K4, and K14 are 
quantitatively determined. With the extremization type determined as max or min, the criteria gradient is 
defined, and the preferences toward the criteria vary between 0.10 and 1.00. The qualified initial model of a 
regional group of open pits of technical rock (open pit Paka marked OP1, open pit Selo pri Velenju marked 
OP2, open pit Podgora OP3, open pit Stranice OP4 and open pit Poljčane OP5) are displayed in table 1. 
 
Table 1:  Quantified initial model of the regional group of open pits of technical rock 
 C r i t e r i o n  

K1 K2 K3 K4 K5 K6 K7 K8 K9 K10 K11 K12 K13 K14 

min / max: max max max min max min min max max max max max min max 

Preference: 0.1 1 1 0.5 0.4 0.8 0.65 0.5 0.5 0.4 0.75 0.8 0.6 0.85

O
pe

n 
pi

t 

OP1 7 1.8 8 0.28 8 5 8 7 7 6 8 8 8 3.5  

OP2 8 0.15 8 0.15 8 5 8 7 6 6 2 8 6 5  

OP3 8 1 9 0.31 7 7 10 7 8 7 9 9 6 0.5  

OP4 4 0.1 6 0.11 7 5 7 6 7 7 5 6 7 1  

OP5 8 4.7 7 0.29 9 9 12 7 9 9 8 7 7 0.25 
 

Note: Values for the K2 criterion are given as 106t, for K4  in €/m2, and for K14 as 106€ 
 

In the analysis of determining the order of the open pits according to the determined fourteen criteria, four 
models were applied: PROMETHEE, ELECTRE, AHP and VIKOR. The reason for this is that the model ranks 
deviate from each other and division in evaluating of the applied models. Because these are well known, in 
literature well processed and frequently applied multi-criteria models, this paper does not display their 
mathematical and conceptual values. In tables 2 - 4 below, only the outcomes of model analysis are 
displayed. 
 
Table 2: Outcome matrix of the analysis conducted with the PROMETHEE model 

 OP1 OP2 OP3 OP4 OP5 T + T  R a n k  

OP1 0.0000 0.0242 0.9500 0.9629 0.9543 0.7228 0.4661 2 

OP2 0.9269 0.0000 0.9392 0.9613 0.9608 0.9470 0.9133 1 

OP3 0.0446 0.0478 0.0000 0.0565 0.9634 0.2781 -0.4355 4 

OP4 0.0231 0.0301 0.9349 0.0000 0.9349 0.4808 -0.0290 3 

OP5 0.0323 0.0328 0.0301 0.0586 0.0000 0.0384 -0.9149 5 

T- 0.2567 0.0337 0.7136 0.5098 0.9534    

 
Table 3: Outcome matrix of the analysis conducted with the ELECTRE model 

 OP1 OP2 OP3 OP4 OP5 R a n k  

OP1 0 1 0 1 0 1 

OP2 0 0 0 1 0 2 

OP3 0 0 0 0 0 3 

OP4 0 0 0 0 0 3 

OP5 0 0 0 1 0 2 
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Table 3: Outcome matrix of the analysis conducted with the AHP model 
 A t t r i b u t e  

Solution R a n k  K8 K9 K10 K11 K12 K13 K14 

min / max max max max max max max max 

O
pe

n 
pi

t 

OP1 0.206 0.189 0.171 0.25 0.211 0.168 0.341 0.22089875 1 

OP2 0.206 0.162 0.171 0.062 0.211 0.224 0.488 0.20432501 3 

OP3 0.206 0.216 0.200 0.281 0.237 0.224 0.049 0.18491712 4 

OP4 0.176 0.189 0.200 0.156 0.158 0.192 0.097 0.16743542 5 

OP5 0.206 0.243 0.257 0.250 0.184 0.192 0.024 0.22242369 2 

Preference 0,056 0.056 0.045 0.085 0.090 0.068 0.096   

 
 
Table 4: Outcome matrix conducted with the VIKOR model 

V1 1 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0 

V2 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

 R a n k  

OP1 2 1 1 1 1 1  1 1 1 1 1 

OP2 1 3 3 3 3 4  4 4 4 4 4 

OP3 3 2 2 2 2 2  2 2 2 2 2 

OP4 5 5 5 5 5 5  5 5 5 5 5 

OP5 4 4 4 4 4 3  3 3 3 3 3 

 
 

Table 5: Comparative display of model framework of open pits 

Open pit 

M o d e l  
PROMETHEE ELECTRE AHP VIKOR (V1=0.5) 

Rank of the open pit 

OP1 2  1 1 1  

OP2 1  2 3 4  

OP3 4  3 4 2  

OP4 3  3 5 5  

OP5 5  2 2 3  

 
 

The comparison of the models, table 5, displays a 75% equivalent of the first ranked open pit Paka 
according to the models ELECTRE, AHP and VIKOR. According to the PROMETHEE model, the open pit 
Paka is in second place. There is no concord between the ranks of the four models. According to the 
ELECTRE model it is characteristic that two open pits, Selo pri Velenju and Poljčane are ranked 2, and two 
open pits Podgora and Stranice ranked 3. There is no doubt about the first ranked pit, but the question of the 
remaining open pits because of the dissonance of ranking in all four models remains. The question is, how to 
bypass the (expected) problem? 

 

4. THE ORDER OF OPEN PITS IN ORDER TO REACH A DECISION ABOUT RESTRUCTURING 
When solving problems like this, because of the reliability of the analysis it is necessary to apply multiple 
model approaches, and depending on the rank variations, i.e. non equivalence of the model ranks, through 
leveling a final order is derived, table 6. 

In the ranking system of the open pits of technical rock in the surroundings of  Velenje, through leveling 
the best ranked open pit is Paka, followed by Selo pri Velenju, Poljčane, Podgora, Stranice. It can be seen in 
table 6 that in this case the leveled order is not equivalent in either multi model order. 

 

641



Table 6: The leveled order of open pits of technical rock 

Open pit 
Rank 

PROMETHEE ELECTRE VIKOR AHP Eval. mark Eval. rank 

OP1 Paka  2 1 1 2 4.50 1 
OP2 Selo pri Velenju 1 2 4 3 3.50 2 
OP3 Podgora 4 3 2 4 2.75 4 
OP4 Stranice  3 3 5 5 2.00 5 
OP5 Poljčane š 2 3 1 3.25 3 

 
Thusly defined order of open pits represents the basis for reaching of decisions based on criteria about 

restructuring the exploitation of the technical rock in the Velenje region. With an estimate that two or three 
open its with their production capacities can satisfy the needs in the region for technical roc, the first two or 
three ranked pits should remain functional, and the others should be shut down. Because the applied criteria 
conditions are temporally and spatially changeable, termination of production on lower ranked pits can be 
temporary, in the duration until new conditions are generated in the system which would lead to different 
positioning in the rank of open pits. 

5. CONCLUSION 
Making decisions and management in a mineral-ore complex is a lot more difficult engineering task than is 
demonstrated in this problem, for two reasons at least. Firstly, there is no scientific concord about which 
models or methods are more suited as tools for analyzing the problem and reaching management decisions. 
Secondly, even if such an accord did exist, it is not certain that the same or similar models, methods and 
tactics would provide the same results in different mining conditions. The presented restructuring problem of 
a regional system of open pits of technical rock displays this very well. 
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Abstract: This paper describes the software support for optimization of production flow of series in the 
production cycle. Determining the duration of the production cycle is undoubtedly one of the most important 
elements of the production. Described application solution is designed for organization and analysis of 
production in this segment. For these reasons it can be expected that the described solution can be widely 
used in manufacturing organizations. This paper describes the most important elements of this analysis, and 
the application solution for its support. The software solution is characterized by a simple and practical 
applicability in a wide range of manufacturing organizations.  

Keywords: Production cycle, production series, computer support. 

1. INTRODUCTION 
The selection of a time period, from the beginning to the completion of a product, is a very important in 
every organization of production. In addition to a better utilization of production capacity and reduction of 
production time, the optimal organization of the order of production operations also affects the realization of 
significant economic effects. This allows a reduction of the amount of current assets and the cost of the entire 
production. 

The importance of this issue suggests numerous authors, discussing with many aspects. Bartholdt and 
Becker 2012 emphasize: "Creating a product line needs a well defined and narrow scope to meet short time 
to market demands."  

Considering the problem of product line, Zyl 2002 is based on the analysis of Product Line Architecture, 
while Creff et al. 2012 develop a model-based product line. Based on the cycle time Ma et al. 2010 introduce 
cycle time for imperfect production processes, Athapornmongkon et al. 2006 introduce cycle-time under 
varying product mixes, while Martinell and Piedimonte 2008 present optimal cycle production of a 
manufacturing system. Some of the other studies of production cycles are forecasting of production cycle (Li 
et al. 2011), simultaneous determination of production cycle (Lee and Rosenblatt 1987), production cycles 
for group technology environment (Jamshidi and Brown 1993) and process cycle time variability (Lulu and 
Black 1987). 

Depending on the movement of series through a direct production, there are following ways for 
organizing the sequence of manufacturing operations (Božin and Radojičić 1997, Bulat 1999, Radojičić and 
Pantelić 1991, Žaja 1974): 
 successive 
 parallel and 
 combined. 
This paper describes a software solution which enables automation of calculations for determination of 

the production cycle duration, and other parameters for optimization of the production size. Application 
solution is designed with the aim of simple and practical use and therefore a wide application in 
manufacturing organizations. Automation of obtaining information for various sequence types of 
manufacturing operations, provides practicality of considered methodology for optimization of the flow of 
production cycles. Within considerations must be taken into account production characteristics that are 
inevitably present, such as organizational delays. 

2. OVERVIEW OF THE SOFTWARE SOLUTION 
The software solution, presented in this paper, aims to calculating the duration of production cycle. The 
calculations are focused on the successive and parallel sequence of manufacturing operations. In addition it 
is also possible inclusion of production downtime.  
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For the purpose of data entry, it is formed a database for the information input. The structure of one of 
the basic tables is shown in Figure 1: 
 Number of pieces in the series, or batch size 
 Time of interoperational delays 
 The amount of the time period for operation 
 Total calculated time of successive cycle type 
 Total calculated cycle time of a parallel type 
 Normative of work  
 Coefficient of successive production cycles 
 Coefficient of parallel production cycles 
 Number of operations 

 

 
Figure 1: The main table for data entry 

 

The basic analysis of the sequence execution of manufacturing operations, may be based on the 
determination of duration of production cycles, with the sequential execution of operations. In this case, 
switch to the next technological operation is performed when the previous operation has made the entire 
scope of the series. Then the products are transfered to the next operation. In this case, the duration of the 
production cycle is calculated by the following formula: 





m

i
icu tqT

1

           (1) 

Where: 
Tcu – production time of series 
ti – duration of the i-th production operation 
i = 1... k, sequence number of operations 
q – the number of pieces in the series 
 
In case of taking into account the organizational delays, this time is necessary to add to the total 

production time of series, according to the following formula, where tzi – downtime between operations 
(i = 1,2,..., m–1): 

1 1
1

1 1 1

m m m

cu cu zi i zi
i i i

T T t q t t
 

  

                (2) 

In the case of a parallel type of the sequence execution of manufacturing operations, each product passes 
to the next operation after the completion of the previous operation. In that case is not waiting for completion 
of individual operations on the entire serial production. Total final time of making the entire of series is 
calculated according to the formula: 

max,
1

)1( i

m

i
icu tqtT 



          (3) 

Where: 
Tcp – total time for overall cycle 
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ti – the duration of the i-th operation 
ti,max – the duration of the longest operation 
q – the number of pieces in the series 
m – the number of manufacturing operations 
Figure 2 shows the form for entering the initial data for the analysis of successive and parallel type of the 

sequence execution of manufacturing operations, without time delays. An example refers to the development 
of products with 4 operations, where the size of the individual series q = 4 pcs. Initial form of the input data 
is organized with the aim of simple access and understanding by the end user. The user interface allows the 
successive display of the most important results and input of the initial data: 
 Batch size 
 Time duration of an unlimited number of individual operations 
 Possible input of time delay. 
Figure 3 presents the form for displaying the results of calculations. Here are presented the analysis of all 

major sizes of the sequence execution of manufacturing operations.  
 

 
Figure 2: Form for entering the initial data 

 
Figure 3: Form for displaying the results 

of calculations 
 

Figure 4 shows the initial data analysis of the technological process product manufacturing, where 
appears a time delay of 10 minutes. Production is being performed at 6 operations with a total batch size of 
80 pieces. In this case, in calculation is automatically is added the time of delays, between operations. Figure 
5 shows the results.  

The following listing shows the interpretation of the most important elements of the program calculation 
in SQL (Structured Query Language). SQL language is a universal language for database access, and 
calculations of their records. The presented program code can therefore be largely applied to a variety of 
software platforms or combined with other general-purpose languages. In the considered example is used MS 
Access database format. Calculation procedure is divided into individual segments (queries) that are 
connected using the Macro (Figure 6). This allows continuity of the program execution as well as its 
interpretation by the VBA language (Visual Basic for Applications). 

 

 Start of the calculation, with annulled values of the previous calculation 
UPDATE Table1 SET Table1.Sumt = 0, Table1.Tu = 0, Table1.Tp = 0, Table1.Tn = 0, Table1.Kcu = 0, 

Table1.Kcp = 0; 
 Imput of time delay and batch size 
UPDATE Table1 SET Table1.tzi = Forms!TableT1!Text11, Table1.q = Forms!TableT1!Text13; 
 Computation of the sum duration of individual operations 

SELECT Sum(TableT.t) AS SumOft FROM TableT; 
 Writing the sum duration of individual operations in the table 

UPDATE Table1 SET Table1.Sumt = Forms!TableT1!Text4; 
 Computation of the total number of operations 

SELECT Count(TableT.t) AS CountOft FROM TableT; 
 Entering the total number of operations in the table 

UPDATE Table1 SET Table1.i = Forms!Query1e!CountOft; 

647



 Calculation of the maximum operation time 
SELECT Max(TableT.t) AS MaxOft FROM TableT; 
 Calculation of cycle and normative of work 

UPDATE Table1 SET Table1.Tu = Table1!q*Table1!Sumt+(Table1!i-1)*Table1!tzi, Table1.Tp = 
Table1!Sumt+(Table1!q-1)*Forms!Query1c!MaxOft, Table1.Tn = Table1!q*Table1!Sumt; 

 Calculation of the coefficients of production cycles 
UPDATE Table1 SET Table1.Kcu = Table1!Tu/Table1!Tn, Table1.Kcp = Table1!Tp/Table1!Tn; 

 

 
Figure 4: Initial data analysis of the technological 

process with time delays 

 
Figure 5: The results of calculations of 

production process with time delays 
 

Further upgrading of the displayed software solution is related to the application of Internet technology. 
Modern information systems today are increasingly characterized by the development in this direction. The 
need for decentralization of databases and users in the current period becomes inevitable. This is the reason 
for the determination that the development of information systems from the start is based on this technology. 
Apart from the need for decentralization of databases and users, an important reason for the application of 
this technology, in the development of application programs, is the need to integrate with these information 
systems, which are becoming more and more dominant. Figure 7 shows the further development of the 
considered software solution for Implementation of Internet technology. This enables enter and obtain results 
regardless of the user's location, and also the integration with modern information systems based on this 
technology. 

Displayed application solution is a computer support in one area of management and organization of 
production - analysis of the basic parameters in the organization of manufacturing operations sequence. 
However, by connecting to centralized databases may represent aslo a part of an integrated information 
system in the field of analysis of manufacturing operations. 

 

 
Figure 6: Using Macros for continuity of program 

execution 

 
Figure 7: Further upgrading of software solutions for 

Implementation of Internet technology 
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3. CONCLUSION 
This paper describes the software support for analysis of the sequence execution of manufacturing 
operations. The support refers to the use of successive and parallel type of organization of production, with 
or without a delay between the organizational operations. 

Displayed application solution can certainly have great practical significance in the implementation in all 
aspects of the organization of industrial production. Possibility of analyzing successive sequence execution 
of manufacturing operations is important for the individual production, smaller series, and various range of 
products. Support to parallel type of organization of sequence manufacturing execution, gets the importance 
in large series and mass production. 

Limitations of the considered solution may be reflected in the production of combined organization of 
successive and parallel execution of manufacturing operations. The reason for this is that in such a situation 
it is not possible to give a simple and satisfactory abstract mathematical model for calculation of the duration 
of production cycles. 

It is undisputed that the determination of the total duration of the batch production is one of the most 
important elements of any industrial company. In this segment, the presented software solution may be of a 
great importance. 
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Abstract: In the paper, a new simulation language for discrete event simulation based on open source 
libraries and tools is presented.  SIM-PA language has C-like block syntax and its conceptual framework is a 
modification of the process interaction world view. Paper gives insight into the language syntax and 
provides a benchmark example used for comparative analysis between SIM-PA and several simulation 
languages.  

Keywords: Discrete-event simulation, process interaction, systems modeling, object-oriented programming. 

1. INTRODUCTION 
Simulation is a set of techniques, methods, and tools for developing a simulation model of a system and 
using the simulation model to study that system. The purpose of simulation is to create a simulation model, 
conduct experiments with the simulation model in order to better understand the real system represented by 
model [1,2,3,4]. 

Discrete-event simulation (DES) utilizes a logical and mathematical model of physical system that 
represents state changes at precise points in simulated time. Using the nature of state change and the time at 
which that change occurs it is possible precisely to represent the system [1,2,3,4].  

Most practical systems are large and complex. The study of the dynamic behavior and the performance of 
such systems are very difficult. In order to represent those systems, it is necessary to create an adequate 
model.  The development of a simulation model for studying a real-world system has two main purposes [3]: 
 To study some relevant aspects by observing the operation of the model from the simulation runs, 
 To estimate various performance measures. 
A way to represent a model is by using a simulation language. A DES language must represent a model 

with insight into execution behavior. Also, it must satisfy following requirements [1,2,3]: 
 random numbers generation, 
 generation of values according to some distribution, 
 built-in linked list, 
 ability to collect a model statistics, 
 ability to create a simulation output  for each run,  
 flow of the simulation time. 
Many simulation languages were developed until now and exhaustive list of simulation languages can be 

found in [3]. Developing a simulation language is not an easy task, especially if you are starting from 
scratch. In the paper, we have tried not to “reinvent the wheel”, so we have developed a simulation language 
using standard and open-source libraries and tools. The language that we have named SIM-PA (SIMulation 
of Processes through Activities) was coded in C++ language and that caused us to use following libraries and 
tools: 
 STL (Standard Template Libraries), ISO standardized C++ library that provides set of common 

classes for C++ [5]; 
 BOOST, peer-reviewed C++ class library which implements many interesting and useful data 

structures and algorithms [6,7,8]; 
 Lemon parser, an LALR(1) parser generator [9]; 
 libharu, library for generating PDF files [10]. 
The rest of the paper is organized as follows. In the next section, we present DES framework and process 

interaction simulation procedure used in language. In Section 3, we describe SIM-PA language syntax and 
give connection between different language constructs and open source tools and libraries. The comparative 
analysis for SIM-PA and several simulation languages (GPSS/H [11], GPSS/FON [1] and SimEvents [12])  
is given in Section 4. In Section 5 concluding remarks are given. 
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2. DES FRAMEWORK 
DES assumes that a simulated system is consisted of a number of physical processes which mutually interact 
at discrete instants of time. These interactions are called events and the time instants at which they occur, 
event times. A model is an abstraction of a system intended to replicate some properties of that system 
[1,2,3].  

A model is consisted of objects and the relationships among objects. An object is anything characterized 
by one or more attributes to which values are assigned [1,2,3]. 

The event is defined as a discrete change of a state of an object in the system. The state of the system is 
unchanged between two successive events.  There are two types of events: conditional and unconditional. 
Conditional events occur only when some condition is fulfilled.  On the other side, unconditional events 
occur only when simulation time is equal to the advance time of an event [1,2,3,4]. 

An activity is the state of an object over a time interval. Duration of an activity can be predefined, but it 
can depend of the fulfillment of some conditions in the model, so that the duration of an activity may be 
unknown. An object activity is the state of an object between two events describing successive state changes 
for that object. The relationship between these concepts may be viewed in Figure 1 [1,3]. 

 
 
 
 
 
 
 
 

  
Figure 1: The relationship between event, activity and process 

 

Event, activity and process form the basis of three primary conceptual frameworks (also called, world 
views) within DES: event scheduling, activity scanning and process interaction.  

In the event scheduling world view only is determined when activity is going to occur, in the activity 
scanning world view is determined the reason for actions to occur, while in the process interaction world 
view objects in model and actions on each (object) are determined [1,2,3,4]. 

Simulation procedure applied in the SIM-PA language is very similar to the process interaction world 
view used in GPSS. As in the GPSS, the current simulation time is advanced to the move time of the first 
transaction on the future event list (FEL) . In the GPS, all transactions on the FEL with move-time equal to 
the current time are moved to the current event list (CEL), in the SIM-PA only the head event on the FEL is 
triggered before entering the scan phase. The reason for that lies in the fact that in the GPSS/H there is more 
than one block in connection with the object in model, while in the SIM-PA language only one object call is 
available to object [1,2,3]. 

The structure of a process interaction model PISIM-PA is [1,2] 

PISIM-PA = T, E, S, FEL, CEL, t, e, S  

In this structure, T is the time base 

0T ³= ¡ . 

The finite set E contains unique events e. An actual event occurrence is characterized by a tuple (e,t) 
including the event and the event time. This tuple is called event notice. 

The FEL is a set of event notices, while the CEL is set of events. 
The state set S is modified at event times by event handlers. For each e  E, an event handler is a 

structure (t, e, S). The event handler structure specifies: 
1. At what time in the future a new event is scheduled. The time difference δt between the current time 

and the advance time of the new event is based on the current event and system state: 

:t E S T    

2. How to modify the system state based on the current event and system state: 

:S E S S    

Object activity 

Activity

Activity

Process 

Event Event Event Event

Time
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3. The event to be scheduled. This is given by δη based on the current event and system state: 

: E S E    

Algorithm 1 describes a simulation procedure for simulating a process interaction model PI. To carry 
out the simulation, the model is given together with initial conditions: 
 the initial event list (pre-scheduled events).  
 the initial state, s  S. 
 

Algorithm 1: SIM-PA process interaction simulation procedure  
1: s  initial state S                                           initialize the state  
2: FEL  initial future event list                           initialize the future event list  
3: CEL  initial current event list                         initialize the current event list  
4: change  true                                                    initialize the state changed flag  
5: while(FEL) do 
6:  tfirst  min(T,){t|(e,t)FEL} 
7:  efirst  select{e|(e,tfirst)FEL} 
8:  t  tfirst                                                      advance simulation time to tfirst  
9:  e  efirst                                                                                  event currently processed  
10:  FEL  (FEL/(e,t))                                    remove event from FEL  
11:  s  S(e,s)                                                 execute current event  
12:  while (CEL and change) do 
13:  change  false                                  set flag to false  
14:   for each e’ in CEL do 
15:  s’  S(e’,s)                            execute event  
16:  if (ss’) then 
17:   CEL  (CEL/e’)              remove event from CEL   
18:   change  true                  set flag to true  
19:  end if 
20:                  end for 
21:  end while 
22: end while 

 
DES simulation model usually entails following objects [3]: 
 Entities, that represents moving objects.  
 Servers, these are objects that provide some type of processing and that can be acquired by the 

entities. 
 Queues, these objects are used to place entities waiting for service for one or more resources.  

3. SIM-PA LANGUAGE 
SIM-PA program is consisted of at least one process. The process can be named or unnamed. The main 
purpose of the process is to group activities in to one logical whole. The activities are placed between curly 
brackets separated with whitespace forming the process block. 
 

process [process_name] { 
  activity_1 
  ... 
  activity_n 
} 
 

The activities are named objects used to form system model and to create and destroy entities. As we 
already said, entities are objects that pass through system. Entities can carry data known as attributes.  
 

activity activity_name[([arg_1][,arg_2][,arg_3])] {  
  object_call_1 
  ... 
  object_call_n 
}[;] 
 

After the keyword, activity name, three optional arguments and activity block, activity object is formed. 
Activity argument arg_1 is expression used to calculate inter-arrival time; arg_2 is expression that 
represents maximum number of created entities; arg_3 is creation time of the first entity. Activity block is 
consisted of object calls that form a model. Semicolon at the end of the activity block is used to indicate 
whether entity is destroyed or not when end of activity is reached.  
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Objects in the SIM-PA language can be separated into several groups: 
 objects used for system modeling (queue, delay, server, barrier, switch and  move), 
 statistical objects (random and histogram), 
 auxiliary objects (expression and list), 
 operational objects (var and statement), and 
 utility objects (report, reset and stop). 
All objects, except statistical objects, auxiliary objects and statements can be named or unnamed. The 

statistical and auxiliary objects must be named. Statements are always unnamed. Named objects are declared 
objects, while the unnamed objects are objects directly called from the activity block (objects called by 
object keyword). There are several reasons for declaring an object: 
 object is called in different activities or processes, 
 we need the name of the object as a reference for movement of entity, 
 we need some specific behavior of an object that is not provided by default.  
Objects can be declared in the process and outside the process. Objects declared in the process are visible 

only in the process where they are declared, while objects declared outside the process are visible in other 
processes. Object must be declared before it is called. 

All objects, except the auxiliary objects, are declared in the following way: 
 

obj_keyword obj_name_1(arg_1,…,arg_m),…,obj_name_n(arg_1,…,arg_m), 
 

where multiple object declaration of the same object type are separated with commas. 
queue object is declared as 

 

queue que_name[([arg_1][,arg_2][,arg_3])], 
 

where arg_1 is  service discipline (fifo, lifo, attr and rand), arg_2 is string which defines the name of 
the entity attribute used for sorting entities in descending order (used only with attr discipline) and arg_3 
is maximum size of the queue. By default, service discipline of the queue is fifo and queue size is infinity. 

server object is declared in the following way: 
 

server srv_name[([arg_1][,arg_2])], 
 

where arg_1 is number of service channels (servers) and arg_2 is name of the entity attribute used for 
priority preemption (entity with larger value of attribute preempts entity at service with smaller attribute 
value). server object is used as single server or multi server. If declared without arguments, it is created as 
single server without priority. Priority preemption is used only with single server, otherwise it is ignored. 

delay, switch, move, barrier, report, reset and stop object do not have arguments, so they are 
declared as 
 

obj_kwd obj_name[()], 
 

random object is used for random number generation and for generation of random values according to 
some probability distribution (list of implemented distributions is given in table 1). Random numbers are 
generated according to Lehmer linear-congruential algorithm. random object creation is based on the 
BOOST random library. These objects are declared in the following way: 
 

random rnd_name[([arg_1])], 
 

where arg_1 is initial seed (x) of minstd (multiplier (a), increment (c) and modulus (m) are equal to 16807, 
0 and 2147483647, respectively) algorithm. If omitted initial seed is equal to 1.  

histogram object is used for collecting samples, which are distributed to bins in order to determine 
number of samples in each bin (frequency). For realization of the histogram object BOOST Accumulators 
library is used. Histograms in the SIM-PA are different from TABLES in the GPSS. In the GPSS a lower 
bound of the first bin, number of bins and their widths are given, while in SIM-PA the number of bins and a 
cache size are given. The cache is used for collecting some predetermined number (cache_size) of values and 
after the cache_size samples are collected minimum and maximum values are found. Using those values 
lower bound and width of each bin is calculated. histogram object is declared as 
 

histogram histo_name(arg_1,arg_2), 
 

where arg_1 is number of bins and arg_2 is cache size. 
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Table 1: List of SIM-PA distributions 
Distribution name 

Num. of 
arguments 

Formal distribution name 

expo, rayleigh*, 
student, chisq, 
bernoulli, geometric, 
poisson 

1 Exponential, Rayleigh, Student’s t, Chi-squared, Bernoulli, Geometric, Poisson  

norm, unif, gamma, 
cauchy, fisher, lognorm, 
weibull, laplace*, 
logistic*, gumbel, bin, 
negbin, uint 

2 
Normal, Uniform, Gamma, Cauchy, Fisher’s f,  Lognormal, Weibull, Laplace, Logistic, 
Gumbel (Extreme value type 1), Binomial, Negative binomial, Discrete uniform 
(uniform int) 

tri 3 Triangular 

pwl, pwc, disc List Piecewise linear, Piecewise constant, Discrete 

* these functions are not part of the BOOST random library  

expression object is auxiliary object which provides a means of specifying an arithmetic, relational or 
logical expression which can be used in many places in the model. Expressions are similar to the 
FVARIABLES in the GPSS and they are declared as 

 

expression expr_obj_name1 = expr1,…,expr_obj_namen = exprn, 
 

where expr1,…,exprn  are some arbitrary expressions. List of operators and their precedencies is given in 
the table 2. In the SIM-PA language truth value of an expression is determined as follows: if the value of the 
expression is equal to zero it is false, otherwise it is true.  
 

Table 2: SIM-PA language operators precedence chart 
Operator type Operators Associativity 

Parenthesis () left-to-right 

Unary operators not ~ ^ right-to-left 

Binary operators 

* / % 

left-to-right 

+ - 

< > <= >= 

== <> ~= 

and 

or 

In the expressions, internal functions, distributions from random objects, expression objects, var objects 
and object attributes can be called. The complete list of available functions is given in table 3. Functions are 
called as func_name(arg_1,arg_2,…).  Functions return only one, real value. When integer is needed 
real value is truncated.  

Most of the random objects distributions are called in the following form (see table 1): 
 

rnd_obj_name.dist_name(arg_1[,arg_2[,arg_3]]). 
 

with “.” between random object name and name of distribution, where arg_1, arg_2 and arg_3 are 
arguments of the distribution. In the situation when piecewise linear, piecewise constant or discrete 
distribution is called, list of points or list of integral values is passed as argument  

 

rnd_obj_name.pwl_or_pwc([x1,y1;x2,y2;…;xn,yn]),  
 

rnd_obj_name.disc([x1,x2,…,xn]). 
 

If called as function without arguments (rnd_obj_name()) random objects returns uniform value on the 
interval [0,1). 

expression objects are called in the expressions as functions without arguments (expr_obj_name()). 
In the situation when list of points or list of integral numbers is used more than once it useful to create an 

object which could be called every time when list is needed. list object is used for that purpose. It is 
declared as 

 

list list_obj_name_1 = [x_1,y_1;x_2,y_2;…;x_m1,y_m1],…, 
     list_obj_name_n = [x_1,x_2,…,x_mn]. 
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Table 3: List of SIM-PA functions 
Function name 

Num. of 
arguments 

Description 

clock, cseed, inf Without 
arguments 

Returns current simulation time,   time as a seed for random object, time as a seed 
for random object, respectively. 

sin, cos, tan, atan, asin, 
acos, floor, ceil, log, 
log10, exp, abs, sinh, 
cosh, tanh, sqrt, acosh, 
asinh, atanh, factorial, 
sin_pi, cos_pi, cbrt, 
sinc_pi, round, trunc, sign 

1 Elementary mathematical functions 

atan2 2 Arctangent function. 

if 3 Returns one of two values depending on the value of an expression. 

min, max 
mini, maxi Arbitrary number 

Returns minimal/maximal value from arbitrary number of values (expressions), 
index (zero indexing) of minimal/maximal value from arbitrary number of values 
(expressions), respectively. 

select, count Arbitrary number 
Returns index (zero indexing) of a first value (expression) that is equal to the value 
of an expression, number of values (expressions) that are equal to the value of an 
expression, respectively. 

var objects are global variables of one of four types: integer, real, string literals (enclosed with double 
quotation marks (”)) and object call references. var objects are declared as 

 

var var_obj_name_1 =  expr1,…, var_obj_name_n =  exprn. 
 

The name of the var objects depends on var object type. First character of the name designates the type: # 
– integer, empty – real, @ – string and & – object call reference. For example: #n, tic, @name, &oref. var 
objects are used in expressions and statements.  

Object attributes are named same as var objects where first character defines the type of attribute. All 
objects, except entity, have read-only attributes. Entities have only one read-only attribute, #id. Attributes 
must be created before they are called. Attributes are created and initialized using statement object. 
Object attributes are called as obj_name.attrib_name. 

statement object is SIM-PA object which assigns or changes values to the var objects and entity 
attributes. statement objects may be called outside a process, in the process block or in the activity block. 
When called outside a process and in the process block statements are used only to update values of var 
objects at the beginning of the simulation. We call these objects as 
  

 var_object_name stat_op expr,  
 

 entity.attr_name stat_op expr. 
 

where expr is expression used for variable or attribute updating, while stat_op is statement operator (=, +=, 
–= , *=, /=, %= and ^=). Value of var object or entity attribute is changed when entity enters in to the 
object. 

Objects that are called from activity block are: queue, delay, server, switch, barrier, move, 
histogram, statement, report, reset and stop.  

queue, reset and stop are objects called without arguments in the following way: 
 

obj_name[()] or obj_keyword[()]. 
 

When called queue object puts arriving entity into the queue according to selected discipline and releases 
entity when next object is available. reset object resets statistics of all objects in the model (var objects are 
manually initialized). stop object ends simulation. 

delay, barrier, histogram and move objects are called as 
 

obj_name(arg_1) or obj_keyword(arg_1). 
 

delay object delays entity for the specified amount of time given in the expression arg_1. barrier 
object blocks further advance of the entity in the model. barrier object is unavailable if the logical value of 
the expression in the arg_1 is false, in contrary if the value of the expression is true, barrier object is 
available. histogram object collects samples from the expression passed as argument to the object. move 
object transfers entity from its current position to the object call referenced in arg_1. Object call is 
referenced in one of the following manners: 
 &act_name, reference on the first object call in the activity, 
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 &obj_name, reference on the object call in the activity where move/switch object is called, 
 act_name.&obj_name, reference on the object call in some other activity, 
 proc_name.&act_name, reference on the first object call in some other process activity, 
 proc_name.act_name.&obj_name, reference on the object call in some other process activity. 

Keywords next, prev, front and back can be used for referencing next, previous, first in the activity an 
last in the activity object call. Also, relative referencing of the object call can be used (&act_name+1, 
&obj_call-2, act_name.&obj_name+1, next-2, front+3).  

server object is called as 
 

srv_obj_name[([arg_1],[arg_2])] or server[([arg_1],[arg_2])], 
 

where arg_1 is number of channels occupied by entity, service time or keyword preempt. If arg_1 is 
number of channels occupied by entity or preempt, then arg_2 is service time. When server object is called 
with preempt (server object must be single server) only one channel is occupied and current entity in server 
is moved to preempt list. If arg_1 is service time expression, than only one channel is occupied in server 
object.  

report object is called as 
 

rpt_obj_name[([arg_1])] or report[([arg_1])], 
 

where arg_1 is the file name and path of the report. This object internally uses libharu library for creating 
and saving report as PDF file.  

switch object transfers entity from its current position to the object call referenced in selected argument. 
This object is called as 
 

swt_obj_name(arg_s,arg_0,arg_1,…,[arg_n]) or switch(arg_c,arg_0,arg_1,…,[arg_n])  
 

where arg_s is selection argument, while arg_0,…, arg_n are referenced object calls. Depending on value 
of arg_s transfer argument is selected (0 – arg_0, 1 – arg_1, …). 

On figure 2 is presented simplified UML class diagram of the SIM-PA language. Most of the classes have 
the name of the SIM-PA objects with the prefix “c_”. 

c_object

c_delay c_server c_queue c_switch c_move c_barrier

c_random c_histogram c_event c_entity c_process c_activity

c_report c_reset c_stop c_statement c_expession c_list

c_program c_object_call

c_simulationc_stat <<uses>>

<<uses>>

 
Figure 2: Simplified UML class diagram of the SIM-PA language 

4. COMPARATIVE ANALYSIS 
In order to perform comparative analysis between SIM-PA and several other simulation languages 

(GPSS/H, GPSS/FON and Simulink SimEvents) it is necessary to create a benchmark example. We are using 
the outbound warehouse operations in the Coca Cola HBC (CCHBC) company for the comparison. 

Coca-Cola HBC has the automatic soft drink filling facility with all the products stored inside a central 
warehouse. This warehouse is used for transport of goods toward customers and for exchange of goods 
between company warehouses. High volume sales demand perfect synchronization between the services that 
operate across the whole organization, and especially the cooperation and coordination between the services 
in the supply chain. 

One of the key sectors in the company is logistics, which includes distribution and warehousing. In order 
to goods to be delivered in time, it is necessary to create a good plan by which the goods for customers will 
be prepared, loaded and delivered. That is not an easy task, considering conditions that must be met: on one 
side is delivery time and condition of delivered goods, and on the other side optimal utilization of the 
company's capacities and cost reduction. The distribution service plans the process of goods delivery and 
dictates to the warehouse by which rate the loading will be done. The process of a truck loading is 
schematically presented on the BPMN (Business Process Model and Notation) diagram (Figure 3). More on 
BPMN notation can be found in [13]. 
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Figure 3: BPMN diagram for outbound warehouse operations in CCHBC 

 

In table 4 are given tasks that can be seen at BPMN diagram (Fig. 3) and their time-delay distributions. 
Inter-arrival time between consecutive truck arrivals and time between two approvals are uniformly 
distributed on intervals from 420 to 780 seconds, and from 60 to 300 seconds, respectively.  

 
Table 4: Tasks and their work time 

Task Time-delay  distribution 
Checkpoint – Registration of a truck Unif(60,180) 
Driver parks the truck at the loading dock Unif(120,240) 
Office clerk issues the warehouse order Unif(60,180) 
Warehouse clerk approves truck loading Const(180)
Two forklift workers load the truck  Unif(480,720) 
Driver checks if the loaded goods are in 
conformance with the warehouse order Unif(120,240) 

 
Simulation programs coded in SIM-PA and GPSS/H (GPSS/FON) are given in listing 1. SimEvents model is 
created using Simulink blocks for DES simulation and it is omitted here because of its size.  
 

Listing 1: Simulation program written in SIM-PA and GPSS/H (GPSS/FON) 
 
/******************************************** 
 * SIM-PA: SIMULATION OF THE                * 
 * OUTBOUND PROCESS IN THE WAREHOUSE        * 
 ********************************************/ 
process { 
    // Random number generator. 
    random rnd1(1), rnd2(3), rnd3(5), 
           rnd4(7), rnd5(9), rnd6(11), 
           rnd7(13) 
    // FIFO queue in front of the door. 
    queue qdoor(fifo) 
    // Warehouse workers 
    server workers(2) 
    // Histogram. 
    histogram histo(8,20) 
    // Order confirmation flag and number of loaded vehicles. 
    var #flag = 0, #no_of_veh 
    // Initialization of the variable. 
    #no_of_veh = 0 
    // Time between truck arrivals. 
    expression unif1 = 420+(780-420)*rnd1() 
    /********************************* 
      Truck arrives. 
     *********************************/ 
    activity truck_arr(unif1()) { 
        // Truck stops in front of the checkpoint 
        queue 
        // Chechpoint clerk confirms arrival of the truck and 
        // driver parks the truck at the loading dock. 
        server(rnd2.unif(60,180)+rnd3.unif(120,240)) 
        // Driver waits for a warehouse order. 
        queue 
        // Office clerk issues the warehouse order. 
        server(rnd4.unif(60,180)) 
        // Truck waits for loading. 
        qdoor 
        // Wait in front of the door if loading is disabled. 
        barrier(#flag) 

**************************************** 
* GPSS/H(GPSS/FON): SIMULATION OF THE  * 
* OUTBOUND PROCESS IN THE WAREHOUSE    * 
**************************************** 
        SIMULATE 
 UNIF1  VARIABLE 420+2*180*RN1/1000 
 UNIF2  VARIABLE 60+2*60*RN3/1000 
 UNIF3  VARIABLE 120+2*60*RN5/1000 
 UNIF4  VARIABLE 60+2*60*RN7/1000 
 UNIF5  VARIABLE 480+2*120*RN2/1000 
 UNIF6  VARIABLE 120+2*60*RN4/1000 
 APPR   VARIABLE V$UNIF2+V$UNIF3 
 LOAD   STORAGE 2 
        GENERATE V$UNIF1 
        QUEUE QCHECKP 
        SEIZE CHECKP 
        DEPART QCHECKP 
        ADVANCE V$APPR 
        RELEASE CHECKP 
        QUEUE QOCLERK 
        SEIZE OCLERK 
        DEPART QOCLERK 
        ADVANCE V$UNIF4 
        RELEASE OCLERK 
        LINK QDOOR,FIFO 
 PRO    QUEUE QLOAD 
        ENTER LOAD 
        DEPART QLOAD 
        ADVANCE V$UNIF5 
        LEAVE LOAD 
        SEIZE CHECKL 
        MARK 
        ADVANCE V$UNIF6 
        TABULATE HIST 
        SAVEVALUE NOVEH+,1 
        RELEASE CHECKL 
        TERMINATE 
* 
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        // If the queue at the loading dock 
        // is empty loading is disabled. 
        // #n is integral attribute of the queue and  
        // represents current number of entities in the queue. 
        #flag = (qdoor.#n~=0) 
 // Queue of trucks with approved loading  
 queue 
        // Two warehouse workers move the goods into the truck. 
        workers(rnd5.unif(480,720)) 
        // Time instant is saved in the real entity attribute tic.  
        entity.tic = clock() 
        // Truck driver checks if the loaded goods are in  
        // conformance with the issued warehouse order. 
        server(rnd6.unif(120,240)) 
        // Histogram updating. 
        histo(clock()-entity.tic) 
        // Incrementing number of loaded vehicles.     
        #no_of_veh += 1 
    }; 
    /************************************************************ 
      The warehouse clerk periodically monitors the loading dock. 
     ************************************************************/ 
    expression unif7 = 60+(300-60)*rnd7() 
    activity warehouse_clerk(unif7()) { 
        // The warehouse clerk confirmes issued warehouse orders. 
        delay(180) 
        // Enable loading if trucks are waiting in front of the door. 
        #flag = (qdoor.#n<>0) 
    }; 
    /********************************* 
      8 - hour work day 
     *********************************/ 
    activity timer(8*3600) { 
        // Generation of the simulation report. 
        report 
        // Stop the simulation. 
        stop 
    } 
} 

 UNIF7  VARIABLE 60+2*120*RN6/1000 
        GENERATE V$UNIF7 
        ADVANCE 180 
        TEST G CH$QDOOR,0,FIN 
        UNLINK QDOOR,PRO,ALL 
 FIN    TERMINATE 
* Timer 
        GENERATE 3600 
        TERMINATE 1 
* 
 HIST   TABLE M1,150,10,9 
* 
        START 8 
        END 
 

 

In table 5 are given Server statistics in the SIM-PA, Facility/Storage statistics in the GPSS/H or 
GPSS/FON and Single Server/N-Server statistics in SimEvents. Also, in table 6 are given statistics for queue 
in SIM-PA, user chain in GPSS/H or GPSS/FON and FIFO queue in SimEvents. From tables, it can be seen 
that obtained statistics for different languages very similar. 
 

Table 5: Server/Facility/Storage statistics obtained with GPSS/H, GPSS/FON, SimEvents and SIM-PA 
 Number of entries Average Contents Average service time 
 
Serv./Fac./Sto. 

SIM-PA GPSS/H GPSS/FON  SimEv. SIM-PA GPSS/H GPSS/FON  SimEv. SIM-PA GPSS/H GPSS/FON  S imE v.  

Checkpoint 45 47 48 48 0.493 0.494 0.501 0.522 315.675 302.979 298.271 315.500 

Office clerk 45 46 48 47 0.181 0.184 0.199 0.199 115.716 115.087 119.000 127.000 

Truck driver 43 45 47 46 0.284 0.284 0.272 0.282 190.108 181.756 169.283 181.100 

Workers 44 45 47 46 0.926 0.940 0.966 0.979 606.179 601.756 588.574 615.700 
 

Table 6: Queue/User chain statistics obtained with GPSS/H, GPSS/FON, SimEvents and SIM-PA 
 Number 

of entries 
Current  
contents 

Maximum
contents 

Average 
contents 

Average 
wait time 

SIM-PA 45 1 1 0.132 84.192 
GPSS/H 46 1 1 0.167 104.500 
GPSS/FON 48 1 1 0.157 95.915 
SimEvents 47 0 1 0.146 88.280 
 

Also, an analysis of the execution time was conducted. From diagram in figure 4 it can be seen that 
average execution time of the benchmark example for 100 runs is similar for GPSS/H, GPSS/FON and SIM-
PA. Execution time for SimEvents is larger than the execution time of other languages used for comparison.  
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Figure 4: Average execution time of the benchmark example for 100 runs 

5. CONCLUSION 
In the paper we have presented new discrete event simulation language named SIM-PA, using open source 
C++ libraries and tools. New language has C-like grammar and its simulation engine is based on the process 
interaction simulation procedure. Comparative analysis of the implemented language with several other 
simulation languages (GPSS/H, GPSS/FON and SimEvents) is conducted. Using the benchmark example it 
is shown that results are similar. Also, performance comparison is carried out and it is determined that 
average execution time of SIM-PA language is at least as good as average execution time of the GPSS/H and 
GPSS/FON. 
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Abstract: Multi-Attribute Decision Making (MADM) theory is a way to obtain good assessment for the 
parallel and distributed software. It provides tools to compute a synthetic characterization, named High 
Performance Computing (HPC) merit, which may be used in operations like software comparisons / 
rankings / optimizations. The paper presents the general assessment model with its associated assessment 
problems and a terse and telling case study. The assessment model is described and solved by the Internet 
mathematical service named OPTCHOICE (MADM modeling and optimal choice problem solving). It 
provides a multitude of normalization and solving methods generating diverse assessments, but always a 
global assessment is delivered. 

Keywords: Software assessment, parallel and distributed computing, multiple attribute decision making, 
comparisons / rankings / optimizations through the agency of the high performance computing merits. 

1. INTRODUCTION 
The paper proposes a method to assess the parallel and distributed software (Grama et al. 2003; Alaghband 
and Jordan 2002; Dongarra et al. 2006). In principle, every single program of this kind may be assessed by a 
so call HPC merit. This merit is computed starting from the elementary characteristics of software evaluated 
by experts. The elementary characteristics refer on the source and executable formats. The HPC merit’s 
computing procedure may be considered as an integration of elementary characteristics to give a synthetic 
characterization. This characterization shows if the respective program is well realized as parallel and 
distributed software and well distributed on hardware configuration. It is a number in the [0, 1] interval. As 
close to 1 is the HPC merit, the better realized is the software - hardware implementation. But the main goal 
is assessing a set of programs. In this case, the merits can stay at the base of comparison / ranking / 
optimization problems. 

In order to make a good assessment for the parallel and distributed software, it is necessary: 
 To consider a parallel and distributed programs set and its characteristics. The programs must belong to 

the same class, meaning that they realize the same user function but by different software solutions;  
 To consider, for the programs set, all hardware configurations capable to receive them in running. It is 

possible to operate on a collection of computing elements (scalar machines, multiprocessors, or special-
purpose computers) interconnected in one or more homogeneous / heterogeneous networks;  

 To imply, in the assessment process, several experts which are specialized in computer science, 
mathematics and programming languages.  
Thus, the above hypotheses conduct at the conclusion that the MADM (Yoon and Hwang 1995) paradigm is 

suitable to use in the construction of assessment models and solving the pending problems. Indeed, in this case, 
it is possible to define the following entities: objects (software set subject to the assessment process), attributes 
(software's general and parallelism / distributive elementary characteristics), states of nature (running platforms 
taken in consideration) (El-Rewini and Lewis 1990; Krauter et al. 2002), decision makers (Hwang and Lin 
1997) (specialists in algorithms, programming and networking), objects - attributes characteristics matrix with 
the dimensions determined by the above entities dimensions, and finally, decision makers / states of nature / 
attributes weights (meaning that the elements in this entities have different importance in the assessment 
process). Obviously, in this manner, it was considered neither more nor less than a MADM model.  

The parallel and distributed software's assessment is made using a tool named OPTCHOICE (Resteanu and 
Andreica 2007). It may be characterized as a pervasive Internet optimization service. An Internet service is 
pervasive if it is available, in conditions of performance and without delay, to anyone, from any place, at any time 
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and free of charge. With OPTCHOICE software one is able to define Assessment Models (AMs) in MADM 
paradigm. AMs are used to develop Assessment Problems (APs) that can be solved in performance conditions. 

2. AMs DEFINING AND APs SOLVING 

In the following one presents, in mathematical notations, the general AM defining and, in pseudo-code the AP 
solving. One supposes that there exists one beneficiary which possesses a number of programs with the same 
functionality, written in the requirements of the parallel and distributed computing, and susceptible to be 
exploited on various hardware platform. He / she want to known the merit of every program and in 
consequence which of them is the optimum and therefore will be chosen to be utilized. A demand to 
accomplish this task is addressed to a number of specialists in such problems. They must have excellence in 
algorithms, programming languages and networking.  

2.1. AMs defining 
By definition, a general AM, in OPTCHOICE vision which implements the MADM, involves the following 
elements:  
- { ( ) | 1, }D d l l  l , (l=card(D)), a set of experts whose elements are the persons with assignments in the process 
of building and validating the AMs, as well as in generating and solving the APs. Typically, the experts 
discuss and agree on their absolute weights (giving their relative importance in the assessment process) 

{ }( ) | 1,WD wd l l  l , 
1

( ) 1
l

wd l



l ; 

- { ( ) | 1, }S s k k  k , (k=card(S)) a set of states of nature, each one of them representing a hardware platform 
susceptible to run the programs subject to the assessment process. Like in the above case, there are the 
absolute weights { ( ) | 1, }WS ws k k  k , 

1
( ) 1

k
ws k




k . In order to assure the impartiality, in the software 

assessment it is recommended to have equal absolute weights for the hardware platforms;  
- ( ) | 1, }{O o i i  i  (i=card(O)) the objects, a discrete and finite set with at least one element, representing the 
parallel and distributed programs subject to the assessment process;  

- ( ) | 1, }{A a j j  j , (j=card(A)) the attributes, a discrete and finite set of mutual independent elements with 
at least one element, with its absolute weights { ( ) | 1, }WA wa j j  j , 

1
( ) 1

j
wa j




j . They represent those 

parallelism and distribution characteristics which ones can establish for all objects in the same time. Ones may 
be defined a lot of software's parallelism and distributive characteristics, over one hundred, which can be 
considered attributes in AMs (Leopold 2001; Ros 2010; Hughes and Hughes 2003). In the following, the most 
important of them, taken into account in this paper, are grouped in three sections:  
- Fundamentals. The first section contains the general characteristics of the software to be assessed:  
a (1) = quality of the algorithm chosen for solving the given problem (by comparison with the best possible 
solving algorithms) and of the chosen programming language (of general use and / or special use), a(2) = 
quality of the general parallelization solution, a(3) = quality of the general distribution solution, a(4) = 
developing cost; 
- Parallelism and distribution. The second section contains the characteristics regarding the parallelism and 
the distribution of the software:  
a(5) = complexity of the parallelization and distributing process, a(6) = parallelization model, a(7) = quality 
of functional decomposition, a(8) = on functions dependency magnitude, a(9) = number of parallelism 
inhibitors unsolved in the program, a(10) = number of intensive computing places persisting in the program, 
a(11) = number of bottle neck persisting in the program, a(12) = data decomposition model, a(13) = quality 
of data decomposition, a(14) = on data dependency magnitude, a(15) = synchronous communications 
magnitude, a(16) = asynchronous communications magnitude, a(17) = communications latency, a(18) = 
communications efficiency,  a(19) = surplus time, a(20) = communications time, a(21) = I/O time, a(22) = 
dead time, a(23) = balanced loading, a(24) = granularity, a(25) = scalability, a(26) = quality of memory 
charring, a(27) = quality of buffer in/out mechanism, a(28) = type of memory access, a(29) = memory-cpu 
bus bandwidth, a(30) = communications network bandwidth, a(31) = massive parallelism; 
- Efficiency. The third section contains the characteristics that the user follows in the current running: 
a(32) = running time, a(33) = speed increasing, a(34) = used memory, a(35) = exploitation cost, a(36) = 
reliability, a(37) = portability. 
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These characteristics can have diverse expression modes: cardinal, ordinal, Boolean, fuzzy and random 
variables. In this case is preferred to utilize a variant of cardinal mode i.e. the grades from 1 to 10. The 
attributes have also a double vector giving their variation intervals and an optimization senses vector: 

{( ( ), ( )) | 1, }LUA la j ua j j  j , whose elements are the variation intervals of attributes. The intervals are 

generically denoted by (L, U). In this case  1 ( ) ( ) 10la j ua j   , 1,j  j ; 
{ ( ) | 1, }SA sa j j  j , whose elements are 0 (meaning minimum, denoted by m) when the attributes are 

considered good for the smaller possible values and 1 (meaning maximum, denoted by M) when the attributes 
are considered good for the larger possible values. In this case, the characteristics’ evaluation being made by 
grades, the sense of optimization will be maximum, then M=1 for all attributes;   

- The characteristics matrix C : O  A  S  D   , where the element c(o(i), a(j), s(k), d(l)) = oasdijkl 
represents the value of the attribute a(j) for the object o(i), in the opinion of the expert d(k), in the state of 
nature s(l), with i 1, i , j 1, j . 1,k  k , l 1, l .  
 
Final remark: 
The weights, in user expression, are given in percents. All weights are normalized by the OPTCHOICE 
software and so their mathematical expression is transparent for users. 

2.2. APs solving 

An AP may be solved by a set of MADM methods,   | 1,SM sm m m  m , m=card(SM), namely the analyse 

of objects’ dominance (6 different analysis), and the computing objects’ merits (maximax, maximin, linear 
utility function, scores, diameters, Onicescu, Pareto, TOPSIS, TODIM methods) in conjunction with several 
normalization methods,   | 1,NM nm n n  n , n=card(NM) (for example: von Newman – Morgenstern like 
methods). The APs, which are generated over an AM, by varying the input parameters, can be solved 
sequentially by more than one couple sm(m) – nm (n). Since each method reflects a different point of view 
about assessment and optimality, it is obvious that applying different methods to the same set of data will 
often lead to different solutions. Therefore, a decisional inconsistency may appear. A procedure implemented 
in OPTCHOICE addresses this problem; it proposes a global solution by processing the results stored in so 
called evaluation vector. 

In the following, one presents, in an adequate pseudo-code, the AP solving: 
 
 

PROGRAM  implementing the OPTCHOICE algorithm 
 

SELECT from OPTCHOICE-DB an AP 
UPLOAD from database to memory the AP data 
MEMORY DATA 
Nature and dimensions of parameters, variables, vectors and matrices. 
TEXT OF 256 CHARACTERS o(i), a(j), d(k), s(l), sm(m), nm(n) 
PROCEDURE NAME OF 8 CHARACTERS CURRENT_METHOD,   
SOLVING 
BOOLEAN sa(j), bsm(m) 
INTEGER PARAMETERS i, j, k, l, m, n, ii, jkl=max(j, k, l) 
INTEGER VARIABLES i, j, k, l, m, n, ii, jkl 
REAL  la(j), ua(j), wa(j), ws(k), wd(l), ww(jkl), oasd(i, j, k, l), osd(i, k, l), 
od(i, l), c(i, jkl), method_merit(m, i), global_merit (i) 
BEGIN PROGRAM 
Transform the uploaded AP in so called “Work standard form of the MADM 
problem” by executing:  
- The verifying that the vectors and matrices are complete defined, 
- The correctitude of data is assured at the filling-in process,  
- The passing, if is necessary, from minimum to maximum in the EP; 

- If the model in correct and complete, the normalization process for 
attributes is started, see the following procedure One uses, for example, 
nm(1) which  corresponds to the first Von Neumann – Morgenstern method. 
DO l = 1, l 
       DO k = 1, k 
              DO j = 1, j 
                     DO i = 1, i 
                           IF sa(j) = 0 THEN 
                                oasd(i, j, k, l)=(oasd(i, j, k, l) - pa(j)) / (oa(j) - pa(j))  
                            ELSE 
                                oasd(i, j, k, l)=(oa(j) - oasd(i, j, k, l)) / (oa(j) - pa(j))  
                            ENDIF 
                     ENDDO 
              ENDDO 
       ENDDO  
ENDDO 

Select from SM a number of solving methods; let be, for example sm(5), 
sm(7) and sm(9), which correspond respectively to SCORES, ONICESCU 
and TOPSIS methods.  

Mark the choice in   | 1,BSM bsm m m  m , m = 16.  

Do the solving process.  
Display the solution. 
DO m = 1, m 
       DISPLAY sm(m) 
       IF sm(m) IS SELECTED 
            bsm(m) = 1 
       ELSE 
            bsm(m) = 0 
       ENDIF 
ENDDO 
DO m = 1, m 
       IF bsm(m) = 1 
           CURRENT_METHOD = sm(m) 
           PERFORM PROCEDURE SOLVING USING CURRENT_METHOD 
       ENDIF 
ENDDO 
DO i = 1, i 
       global_ merit(i) = 0 
       DO m = 1, m 
              global_ merit(i) = global_ merit(i) + method_merit(m, i) 
       ENDDO 
       global_ merit(i) = global_ merit(i) / m 
ENDDO 
RANK DESCENDING o(i) IN ACCORDANCE WITH global_ merit(i) 
DISPLAY “Problem’s solution” 
DISPLAY FOR  i = 1, i , m = 1, m o(i), methodt(mi), method_merit(m, i)  
DISPLAY FOR  i = 1, i global_ merit(i)  
STOP  
END PROGRAM

 

666



PROCEDURE SOLVING  USING  CURRENT_METHOD 
Optimization at “Attributes” level. 
DO l = 1, l 
      DO k = 1, k 
           DO j = 1, j 
                  ww(j) = wa(j) / 100 
            ENDDO 
            DO i = 1, i 
                   DO j = 1, j 
                         c(i, j) = oasd(i, j, k, l) 
                   ENDDO 
            ENDDO 
            PERFORM PROCEDURE CURRENT_METHOD  
                               IN i, j, c(i, j), ww(j) OUT merit(i) 
              DO i = 1, i 
                    osd(i, k, l) = merit(i) 
              ENDDO 
        ENDDO                             
ENDDO 
 
Optimization at “States of nature” level 
DO l = 1, l 
      DO k = 1, k 
             ww(k) = ws(k) / 100 
       ENDDO 

       DO i = 1, i 
             DO k = 1, k 
                    c(i, k) = osd(i, k, l) 
              ENDDO 
       ENDDO 
       PERFORM PROCEDURE CURRENT_METHOD 
                          IN  i, k, c(i, k), ww(k) OUT merit(i) 
       DO i = 1, i 
             od(i, l) = merit(i) 
       ENDDO 
ENDDO 
 
Optimization at “Experts” level 
DO l = 1, l 
      ww(l) = wd(l) / 100 
ENDDO 
DO i = 1, i 
      DO l = 1, l 
            c(i, l) = od(i, l) 
      ENDDO 
ENDDO 
PERFORM PROCEDURE CURRENT_METHOD 
                                          IN i. l, c(i, l), ww(l) OUT merit(i) 
ENDPROCEDURE 

 
 

SCORES method 
PROCEDURE sm(5)  
IN  i, jkl, c(i, jkl), ww(jkl) OUT merit(i) 
LOCAL i, jkl, smerit 
DO i = 1, i 
      merit(i) = 0   
ENDDO 
DO jkl = 1, jkl  
      FIX jkl 
      RANK DESCENDING c(i, jkl), i=1, i 
      DO i = 1, i 
            IF c(i, jkl) >= 0.9 THEN 
                merit(i) = merit(i) + 10 
            ELSE 
                IF c(i, jkl) >= 0.8 THEN 
                     merit(i) = merit(i) + 9 
                ELSE 
                    IF c(i, jkl) >= 0.7 THEN 
                        merit(i) = merit(i) + 8 
                   ELSE 
                        IF c(i, jkl) >= 0.6 THEN 
                            merit(i) = merit(i) + 7 
                        ELSE 
                             IF c(i, jkl) >= 0.5 THEN 
                                 merit(i) = merit(i) + 6 
                             ELSE 
                                 IF c(i, jkl) >= 0.4 THEN 
                                      merit(i) = merit(i) + 5 
                                 ELSE 

                                     IF c(i, jkl) >= 0.3 THEN 
                                         merit(i) = merit(i) + 4 
                                     ELSE 
                                          IF c(i, jkl) >= 0.2 THEN 
                                              merit(i) = merit(i) + 3 
                                          ELSE 
                                               IF c(i, jkl) >= 0.1 THEN 
                                                   merit(i) = merit(i) + 2 
                                              ELSE 
                                                   merit(i) = merit(i) + 1   
                                            ENDIF 
                                          ENDIF 
                                      ENDIF 
                                  ENDIF 
                              ENDIF 
                          ENDIF 
                     ENDIF 
                 ENDIF 
            ENDIF  
      ENDDO 
ENDDO 
DO i = 1, i 
      smerit = smerit + merit(i)   
ENDDO 
DO i = 1, i 
      merit(i)  =  merit(i) / smerit   
ENDDO 
ENDPROCEDURE 

 
ONICESCU method 

PROCEDURE sm(7)  
IN  i, jkl, c(i, jkl), ww(jkl) OUT merit(i) 
LOCAL i, jkl, rank(i), smerit 
DO i = 1, i 
      merit(i) = 0   
ENDDO 
DO jkl = 1, jkl  
      FIX jkl 
      RANK DESCENDING c(i, jkl), i=1, i 
      rank(1) = 1 
      DO i = 2, i 
            IF c(i, jkl) = c(i-1, jkl) THEN 
                rank(i) = rank(i-1) 
            ELSE 

                rank(i) = rank(i-1)+1 
            ENDIF 
      ENDDO 
      DO i = 1, i 
            merit(i) = merit(i) + ww(jkl) / 2 ** rank(i)   
      ENDDO 
ENDDO 
DO i = 1, i 
       smerit = smerit + merit(i)   
ENDDO 
DO i = 1, i 
       merit(i)  =  merit(i) / smerit   
ENDDO 
ENDPROCEDURE 

 
TOPSIS method 

PROCEDURE sm(9)  
IN  i, jkl, c(i, jkl), ww(jkl) OUT merit(i) 
LOCAL i, jkl, merit -, merit+   
DO i = 1, i 
      merit(i) = 0   
ENDDO 
DO i = 1, i 
      DO jkl = 1, jkl  

           merit - = merit - + ww(jkl) * (0 - c(i, jkl))2  
            merit+ = merit+ + ww(jkl) * (1 - c(i, jkl))2 
      ENDDO 
      merit - = sqrt (merit -)  
      merit+ = sqrt (merit+)   
      merit(i) = merit - / (merit+ - merit -)     
ENDDO 
ENDPROCEDURE
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3. CASE STUDY 
For this small case study, one chooses an easy but telling assessment problem. For the beginning the AM 
will be defined and then the associated APs will be solved.  

3.1. Experts 
The experts set D = {d(1), d(2), d(3)} contains three Information Technology specialists with a good 
experience in parallel and distributed computing, the authors of this paper: d(1) = Cornel Resteanu, d(2) = 
Romica Trandafir and d(3) = Marin Andreica. Their weights, established by mutual consensus at the level of 
experts, are WD = {40, 30, 30}. 

3.2. States of nature 
One considers as states of nature S = {s(1), s(2)} with WS = {50, 50}, where:  
- s(1) = an ad hoc net consisting of one server (MB Intel Brandon2 - SE7520BD2VD2, dual processor Intel 
XEON 800FSB) and ten multiprocessors (MB D975XBX2KR -  CPU CORE2 EXTREME, QUADCORE), 
both computers types configured at medium level and linked into a star net configuration, see (Bokhari 
1987);  
- s(2) = the well known EGEE GRID, the net dedicated to European specialists in High Performance 
Computing, see (Baker et al. 2002; Buyya and Bubendorfer 2009). 

3.3. Objects 
The objects set is O{o(1), o(2)} containing two software to assess and compare. Obviously they accomplish 
the same function, the computing of π number (the ratio of the circumference to the diameter of a circle), but 
with different computing algorithms based on these different formulas: 
 

                             2/π = (1335577(2n-1)(2n-1))/(22446682(n-1)2(n-1)2n)                                (1) 
                                                              π/4 = 1 - 1/3 + 1/5 - 1/7 + ....                                                             (2) 

 

There is, in each case, a master program that distributes, to the slave programs (in fact one program with 
many launching in execution): their id, the computing formula (in an adequate format), and the number of 
terms / factors to be computed. That, every iteration, the slave programs known what they have to compute. 
The master program waits for the slave programs’ results, collects them and computes the partial solution. If 
the stopping condition, the default running time or the default number of correct decimals, is not 
accomplished, then a new iteration is launched. One works with very large numbers, larger than 264, which 
need computing on special representations. The tool used is GNU Multiple Precision Arithmetic Library 
(GMP). It is a free general-purpose library for arithmetic on large numbers. The last version of GMP 
appeared on 2013, May 20. 

3.4. Attributes 
As said in the previous section, to express the attributes, the experts will utilize grades from 1 to 10. The 
vector of the j limits will be: LUA = {(1, 10), (1, 10), … ,(1,10)}.  

The experts’ evaluation being by grades, the sense vector will be: SA = {1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 
1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1}.  

To correctly fill-in the assessment matrix, one considers of great importance to correctly interpret the 
significance of SA elements. For example, the objects’ attribute a (1), representing the quality of the 
algorithms chosen for solving the given problem and the quality of their programming, will receive good 
grades if this characteristic has large values. On the other hand, the objects’ attribute a(4), representing the 
developing costs of the programs, will receive good grades if this characteristic has small values.  

The weights vector, given by the user, is: WA = {5, 5, 4, 2, 3, 3, 3, 2, 2, 2, 3, 3, 2, 2, 3, 1, 2, 1, 1, 2, 2, 3, 3, 
3, 2, 2, 3, 3, 3, 3, 4, 4, 3, 2, 2, 5, 2}.  

3.5. Characteristics matrix 
The above announced specialists must independently fill-up the characteristics matrix. For a good filling-up 
of this matrix, initially it must be filled-up the objects and the attributes which give the dimensions of the 
matrix. Once established this dimensions, the information associated to the attributes, i.e. the weights, 
optimization sense (minimum / maximum), lower and upper values must be filled-up. They help to the 
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validation process. The very elements of the matrix,  c(o(i), a(j), s(k), d(l)) with  1,2i  ,  1, 37j  , 1, 2k  ,  
1,3l  , will be the last filled-up.  
Every model element will be validated at its entry. Proceeding like described above, the model will be 

contained in Table 1. One notices that in this table there are lines with equal elements on all columns. These 
lines do not discriminate the objects but contribute to their merits’ computing. 
Table 1: The characteristics matrix 

Decision makers  Cornel Resteanu Romica Trandafir Marin Andreica 
States of Nature  Ad-hoc net EGEE grid Ad-hoc net EGEE grid Ad-hoc net EGEE grid 
Objects  o1 o2 o1 o2 o1 o2 o1 o2 o1 o2 o1 o2 

Attributes ↓ Weights L U m/M             
a1 5 1 10 1 8.50 9 8.50 9 8 9 8 9 8 9 8 9 
a2 5 1 10 1 8.50 8.50 8 8 9 9 8 8 9.50 9.50 9 9 
a3 4 1 10 1 9.75 9.75 9.75 9.75 9.75 9.75 9.75 9.75 9.75 9.75 9.75 9.75 
a4 2 1 10 1 9 9 9.50 9.50 9 9 9.25 9.25 8.75 8.75 9.50 9.50 
a5 3 1 10 1 7 7 7 7 6 6 6 6 6.50 6.50 6.50 6.50 
a6 3 1 10 1 8.50 8.50 8.50 8.50 9 9 9 9 9 9 9 9 
a7 3 1 10 1 9.50 9.50 9.50 9.50 9.75 9.75 9.75 9.75 9.50 9.50 9.50 9.50 
a8 2 1 10 1 8.50 8.50 8.50 8.50 9 9 9 9 9 9 9 9 
a9 2 1 10 1 10 10 10 10 10 10 10 10 10 10 10 10 

a10 2 1 10 1 10 10 10 10 10 10 10 10 10 10 10 10 
a11 3 1 10 1 10 10 10 10 10 10 10 10 10 10 10 10 
a12 3 1 10 1 8.50 8.50 8.50 8.50 9.25 9.25 9.25 9.25 9 9 9 9 
a13 2 1 10 1 9.50 9.50 9.50 9.50 9.75 9.75 9.75 9.75 9.50 9.50 9.50 9.50 
a14 2 1 10 1 9 9 9 9 9.25 9.25 9.25 9.25 9 9 9 9 
a15 3 1 10 1 9.75 9.75 9.75 9.75 10 10 10 10 9.90 9.90 9.90 9.90 
a16 1 1 10 1 9.75 9.75 9.75 9.75 10 10 10 10 9.90 9.90 9.90 9.90 
a17 2 1 10 1 9.50 9.50 9.75 9.75 9.25 9.25 9.50 9.50 8 8 9 9 
a18 1 1 10 1 9.50 9.50 9.75 9.75 9.25 9.25 9.50 9.50 8 8 9 9 
a19 1 1 10 1 8 8 9 9 8.50 8.50 9 9 9 9 9.25 9.25 
a20 2 1 10 1 9.50 9.25 9.75 9.50 9 8.50 9.50 9 9.25 9 9.50 9.25 
a21 2 1 10 1 9 8.75 9.25 9 8.50 8 9 8.50 8.75 8.50 9 8.75 
a22 3 1 10 1 9.50 9.50 9.75 9.75 9.75 9.75 9.90 9.90 9.25 9.25 9.50 9.50 
a23 3 1 10 1 9.75 9.75 9.75 9.75 9.80 9.80 9.80 9.80 9.85 9.85 9.85 9.85 
a24 3 1 10 1 8.50 8.50 9.50 9.50 8 8 9 9 8.50 8.50 9 9 
a25 2 1 10 1 7 7 9.75 9.75 7.50 7.50 9.50 9.50 7.50 7.50 9.90 9.90 
a26 2 1 10 1 7 7 9.75 9.75 7.50 7.50 9.50 9.50 7.50 7.50 9.50 9.50 
a27 3 1 10 1 9 9 9.75 9.75 9 9 9.50 9.50 8.75 8.75 9.50 9.50 
a28 3 1 10 1 9 9 9.50 9.50 9 9 9.75 9.75 9.25 9.25 9.75 9.75 
a29 3 1 10 1 9.50 9.50 9.75 9.75 9.50 9.50 9.90 9.90 9.25 9.25 9.75 9.75 
a30 3 1 10 1 9 9 9.75 9.75 9.25 9.25 9.50 9.50 9 9 9.50 9.50 
a31 4 1 10 1 6 6 9.50 9.50 7 7 9 9 6 6 9.25 9.25 
a32 4 1 10 1 7 8 9 9.25 7.50 8 9.25 9.50 7.75 8 9.50 9.75 
a33 3 1 10 1 7.50 8.5 9.25 9.50 7.75 8.20 9.50 9.75 8 8.50 9.50 9.75 
a34 2 1 10 1 9 9 8 8 9.50 9.50 8 8 9 9 7.50 7.50 
a35 2 1 10 1 9 9 9.15 9.15 9 9 9.25 9.25 8.50 8.50 9 9 
a36 5 1 10 1 9.50 9.50 9.25 9.25 9.50 9.50 9 9 9.75 9.75 9.50 9.50 
a37 2 1 10 1 8.50 8.50 7.50 7.50 8 8 7 7 8.25 8.25 6.75 6.75 

 

3.6. Solving 
In solving, OPTCHOICE is very versatile. It is possible to specify a lot of input parameters, the most 
important being the entities’ elements taken in a current model and the normalization - solving methods 
couples. Thus, in accordance with the goals of the study case, one generates and solves three associated APs:  
- Assessment when only the ad-hoc platform is used, 
- Assessment when only the EGEE grid platform is used, 
- Assessment when both above platform are used. 

All three APs will be solved in conformity with three MADM methods: SCORES, ONICESCU and 
TOPSIS, using the first von Newman – Morgenstern method. 

Correspondingly, the OPTCHOICE software will give the results presented in Tables 2, 3, 4. These tables 
contain the objects’ merits given by the chosen solving methods. Obviously, there are, as well, the merits 
after the GLOBAL method, which are the main results of the assessment problems. Working upon these 
results, it is possible to edit another two tables, containing the objects merits when o(1) is executed on Ad-
hoc platform and o(2)  on EGEE grid platform, see Table 5, and when o(1) is executed on EGEE grid 
platform and o(2) on Ad-hoc platform, see Table 6. 
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Table 2: Ad-hoc platform – problem’s solutions 
Objects SCORES ONICESCU TOPSIS GLOBAL 
o(2) 0.72 0.85 0.88 0.82 
o(1) 0.67 0.82 0.86 0.78 

 
Table 3: EGEE grid platform – problem’s solutions 

Objects SCORES ONICESCU TOPSIS GLOBAL 
o(2) 0.73 0.86 0.89 0.83 
o(1) 0.68 0.83 0.88 0.80 

 
Table 4: Both platforms - problem’s solutions 

Objects SCORES ONICESCU TOPSIS GLOBAL 
o(2) 0.78 0.88 0.91 0.86 
o(1) 0.69 0.85 0.89 0.81 

 
Table 5: Ad-hoc platform for o(1) and EGEE platform for o(2) – problem’s solutions 

Objects SCORES ONICESCU TOPSIS GLOBAL 
o(2) 0.73 0.86 0.89 0.83 
o(1) 0.67 0.82 0.86 0.78 

 
Table 6: EGEE grid platform for o(1) and Ad-hoc platform for o(2) – problem’s solutions 

Objects SCORES ONICESCU TOPSIS GLOBAL 
o(2) 0.72 0.85 0.88 0.82 
o(1) 0.68 0.83 0.88 0.80 

Analyzing the results, it is obvious that o(2) has better merits than o(1) in all five cases (it is true after 
every method separately, including the globalization procedure, and also in every running platform 
circumstances). In consequence, o(2), as optimum object, will be preferred instead o(1) and, independently 
of reference platform, it will be chosen for using. 

4. CONCLUSIONS  
It is visible that the method presented in this paper is very good for the assessment of the parallel and 
distributed software. The fact that the elementary evaluation process must be made by persons with high 
qualification is a guaranty for the final assessment. The computing is made using a very good theory, named 
MADM, belonging to the Operation Research field. The MADM theory gives the possibility to develop an 
assessment model containing all parallel and distributed software to be assessed through all characteristics 
associated to the notions of parallelism and distribution. In the same time, the MADM theory provides tools 
for solving the assessment problems generated from the assessment models. 

Because the MADM models and problems are enough difficult, a special software tool is necessary to 
treat them. In this case was utilized the OPTCHOICE software.  

The authors, working together or separately, have a significant experience in parallel and distributed 
software assessment. In many cases their comments, after the assessment, have led to operations like 
corrections / redesigning / reprogramming of assessed software.  
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Abstract: The improvement in the organization of project control is a major challenge facing project 

organizations today. Control systems consist of inspection routine, present views and implementation of 

coordination when deviation from the planned trajectory is discovered. The disability of control systems to 

reduce failures in delivering projects on time within budget derives mainly from the defective practice of 

choosing simple solutions for complex problems which are invariably wrong. Inspection timetable on the 

basis of time or cost intervals disables the display of realistic present views since in contrary to production 

and process systems where the output can be continuously measured, the outputs during the course of the 

project's advancement are mostly immeasurable. By utilizing the deterministic critical path model for 

assessing the project completion time the project manager is grossly misled into thinking that the chance of 

on time within budget delivery is very good when in reality it is very poor. Moreover, coordination aimed at 

the reestablishment of the project targets is inferior when uncertainties are not taken into consideration. 

Control routines with rational timetabling of the inspection points, present views based on Monte Carlo 

simulations and coordination that takes into consideration the impact of the execution mode on time and cost 

uncertainties that derive from different sources may enable the attainment of project deliveries on time and 

as much as possible within budget when prevalent control routines cannot. 

Keywords: Project management; uncertainty; project control; corrective actions; execution modes; time-

cost tradeoffs; Monte Carlo simulation. 

1. INTRODUCTION 

Project management is a complex decision–making process typically consists of continuous budgeting and 

scheduling decisions under pressures of cost and time. As the project and its environment get more complex, 

subject to uncertainty, time and money pressures, the need for a really helpful and smart control systems to 

support the decision–making and manage project information systematically, is accentuated. In response, 

executive in general is taking stock of approaches in which the improvement in the organization of project 

control can be accomplished. Control systems need to be flexible in accepting information, be instantaneous 

in terms of response, be comprehensive in terms of the range of functions which it can support and be 

intelligent in terms of analysis and overview of information held throughout the project life–cycle. Control 

and coordination are closely intertwined concepts in the classic organization theory (Parker, 1984). Recent 

findings highlight that implementation of control routine and coordination system influences task completion 

competency and, thus, project management performance (Liu et al., 2010). The main issues in designing the 

control system routine are: 

� Determining the inspection points timing throughout the project’s life–cycle – and by that enable 

monitoring which exists to establish the need for controlling the tendency to deviate from the planned 

trajectory whilst there is still time to take corrective actions (Lock, 1987); 

� Analyzing the situation at each inspection point – and by that obtaining realistic present views in 

context of the chance to meet the project’s time and cost targets; 

� Optimizing the revised coordination when deviation from the planned trajectory is discovered – and 

by that increase the chance of on time within budget delivery.          

Large projects are often characterized by a combination of uncertainty and ambiguity related to goals and 

tasks, and complexity emanating from large size and numerous dependencies between different activities and 

the environment. Among the factors liable to change the existing plan are the revision of work content 

estimates, changes in technical specifications, technical difficulties, delivery failures, weather conditions and 

labor unrest. Research has proved that routines, even if cost–effective, do not work well in situations of high 

uncertainty. For example the studies of Van de Ven et al. (1976) and Keller (1994) show that routines work 

675



properly mostly in low uncertainty situations. Moreover, Kraut and Streeter (1995) have clarified that under 

high uncertainty the control routine used in routine production environments may not suffice. Projects with 

ample time and generous budget supported by appropriate control systems can mostly be accomplished in 

time, within budget. But, in situation of short time float and scanty budget, attaining simultaneously both 

time and cost targets might be unattainable since time and cost are in tradeoff relationship. In praxis, the 

prevalent choice is the attainment of the time target first while the secondary objective is the satisfaction of 

the cost target. Thus, coordination should mostly be considered when the present view indicates missing the 

time target, or, when the indication is that the time target is attainable but the cost objective is not.  

In this paper it is clarified why the implementations of prevalent control routines are not helpful, and 

mostly are misleading, in attaining the deliveries of projects on time within budget. We propose alternative 

routines for determining the inspection points, introducing realistic present views and optimizing the 

coordination actions that can be intertwined in a project control system that will significantly improve the 

chances of attaining project deliveries on time and as much as possible within budget.     

2. DETERMINING THE INSPECTION POINTS TIMETABLE 

The chances of successfully achieving the time and cost objectives during the course of implementation of a 

project are slim indeed, unless an adequate level of control followed by coordination if required is exercised 

throughout its life–cycle. Packendorf (1995), Kerzner (1998), Thiry (2004) and many others claimed that 

project management requires extensive inspection and internal coordination. The traditional optimal control 

models (Lefkowitz, 1977; Elsayed and Boucher, 1985; Linn and Wysk, 1990; etc.) deal with fully automated 

systems where the output is continuously measured on line. The temporary nature of the project enables us to 

monitor its advancement only at pre–set inspection points, as it is impossible to measure it continuously.  

The literature of the last decades has been challenged by several unresolved issues on coordinating project 

progress that has traditionally precluded installation of sophisticated control systems:  

� The breadth of inspection (time only, cost only, time and cost, etc.) – It seems that nowadays there is 

a wide consensus that the breadth of inspection should be time and cost. 

� The auditing techniques – Auditing techniques in traditional project control systems such as 

monitoring based on data collection, written reports, formal or informal sessions with the project 

team, on–site visits etc., usually result in late identification of deviations in project performance and 

subsequently leads to late corrective actions, which often results in cost and schedule overruns. But, 

automated data acquisition systems integrated with computer simulation provide a reliable platform 

for automated and integrated control framework that facilitate decision–making by enabling project 

managers to take corrective actions immediately after deviations occur. 

� The inspection frequency – In the literature, the problem of proper inspection frequency is mostly 

avoided by considering pre–given total number of the inspection points. However, there is scant 

research addressing this issue, mostly in the context of possible reduction of the total number of the 

inspection points (Friedman et al. 1989). However, since automated data acquisition systems 

integrated with computer simulations can provide in real time control with negligible cost the issue of 

inspection frequency becomes irrelevant. 

� The inspection timing – Raz and Erel (2000) presented an analytical framework for determining the 

inspection timing throughout the project’s life–cycle. They compared the optimal amount of 

information to the amount of information obtained with two simpler policies, inspection at equal time 

intervals and inspection at equal activity contents intervals. We argue that predetermined timing of 

the inspection points is useless in situations with uncertainty and the timing of each inspection point 

should be triggered by an occurrence of perceptible event when conclusive performance input is 

contributed. Thus, we suggest that only perceptible events of accomplishing project activity, or, 

events in which consequent project activity becomes eligible for processing (i.e. all its precedence 

activities are accomplished), should be considered as adequate inspection triggers. It is obvious that 

any unfolding event such as technological failures, specification redefinitions, etc., should be 

inspection trigger as well. Since implementation of coordination on an active activity is complicated 

and expensive or even impossible, in the implementation of the coordination only the not yet started 

activities should be involved. Because the coordination has an immediate effect only on the eligible 

for processing activities, the event of accomplishing activity that does not release for execution 

following activities can be precluded from being an inspection trigger. 
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3. ANALYZING THE CHANCE TO MEET THE PROJECT’S TIME AND COST TARGETS 

Despite the fact that the uncertainty is the crux in achieving the time and cost project targets, especially 

R&D projects, practitioners mostly implement the deterministic Critical Path Method known as CPM 

(Kelley and Walker, 1959; Kelley, 1961) on situations under uncertainty. Based on the deterministic 

approach, forecasting the project completion time when the activity durations and costs are stochastic is 

incorrect since it does not take into account information about uncertainty.  

Ignoring the variances of the activity durations and dealing with their expected durations as deterministic 

values is naïve and causes the project manager to erroneously consider the maximum of the expected project 

path completion times, ( )( )Max E CP , as an expected project completion time, ( )E T , while it is obvious that 

( ) ( )( ) ( ) ( )E T E Max CP Max E CP= ≥ . Thus, analyses based on random activity durations along a single path 

may skew the results if there are multiple critical paths on the project (Ang et al., 1975). The random activity 

durations obstruct the definition of critical paths since almost any path has a chance to be the longest path 

and determine the project completion time and thus, present views based on critical paths defined by the 

activities’ expected durations, causes the error of being certain that the time is attainable when actually it is 

has not. Thereby, the prevalent forecasting of the project completion time at the inspection points based on 

critical paths is absolutely inadequate since it may disable exposing deviations from the planned trajectory 

whilst there is still time to take corrective actions.                  

The PERT (Program Evaluation and Review Technique) that is known today as Statistical PERT 

(Malcolm et al., 1959) was originally developed for planning and controlling projects where there is 

uncertainty. Such uncertainty mainly concerns the time and the cost required by each activity. The Statistical 

PERT uses logic diagrams to analyze activity durations and focuses on the probability of meeting the 

contractual due date by way of a quantified risk assessment. It requires mathematical calculations that are 

tremendously complex (Moder et al., 1983) and provides a greater level of information to be analyzed. Such 

level of information enables us to evaluate the risks of missing the project time and cost targets. The process 

of identification, analysis, and assessment of possible project risks benefits the project manager greatly in 

developing risk mitigation and contingency plans for complex projects (Charette, 1996). Many analytical 

approximations of the distribution of project completion time have been developed (e.g., Fulkerson, 1962; 

Martin, 1965; Elmaghraby, 1967; Robillard and Trahan, 1976; Dodin, 1985; Schmit and Grossmann, 2000; 

Yao and Chu 2007) but presumably it is infeasible to compute exact results via analytic algorithms. When it 

is infeasible or impossible to compute an exact result with an analytical algorithm, the Monte Carlo method 

tends to be used (Metropolis and Ulam, 1949). The Statistical PERT based on Monte Carlo simulations (Van 

Slyke, 1963) requires multiple duration estimates whose production may be time consuming but it can 

quantify the effects of risk and uncertainty in project schedules and budgets. Anyway, the Monte Carlo 

simulations enable the receiving of unbiased estimates of the project completion time where deterministic 

methods such as CPM cannot (Moder and Rodgers, 1968). Recent, more powerful computer applications 

have made it easier to use techniques that take into account uncertainty and are being used more widely, 

especially as risk analysis techniques (Tavares, 1994). Thus, present views based on Monte Carlo 

simulations that are most suited for computer calculations are not only reliable in forecasting the project 

completion time but also practically easy to obtain.  

4. OPTIMIZING THE COORDINATION WHEN IT IS REQUIRED  

Coordination for reestablishing the project time target can be obtained by possible pruning of activities, by 

detailing activities and redistributing workloads in order to perform more activities in parallel, and mostly by 

regulating the activity execution modes. In general, the optimization of the coordination mostly requires 

resolving a multi–mode resource–constrained scheduling problem. The procedures for resolving such 

problem mostly consider deterministic durations and the crashing of the project completion time relies on the 

project’s critical paths. As explained in the previous section, models that ignore the existence of uncertainty 

provide biased too optimistic forecasting of the project completion times. Consequently, the evaluation of the 

shortened time obtained by the speeding of the activity execution modes is naïve, too optimistic, as well. 

Moreover, by ignoring the existence of uncertainty the deterministic approach may disable the crashing of 

the project completion time up to the required lead–time even if this objective is attainable. Since the 

deterministic approach considers that the project completion time is determined by the critical path, if all the 

activities lying on one of the critical paths have been speeded up to their crash execution mode, it is not 

beneficial to invest additional budget for speeding the execution mode of additional activities and at this 

point the crashing procedure is halted. We argue this halt of the crashing is premature since almost any path 
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has a chance to be the longest path and determine the project completion time and the speeding of their 

execution modes may enable us to meet the required lead–time. These handicaps are troublesome in complex 

networks where there is a large number of parallel paths with project activities lying on several of them. 

Wherefore, we found the prevalent coordination routines which ignore the existence of uncertainty highly 

inadequate since these routines are based on biased forecasting that provide ineffective budget allocations 

among the project activities and are not utilizing the whole potential of the coordination. 

Actually, for obtaining optimized coordination we are required to resolve a multi–mode resource–

constrained scheduling problem under uncertainty more complicated problem than the deterministic problem 

(e.g., Treitsch, 2010). However, when the project timetable is subject to uncertainty the availability of each 

of the non–renewable resources within the actual execution–windows in which it will be required cannot be 

guaranteed. Therefore, it is reasonable to assume that all the resources are renewable and by that enable the 

conversion of the complicated multi–mode resource–constrained scheduling problem into the simplified 

time–cost tradeoffs problem. 

The fundamentals for stochastic time–cost tradeoffs models was introduces by Laslo (2003). He defined 

two types of duration uncertainty, the internal uncertainty and the external uncertainty. The first derives 

from estimates of work content, changes in technical specifications, technical difficulties’ etc. and is typical 

for some types of tasks such as research and development. Laslo (2003) showed that when the extreme 

dominance belongs to the internal uncertainty’s share, the coefficient of variation of the activity duration is 

kept. The second, that derives from delivery failures, weather conditions, labor unrest, etc. is typical for other 

types of tasks such as production and construction. Thus, when the external uncertainty has an extremely 

dominant share within the accumulative uncertainty of the activity duration, the standard deviation of the 

activity duration is kept during the crashing of the activity duration. Furthermore, Laslo and Gurevich (2013) 

defined two types of cost uncertainty, the duration-deviation-independent cost uncertainty and the duration–

deviation–dependent cost uncertainty. The duration–deviation–independent cost uncertainty derives from an 

inaccurate estimate of prices, materials, and wages. The standard deviation of the duration–deviation–

independent cost uncertainty is proportional to the budget allocated in order to provide the desired execution 

mode, i.e., its coefficient of variation is preserved. The existence of the duration–deviation–dependent cost 

uncertainty is typical for self–performed activities or outsourced activities under cost–price terms, while the 

absence of this dependency is typical for outsourced activities under fixed–cost terms. The duration–

deviation–dependent cost uncertainty derives from the dependency between the actual activity cost and the 

random activity duration (deviations of salaries paid for random effective hours caused by internal 

uncertainty and salaries paid for random idle periods caused by external uncertainty). The random duration–

deviation–dependent cost has mostly been considered as a linear function of the random activity duration 

(Arisawa and Elmaghraby, 1972; Britney, 1976; Tavares et al., 1998), thus we assume that the standard 

deviation of the duration–deviation–dependent cost distribution is equal to the standard deviation of the total 

duration distribution multiplied by the execution cost–per–time unit. The initial execution cost–per–time unit 

is mainly related to normal performance and varies during the crashing of the duration. The execution cost–

per–time unit during the shortening of the activity duration is proportional to the change in the allocated 

budget and inversely proportional to the change in the expected duration (in the case of outsourced activity 

under fixed price terms, the duration randomness has no impact on the actual cost since the execution cost–

per–time unit is considered to be zero). 

Thus, a generalized activity time–cost model which is applicable for any activity pattern with any 

execution mode can be formulated as follows: 

� Each possible activity execution mode, M , with the target effective execution duration, ( )E Q
M

, 

requires the allocation of budget b
M .  

� The random activity duration T
M

 related to its execution mode, is composed of the following random 

time components: 

1. The random effective execution duration, Q
M

, related to its execution mode and affected by the 

activity’s internal uncertainty:  

( )Q E Q Q= + ∆
M M M

, (1) 

where: 
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-  The duration–budget tradeoffs (allocated budget vs. target effective execution duration), 

( )E Q
M

, is considered as a pre–given continuous function, with its estimated edge points 

corresponding to the normal (minimal) and the crash (maximal) budgets, b
�

 and b
�

 respectively. 

-  Q∆
M

 is a random component that reflexes the internal uncertainty; this variable is related to 

the relevant execution mode, and has zero expectation and a standard deviation proportional to the 

target effective execution duration, 
( )( ) ( ) ( ) ( ) ( )Q Q E Q E Q Qσ σ σ∆ = = ⋅

� �M M M

, where ( )Qσ
�

 is a 

known standard deviation of the effective execution duration related to the normal execution mode. 

2. The random wasted time caused by disturbances, R : 

( )R E R R= + ∆ , (2) 

where: 

- ( )E R  is considered as a known positive value. 

- R∆  is a random component that reflexes the external uncertainty; the distribution of this variable 

does not depend on the execution mode and has zero expectation and a known standard deviation 
( )Rσ . 

Thus, the random activity duration related to the execution mode is defined as:  

( )T Q R E T Q R= + = + ∆ + ∆
M M M M

. (3) 

� The random activity cost, C
M , related to its execution mode is composed of the following 

components: 

1.  The determined budget allocated to the activity, b
M

, associated with its execution mode.  

2.  A random variable that reflexes the duration–deviation–independent cost uncertainty, S∆
M

, this 

variable is related to the execution mode and has zero expectation and a standard deviation 

proportional to the allocated budget, 
( )( ) ( )S b b Sσ σ∆ = ⋅ ∆

� �M M

, where ( )Sσ ∆
�

 is a known 

standard deviation of the duration–deviation–independent cost related to the normal execution mode.  

3.  A random component that reflexes the duration–deviation–dependent cost uncertainty equal to the 

deviation from the target duration, 
( )T E T−

M M

 multiplied by the activity execution cost–per–time 

unit related to b
M

, v
M

; the execution cost–per–time unit related to the execution mode is 

( )( ) ( ) ( )v b b E Q E Q v= ⋅ ⋅
� � �M M M

, where v
�

 is a known execution cost–per–time unit related to the 

normal execution mode.  

Thus, the random activity cost related to the execution mode is defined as:  

( )C b S v Q R= + ∆ + ⋅ ∆ + ∆
M M M M M

. (4) 

Assuming some distributions for Q∆
M

, R∆  and S∆
M , the generalized model for activity duration and 

cost enables obtaining the simulated activity time and cost performances related to each execution mode. 

Laslo and Gurevich (2013) introduced a stochastic optimization procedure based on Monte Carlo 

simulations with the purpose of minimizing a chance–constrained cost under a chance–constrained 

completion time and demonstrated its superiority via broad Monte Carlo comparisons vs. the deterministic 

and the semi–stochastic procedures for crashing the project completion time. Assuming known distributions 

for durations and costs of the project activities, the stochastic approach enables to estimate expected project 

completion time and cost as well as the 1 α−   fractile of the project completion time. These estimations 

based on Monte Carlo method where samples of 10,000 observations are generated from the duration and 

cost distributions of the project activities. Then, for each sample of observations from the duration 

distributions of the project activities we can calculate the observation from the distribution of the project’s 

completion time as length of the of the project’s critical path(s). Thus, utilizing 10,000 observations from the 

project’s completion time distribution we can define a Monte Carlo expected project completion time as a 

mean of these 10,000 observations and a Monte Carlo 1 α−  fractile of the project completion time as such 

value that 9,500 observations are less than or equal to it and 500 observations are greater than or equal to it. 
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By the similar way for each sample of observations from the cost distributions of the project activities we 

can calculate the observation from the project cost distribution by summing up the costs of all the project 

activities. Then, utilizing 10,000 observations from the project’s cost distribution we can define a Monte 

Carlo expected project cost as a mean of these 10,000 observations. 

The stochastic optimization procedure is composed of the following steps:  
Step 1 Determine the desired probability confidence (chance constraint) of the project completion time. 

Step 2 Start the procedure by considering for each activity the budget allocated for normal execution mode 

and the distribution of the activity’s duration related to this budget.  

Step 3 Finish the procedure if there is no remaining budget for allocation among the activities for each 

activity; otherwise, continue with Step 4.  

Step 4 Allocate one unit of budget to one of the project’s activities that can be shortened and update its 

duration distribution. Then, from the activity duration distributions related to the current budgets, 

generate samples of 10,000 observations and according to equations (3-4) calculate the simulated 

fractile of the actual project completion time,  the simulated expected project completion time and 

the simulated expected project cost. 

Step 5 Repeat Step 4 for each of the project’s activities that can be shortened and continue with Step 6 . 

Step 6 Select the activity to which the allocation of one unit of budget provides the minimal chance-

constrained project completion time. In the case of several minimal chance-constrained project 

completion times, choose the activity to which the allocation of one unit of cost provides also the 

minimal expected project completion time. In the case of several minimal expected project 

completion times, choose one activity randomly.   

Step 7 Allocate one unit of budget to the chosen activity and update its duration distribution.  Then return to 

Step 4. 

5. DISCUSSION 

Factual and anecdotal evidence confirms that investments in projects are inherently risky, as most large 

projects fail to meet their on time within budget objectives. In one KPMG survey, 67% of the companies said 

that their project management function was in need of improvement. This study was aimed to compare 

control system routines based on alternative procedures seeking for on time within budget deliveries.  The on 

time target in the experiment was determined as a constraint while the within budget was determined as a 

desired goal subject to the satisfaction of the time constraint.  

Among network techniques recently widely employed in project management, the CPM is addressed to 

the problem of assessing the manager's chances of completing a project on time. But, if the project's network 

has multiple parallel paths with relatively equal means and large variances, the CPM yields results which are 

biased. We expose that control system routine where the project’s completion time is assumed as the length 

of the critical path(s) considers unrealistic, too optimistic, time performances and by that falsifies the present 

views that should alert on deviation from the planned trajectory whilst there is still time to take corrective 

actions and distort the integration decision–making process. Moreover, acceleration of execution modes 

limited only to activities lying on the critical path(s) cause a premature halt of the project’s completion time 

crashing and by that disable the utilizing the whole potential of the coordination. For these reasons any 

control system routine based on deterministic approach is strongly not recommended.   

While by utilizing the deterministic approach in control system routines the project manager will be 

grossly misled into thinking his chance to attain the time target is very good, when in reality it is very poor, 

stochastic approach based on simulations can be utilized to estimate the distribution of project completion 

time, and guide the manager in appraising and controlling his chances of accomplishing his project on time. 

Moreover, the stochastic procedures enable to pre–determine different confidence levels for attaining the 

time target and the cost target (Laslo, 2003) and by that enable desired balance between the two targets.  

Seeing that stochastic procedures are introducing realistic time performances throughout the project’s 

life–cycle while too optimistic time performances are introduced by the CPM, the preference of the 

stochastic approach on the deterministic approach in the context of time performance is obvious. Thus, we 

can conclude that control system routines based on stochastic procedures may enable on time delivery where 

those based on deterministic approach cannot. We can also conclude that control system routines based on 

stochastic procedures may enable on time within budget delivery where those based on deterministic 

approach can deliver the project only within budget. These conclusions are not limited to control system 

routines based on the stochastic approach in which the pre–determined time probability confidence is at least 

0.50 which is mistakenly considered as equal to the expected completion time in the deterministic approach. 

Thereby, a control routine that follows the routine based on the stochastic approach can be very useful in 

project management. This is our recommendation because we infer that such routine supported by computing 
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resources available for everyone is flexible in accepting information, instantaneous in terms of response, 

comprehensive in terms of the range of functions which it can support and is intelligent in terms of analysis 

and overview of information held throughout the project life–cycle. Unfortunately, recommendation on the 

preferred pre–determined time probability confidence that will enable on time delivery in the most 

economical way cannot be given since it is individual for each project depending on the partial order of the 

activities, the activities’ duration and cost distribution, on the project’s time and cost slacks, and especially 

on luck that cannot be forecasted. Yet, in projects with generous time and cost slacks both time and cost 

targets can be protected simultaneously by increasing both time and cost pre–determined probability 

confidence over 0.50 levels.       

To conclude, control system routines based on deterministic approach are absolutely inadequate for 

managing projects. Control systems routines based on stochastic approach should be always preferred 

although we cannot yet recommend which probability confidence level may serve us best. We do not believe 

that this question is solvable, but future research may contribute additional insights and give us more 

sophisticated outline   for improving our choices in this context. Thus, it is worthwhile to replace control 

systems based on uncomplicated deterministic approach with systems based on stochastic approach that 

requires multiple duration estimates whose production may be time consuming and more mathematical 

calculations that are more complex than those of the deterministic approach  
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Abstract: This paper proposes a combined AHP-IBA model in selection of the best SAP consultant for an 
SAP ERP project. The goal of the SAP Project Manager is to choose the best consultant, who is able to 
implement standard SAP functionalities with quality and on time. To achieve this, Analytic Hierarchy 
Process (AHP) was used in this paper to determine the importance of criteria and with Interpolative Boolean 
algebra (IBA) logical interactions among criteria were modeled as well.  
The research suggests that the results are more accurate when an AHP method includes IBA. IBA is used to 
generate new attributes that establish interaction between the initial criteria.  

Keywords: Interpolative Boolean algebra (IBA), Analytic Hierarchy Process (AHP), SAP ERP Consultant 
selection, Project Management. 

1. INTRODUCTION AND LITERATURE REVIEW 
Many papers presented separately AHP and IBA approach, but there are no papers that explore integrated 
AHP and IBA approach as a technique. This work presents such an integrated approach and its application in 
consultant selection for SAP ERP project. 

This study aims to provide an effective selection and recruitment of consultants on different projects and 
contribute to the success of SAP Company on its projects in terms of time, cost and quality. 

In the literature we can find many similar examples and case studies. These are summarized in Table 1. 
 

Table 1: Overview of consultant selection papers  
Authors Contributions Methods used 
Vayvay, O., Ozcan, Y., Cruz-
Cunha, M. (2012) 

ERP consultant selection problem using 
AHP, fuzzy AHP and ANP - a case study in 
Turkey 

AHP, fuzzy AHP and ANP 

Saremi M, Mousavi SF, 
Sanayei A. (2009) 

TQM consultant selection in SMEs with 
TOPSIS under fuzzy environment 

TOPSIS 

Chow, L. K., Ng T. S. (2007) A fuzzy gap analysis model for evaluating 
the performance of engineering consultants

Fuzzy gap analysis CPE 
model 

Cheung F.K.T., Kuen J.L.F., 
Skitmore M. (2002)  

Multi-criteria evaluation model for the 
selection of architectural consultants 

AHP 

Cebeci U., Da Ruan (2007) A Multi-attribute comparison of Turkish 
quality consultants by fuzzy AHP 

Fuzzy AHP  

Leipold K., Klemow J., 
Holloway F. and Vaidya K. 
(2004) 
 

The World Bank e-Procurement for the 
selection of consultants: challenges and 
lessons learned 

e-Procurement solution   
based on QCBS - Quality and 
Cost-Based Selection, QBS – 
Quality Based Selection, SFB 
- Selection under a Fixed 
Budget, LCS - Least Cost 
Selection, CQS - Selection-
Based on the Consultants’ 
Qualifications, SSS - Single-
Source Selection 
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In this paper, a combined AHP and IBA approach is proposed for selection of the most appropriate 
consultant on the SAP ERP project. The reminder of this paper is structured as follows. In Section 2 the 
combined AHP-IBA approach is presented. The case study is shown in Section 3. Section 4 discusses the 
results of the paper. Section 5 is the conclusion. 

2. COMBINED AHP-IBA APPROACH 

2.1. AHP 
Analytic hierarchy process (AHP) is one of the most popular methods of scientific analysis and decision-
making scenarios consistent valuation hierarchy whose elements are the objectives, criteria, sub-criteria and 
alternatives. Conceptual and mathematical settings for AHP were given by Thomas L. Saaty (Saaty T. L., 
1980).  

Decision maker's preferences are expressed using the Saaty’s scale-adapter, given in the Table 2 (Saaty, 
1980):  
 
Table 2: Saaty’s scale evaluation 
Importance Definition Explanation 

1 Equal importance Both elements have the same significance 
3 Moderate importance Experience and judgment slightly favor one element over 

another 
5 Strong importance Experience and judgment significantly favor one element 

over another 
7 Very strong importance The dominance of one element is confirmed in practice 
9 Extreme importance The dominance of the highest degree 

2, 4, 6, 8 Intermediate values between 
adjacent scale values 

Need a compromise or further division 

 
AHP is able to identify and analyze the consistency of decision-makers in the process of comparing 

criteria of the hierarchy. Bearing in mind that the comparison of alternatives is based on a subjective 
assessment by the decision maker, its constant monitoring is required, in order to provide the necessary 
accuracy (Samanta, B., Mukherjee, S.K., 2002, Saaty, T. L., 2008).  

2.2. IBA 
IBA - Interpolative Boolean algebra (Radojević D., 2005) is consistent multivalued realization of Boolean 
algebra in the sense that it preserves the value of the level at which all the laws of Boolean algebra is based.  

The principle of structural functionality is: The structure of any element of IBA can be directly 
determined from the structure of its components (Radojević, D., 2008). This principle requires that the 
transformations that define the IBA performed on a symbolic level, before the introduction of value. This 
ensured that the negation is treated differently at the structural level, and not be negated variable is 
immediately transformed into value. 

IBA will be used to generate new criteria. 
The use of IBA logic brings the ability to describe one object through intensity of more characteristics 

(Milošević P., 2012; Radojević, D., 2006). To measure the similarity of two criteria IBA equivalence 
similarity measure can be used: 

  bababa   21  
In accordance with the transformation rules can be extracted elements  and , and 

operation disjunction between them (the second expression includes two negated element). Negation has not 
been replaced immediately, as in conventional logic. Everything is considered first at the structure level. 
New criteria are introduced due to the need of the decision makers to involve interactions that may affect the 
decision making process. The result is obtained: 

 =  
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There is no sense to compare one feature of an object with different features of another object. Because of 
that, objects were compared on the following way: characteristics intensity of an object have been compared 
with the same attribute of another object. That implies the use of a 'minimum’ function as Generalized 
Product (GP – Generalized Product). Generalized Boolean polynomial that represents the equivalence 
relation satisfies reflexivity, transitivity and symmetry only when the 'minimum’ function is used as GP - 
consistent comparison is possible only for the same trait: 

 (1) 

3. CASE STUDY 
It is very important to assign the most appropriate resource to each project, according to various restrictions 
(criteria which have impact to the decision maker). Depending on the defined criteria and the results obtained 
from AHP/IBA approach, the decision on the best consultant should be made. This assignment can be done 
in three ways: (1) Fully engage internal consultants (internal), (2) Partial engagement of external consultants 
(partial outsourcing), and (3) Brand engagement of external resources (total outsourcing). If the project is 
with strategic importance, the need for high quality is further expressed and on such projects third way (fully 
engaging external resources) is not acceptable. In this case, the selected resource is the internal consultant 
because of higher level of quality. 

The word "outsourcing" here means that the assignment of consultants to projects carried out by hiring 
consultants from other partner companies, which means that SAP Company, a contractor (prime), hires other 
partner company as a subcontractor for their projects. Engaging of internal consultants does not mean that 
are engaged only directly employed by the SAP Company that contracted the project as a performer. That 
term includes also consultants who work in other SAP companies around the world. 

Model of the problem 
The problem to solve is defined with a four levels hierarchy, which is discussed in this section. The overall 
goal is set at level 1, at level 2 and 3 criteria and sub-criteria are shown while the alternative decision are set 
at level 4. The main objective of the study is to select the most suitable consultant for a selected company on 
contractual projects. The criteria which have to be taken into account in further research are costs, work 
experience, education, and communication skills. According to these elements of the decision-making 
hierarchy for the problem is presented in Figure 1: 

 

 
Figure 1: The hierarchy problem of selecting the consultant 

 
This research uses an adapted model from Vayvay, O., Ozcan, Y., Cruz-Cunha, M., 2012. The  model is 

adapted to the specific case for selection of the most suitable consultant which will be engaged in one project 
of SAP ERP implementation in Serbia using integrated approach to the IBA and the AHP model (instead of 
case in baseline study where AHP, Fuzzy AHP and ANP models are used). 

Definition of criteria 
The following criteria are used in the model proposed in Figure 1:   
• Cost (CO) 
‐ Transportation Cost (TC): Costs incurred by traveling to where the consultant is running the project, 

hotel, per Diem (if the project is located). 
‐ Consultancy Cost (CC): Consultancy Services Price (man/day). 
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• Work experience (WE) 
‐ Companies Employed (CE): Defines source type for companies where are consultants employed 

(previous described as internal, partial outsorsing, total outsorsing). 
‐ Projects Completed (PC): Defines % of the life cycle of implementation in which consultants were 

involved. 
‐ References (RE): Defines the number of consultant references. 
‐ Customer Recommendation (CR): Score of satisfaction with the consultant after completion of 

implementation in the required areas (in the range of 1 to 5). 
 
• Education level (EL) 
‐ Occupational Seminars (OS): Courses (training) or certification previously received by the consultant 

(SAP modules that are part of the project and the consultant can implement). 
 
• Communication ability (CA) 
‐ Awareness of Responsibility (AR): Refers to the liability of consultants in terms of their work. 
‐ Ability to Persuade (AP): Indicates the ability of the consultant to present best practices and convince the 

client for a proposed solution. 
 
Communication skills consultant evaluates the decision maker based on an interview with a potential 
consultant. 

 
Alternatives in decision-making 
Alternatives in decision-making correspond to a set of consultants where selection for a given project may 
take the values: Consultant A, Consultant B, Consultant C, Consultant D, Consultant E and F. 
 

Application of the Methods  
The problem of selecting the most suitable consultant is a systematic review of the decision makers, 
representatives of SAP, a company hires a consultant for a specific project.  
 
The decision table for the problem of selecting the best consultant is given in Table 3. 
 
Table 3: Initial attributes according to decision maker evaluation 
 Cost Work experience Educ. 

level 
Communication ability 

 TC CC CE PC RE CR OS AR AP 
Consultant A 110 560 Ext 70 2 3.00 2 Good Average 
Consultant B 150 650 Ext 90 2 3.25 2 Good Very good 
Consultant C 100 670 Int 100 5 5.00 4 Excellent Excellent 
Consultant D 120 600 Ext 80 2 3.50 1 Good Good 
Consultant E 130 690 Ext1 100 4 4.00 3 Very good Very good 
Consultant F 170 740 Int 100 7 5.00 4 Excellent Excellent 

 
Quantification of qualitative values has been done and results are shown in Table 4. 
 

Table 4: Quantification of qualitative values 
 TC CC CE PC RE CR OS AR AP

 110 560 2 70 2 3.00 2 5 3 
 150 650 2 90 2 3.25 2 5 7 
 100 670 1 100 5 5.00 4 9 9 
 120 600 2 80 2 3.50 1 5 5 
 130 690 3 100 4 4.00 3 7 7 
 170 740 1 100 7 5.00 4 9 9 

 
Normalization has been done and results are shown in Table 5. 
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Table 5: Normalized matrix comparisons criteria 
 TC CC CE PC RE CR OS AR AP

 0.1907 0.1923 0.1304 0.1296 0.0909 0.1263 0.1250 0.1250 0.0750
 0.1399 0.1657 0.1304 0.1667 0.0909 0.1368 0.1250 0.1250 0.1750
 0.2098 0.1608 0.2609 0.1852 0.2273 0.2105 0.2500 0.2250 0.2250
 0.1748 0.1795 0.1304 0.1481 0.0909 0.1474 0.0625 0.1250 0.1250
 0.1614 0.1561 0.0870 0.1852 0.1818 0.1684 0.1875 0.1750 0.1750
 0.1234 0.1456 0.2609 0.1852 0.3182 0.2105 0.2500 0.2250 0.2250

 
IBA in selection of the best consultant for the implementation of SAP ERP project: 
Shall consider the equivalence relation  and : 

 
Substituting values criteria in formula 1 (specified as Generalized Boolean polynomial) and selections 

function of product t-norm, values were calculated for each alternative (alternatives a1 to a6 represents six 
consultants). After receiving the final results, when applied as an additional criterion of equivalence relation 
of objective functions and , we get the following decision matrix (Table 6): 

 
 

Table 6: Normalized matrix comparisons criteria with the new generated attribute 
 TC CC CE PC RE CR OS AR AP DP1 

 0.1907 0.1923 0.1304 0.1296 0.0909 0.1263 0.1250 0.1250 0.0750 0.9340
 0.1399 0.1657 0.1304 0.1667 0.0909 0.1368 0.1250 0.1250 0.1750 0.9711
 0.2098 0.1608 0.2609 0.1852 0.2273 0.2105 0.2500 0.2250 0.2250 0.9502
 0.1748 0.1795 0.1304 0.1481 0.0909 0.1474 0.0625 0.1250 0.1250 0.9678
 0.1614 0.1561 0.0870 0.1852 0.1818 0.1684 0.1875 0.1750 0.1750 0.9877
 0.1234 0.1456 0.2609 0.1852 0.3182 0.2105 0.2500 0.2250 0.2250 0.9350

 
Some criteria are required to be similar, and the other to be as diverse as possible (XOR). The decision 

maker has to include the "exclusive or" that must be met one of two criteria, but cannot be achieved either 
(results are shown in Table 7): 
 

  bababa   2  
 

 = 
 

 
 

 
 

 
 

 
Table 7: Normalized matrix comparisons criteria with one more generated attribute 

 TC CC CE PC RE CR OS AR AP DP1 DP2 
 0.1907 0.1923 0.1304 0.1296 0.0909 0.1263 0.1250 0.1250 0.0750 0.9340 0.0341 
 0.1399 0.1657 0.1304 0.1667 0.0909 0.1368 0.1250 0.1250 0.1750 0.9711 0.0341 
 0.2098 0.1608 0.2609 0.1852 0.2273 0.2105 0.2500 0.2250 0.2250 0.9502 0.0227 
 0.1748 0.1795 0.1304 0.1481 0.0909 0.1474 0.0625 0.1250 0.1250 0.9678 0.0284 
 0.1614 0.1561 0.0870 0.1852 0.1818 0.1684 0.1875 0.1750 0.1750 0.9877 0.0057 
 0.1234 0.1456 0.2609 0.1852 0.3182 0.2105 0.2500 0.2250 0.2250 0.9350 0.0682 

 
AHP method in selection of the best consultant for the implementation of SAP ERP project: 
Table 8 shows the decision matrix for the criteria specified as the target. The results derived from the 

analysis of relative weight among all possible combinations of the decision criteria. 
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Table 8: Matrix comparison criteria using the AHP 

 Cost Work 
experience 

Education 
level 

Communication 
Ability 

Dependences 

Cost 1 1 5 2 1/7 
Work experience 1 1 5 3 1/7 
Education level 1/5 1/5 1 1/3 1/9 
Communication ability 1/2 1/3 3 1 1/5 
Dependences 7 7 9 5 1 

 
During this research, it was necessary to make 10 comparisons. It should be noted that in general the 

number of comparisons is equal to , that corresponds to the number of combinations  
elements of another class without repetition. Also it should be noted that the main diagonal everywhere 
entered value 1. 

Criteria decision-making are compared and their relative weights are calculated. Normalization leads to 
the following weighted points: price 0.138; 0156 experience and level of education and communication skills 
0.037 and 0.086, while the criterion that looks at both the impact of price and user reviews, and the impact of 
references consultant in relation to the level of education, carries weight 0.583.  

If they had the ability to accurately determine the value of weights of all the elements 
to compare each other at a given level of the hierarchy, the eigenvalues of the matrix (table 7) would be 
entirely consistent. However, if for example argues that the criterion of cost a lot more important than work 
experience, work experience, something more important than the level of education, and the value for user 
reviews something more important than just the cost, inconsistency arises in solving problems and reduces 
the reliability of the results. The general view is that redundancy makes comparisons in pairs AHP method 
that is not too sensitive to errors of judgment. It also provides an opportunity to measure errors of judgment 
so that it calculates the index of consistency for the resulting matrix comparisons, and then calculates the 
degree of consistency (Samanta, B., Mukherjee, S.K., 2002). 

Random index (RI) depends on the order of the matrix, and picks up from the Table 9 in which the first 
line is the matrix of comparisons, and another random index (Details on how to generate random indices are 
given in Saaty T. L., 1980). 

 
Table 9: Random index (Saaty, 1980) 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

0.00 0.00 0.58 0.90 1.12 1.24 1.32 1.41 1.45 1.49 1.51 1.48 1.56 1.57 1.59
 

For the above example in this paper calculated the degree of consistency : 
 

 
 

Weighting coefficients (weights) are calculated for each element at a given level, and they are then used 
to determine the so-called composite relative weights of elements at lower levels. 

 
If the procedure is carried out until the last level at which the alternatives are, in the end determine 

composite weights of all alternatives. The sum of these coefficients is 1, and the decision maker has two keys 
information: (1) is known as the relative importance of each alternative in relation to the goal at the top of 
the hierarchy (from materiality) and (2) determined the sequence of alternatives by relevance (ranking). 

The research conducted in this study carried out a synthesis of the overall problem of choosing the best 
consultant, so that all alternatives are multiplied by the weights. All weights are shown in Figure 2. 
According to these weights for each consultant composite weight is calculated on the basis of which are 
ranked consultants (Table 10). Its greatest value is in fact the most appropriate or optimal alternative (all 
results for the following cases are given in table 13a). 

Composite weight for Consultant A is equal to: 0.138*(0.167*0.276 + 0.833*0.425) + 
0.156*(0.090*0.144 + 0.235*0.031 + 0.555*0.032 + 0.120*0.025) + 0.037*(1.000*0.049) + 
0.086*(0.250*0.061 + 0.750*0.033) + 0.583*(0.800*0.043 + 0.200*0.207) = 0.111. Intermediate values and 
total are shown in Table 11. 
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Figure 2: The relative weights of the decision elements (AHP method with IBA) 

 

Similarly, as described above, the composite weight for Consultants B, C, D, E and F are 0.238, 0.228, 
0.121, 0.137 and 0.164 respectively. So the combination of AHP method and IBA, including composite 
weight on all 3 levels, gives as the best alternative Consultant B. The complete order of consultants obtained 
by this method is B, C, F, E, D and A. 
 

Table 10: Composite weights for criteria, attribute and alternative (AHP method) 
Criteria Criteria 

weight 
Sub-

criteria 
Sub-criteria 

weight 
CONS. 

A 
CONS. 

B 
CONS. 

C 
CONS. 

D 
CONS. 

E 
CONS. 

F 

CO 0.138 
TC 0.167 0.276 0.055 0.373 0.160 0.107 0.029 
CC 0.833 0.425 0.131 0.079 0.293 0.044 0.028 

WE 0.156 

CE 0.090 0.144 0.117 0.331 0.094 0.051 0.262 
PC 0.235 0.031 0.102 0.210 0.068 0.259 0.330 
RE 0.555 0.032 0.042 0.234 0.058 0.147 0.487 
CR 0.120 0.025 0.046 0.434 0.084 0.148 0.263 

EL 0.037 OS 1.000 0.049 0.061 0.414 0.028 0.153 0.295 

CA 0.086 
AR 0.250 0.061 0.061 0.332 0.061 0.152 0.332 
AP 0.750 0.033 0.135 0.318 0.063 0.135 0.318 

DEP 0.583 
DP1 0.800 0.043 0.377 0.247 0.111 0.159 0.062 
DP2 0.200 0.207 0.207 0.098 0.129 0.106 0.254 

 
Table 11: Intermediate values and total 
 CO WE EL CA DEP Total

Consultant A: 0.055 0.006 0.002 0.003 0.044 0.111 
Consultant B: 0.016 0.010 0.002 0.010 0.200 0.238 
Consultant C: 0.018 0.041 0.015 0.028 0.127 0.228 
Consultant D: 0.037 0.010 0.001 0.005 0.067 0.121 
Consultant E: 0.008 0.026 0.006 0.012 0.086 0.137 
Consultant F: 0.004 0.063 0.011 0.028 0.059 0.164 

 

If the choice is made in the same way but exclusively using the AHP method (without the influence of 
IBA methods), the composite weight for Consultants A, B, C, D, E and F are 0.171, 0.092, 0.234, 0.137, 
0.120 and 0.247 respectively. In this case, the best alternative is a Consultant F, or a full order of consultants 
obtained by this method is F, C, A, D, E and B. 
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Next case of research was to analyze what will happened if we use the AHP method with IBA but exclude 
initial criteria which are included in IBA generated new criteria, and results are the following: the composite 
weight for Consultants A, B, C, D, E and F are 0.097, 0.247, 0.249, 0.110, 0.153 and 0.144 respectively. In 
this case, the best alternative is a Consultant C and full order of consultants obtained by this method is C, B, 
E, F, D and A. 

On the other hand, the survey was conducted as to the result obtained if the procedure is not performed 
until the last level where the alternatives (determining the composite weight ratio of all alternatives), but that 
the calculated weights of sub-criteria applied to the normalized decision matrix (all results for the following 
cases are given in table 13b). Starting point of calculation for this case is shown in Table 12. 

If this way of calculating a composite weight for Consultant A, it is equal to: 0.138*(0.167*0.1907 + 
0.833*0.1923)+0.156*(0.090*0.1304+0.235*0.1296+0.555*0.0909+0.120*0.1263) + 0.037*(1.000*0.1250) 
+ 0.086*(0.250*0.1250 + 0.750*0.0750) + 0.583*(0.800*0.9340 + 0.200*0.0341) = 0.495. 

As described above, the composite weight for Consultants B, C, D, e and f are 0.516, 0.532, 0.510, 0.532 
and 0.534 respectively. Again, the first two are the best alternatives to consultants F and C in retrospect, but 
still completely changes the order. The complete order of consultants obtained by this method would be F, C, 
E, B, D and A. 

 
Table 12: The calculated weights of sub-criteria applied to the normalized decision matrix 

CO WE EL CA DEP 
0.138 0.156 0.037 0.086 0.583 

TC CC CE PC RE CR OS AR AP DP1 DP2 
0.167 0.833 0.090 0.235 0.555 0.120 1.000 0.250 0.750 0.800 0.200 
0.1907 0.1923 0.1304 0.1296 0.0909 0.1263 0.1250 0.1250 0.0750 0.9340 0.0341 
0.1399 0.1657 0.1304 0.1667 0.0909 0.1368 0.1250 0.1250 0.1750 0.9711 0.0341 
0.2098 0.1608 0.2609 0.1852 0.2273 0.2105 0.2500 0.2250 0.2250 0.9502 0.0227 
0.1748 0.1795 0.1304 0.1481 0.0909 0.1474 0.0625 0.1250 0.1250 0.9678 0.0284 
0.1614 0.1561 0.0870 0.1852 0.1818 0.1684 0.1875 0.1750 0.1750 0.9877 0.0057 
0.1234 0.1456 0.2609 0.1852 0.3182 0.2105 0.2500 0.2250 0.2250 0.9350 0.0682 

 
If you need to re-obtain the IBA criteria method, the composite weight for Consultants A, B, C, D, E and 

F are 0.136, 0.142, 0.204, 0.136, 0.168 and 0.214 respectively. The complete order of consultants obtained 
by this method is identical to the previous study: F, C, E, B, D, and A (D consultants and A have the same 
rank in this case). 

In the latest case studies (AHP with IBA excluding f2/f6 and f5/f7 criteria that are part of the new IBA-
generated criteria), the composite weight for consultants A, B, C, D, E and F are 0.522, 0.544, 0.554, 0.541, 
0.553 and 0.540 respectively. The complete order of consultants obtained by this method is different than the 
previous two cases studies: C, E, B, D, F, and A. 

4. RESULTS 
This paper aims to solve the problem of assigning consultants to SAP ERP projects. Interviews are 
performed with experienced project managers in order to model the importance of various criteria in the 
decision making process.  

Using combined AHP-IBA approach, the problem of selection is modeled and consultants are ranked 
based on subjective evaluations of the project managers. Final ranking are given in the following tables: 

 
Table 13a. Ranking consultants (calculated weights for criteria, sub-criteria and attributes) 

The Results of Consultant selection 
Rank AHP and IBA AHP AHP w IBA w/o f2/f76 and f5/f7 

1 Consultant B (0.238) Consultant F (0.247) Consultant C (0.249) 
2 Consultant C (0.228) Consultant C (0.234) Consultant B (0.247) 
3 Consultant F (0.164) Consultant A (0.171) Consultant E (0.153) 
4 Consultant E (0.137) Consultant D (0.137) Consultant F (0.144) 
5 Consultant D (0.121) Consultant E (0.120) Consultant D (0.110) 
6 Consultant A (0.111) Consultant B (0.092) Consultant A (0.097) 
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Table 13b. Ranking consultants (calculated weights for criteria, sub-criteria*norm.matrix) 
The Results of Consultant selection 

Rank AHP and IBA AHP AHP w IBA w/o  f2/f76 and f5/f7 
1 Consultant F (0.534)  Consultant F (0.214)  Consultant C (0.554)  
2 Consultant C (0.532)  Consultant C (0.204)  Consultant E (0.553)  
3 Consultant E (0.532)  Consultant E (0.168)  Consultant B (0.544)  
4 Consultant B (0.516)  Consultant B (0.142)  Consultant D (0.541)  
5 Consultant D (0.510)  Consultant D (0.136)  Consultant F (0.540)  
6 Consultant A (0.495)  Consultant A (0.136)  Consultant A (0.522)  

 

5. CONCLUSION 
This paper presents the application of AHP method integrated with IBA method in choosing the best 
consultant who should be engaged in the implementation of SAP ERP project. One of the major problems in 
the application of this method is to define the attributes of decision-making on the second level (criteria 
decision-making) and the third level (sub-criteria decision-making) and the assessment of their relative 
weights. Author of defined criteria and assess the value of their relative weight based on its experience in 
previous projects and interviews of other project managers, who will select appropriate consultant to work on 
projects. 

Application of AHP-IBA combined approach contributes to the introduction of new attributes generated 
some dependencies, whose influences on the weight of the criteria are extremely high. Therefore, the most 
acceptable consultants are appointed consultants whose price is not the cheapest, but it depends on a 
combination of price, experience, user reviews and educational level of consultant. 

In further research may include stage fuzzy AHP approach (as well as ANP and fuzzy ANP approaches), 
the results of which could then be compared with the results obtained in this paper. In addition, it is possible 
to perform an analysis to determine the sensitivity and see boundary changes significantly affect the results. 

REFERENCE  
[1] Chow, L. K., Ng T. S., (2007): A fuzzy gap analysis model for evaluating the performance of 

engineering consultants, Automation in Construction 16, 425-435 
[2] Cheung F. K. T., Kuen J. L. F., Skitmore M. (2002): Multi-criteria evaluation model for the selection of 

architectural consultants, Construction Management and Economics, Volume 20, Issue 7 
[3] Leipold K., Klemow J., Holloway F. and Vaidya K. (2004): The World Bank e-Procurement for the 

selection of consultants: challenges and lessons learned, Journal of Public Procurement, Volume 4, 
Issue 3 

[4] Milošević P., (2012): Završni (master) rad Softverska podrška za primenu interpolativne Bulove 
algebra, Fakultet organizacionih nauka, Beograd 

[5] Project Management Institute, (2004): A guide to the project management body of knowledge (PMBOK 
guide) Newtown Square, PA: Project Management Institute, Inc. 

[6] Radojević, D., (2005): Interpolative Relations and Interpolative Preference Structures, Yugoslav 
Journal of Operations Research 15 (2), 171-189 

[7] Radojević, D., (2006): Interpolative realization of Boolean algebra, Proceedings of the NEUREL 2006, 
Neural Network Applications in Electrical Engineering 

[8] Radojević D., (2008): Fuzzy Set Theory in Boolean Frame, Int. J. of Computers, Communications & 
Control, 3, 121-131 

[9] Radojević, D., (2008): Logical Aggregation Based on Interpolative Boolean Algebra, Mathware & Soft 
Computing 15, 125-141.  

[10] Saaty T. L., (1980): The Analytic Hierarchy Process: Planning, Priority Setting, Resource Allocation, 
McGraw-Hill, New York. 

[11] Saaty T. L., 1982: Decision Making for Leaders: The Analytical Hierarchy Process for Decisions in a 
Complex World, Wadsworth. 1988, Paperback  

691



[12] Saaty T.L., (1986): Axiomatic foundation of the Analytic Hierarchy Process, Management Science, 
32(7), 841-855. 

[13] Saaty, T. L, 2008: Decision making with the analytic hierarchy process, Int. J. Services Sciences, Vol. 
1, No. 1: 83-98. 

[14] Samanta, B., Mukherjee, S.K., (2002): Selection of opencast mining equipment by a multi-criteria 
decision – making process, Institute of Mining and Metallurgy, Australia, pp.136-141. 

[15] Saremi M, Mousavi SF, Sanayei A., (2009): TQM consultant selection in SMEs with TOPSIS under 
fuzzy environment. Expert Syst Appl, 36(2): 2742-2749. 

[16] Cebeci U., DA RUAN (2007): A Multi-attribute comparison of Turkish quality consultants by fuzzy 
AHP, International Journal of Information Technology & Decision Making, Volume 06, Issue 01 

[17] Vayvay, O., Ozcan, Y., Cruz-Cunha, M., (2012): ERP consultant selection problem using AHP, fuzzy 
AHP and ANP - a case study in Turkey, E3 Journal of Business Management and Economics Vol. 3 (3), 
pp. 106-117 

[18] Zadeh, L.A., (1965): Fuzzy Sets, Information and control, 8, 338-353 

[19] Zadeh, L.A., (1965): Introduced the fuzzy set theory in situations with incomplete and uncertain 
information, in order to model the imprecision of human decision-making. 

 

692



 
 
 
 
 
 
 

Risk Analysis & Management 

693



 

694



FROM LOCAL ROBUSTNESS TO IRRESPONSIBLE DECISION-MAKING

MOSHE SNIEDOVICH1
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Abstract: The differences between measures of LOCAL and GLOBAL robustness are, to all intents and purposes,
clear as daylight. One would hardly expect, therefore, to find serious misconceptions of these measures in the
literature on risk analysis and decision-making. And yet, as we show here, such misconceptions are at the
center of a number of recent peer-reviewed articles, proposing the use of RADIUS OF STABILITY models to
tackle a severe, non-probabilistic uncertainty. We call attention to the fact that such a proposition can lead to
irresponsible decision-making. We also comment on the implications of misleading rhetorics about robustness
for sound decision-making.

Keywords: Robustness, local, global, radius of stability, severe uncertainty

1. INTRODUCTION

Just as one does not expect an anesthesiologist to mistake a local anesthetic for a global anesthetic, much less
confuse their respective effects, one does not expect risk analysts to mistake a local risk analysis for a global
risk analysis, hence, to confuse the respective implications of the two analyses. One certainly does not expect
risk analysts to be unaware that radius of stability models prescribe a local analysis, thus provide a measure of
local robustness, hence are unsuitable for the treatment of a severe non-probabilistic uncertainty.

Detailed discussions outlining the workings of such models, which highlight the technical limitations that
render these models unsuitable tools for dealing with a severe, non-probabilistic uncertainty, can be found in
[1-5]. In this discussion, I examine a number of recent publications where the confusion of local and global
robustness is exhibited in the misguided proposition to use radius of stability models for the treatment of a
severe non-probabilistic uncertainty. I explain why such a proposition can lead to irresponsible decision-making.

For an immediate sense of what is meant by a local analysis, consider the situation depicted in Figure 1.
That is, consider a system, call it System B127, where the value of a crucial parameter, say u, is subject to a
severe uncertainty. The large rectangle, denoted U , represents the set of all possible/plausible values of this
parameter, and the small white circle, denoted ED, represents the effective domain on which the analysis is
conducted.

ED

UU

NML

Figure 1 Parameter Space (U ), Effective Domain (ED), and No Man’s Land (NML) of a local analysis

The black area, denoted NML, represents the complement of ED, namely NML := U \ED. This means
that the analysis of System B127 takes no account whatsoever of the performance of System B127 associated
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with values of u in this part of the uncertainty space. These values are simply ignored so that the results of the
analysis depend only on values of u in the effective domain, ED. For obvious reasons, I refer to NML as the No
Man’s Land of the analysis. Because the parameter u represents the uncertainty under consideration, I shall use
the terms uncertainty space and parameter space interchangeably.

Now, suppose that an extensive, costly analysis, determined that System B127 performs “reasonably well” on
ED. Namely, it was determined that the system performs “reasonably well” for values of the parameter u in set
ED. The question arising therefore is this:

! Can we “responsibly” claim that System B127 performs “reasonably well” on U given that all we know
about System B127 is that . . . it performs “reasonably well” on ED?

Although one might envisage scenarios where such a claim might be justified, it is immediately clear that,
as depicted in Figure 1, the effective domain of the analysis, ED, is a relatively small neighborhood of the
parameter space U . The implication therefore is that a priori there is no assurance that the performance of
System B127 on ED is a good, reliable, indication of the system’s performance on U . In other word, the fact
that System B127 performs “reasonably well” on ED does not exclude the possibility that the system performs
“extremely well” on U , nor that it performs “extremely poorly” on U .

As things stand, we simply have no clue.
That said, it is clear that to tackle the above question in a meaningful manner, System B127 and the perfor-

mance analysis under consideration, need to be given a more determinate definition/description/specification, the
point being that questions such as this cannot be dealt with properly in the abstract, divorced from a well-posed
formulation of the problem under consideration. Practically speaking, this means that the problem considered
needs to be given a formal formulation.

2. Problem statement

To avoid dealing with technical considerations that are peripheral to the main concerns of this discussion, we
consider a simple decision-making problem whose core ingredients are as follows:

X = decision space (set of decisions available to the decision maker). (1)
U = uncertainty space (set of possible/plausible values of the uncertainty parameter u). (2)

f (x,u) = performance level of decision x given u. (3)
C = set of acceptable performance levels. (4)

Formally, regard f as a performance function on X ×U with values in some set C such that C ⊂ C , and
observe that the performance requirement under consideration is f (x,u) ∈C.

The decision maker has control over the value of x ∈ X in that he/she can select the value of x ∈ X , but
he/she cannot select the value of u. This is so because the uncertainty in the “true” value of u is severe to the
extent that all that the decision-maker knows about this unknown value is that it is an element of set U . Given
this state of affairs, the decision maker seeks decisions that satisfy the performance requirement f (x,u) ∈C for
a large set of values of u ∈U . Thus, the task facing the decision maker is the following:

! Task: Formulate a MEASURE OF ROBUSTNESS to assess the decisions’ ability to satisfy the performance
requirement f (x,u) ∈C given the variations in the value of u over U .

Note that in this context there are two extreme cases: if f (x,u) ∈C,∀u ∈U then decision x is super-robust,
whereas if f (x,u) /∈C,∀u ∈U then decision x is super-fragile. The point is though that typically decisions are
neither super-robust nor super-fragile. Therefore, suitable measures of robustness are required to enable the
ranking of decisions according to their performance levels and the associated performance requirement(s).

3. Local vs global robustness

The most obvious way to do this is to partition the uncertainty space U (for each decision x ∈ X) into two sets:
one containing the values of u that satisfy the performance requirement f (x,u) ∈C, the other containing the
values of u that violate the performance requirement. Thus, let:

A(x) : = {u ∈U : f (x,u) ∈C} , x ∈ X (5)

A(x) : = U \A(x) , x ∈ X (6)
= {u ∈U : f (x,u) /∈C}. (7)
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We refer to A(x) as the set of acceptable values of u associate with decision x. Observe that the constraint
f (x,u)∈C is equivalent to u∈ A(x). Hence, the “size” of set A(x) can be regarded as a measure of the robustness
of decision x with respect to the requirement f (x,u) ∈C against variations in the value of u over U . The larger
A(x) the more robust decision x. This measure of robustness dates back to the 1960s (see [6, 7]).

Assume then that there is a suitable measure of “size” for subsets of U , and let size(V ) denote the “size” of
set V ⊆U . For instance, if U consists of finitely many elements, we can let size(V ) = |V | where |V | denotes
the cardinality of set V .

I Definition 1. The SIZE ROBUSTNESS of decision x, denoted S-rob(x), is equal to the size of set A(x), namely

S-rob(x) : = size(A(x)) , x ∈ X (8)
= max

V⊆U
{size(V ) : u ∈ A(x),∀u ∈V} (9)

= max
V⊆U

{size(V ) : f (x,u) ∈C,∀u ∈V}. (10)

The larger S-rob(x) the more robust decision x. J

Note that this measure of robustness is global: the Size Robustness of decision x is equal to the size of the
set comprising ALL the elements of U that satisfy the performance requirement under consideration. None of
these values of u is left out of the robustness analysis of decision x. This is illustrated in Figure 2 where the
robustness of decision x is equal to the area of the shaded part of the uncertainty space representing the set A(x).
Clearly, decision x′ is much more Size Robust than decision x′′.

f (x′,u) ∈C

A(x′)

f (x′,u) /∈C

A(x′)

U

f (x′′,u) ∈C

A(x′′)

f (x′′,u) /∈C

A(x′′)

U

Figure 2 Size Robustness of two decisions, x′ and x′′

To define the local-counterpart of this measure of global robustness, we would impose a neighborhood
structure on the uncertainty space U . So let,

ũ : = nominal value of u. (11)
U(α, ũ) : = neighborhood of size α around ũ, α≥ 0. (12)

More formally,

U(α, ũ) := {u ∈U : dist(u, ũ)≤ α} , α≥ 0 (13)

where dist(u, ũ) denotes the distance from u to ũ according to a suitable measure of distance (e.g. metric or norm)
between elements of U . We shall not elaborate on the properties of this measure of distance. For our purposes,
it suffices to assume that the neighborhoods are nested, namely that α′ < α′′ implies U(α′, ũ)⊆U(α′′, ũ), and
that U(0, ũ) = {ũ}. And for simplicity, assume that U is the smallest set such that U(α, ũ)⊆U ,∀α≥ 0.

I Definition 2. A robustness analysis of a decision is LOCAL if it ignores all the values of u ∈U outside some
(relatively) small neighborhood U(α, ũ) in U . The values of ũ and α would either be stipulated in advance or
they would be determined “on the fly”, namely in the course of the robustness analysis. J

I Definition 3. A measure of robustness is LOCAL if it allows the robustness analysis that determines the
robustness of decisions to be local. In other words, the robustness measure is LOCAL if it allows the effective
domain of its robustness analysis to be a relatively small neighborhood of U . J
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Of course, what constitutes a “relatively small” neighborhood in this context may well be a subjective matter
for the analyst to decide. Still, the point to note here is conveyed by the term “allows”. Its task is to emphasize
that the analysis prescribed by the definition of this robustness measure is “not impelled”, either explicitly or
implicitly, to consider values outside a relatively small neighborhood (effective domain) of the uncertainty space
U .

For example, consider the following local-counterpart of the Size Robustness (10), observing that the values
of ũ and α are stipulated in advance (regarded as given):

L-S-rob(x|α, ũ) := max
V⊆U(α,ũ)

{size(V ) : f (x,u) ∈C,∀u ∈V} , x ∈ X . (14)

Clearly, this measure of robustness makes no attempt whatsoever to seek out values of u ∈U that are outside
the neighborhood U(α, ũ). It thus allows α to be relatively small, so that the neighborhood U(α, ũ) is small
relative to U .

Figure 3 makes this measure vivid and it illustrates its effects. The neighborhood U(α, ũ) is shown as a
circle centered at ũ. Note that decision x′ is less locally robust then x′′ at ũ even though it is more globally robust
than x′′ over U .

ũ

f (x′,u) ∈C A(x′)

f (x′,u) /∈C A(x′)

U

f (x′′,u) ∈C

A(x′′)

f (x′′,u) /∈C

A(x′′)

U

ũ

Figure 3 Local Size Robustness of two decisions, x′ and x′′

The following popular measure of local robustness determines the size of the neighborhood comprising the
effective domain of the robustness analysis on-the-fly [8-11]:

I Definition 4. The RADIUS OF STABILITY of decision x at ũ, denoted ρ(x|ũ), is equal to the size of the largest
neighborhood around ũ all whose elements satisfy the performance requirement. That is,

ρ(x|ũ) := max
α≥0
{α : f (x,u) ∈C,∀u ∈U(α, ũ)} , x ∈ X . (15)

The larger ρ(x|ũ) the more locally robust decision x at ũ. J

By inspection,

I Theorem 1. The radius of stability of decision x at ũ, namely ρ(x|ũ), is not affected by values of u outside
the neighborhood U(α∗, ũ) where α∗ = ρ(x|ũ)+ ε and ε > 0 can be arbitrarily small (but positive).

Proof. Since the neighborhoods are nested, the definition of ρ(x|ũ) implies that for any ε > 0, there is a
u′ ∈U(ρ(x|ũ)+ ε, ũ) such that f (x,u′) /∈C. Therefore the value of ρ(x|ũ) is determined in total disregard of the
values of u outside the neighborhood U(α∗, ũ) where α∗ = ρ(x|ũ)+ ε and ε > 0 can be arbitrarily small (but
positive). It is as though these values of u do not exist, namely as though U =U(α∗, ũ). J

Note that the definition of the radius of stability, namely (15), not only “allows” the effective domain of the
robustness analysis to be relatively small, it “allows” α(x|ũ) to be equal to 0, in which case the effective domain
of a radius of stability robustness analysis would be U(ε, ũ) where ε can be arbitrarily small (but positive).
Hence,

I Corollary 1. Radius of stability is a measure of local robustness.
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ũ

f (x′,u) ∈C

A(x′)

f (x′,u) /∈C

A(x′)

U

f (x′′,u) ∈C

A(x′′)

f (x′′,u) /∈C

A(x′′)

U

ũ

Figure 4 Radii of stability of two decisions, x′ and x′′, at ũ

Figure 4 illustrates the definition of radius of stability robustness, making vivid its inherently local orientation.
The large rectangles represent the uncertainty space U , the shaded areas represent the sets of acceptable values
of u associated with two decisions x′ and x′′, and the circles represent neighborhoods centered at ũ. The radii of
stability are represented by the radii of the largest circles contained in the respective shaded areas. Note that the
radius of stability of decision x′ is smaller than the radius of stability of decision x′′ even though decision x′ is
much more globally robust than decision x′′ over U .

4. Worst-case robustness and Wald’s maximin paradigm

All the robustness models featured in the preceding section have one important feature in common. They can
be viewed as models taking a worst-case approach to uncertainty/variability, thus prescribing the following:
resolve the variability/uncertainty in parameter u by considering the worst value of u pertaining to the situation
under consideration. Wald’s famous maximin paradigm [12-15] is based on this approach.

I Definition 5. Maximin decision rule:
Rank alternatives according to their WORST OUTCOMES, hence select the alternative whose worst outcome is
best (at least as good as the worst outcomes of all other alternatives). J

The following familiar generic maximin model is a “textbook” formulation of this rule:

z∗ := max
y∈Y

min
s∈S

g(y,s) (16)

where

Y = set of alternatives available to the decision maker. (17)
S = state space (set of all possible/plausible states of the world). (18)

g(y,s) = outcome generated by the alternative-state pair (y,s). (19)

Note that in this framework, the worst outcome associated with alternative y is equal to

z(y) := min
s∈S

g(y,s) , y ∈ Y. (20)

In decision theory, z(y) is called the security level of alternative y. In robustness analysis it represents the
worst-case robustness of alternative y.

In cases where performance constraints are incorporated in the decision-making model, the generic maximin
model may take this form:

z◦ := max
y∈Y

min
s∈S(y)

{g(y,s) : h(y,s) ∈ H,∀s ∈ S(y)} (21)

where S(y)⊆ S denotes the set of states associated with alternative y and h(y,s) ∈ H represents a performance
constraint on (y,s) pairs. Observe that the clause

h(y,s) ∈ H,∀s ∈ S(y) (22)
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is an iconic worst-case requirement: alternative y is required to satisfy the constraint h(y,s)∈H for ALL s∈ S(y),
hence for the worst s in S(y) (whatever it is). In this case the worst-case robustness (security level) of alternative
y is as follows:

z◦(y) := min
s∈S(y)

{g(y,s) : h(y,s) ∈ H,∀s ∈ S(y)} , y ∈ Y. (23)

Note that in cases where robustness is sought only with respect to performance requirements, the payoff/re-
ward g(y,s) is independent of s. We therefore write g(y) instead of g(y,s), so that in such cases the maximin
model (21) is simplified to:

z◦ : = max
y∈Y

min
s∈S(y)

{g(y) : h(y,s) ∈ H,∀s ∈ S(y)} (24)

= max
y∈Y
{g(y) : h(y,s) ∈ H,∀s ∈ S(y)}. (25)

This fact is also indicated by the absence of the iconic operation min
s∈S(y)

from the formulation.

As for the type of robustness analysis (local or global) maximin models are most suitable for, note that their
inherent flexibility enables determining the scope of this analysis according to the analyst’s needs. Thus,

I Theorem 2. Both the Size Robustness model (10) and the radius of stability model (15) are maximin models.

Proof. Let Y denotes the power set of U , g(y) = size(y), h(y,s) = f (x,s), H = C and S(y) = y. Then the
maximin model (25) takes this form

max
y∈Y
{g(y) : h(y,s) ∈ H,∀s ∈ S(y)} ≡max

y⊆U
{size(y) : f (x,s) ∈C,∀s ∈ y} (26)

≡ max
V⊆U

{size(V ) : f (x,u) ∈C,∀u ∈V} (27)

which is none other than the Size Robustness model (10).
Next, let Y = [0,∞), g(y) = y, h(y,s) = f (x,s), H =C and S(y) =U(y, ũ). Then the maximin model (25)

takes this form

max
y∈Y
{g(y) : h(y,s) ∈ H,∀s ∈ S(y)} ≡max

y≥0
{y : f (x,s) ∈C,∀s ∈U(y, ũ)} (28)

≡max
α≥0
{α : f (x,u) ∈C,∀u ∈U(α, ũ)} (29)

which is none other than the radius of stability model (15). J

These facts explain why maximin models dominate the scene in robust optimization [16, 17].

5. Rhetoric about robustness

Analysts often describe mathematical models and methods in ordinary language, especially when their objective
is to communicate information about these models and methods to persons who are not mathematically savvy.

It goes without saying that an ordinary language narrative about mathematical objects can be constructive,
edifying even inspiring. The trouble is, however, that it can equally be incorrect, erroneous, hence misleading.
In this section I illustrate this point with the aid of five examples. First an example illustrating an edifying
ordinary language narrative about local robustness.

5.1. Example: local robustness analysis

The article: “Local robustness analysis: theory and application”, opens the section Basic theory with the
following description [18, p. 2070]:

In this section, we describe a general framework for local robustness analysis. By local robustness
analysis, we refer to the idea that a policymaker may not know the ‘true’ model for some outcome
of interest, but may have sufficient information to identify a space of potential models that is local
to an initial baseline model. This may be regarded as a conservative approach to introducing model
uncertainty into policy analysis, in that we start with a standard problem (identification of an optimal
policy given a particular economic model) and extend the analysis to a local space of models, one
that is defined by proximity to this initial baseline.
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The neighborhood considered in this local analysis is an n-dimensional ball of the form {u∈Rn : ||u− ũ|| ≤ ε}
where || · || denotes Euclidean distance in Rn and ũ represents the baseline model under consideration.

One cannot possibly mistake the robustness analysis proposed in the article for a global analysis over the
n-dimensional Euclidean space Rn.

In contrast, consider the following examples.

5.2. Example: widest range of satisfactory contingencies

The narrative in the article “What Makes a Good Decision? Robust Satisficing as a Normative Standard of
Rational Decision Making”[19] contends that the robustness models discussed in this article seek decisions that
satisfy performance requirements over the widest range of contingencies, or future states of the world, and so
on. For example,

The robust satisficer answers two questions: first, what will be a “good enough” or satisfactory
outcome; and second, of the options that will produce a good enough outcome, which one will do
so under the widest range of possible future states of the world.

[19, p. 213]

A robust satisficing decision (perhaps about pollution abatement) is one whose outcome is acceptable
for the widest range of possible errors in the best estimate.

[19, p. 218]

What investment strategy will get me that million under the widest range of conditions?
[19, p. 220]

But an investment strategy that aims to get you a million dollars under the widest set of circum-
stances is likely to be very different from one that aims to maximize the current estimate of future
return on investment.

[19, p. 220]

And what strategy will get us that return under the widest array of circumstances?
[19, p. 220]

For an individual who recognizes the costliness of decision making, and who identifies adequate (as
opposed to extreme) gains that must be attained, a satisficing approach will achieve those gains for
the widest range of contingencies.

[19, p. 223]

The impression one clearly gets from this narrative is that the robustness analysis proposed in this article is
of the Size Robustness type, namely a global robustness analysis. For, the theory that according to [19] defines
and implements such robust strategies is info-gap decision theory (see section 5.4 and section 6 below). But
the fact of the matter is that info-gap’s robustness model is a radius of stability model (see formal proofs in
[2, 3, 4, 5]), hence a model of local robustness, hence not up to this task. The incongruity in [19] between the
rhetorics about robustness and the capabilities of formal mathematical models of robustness is brought out by
juxtaposing these two statements:

What strategy will get us that return under the widest
array of circumstances?

What strategy will get us that return over the largest
neighborhood around the nominal contingency?

The statement on the left [19, p. 220] gives the misleading impression that the robustness model proposed
in [19] is a model of global robustness. The statement on the right gives the correct (formal) depiction of this
strategy, thus indicating that this model is in fact a model of local robustness.

5.3. Example: unbounded uncertainty and worst-case analysis

A particularly striking example of a rhetoric that is totally incongruous with the mathematical facts under
consideration has to do with the case where the uncertainty space U of a radius of stability model is unbounded
and the neighborhoods U(α, ũ),α≥ 0 are strictly expanding, namely α′ < α′′ implies U(α′, ũ)⊂U(α′′, ũ).
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There are numerous claims in the literature asserting that under these conditions there is no worst case.
That is, the claim is that under such conditions, for every u ∈U , however “bad” it is, there is a u′ ∈U that is
even “worse”. Hence there is no worst case: there is no u∗ ∈U that is at least as bad as any other u in U . For
instance, consider this [20, p. 19]:

Consequently, there is no worst case: any adverse occurrence is less damaging than some other
more extreme event occurring at a larger value of α.

Such claims are then invoked to “prove” that maximin models require the uncertainty space U to be
bounded. For instance [21, p. 1644],

The min-max concept responds to severe uncertainty that nonetheless can be bounded.

These claims are, of course, without any foundation.

I Counter example 1. Suppose that U =R, ũ = 0, U(α, ũ) = [−α,α], and f (x,u) = (u−1)2 for some x ∈ X.
Now, if the larger f (x,u) the better, then the worst u in U(α, ũ) is one that minimizes f (x,u) over u ∈U(α, ũ),
namely it is a u∗ ∈ [−α,α] that minimizes (u− 1)2 over [−α,α]. Clearly, such a u∗ exists for all α ≥ 0.
Specifically, u∗ = α for all α≤ 1, and u∗ = 1 for all α > 1. Hence, the claim in [20] is groundless.

I Counter example 2. Consider the following clearly unbounded minimax model:

z∗ := min
−∞<y<∞

max
−∞<s<∞

{
y2 +2sy− s2} (30)

observing that here s represents the uncertainty parameter and that this parameter is unbounded. Still, this
problem most definitely has an optimal solution, namely (y∗,s∗) = (0,0), yielding z∗ = 0. Hence, the claim in
[21] is groundless.

5.4. Example: from local to global

Another striking example of a narrative that is totally incongruous with the mathematical model it discusses,
deals with the following class of radius of stability models:

ρ(x|ũ,c) := max
α≥0
{α : c≤ f (x,u),∀u ∈U(α, ũ)} , x ∈ X . (31)

For the record, in [22, 23] radius of stability models of this type are referred to as info-gap robustness
models. Now, according to the narrative in the article Robust climate policies under uncertainty: a comparison
of info-gap and RDM methods [24], this model has the extraordinary ability to extend the scope of the robustness
analysis from local to global [24, 1662]:

For small α, searching set U(α, ũ) resembles a local robustness analysis. However, α is allowed
to increase so that in the limit the set U(α, ũ) covers the entire parameter space and the analysis
becomes one of global robustness. The analysis of a continuum of uncertainty from local to global
is one of the novel ways in which info-gap analysis is informative.

The fact of the matter is, however, that this assertion is totally at odds with the very definition of robustness
articulated by this model (31). In other words, is it clear as daylight that, according to this model of robustness,
the admissible values of α pertaining to decision x are bounded above by ρ(x|ũ,c). After all, if—as claimed in
[24]—α is unbounded above in the framework of the robustness analysis of decision x, how is it that the model
prescribes the maximization of α?

The fact of the matter is then that the extraordinary prowess that is attributed to this model in [24], namely
the ability to vary the scope of the robustness analysis from local to global, turns out to be an illusion.

For the entire argument in [24] rests on the (implicit) premiss that the robustness of decision x, namely the
value of ρ(x|ũ,c), can be increased by decreasing the value of c, so that for a sufficiently small value of c, the
value of ρ(x|ũ,c) can become unbounded. But what this argument fails to observe is that by changing the value
of c one changes the robustness problem under consideration.

Worse, the analysis in [24, p. 1662] that purports to support the above argument relies on the following
fact: by “forcibly” rendering the performance constraint c≤ f (x,u) redundant (by forcing the value of c to be
sufficiently small), decision x becomes super-robust, namely it satisfies the performance constraint over the
entire uncertainty space U .

But surely, rendering the performance constraint of a radius of stability model redundant, to obtain unbounded
robustness for decisions, does not make this model a model of global robustness. By analogy, the fact that,
under certain conditions, a method of local optimization yields solutions that are globally optimal, does not
make the method in question a method of global optimization.

702



5.5. Example: unknown unknowns

Another example of misleading rhetorics about robustness models can be found in the article:“Allocating
monitoring effort in the face of unknown unknowns” [25], which proposes that info-gap robustness models can
tackle no less than Black Swans [26] and Unknown Unknowns!! [27].

Note that the application of the method proposed in [25] requires specifying the following details pertaining
to the unknown unknown event under consideration:

� Probability of occurrence
� Probability of discovering the event once it occurs
� Cost averted by discovering the event

In a word, for all intents and purposes, the method proposed in [25] treats unknown unknowns events as if
they were known unknowns events!!

The trouble is that the staggering misconceptions about the nature of known unknowns and risk management
exhibited in [25] is part of a wider phenomenon in the fields of applied ecology and conservation biology: lax
rhetorics about severe uncertainty and its treatment by local robustness models [5, 28].

6. From irresponsible rhetorics to voodoo decision-making

In the article “Severe uncertainty and info-gap decision theory” Hayes et al. [28] point out that by focusing
on an uncertainty that is often less severe, namely the uncertainty pertaining to model parameters, ecological
applications of info-gap decision theory (IGDT) [22, 23] have, by and large, ignored a crucially important source
of uncertainty, namely model structure uncertainty. But, what is particularly important to this discussion is
this observation [28, p. 9]:

This problem is compounded by the rhetoric that sometimes accompanies these applications.
Ignoring severe sources of uncertainty in any problem does not, of course, provide any assurance
that good decisions have been identified, irrespective of what decision theory is applied. No decision
theory, IGDT or otherwise, can ensure against bad decisions driven by implausible or illogical
models, models that fail to represent the known unknowns or indeed the unknown unknowns.

That said, the point is however that the dangers posed by misleading rhetorics about models of robustness
exist even in cases where model structure uncertainty is not an issue. The danger is that such rhetorics may
lead to irresponsible decision-making, such as seeking to apply models of local robustness to manage unknown
unknowns. The point is that responsible decision-making is reliant on responsible rhetorics, namely on claims
about the capabilities and limitations of robustness models being thoroughly substantiated. Obviously, not
by incongruent narratives, but by solid technical/mathematical arguments. Thus, claims that models of local
robustness provide reliable tools for the analysis and management of severe uncertainty, particularly in cases
where U represents the set of all possible/plausible valued of u, and the effective domain of analysis is minute
relative to U , must be substantiated by sound technical arguments. As argued convincingly in [28, p. 9]:

Plausibility is being evoked within IGDT in an ad hoc manner, and it is incompatible with the
theory’s core premise, hence any subsequent claims about the wisdom of a particular analysis have
no logical foundation. It is therefore difficult to see how they could survive significant scrutiny in
real-world problems. In addition, cluttering the discussion of uncertainty analysis techniques with
ad hoc methods should be resisted.

Along the same line, as pointed out in [29, p. 296], models of robustness that are based on the “normal
range” of parameter values, rather than on their “full range”, represent a somewhat “irresponsible decision
maker”. And as pointed out in [2-5], the proposition to use local robustness models to manage an unbounded,
non-probabilistic, severe uncertainty amounts to practicing voodoo decision-making.

7. Conclusions

Models/methods/theories of local robustness are indispensable in many areas of science, engineering, and
management. Indeed, they have been used for decades for the analysis of small perturbations in a nominal
value of a parameter, a function, a model, and so on. But, as we saw above, these models/methods/theories
are unsuitable for the treatment of a severe, non-probabilistic uncertainty that is expressed in terms of vast
(unbounded) uncertainty spaces.
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Thus, the proposition to tackle rare events, shocks, extreme deviations, catastrophes, “Black Swans” and
even “Unknown Unknowns” with models of local robustness can only lead to irresponsible decision-making.

The challenges posed by the severe uncertainty manifested in such phenomena cannot be dealt with properly
by unsubstantiated rhetorics about models/methods/theories of local robustness.
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Abstract: Minerals industry is exposed to various risks which, in case of resulting in an unwanted 
occurrence, have major or minor unwanted consequences for both safety and reliability of the exploitation 
system and the business operations of a mining company. When defining the methods and procedures for the 
evaluation and management of risks in minerals industry, risks are generally qualified as external and 
internal. With the aim to have a more quality approach in risk assessment, it is necessary to classify external 
and internal risks from various aspects. This paper presents the qualification of external risks and a 
classification of open pit mines from the point of view of external risks assessment. 

Keywords: Mining company, external risks, open pit mine.  

1. INTRODUCTION 
The external (outer) risks are the risks for which the mining company has little or no influence on their 
occurrence, intensity and probability, namely the geopolitical, market, legislative, financial, and the 
influence is only reflected through some of the external risk attributes. Opposite to the external risks, the 
internal risks are related with the technical and technological activities within the exploitation field of the 
mine, for which the company is able to make an assessment and to adaptively manage almost all of them. 
Even in the case of internal risks, certain risks cannot be completely assessed, since the mining is taking 
place in an environment that cannot be completely defined in a geological sense. 

Regardless of minor influence of mining companies to the external risks, there is a permanent need for 
defining, assessing and managing those risks for several reasons: large number of case studies shows that 
high investment risks are emerging from the geopolitical instability of a country, poor institutional 
environment, low credit rating, low level of trading exchange, high corruption level (Irwin, Klein, Perry, 
Thobani, 1998). For the purpose of analysis of capital insurance, from the political risk point of view, Gentile 
and Valahu (2003) are defining commercial risk  constituing of operative, business and financial risks, such 
as expropriation, possibility of war or armed conflict, poor governance, poor administration, confiscation, 
corruption, nationalization, unstable government, civil unrests, institutional deficiencies, posing the threats to 
mining companies same as the natural risks such as floods, earthquakes, droughts, etc. 

It is necessary to commence external risks assessment already with the feasibility study development, 
since the managing and design team in this stage are having much space to explore alternatives and to assess 
the risk by using the different criteria. When the mining operations have started, the number of options for 
solving certain problems and diminishing the risks are decreasing proportionally as the mining operations 
progresses (C. Kasatuka, R.C.A. Minnitt, 2006.). Although the optimization is largely focused on the ratio of 
the production and selling price of the mineral resource, it is known from a number of cases that the 
unwanted events as the consequence of external risks have influenced the mining operation to temporarily or 
even completely stop. For the purpose of defining the methods and procedure of the external risk assesment, 
it is necessary to: 

  Recognize risks and qualify the risks according to the geopolitical, social and business economical 
factors; 

  Qualify mines with opencast mining according to the mineral resource type and the importance of the 
mineral resource from the national, economical, regional and local focus of interest; 

  Determine and quantify risks according to mines qualified according to the certain criteria.  

2. QUALIFICATION OF EXTERNAL RISKS 
Figure 1 presents the schematic of external risks according to the criteria presented in the introduction. For 
every type of risk, the attributes provided are not final. The number and types of attributes are to be 
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evaluated for different cases of risk assesment according to the stages and the dynamics of mining activities, 
economical and political circumstances at the local as well as the global level, etc. 

The economic and financial analysis of risk assesses projects of national, economic, regional and local 
importance, while financial risk is estimated from the point of funding by the project Investor. From the 
point of efficient allocation of resources, projects are classified according to the following criteria              
(H. Simonsen and J. Perry, 1999): 
-  if there are two or more projects with the saim objectives, the analysis should identify the project with 

the lowest expenses, asuming that projects have similar advantages; 
-  if projects with different obejctives are analyzed, they should be ranked based on their net revenue; 
-  if only one project is analyzed, the estimated rate shoud be compared with yield rate of other 

economic sectors. 
The economic and financial risk analysis is mostly based on assumptions and estimates, such as costs, 

prices, demand etc., and risk assessment requires an analysis of capital investments made in the past period 
of at least 10 years. Regardless of the importance of the project (national, economic, etc.), minerals industry 
requires great investments in most cases, which according to the amount and importance fall into the domain 
of critical business decision-making. Before investing in such projects, an analysis should be conducted and 
main and alternative sources of financing should be selected, as well as the method of financing and the 
scheduled start and financing dynamics. 

From the point of view of the institutions which fund projects, the essence of the activity is not only to 
find a project in need of funding, but also to favour projects with a defined risk profile, thus enabling 
appropriate guarantee for loan pay-off. 

Market risk analysis analyzes the price of natural resources, competition on the market, variability of the 
prices of raw material, the mode and expenses of placing raw material on the market, etc. Market risk should 
be analyzed according to the following categories: 
- instability of prices as a consequence of manufacturer insecurity with regards to revenue and 

consumer insecurity with regards to expenses;  
- fluctuations as a consequence of speculative activites stemming from political and economic 

instability;  
- other industry sectors inability to adapt quickly due to instability arising in the production and 

placement of mineral raw materials sector;  
- period of adapting to the market and prices harmonization, irregularity of dynamics in conducting 

these activities;  
- the posibility offering lower costs when  compared to the competition. 
When assessing legal and regulatory risks, an analysis of documentation related to the following is 

conducted: legal regulations and Contracts on concessions, technical documentation used for acquiring 
approvals, permits and agreements for meeting the requirements for the exploitation of mineral raw material 
and procuring permits for mining operations, proprietor and legal relations, assessment of revenue and 
expenditure, workforce qualifications, safety of employees and property, etc. 

Risks with regards to expropriation are connected with legal and regulatory risks in the segment of the 
Law referring to the purchase or lease of land. The location of mines, when assessing this risk, is viewed 
from the point of ownership (state, private) and the value of the land which is to be co-opted in mining works 
and their influence on the environment.   

Geopolitical risks are in most of the literature divided into four categories. The first category is defined in 
terms of the political risks of political events; for example, the change or fall of the government, adverse 
government actions, etc. The second category comprises the political constraints influencing the minerals 
industry. The limitations include expropriation or nationalization, arbitrary restrictions, discriminatory 
taxation and competition from the public sector. The third category includes political risks arising from the 
environment, focusing on changes in both the business and political environment; for example, damage due 
to civil unrest, internal or external war damages, revocation or disrespect of the contract, the losses arising 
from the process of deterioration. The fourth category considers political risk in the context of the overall 
environment without a detailed search for the definition of the concept of political risk. 

Regional risk analysis is mainly carried out for mines which are of importance to a particular region or area 
within a country. The state may or may not support the development of minerals industry of local interest. In 
most cases, support is gained on the basis of the regional projects capital, and the funds are provided through 
placement of resources in a given region. Therefore, the potential risks should be identified and analyzed in the 
immediate community or region, if it was previously estimated that the mine is not threatened by high level 
external risks (geopolitical, economic, market, etc. condition in the country and the world). 
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Figure 1: Scheme of external risks in open pit mines 
 

Social risks arise mainly due to environmental degradation, loss of resources, threats to the health and 
safety of workers and the population living in the vicinity of the mine, the increased influx of foreigners in 
the area of mining, misuse of resources, loss of land, uneven distribution of benefits, changes in values, 
unequal participation in decision-making, etc. The above causes can lead to opposite views on industrial 
minerals, difficulties in financing mining operations, share price decline, the erosion of credibility, creation 
of a negative image for the mining company, etc., which are risks to be analyzed according to the listed 
causes. 
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Natural risks are recognized so far, however, they are impossible to predict or prevent. When analyzing 
these risks, activities which amortize and minimize the damages arising from adverse events should be 
defined, i.e. the whole system of the minerals industry should be made more flexible.  

A mining company may influence these risks, i.e. according to some attributes within a specific risk. For 
example, with regards to economic and financial risks, the company can influence capital management and 
cost overruns, but it cannot have an impact on the changes in exchange rates. Natural risks fall in the domain 
of force majeure which neither mining companies nor the wider economic and social environment can 
influence. 

3. QUALIFICATION OF SURFACE MINES 
For the purpose of determining the external risks in surface mining, defining methods and procedures for 
their prevention or mitigation of adverse effects, it is necessary to qualify surface mines. Qualification of 
risks and mines provides a basis for the design of a flexibility project that includes alternatives for 
eliminating or mitigating the consequences of risk. Figure 2 gives a schematic overview of the qualifications 
of surface mines for the purpose of evaluating and managing external risks. 

Surface mines are divided into three categories according to the type of minerals that are exploited; each 
category requires an assessment of the importance of the mine for the state, the wider and narrower 
community. The evaluation shall be based on an economic analysis, the impact of exploitation on the 
functioning of the energy and economic survival and development of the society, social status, environment, 
etc. According to the schematic diagram in Figure 2, the mines are divided into four categories based on their 
importance, each category being either a coal mine, non-metallic or metallic minerals mine. 

External risks (Figure 1), depending on the importance of the mine, have a primary or secondary effect, 
i.e. the impact weight is determined by the consequences which an undesired event may cause. The primary 
influence of risk implies the possibility of permanent or temporary cessation of exploitation, while the 
secondary impacts include different disturbances in the production, placement, billing, procurement, etc. 

Mines of national importance are surface coal mines which are a part of the state power utilities system 
with the function of supplying power plants with the required fuel. Surface mines of minerals such as copper, 
gold, diamonds and the like are also of national importance, if their sales revenue significantly influences 
gross national income. These mines also belong to the category of economic and, rarely, of regional or local 
importance. External risks which have a primary influence on mines of national importance are: geopolitical 
(civil unrest, internal or external war damage, political instability of a large scale); social (mass strikes of 
employees in the mines); natural (earthquakes, floods, geomorphology). The risks with secondary impacts 
also include risks listed in Figure 1. Adverse events carrying these risks, if unable to be amortized with 
employee assets, are amortized by means of funds provided by the state. 
 

 

 
Figure 2: Qualification scheme with open pit mines in terms 

of the assessment of external risk 
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Mines of economic importance include surface mines of profitable minerals such as gold, silver, copper, 
nickel, lead, zinc, diamonds, etc. As noted above, assessing whether these mines are of national importance 
depends on the share of the mine revenue in gross national income. External risks which have the primary 
influence on the mines of economic importance are all risks listed in Figure 1, but with certain attributes, 
which also refers to risks of secondary influence. For example, the economic and financial risks have a 
primary impact in terms of capital management, sources of financing a project and an unfavourable cost-
benefit ratio, while having a secondary influence in terms of the changes in exchange rate, loans, overruns of 
certain expenses, etc. Since there is no precisely defined criterion for determining whether a specific attribute 
as part of a risk has a primary or secondary influence and that the conversion of attributes is possible as a 
consequence of socio-political, economic and other changes in the country and the world, a minute approach 
to risk assessment and analysis is required. 

Mines of regional importance include surface mining of coal, metal and non-metal, which influence the 
economic development of a particular region or area. In terms of geological reserves and production 
volumes, these are small mines; therefore they are not competitive at the national level and the level of the 
wider environment. Compared to the mines of national and economic importance, these mines are exposed to 
a number of risks with primary impact because they have a much lower accumulation of funds for the 
amortization of unfavourable events and occurrences at both the regional and the national and international 
level. In addition, in an unfavourable economic situation the state firstly stimulates the economic survival of 
the mines of national, then those of economic importance. 

Mines of local importance are most often surface mines of clay, stone, sand, where the majority of risks 
can have a primary influence which often in the case of adverse business conditions temporarily shut down 
production of raw materials. Their advantage is that these mines rapidly revitalize given the small investment 
required to start production and the relatively short period for the turnover of invested assets. Risk 
assessment should be performed considering this aspect as well, in addition to the positions set out so far.  

4. CONCLUSION 
Successful operation of mining companies in the conditions of various situations depends on the quality of 
the technological and economic project, as well as alternative solutions during the management and 
adjustment to both internal and external risks.  

External risks analysis is necessary when conducting the feasibility study, in planning and in all phases of 
mining production. Simulation and a systematic methodological approach give the best results in the 
quantification of risk. The displayed qualification of external risks and surface mines is a starting point for 
the design of the flexibility project, and the basis for the development of monitoring and systemic external 
risks managing in surface mining. Ongoing intervention by managers, planners and designers on controlling 
risks is becoming a common practice in the world, both in simulation and in the operational stages of the 
project. 

It is possible to reduce some risks by defining the mode of eliminating the causes of unwanted events and 
introducing flexibility into the system with the aim of amortizing unwanted events and adapting the system 
to the new conditions of production. Since the flexible alternatives are not unchangeable, it is necessary to 
perform their evaluation according to different attributes listed here. 
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Abstract: Cloud Computing as a concept that has revolutionized the business world. Clients have the ability 
to dynamically adjust available computing resources and pay for those resources accordingly. This paper is 
focused on the economics aspect of Cloud Computing and the cost effectiveness of its use. We propose using 
different metrics to estimate potential benefits of investments in the Cloud. Sharing the infrastructure, 
applications and hardware in an unknown environment leads to a lack of  confidence in data integrity  as 
well as applications delivered. Risk is at the heart of the decision making process when it comes to Cloud 
architecture and service delivery model. This paper points out the necessity of assessing perceived risk and 
including that uncertainty on business outcomes in financial assessments 

Keywords: Cloud computing, cloud model, IT investment, financial analysis, decision making metrics 

1. INTRODUCTION  
Due to a continuous growth of companies around the world, resources needed for a smooth running of 
business are on the incline. With limited financial resources to invest in infrastructure, there is a greater need 
for effective, accessible and reliable solution that could respond to the growing user’s requirements. Cloud 
Computing concept has been created as a result of continuous development and growth in the information 
technology field. This concept certainly revolutionizes business, through its affects workforce, as well as the 
entire company’s business model, allowing them to invest their resources in a more financially responsible 
manner. 

Total cost of new, and maintenance of existing hardware, software and operating systems may take a lot 
of time and money, all the while, being cognizant of appropriate workforce training needs. Total hard and 
soft costs make Cloud services very attractive to companies. Cloud Computing concept is particularly useful 
to small companies that are unable to invest in expensive IT equipment. “Renting” recourses from the Cloud 
providers enables companies constant and efficient access to necessary resources, keeping the investment 
cost at a minimum. 

Before making the decision to move business to the Cloud, every user should first determine all 
advantages and disadvantages this change brings. As with any other adoption of new technology, there are 
benefits and weaknesses that should be considered. Based on a precise estimation of abilities and perceived 
risks users should choose whether or not Cloud Computing concept is suitable for their business. 

Therefore, the focus of this work is on economic analysis of migration to cloud-based environment and 
what cost savings potential might be realized in different scenarios. The basic question to be answered is if 
the decision-making metrics can help to estimate the potential business value of investments in Cloud 
services. We want to apply some of the existing metrics in order to calculate the effectiveness of different 
Cloud models and discuss if these results can be crucial for making the right choice.  

Next section presents the scope of the work through defining Cloud architecture and delivery models in 
terms of responsibility and their economics. Section 3 presents the review of some decision-making metrics 
and how the use of these metrics can help to estimate the effectiveness of investment in Cloud Computing. 
Section 4 examines the perceived risks of Cloud Computing concept and their impact on business outcome. 
In conclusion, we discuss research outcomes and ideas for future works. 

2. MIGRATING INTO CLOUD  
There are many definitions of Cloud Computing. Most significant are given below.  

Federal Trade Commission defines Cloud Computing as a provision of Internet-based computer services. 
Cloud computing provides businesses and consumers with access to software, data storage, and infrastructure 
services that are hosted remotely (Federal Trade Commission 2009). 
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The NIST’s definition for Cloud Computing is: Cloud Computing is a model for enabling ubiquitous, 
convenient, on-demand network access to a shared pool of configurable computing resources (e.g., networks, 
servers, storage, applications, and services) that can be rapidly provisioned and released with minimal 
management effort or service provider interaction (Peter Mell, Timothy Grance 2011). 

Gartner defines Cloud Computing as a style of computing where massively scalable IT-related 
capabilities are provided “as a service” using Internet technologies to multiple external customers (Gartner 
2008). 

All definitions point to the core of the Cloud computing, it being internal efficiencies. One of the reasons 
for the growing interest in Cloud Computing is the popular belief, propagated by Cloud providers that by 
using their services one can significantly reduce IT costs. Clients have the ability to dynamically adjust 
available computing resources and pay for those resources accordingly. The account for using Cloud services 
is based on their monthly resource utilization. Users pay only for what they need.  

For many users, this concept is still fraught with uncertainty and confusion. Information security problem 
stands out as being the most important. That is the reason why Cloud Security Alliance (CSA), a non-profit 
organization consisting of 120 experts from various fields, decided to write a document that can help 
companies utilize Cloud Computing as safely as possible. To this end, CSA team presented the third version 
of its document “Security Guidance for Critical Areas of Focus in Cloud Computing” (Cloud Security 
Alliance 2011) which contains the set of best practices for secure operating in the Cloud. Thanks to CSA, 
trust in Cloud Computing is constantly growing and their guidance helps users around the worldimplement 
Cloud Computing easier and safer. This guidance gives users the best recommendations and answers critical 
issues for safe use of Cloud Computing. Although this can help companies when moving to the Cloud, it is 
important to note that all the risks and abilities that Cloud brings can never be predicted. 

2.1. Cloud Models in Terms of Responsibility 
When users decide to use Cloud Computing services, they can also choose which architecture, form and 
model of Cloud is appropriate. The best choice for Cloud Computing depends mostly on the kind of a goal 
the users want to achieve. First of all, they must decide which particular Cloud architecture meets their 
needs. Besides thinking about location of resources and information, it is important to know who provides 
Cloud services and who is responsible for its management, security and compliance within the defined 
standards. All of this canaffect security when using Cloud services. (Rajkumar Buyyaet al. 2011) 

On the picture below (Picture 1) different Cloud models in ratio to featured parameters are shown.  

 

Picture 1: Different Cloud models in ratio to featured parameters (Christopher Hoff 2009) 
 

2.2. The Economics of Cloud Computing Service Delivery Models 
There are three basic Cloud models: Platform as a Service (PaaS), Infrastructure as a Service (IaaS) and 
Software as a Service (SaaS) (GautamShroff 2010). Main difference between these three models is a 
management level allowed to users (Picture 2). That is why a, differences in savings from Cloud use 
exists.Depending on their needs and the type of business, users can determine the advantages and 
disadvantages of these Cloud models. 

Although IaaS, PaaS and SaaS service models improve business efficiency, there is a fundamental 
difference between them, so they have different improvement level (Microsoft 2010). With IaaS model, 
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Cloud provider offers users only necessary infrastructure for maintaining business, which includes all 
resources needed, like data storage, network, technology etc. If they decide to use IaaS model, users must do 
a majority of work on their own, for example, installing operating systems or developing applications. 
Unlike IaaS model, PaaS model provides users with a platform for developing applications which supports 
all phases of development besides the whole infrastructure needed. Even though providers are responsible for 
installation and maintenance, users have full control, when it comes to developing applications while 
provider takes care of maintaining the infrastructure and platform.  

 

Picture 2: Basic Cloud Computing service delivery models 
 
At this point, we can notice the first advantage of PaaS model. By allowing provider to take care of 

management, costs of installation, platform maintenance, and developing applications are directly reduced. 
In order to make Cloud resources available all the time, continuous coverage with the minimum number of 
servers that assure that availability is needed with IaaS model. Continuous server coverage is calculated by 
the amount of processed resources. On the other hand, application development process costs nothing using 
PaaS model. Whole amount of web services working behind platform are full time online, so development 
process is always available. Which model is more cost effective depends on the users’ needs and the type of 
application they want to develop. PaaS is certainly cheaper solution, but under condition that it fulfills the 
requirements of the users. In some cases, combination of these two models represents the best solution. 

Software as a Service, or on demand software access over the Internet, brings confusions regarding the 
cost effectiveness of using this service. That is why Corporate Executive Board company did research that 
included the comparisons of the cost and cost effectiveness of the SaaS model (Corporate Executive Board 
2009). One of the conclusions was that company with 500 users can reduce its cost up to 20% compared to 
the classical way of doing business. Thanks to lower infrastructure and software costs, the company’s 
savings with SaaS model are bigger. According to research, costs of implementing Cloud model are still 
there, but they are surely payable in time. If we look at companies with 2500 to 5000 users, using SaaS 
model is only 6% more cost effective solution. This model is certainly good solution for users who don’t 
want to invest in infrastructure, development and maintenance, and want to leave these functions to Cloud 
provider. 

The company should first determine its primary goal before choosing the right Cloud model. It is 
important for every user to implement certain analyzes to align its own needs with the characteristics of 
Cloud models. Every Cloud model does not meet everyone's needs. In order to find the best solution and 
make the right choice, every company should define its own criteria based on goals, capabilities and business 
environment. 

3. THE USE OF DECISION-MAKING METRICS TO ESTIMATE THE EFFECTIVENESS OF  
INVESTMENTS IN CLOUD COMPUTING 
When making decision about using Cloud Computing, it is useful to apply some of the decision-making 
metrics in order to reduce risk (Bill Williams 2012). These metrics are related to process of measuring the 
business value of IT. There are direct and indirect metrics. Direct metrics measure financial gain or loss at 
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limited or no distance from the production function, such as those used to measure performance of an 
investment portfolio. Indirect metrics are one or more steps away from the process of revenue generation, 
such as those used to highlight departmental performance. 
 

3.1. Indirect metrics 

3.1.1. Total Cost of Ownership (TCO) 
Valuation of each investment starts with calculating total cost of ownership.TCO is often used before 
investing in new solutions or technologies and represents the sum total of all associated costs relating to the 
purchase, ownership, usage, and maintenance of a particular IT product. With investments in IT 
infrastructure and applications, there are costs associated with ownership that are above the initial purchase 
price. There are costs for hardware and software maintenance, costs for power to run and cool servers, 
storage, and network hardware in the data center and also the costs associated with internal support and 
break-fix activities. Depending on the type of investment, it may be either expensed or capitalized, so it is 
useful to do the TCO analysis. Many Cloud providers use this analysis to demonstrate their potential users 
how services they offer can be cost effective. It is also important for companies to do the TCO before 
discussing with a provider about migrating to the Cloud. Knowing and understanding current company’s 
model can significantly help with calculating the cost effectiveness of moving in Cloud. With comparative 
TCO analysis it is easier to make decisions about Cloud model, service or provider. 

3.1.2. Time to Market (TTM) 
Time to market metric measures the length of time to implement a new application or go to market with a 
new service or technology. Bringing products to market quickly is the shortest path to increase revenue. In 
order to launch a single application on the market, company must secure disk storage, network access, and 
coding to connect to database. If each step of launching application lengthens the TTM, so the overall TTM 
for that application increases. In this case, the company is at a distinct disadvantage compared with 
competitors with lower TTM and the risk of customer loss also increases. With Cloud Computing services, 
TTM parameter can significantly be reduced, therefore the risk of financial and customer loss is also 
reduced.  
 

3.2. Direct metrics 

3.2.1. Net Present Value(NPV) 
NPV is used to evaluate investment performance. The NPV of an investment is the present value of all future 
benefits (cash flows, savings, offsets, etc.) generated by that investment, discounted over set intervals of 
time, and net of any initial startup costs or investments. The benefits of using NPV analysis are the relative 
precision of the results and the decision-making process is simple. A positive NPV indicates a good 
investment. Using NPV analysis, companies can estimate their investment in Cloud Computing. Using a rate 
of return of 10 percent, the NPV of a $1 million investment with cash inflows of $500,000 each year for 
three years is (Bill Williams 2012): 

NPV = −$1,000,000 + [$500,000/ (1.1)] + [$500,000/ (1.1 2)] + [$500,000/ (1.1 3)] 
NPV = −$1,000,000 + $454,545.45 + $413,223.14 + $375,657.40 
NPV = $243,426.00 
The positive NPV indicates that this is a good investment.  

3.2.1. Return on Investment (ROI) 
Return on investment (ROI) is possibly the most common metric used to estimate capital investments for IT. 
The formula for ROI is (Bill Williams 2012): 

ROI = (Gains from investment − Costs of investment) / (Costs of investment) 
Using the same numbers from previous example, the value of ROI is: 
ROI = ($1,500,000 − $1,000,000) / $1,000,000 
ROI = 50% 
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4. RISK- ADJUSTED METRICS 
In measuring business value of Cloud services the majority organizations focused on standard financial 
measures such as ROI, net present value (NPV), payback period, or similar metric. Using simple financial 
metrics has many weaknesses. First of all, most financial calculations failed to incorporate any risk at all. 
Although they are very useful in evaluating the financial attractiveness of IT investments, underestimating 
risks can lead to poor procurement decisions and have serious consequences on business value of IT. 
Particularly, it is emphasized in the field of Cloud Computing. 

As we discussed above, the problem of trusting Cloud Computing is one of the biggest concerns for the 
most enterprises. Sharing the infrastructure, applications and hardware in unknown environment leads to 
lower confidence in what is happening to the data and applications delivered. Risk is the heart of the matter 
in making decisions over Cloud architecture and service delivery model. The impact of that uncertainty on 
business outcomes should be included in financial assessments and should drive decisions.  

There are some investments which may be financially very attractive, but with the risk that enterprise is 
not willing to accept. The acceptable level of risk differs from one organization to another. Some 
organizations are willing to accept greater risk in pursuing greater returns with probability of future financial 
loss. Therefore, organization has to determine the framework for identifying risks, considering only those in 
line with business goals and capabilities. IT Balances Scorecard tool should address this issue. It is strategic 
tool that takes into account the impact of intangible assets on the creation of values, giving the clear 
overview of the business from multiple perspectives for the purpose of making better strategic decisions. 

The next step is risk analysis based on the user requirements and characteristics of Cloud services. The 
aim is to measure the uncertainty of benefit and cost estimates contained within the investments. All 
numerical projections should be adjust to determent risk- adjusted value and taken as a realistic evaluation. 
In general, risks affect costs by increasing the initial estimated value and benefits by reducing it. The 
probability density function, “triangular distribution“, provides a comprehensive assessment of risk value 
range. Three values are calculated to estimate risk: low, most likely and high value that could occur within 
specific environment. The distribution of those points presents the risk-adjusted value. For quantifying risk 
the reliance on experts' decision is considered very efficient. Group decision making techniques such us 
Delphi method can be very useful in these situations.  

At the end, risk- adjusted value of costs and benefits are used for comparative analysis of Cloud services. 
The risk-adjusted ROI could significantly differ and impact the decisions that are made. 

 

5. CONCLUSION 
In this research, we analyzed the main characteristics of basic Cloud models and possible metrics for 
estimating their financial effectiveness. In order to help companies choosing the right Cloud model we give 
the example of applying some metrics. Since these are all financial metrics, the obtained result is purely 
financial. Considering that Cloud Computing is not an ideal technology and that there are many advantages 
and disadvantages that can’t be expressed financially, we can’t make a good decision based only on the 
observed results. Besides applied metrics, company must reflect on the non-financial parameters that affect 
the profitability of the investment of Cloud Computing. We concluded that applying metrics for estimating 
the cost effectiveness of Cloud models is useful. This should be the first, but not the final step in decision 
making process. In order to find optimal solution, company should identify all the risks involved. Depending 
on the company’s goals, these risks may significantly affect the financial results of applied metrics. 

This research could be a good starting point for our further work. During the evaluation of Cloud 
Computing services we must not neglect the nature of the technology responsible for the realization of a 
large number of intangible benefits. It is no longer sufficient to merely perform financial analyses, but 
instead it is necessary to determine the value of intangible assets through four perspectives: IT cost, Business 
effectiveness and efficiency, risks and intangible benefits. The idea is to create a framework for decision 
making process that will help companies to calculate the business value of moving the business to the Cloud. 
There is no such thing as ideal methodology and the choice will precisely depend on the needs of a specific 
business environment. The framework should help users make good decisions based on the calculation of its 
benefits and weaknesses in specific environment. 
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Abstract:The recent financial crisis raised many questions concerning the adequacy of different risk measures 
and especially Value-at-Risk (VaR) methodologies. Although VaR belongs to extreme returns, current practice in 
VaR assessment relies heavily on modeling the whole distribution of returns.  As an alternative, this study 
focuses on modeling tail behavior of returns and thus VaR, using Extreme Value Theory (EVT) methodology. 
This paper examines the performance of conditional EVT with the daily returns of Standard&Poors 500 Index 
from the period January 1998-April 2013 and BELEXline index from the period of September 2004-April 2013. 
This period is chosen since it covers major downturns in financial markets, thus being suitable for testing 
robustness of these models. Results proved that this model holds for all observed confidence levels   

Keywords: Value-at-Risk, Extreme Value Theory, volatility, fat-tails, heteroscedasticity 

1. INTRODUCTION 
During the last two decades several crisis have severely affected financial markets, e.g. the stock market crash of 
October 1987 (Black Monday), Asian financial crisis 1997-1998, dot-com bubble 1997-2000 and recent credit 
crisis starting in 2007. As a consequence the problem of quantifying and managing market risk became one of 
the major concerns of market regulators and financial institutions worldwide. Mostly due to its conceptual 
simplicity, among different risk measures, Value-at-Risk (VaR) grew to be industry standard. In 1994. J.P. 
Morgan in RiskMetrics technical document introduced VaR to general public. Moreover, in 1996. the Basel 
Committee on Banking Supervision at the Bank for International Settlements through Market Risk Amendment 
to the Basle Accord imposed to financial institutions, such as banks and investment firms, to meet capital 
requirements based on VaR estimates. Theoretical ground for VaR was given by Jorion (1997) and Duffie and 
Pan (1997). It is defined as the maximum potential loss in value of a portfolio of financial instruments with a 
given probability over a certain horizon.  

VaR is usually estimated in analytical, simulation or historical framework. Analytical approach relies upon 
the assumption that returns follow a known distribution, such as normal. Since returns commonly exhibit 
significant autocorrelation and heteroscedasticity, conditional distribution of returns is typically modeled. By 
employing ARCH/GARCH volatility modeling techniques, the heteroscedastisity can be eliminated or reduced. 
However, the main weakness of these approaches is that the assumption of conditional normality does not seem 
to hold for real data. In their paper Jondeau and Rockinger (2003) used a database consisting of daily stock-
market returns for 20 countries to test for similarities between the left and right tails of returns. Their results 
confirmed that none of these returns proved to be normally distributed. Da Silva and Mendes (2003) obtained 
similar results while studying ten Asian stock markets. Another problem is the stylized fact that financial returns 
show significant leptocurtosis or “fat-tails” (Mandelbrot, 1963), which parametric models, assuming normal 
distribution, fail to capture. An alternative to the normal distribution may be to consider a Student-t distribution 
which has heavier tails than the normal. However, this distribution maintains the hypothesis of symmetry that is 
not often present in financial returns. 

On the other hand, historical simulation estimates return distribution of a portfolio with the empirical 
distribution of past returns, thus avoiding distributional assumptions. This method practically lets the past data 
speak for themselves, while assuming that the past will be a good proxy of the future. However, this model has 
some serious drawbacks, such as choice of a window size and dependence on a particular data set. From the 
point of view of robustness it is desirable to use very long historic data period, but this implies that observations 
from the distant past will have the same impact on VaR estimation as the recent observations. Moreover, if the 
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particular historical period used for VaR estimation was not typical in the sense that it included some very 
extreme events, or was influenced by some trends on the market, these past events might not be significant for 
near future, but will significantly affect VaR. Additional problem is that historical simulation VaR cannot 
accommodate plausible events that may occur in the future, but did not happened in the chosen historical data 
period. 

The fact that that VaR deals with the extreme quantiles of the returns’ distribution, whereas previously 
mentioned models deal with the whole distribution, gives more intuition for modeling tail behavior. This is the 
exact focus of Extreme Value Theory (EVT) which is the probability theory that studies the distribution of 
extreme realizations under certain assumptions. The foundations of the theory were set by Fisher and Tippett 
(1928) and Gnedenko (1943), who proved that the distribution of the extreme values of an iid sample from a 
distribution function F, when adequately rescaled, can converge to one of the following distributions: Gumbel, 
Weibull and Fréchet distribution. The most valuable feature is that EVT concentrates on modeling tail behavior 
with some asymptotic distribution, thus omitting pitfalls of previously mentioned parametric approaches. This is 
of a crucial importance for risk management which aims to prevent huge unexpected losses. 

Among the first authors who assessed VaR with EVT were McNeil (1997, 1998) and Danielsson and de Vries 
(1997). In one of their first papers, McNeil (1998) used EVT estimation techniques based on limit theorems for 
block maxima, whereas Danielsson and de Vries (1997) used semi-parametric approach based on Hill-estimator. 
Given that one of the major assumptions of EVT that data is independent and identically distributed is often not 
satisfied with financial returns, McNeil and Frey (2000) proposed conditional EVT framework - a two-step 
procedure that first models the correlation structure of the observations by fitting, e.g., a GARCH model to the 
data and then performing the estimation of the GPD distribution on the GARCH residuals (since they are 
considered as iid). On the other hand, Nystrom and Skoglund (2002) studied the efficiencies of maximum 
likelihood and Hill estimators for the parameters of Generalized Pareto distributions and proved that maximum 
likelihood estimator is preferred for all quantiles above 95%. Moreover, they proved that maximum likelihood 
estimator is almost invariant to the choice of threshold. More recent studies were mainly focused on relative 
performance of VaR models. Gancay and Selcuk (2004) examined nine emerging markets and proved that EVT 
based VaR models outperformed all others. Kuester et al. (2006) analyzed more than fifteen VaR models on 30 
years NASDAQ data, and also proved that EVT VaR combined with GARCH gives best estimations. 

In this paper predictive performance of EVT models proposed by McNeil and Frey (2000) is studied. We use 
two indexes S&P500 and BELEXline in order to test performances of the VaR model on well developed market 
(USA) and emerging market (Serbia). The period chosen for S&P500 is last 15 years since it covers some major 
shocks, where as for BELEXline is 9 years, since it was established in 2004. Given that VaR models tend to 
perform differently at different confidence levels, three confidence levels were used – 0.95, 0.99 and 0.995. In 
order to assess risk of both long and short position investors, both tails of return distribution were estimated. 
Finally, performance of the model was tested with conditional coverage test. 

2. METHODOLOGY 

2.1. Value-at-Risk 
VaR is an attempt to produce a single number that summarizes the downside risk of the trading portfolio. It is 
defined as the potential loss (with specified probability) from adverse market movements over a fixed time 
horizon, assuming that the portfolio is not managed during that period. 

Denote price of an asset at time t as Pt, then the return of an asset at time t rt can be calculated as 

 .  
Given that VaR is maximum potential loss over one day horizon, with the confidence level αϵ(0,1), daily VaR 
for period t+1 can be expressed as following:     

  (1) 
Being an industry standard for calculating capital requirements for risk purposes, it is of a great importance to 

adequately model behavior of financial returns. In order to capture the main features of financial returns as fat-
tails and volatility clustering we will use peaks over threshold (POT) method of EVT and GARCH model. 
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2.2. Extreme Value Theory – Peaks over Threshold model 
From the above section, we have seen that VaR represents the quantile of the distribution of returns therefore it 
is related to the tails of the distribution of the underlying data. To model the distribution of tails we argue to use 
an extreme value theory method called peak over threshold (POT) method. This method is based on extracting 
the extremes from a sample of observations which are defined as the exceedances over a predetermined, high 
threshold u and modeling the distribution of exceedances over this threshold.  

Let  be a sequence of independent and identically distributed random variables with the 
distribution function F. An exceedance over threshold u occurs when  for any t=1,…,n and let the excess 
over threshold be defined by Yi=  It follows that the behavior of extreme events is given by the 
conditional probability function Fu of excess values over threshold Yi which is: 

 

       (2) 
 

 (3) 
 

Since x = y + u for X > u, we have the following representation for distribution function F: 
 

              (4) 
 

The estimation of the conditional distribution Fu might be difficult as there are in general very little 
observations in this area. At this point EVT gives a useful solution for conditional excess distribution function 
which is stated in the following theorem. 
Theorem 1. (Pickands, Balkema and de Haan) Let (Xn) be a set of n independent and identically distributed 
random variables with common distribution function F. Let xF the end of the upper tail of F, possibly a positive 
infinity. If F is such that the limit given by Theorem 1 exists, there are constants ξ, β>0 such that  for large 
threshold is well approximated by: 

 

                                   (5) 
 

Where 

         (6) 
 is the so called generalized Pareto distribution (GPD). 

 

An additional parameter β > 0 is introduced as scale parameter and ξ is the shape parameter or tail index. 
Both β and ξ are estimated via real data of excess returns. The tail index ξ gives an indication of the heaviness of 
the tail, the larger ξ, the heavier the tail. Additionally, the value of parameter  determines the type of three 
extreme value distributions, which were previously explained. If , the distribution is Gumbel with infinite 
left and right tails; characteristic for thin-tailed distributions of returns. If , the distribution is Weibull and 
has an upper bound. Finally, if  the distribution is Fréchet and has a lower bound; characteristic for fat-
tailed distributions of returns. The previous theorem states that for a large u, the excess distribution above this 
threshold may be taken to be exactly GPD for some ξ and β.  

The GPD estimation involves two steps: the choice of threshold and the parameter estimation. The choice of 
a threshold is basically the compromise between choosing a lower threshold that gives enough observations for 
parameter estimation (some observations may come from the center of the distribution) leading to more bias and 
lower variance, and choosing a higher threshold so that asymptotic theorem holds, but generating few excesses 
and thus making the estimators more volatile and less biased.  We will use results of McNeil and Frey (2000) 
who suggested using the largest 10% of the realized losses, as a threshold for historical rolling window. 
Moreover, for parameter estimation we will use maximum likelihood estimators. 
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After the parameters of GP distribution are obtained, the next step is the application of GP distribution to 
quantile estimation of high out of sample quantiles. The crucial question is how to make use of Generalized 
Pareto distributions in an estimate of the unknown distribution F of random variables Xi. According to extreme 
value theory,  belongs to GPD family, therefore we only need the estimate of . If the number of 
exceedances over a given threshold is Nu and the total number of observations is n, the historical simulation 
method gives the estimate of   as (n- Nu)/n. By putting the HS estimate of F(u) in the equation (4) and 
employing GPD parameters, we got the tail estimator: 

 

                                           (7) 
 

which is only valid for x > u. Alternatively, we can set F(u) at some predefined level (for example 0.95), and 
then from the sample size (for example 1000) determine corresponding  (in this example it would be 50). 
Furthermore, threshold can be find as the n-Nu observation , if all observations are ordered from the lowest 
to highest. 

Inverting the previous equation for a given probability q> F(u), VaR is obtained: 
 

             (8) 
    

This is a quantile estimate, where the quantile is an unknown parameter of an unknown underlying distribution. 

2.3. Conditional Extreme Value Theory 
As already mentioned, financial returns often exhibit autocorrelation and volatility clustering effect, which are 
both violating iid. assumption of EVT. Therefore to manage dependence in the time series of financial returns 
we will use model proposed by McNeil and Frey (2000) which suggest employing historical simulation for the 
central part of the distribution, and then applying POT method to model tails of the distribution of residuals 
obtained with GARCH model. In this case we used GARCH (1,1) model with constant mean equation: 

 

                 (9) 
 

            (10) 
 

where  and  From the GARCH model we obtain one period 
ahead variance forecast and standardized residuals . We assume that excess residuals over predefined 
threshold  (  is the number of data in tail which is fixed) follow GP distribution. Than the tail 
estimator is: 

  (11) 
 

For , inverting the previous formula gives: 
 

                                                                            (12) 
 

which is the q-th quantile of residuals. Using the conditional variance forecast for one period ahead and q-th 
quantile of residuals we obtain one day VaR at 1-q confidence level: 

 

                (13) 
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2.4. Conditional Coverage Test (Cristoffersen test)  
VaR models assume that exceptions should be independently distributed over time. If the exceptions exhibited 
some type of “clustering”, then the VaR model may fail to capture returns variability under certain conditions, 
which could represent a potential problem. If the VaR measure accurately reflects the underlying portfolio risk 
then the chance of violating today's VaR should be independent of whether or not yesterday's VaR was violated.  

Christoffersen test is based on breaking up the null hypothesis into two sub-hypotheses: the sub-hypothesis 
that the model generates the correct frequency of tail losses, and the sub-hypothesis that tail losses are 
independent. These two sub-hypothesis are practically summed into one which says that the hit series  is 
i.i.d. and has Bernoulli distribution. To test this hypothesis likelihood ratio test of conditional coverage is used: 

 

(14) 
 

where nij denotes the number of observations of the hit sequence with a j following an i. Moreover and  

are obtained as maximum likelihood estimates of :  
 

                      (15) 
 

                  (16)  
 

This test is asymptotically distributed as χ2 with two degrees of freedom. The acceptance region for the 
null hypothesis is between zero and critical value of χ2 with two degrees of freedom. Therefore, if the value 
of  is in this region we may claim that the VaR model generates the correct frequency of tail losses, and 
that the tail losses are independent. 

3. RESULTS 
In this study we examined the predictive performance of conditional EVT in VaR estimation on S&P500 index 
from the period January 1998-April 2013 and BELEXline index from the period of September 2004-April 2013. 
The intuition was to study the behavior of financial returns on two different markets – one developed and one 
emerging market, since we presume that these two markets have different characteristics, especially in terms of 
volatility. We estimated one day VaR for both tails of returns distribution at confidence levels 0.95, 0.99 and 
0.995. The forecasting methodology for all the models is based on “rolling-window” concept with window size 
of 1000 observations. This concept implies that the one period ahead return forecast is calculated using the data 
from the previous 1000 observations. For S&P500 Index we used 2853 “rolling-windows” for each tail and 
confidence level, whereas for BELEXline we used 1158. 

3.1. Data analysis 
Before VaR assessment and backtesting preliminary data analysis was conducted. The results are given in the 
following table. 
 
Table 1: Descriptive Statistics 
  S&P500 BELEXline 

Mean 0.00013 0.00002
Median 0.00059 0.00004
Maximum 0.110 0.099
Minimum -0.095 -0.070
Standard deviation 0.013 0.010
Skewness -0.186 0.260
Kurtosis 10.063 14.671
Jarque-Berra statistic 8031 1227.200
p value 0 0
Number of observations 3853 2158
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For both indexes mean proved to be zero, which is also often sited stylized fact of financial returns. Standard 
deviation for S&P500 is slightly higher, which is contrary to the intuition that emerging markets should be more 
volatile. Skewness is negative for S&P500, meaning that the tail on the left side is longer or fatter, than the right 
side, whereas for BELEXline is positive. Kurtosis for both indexes is high, giving indication of strong presence 
of fat-tails. Moreover, high values of Jarque-Berra test statistics prove that returns for both indexes strongly 
deviate from normality. This deviation from normality and fat- tails of returns of both indexes can be even better 
seen from the following QQ plots graph. 
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Graph 1: QQ Plots of S&P500 and BELEXline 

 
Finally to test the presence of volatility clustering we tested the autocorrelation of squared residuals. The 

Ljung Box Q statistic for S&P500 is 4995.3 and the critical value is 31.404, whereas for BELEXline Ljung Box 
Q statistic is 737.45, thus we can conclude that heteroscedasticity is strongly present in the data. The preliminary 
data analysis in both cases confirmed the stylized facts about financial returns such as fat-tails and volatility 
clustering, thus giving us incentive to use conditional EVT model for modeling VaR.    

3.2. Backtesting 
Testing precision and predictive performance of VaR model is a crucial step for validation of risk measurement 
system. Regarding this, backtesting gives a statistical framework for testing whether realized returns are in line 
with VaR prediction. In its simplest form backtesting compares the number of breaches of VaR (violations- 
when realized return was below VaR) and compares it with confidence level used. For example, if we consider 
99% VaR, violation should occur in 1% of the returns. With this simple technique, we obtain the following 
results for lower tail VaR (Table 2.) and for upper tail VaR (Table 3.) 
 

Table 2: Number of VaR violations for lower tail 
  Number of VaR violations  

Confidence level 0.95 0.99 0.995
Predicted for S&P500 143 28 14
Realized for S&P500 133 26 12
Predicted for BELEXLine 58 12 6
Realized for BELEXLine 54 5 5
     

Different number for predicted VaR violations for S&P500 and BELEXline is for the reason that we have 
more observations for S&P500. From the backtesting prospective the closer is the number of realized violations 
to number of predicted violations, the better is the model. In our case, we can see that for 95% confidence level 
for upper tail model almost exactly predicts VaR, whereas for lower tail, model slightly overestimates VaR. For 
99% confidence interval for both tails of S&P500 the number of VaR violations is almost exactly the same as 
predicted, whereas for BELEXline, number of violations is lower than predicted.  
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Table 3: Number of VaR violations for upper tail 
  Number of VaR violations  

Confidence level 0.95 0.99 0.995
Predicted for S&P500 143 28 14
Realized for S&P500 143 30 18
Predicted for BELEXLine 58 12 6
Realized for BELEXLine 57 6 4
 

However, counting the number of violations is just the first step in backtesting process. In order to test the 
risk measurement model we need more powerful test that will include not only the frequency of violations but 
also dependence structure of violations. Therefore, we conducted Christoffersen Conditional coverage test. 
The results for both tails are given in the following two tables. 
 
Table 4: Conditional coverage test – lower tail 

DATA 
Confidence level 

0.95 0.99 0.995 

Likelihood ratio p value Likelihood ratio p value Likelihood ratio p value
Expected  5.99 0.05 5.99 0.05 5.99 0.05 
S&P500 1.22 0.54 0.71 0.70 0.48 0.79 
BELEXline 2.68 0.26 4.83 0.09 0.92 0.15 
 
Table 5: Conditional coverage test – upper tail 

DATA 

Confidence level 

0.95 0.99 0.995 

Likelihood ratio p value Likelihood ratio p value Likelihood ratio p value 
Expected  5.99 0.05 5.99 0.05 5.99 0.05 
S&P500 1.82 0.40 0.71 0.70 1.14 0.57 
BELEXline 0.51 0.77 3.34 0.19 0.65 0.72 
 

First and the most important result from both tables is that Conditional EVT VaR model is correct for both 
indexes and for both tail at all confidence levels (p values are all above 5%). Moreover, p values are in majority 
of the cases high, which confirms that the model strongly holds. In addition, we can clearly see that fat-tails are 
adequately modeled since at high confidence levels likelihood ratio statistics are very low, which is usually not 
the case with other parametric models. Also asymmetry in returns is well captured since results for upper and 
lower tails are different. Finally, given that the data for both indexes were chosen to cover stress periods, we can 
conclude that the model is robust.  

4. CONCLUSION  
In this paper we investigated predictive performance of conditional EVT VaR model of two indexes – S&P500 
and BELEXline. Both tails of returns distributions were estimated serving as a proxy of investors’ long and short 
positions. Obtained results proved that conditional EVT model adequately estimates VaR for all three confidence 
levels. The main advantages of the model can be summarized as: 
 Conditional EVT is the method that concentrates on tail behavior of a time series, which does not 

underestimate the chances of small probability high impact events. It can be used to adequately estimate out 
of sample quantiles.  

 Conditional EVT captures well the leptokurtosis or “fat tails” of time series, which is a common feature of 
financial time series. 
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 Conditional EVT does not assume a particular model for financial time series, therefore the model risk is 
considerably reduced. 

  Conditional EVT captures well asymmetry of financial time series, thus being advantageous over most 
models that assume symmetric distribution of financial time series (Student’s, Normal). 

 Conditional EVT captures volatility clustering effect 
For the previous reasons, we find that this model should be employed more in current risk management 

practice. 
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Abstract: Modern Systems Management Concepts (MSMC) which are established, verified, developed and 
confirmed in not only business (operations) systems, but also in other organizational systems, are a good 
basis for further, more modern developments of practical-theoretical all-embracing management (research 
and management in a narrow sense) of all the systems of (global) economy. Based on (modern) Total Quality 
Management (TQM) through: (1) Modern Systems Management Theory (MSMT) and (2) Modern Systems 
Management Concepts (MSMC), for further development they use modern management methodology called 
the Tauzović's General Concept (TGC), or in application the Tauzović's General Continuum (TGC), using 
which it has been possible to develop a certain number of basic and expanded Systems Concept of 
Operations Management. In this paper, with its usage, systems analysis is given and systems synthesis of 
modern (operations) management concepts is also provided. Since the main concepts of management are:                     
(i) competitiveness (the why), (ii) quality (the what) and efficiently flexibility (the how), it has been possible 
to conclude why modern organizations exist – to be prosperously competitive, which means that through 
their modern operations management, they provide real things (the what – quality /effective timeliness/) 
and in the right way (the how – profitably /efficiently flexibly/). Therefore, modern managament ensures 
modern prosperity and competitiveness of an organization. 

Keywords: Management, operations, concepts, Tauzović's General Concept (TGC). 

1. INTRODUCTORY  CONSOLIDATIONS 
Continuous modern management improvement, as an all-embracing process of universal (and modular) goal 
setting and achieving, leads not only to new innovative management knowledge and more contemporary 
explanations of its procedures, but also to their detailed insights and possibilities to perform. By applying the 
principles of (modern) Total Quality Management (TQM), based on modern technologies (as contemporary 
/all-embracing/ managerial knowledge), modern management research becomes easier to both understand 
and use. In order for a modern whole (system), which is used for management, to achieve, use, maintain and 
develop its general (all-embracing) capacity for survival and  provide opportunities for its further 
improvement, i.e. be prosperiously competitive, the practice of successful organizations (as supersystems 
of operations systems) shows that they have invested significant resources into specific systems prerequisites 
for management processes improvement. The most important structural prerequisites for these purposes may 
include: 1. (investing in) research and development, 2. integration resources (people and facilities), 3. 
finding modern (innovatine) management methodologies, and 4. continuous improvement through an 
all-embracing whole (system and its environment) (Tauzović 2012c).   

Determining the necessity of operations systems (Tauzović 1998) is of particular importance for all 
economic activities, i.e. what people do in the absence of all-embracing resources to overcome shortages. As 
the extensions (or upgrades) of the systems operations (understood in a narrow /production/ sense) which are 
used for management determining and achieving, operations systems are basic and major parts of the 
wider business systems (organizations), which have to participate in (preparing and) making all 
management decisions, because it is only them that can understand, accept, design, further improve 
and implement the decisions. As these operations systems' features are of vital importance for business 
organization management, the organizational (business) management, mainly  refers to operations 
management. Therefore, in modern management, operations systems are subsystems for business 
systems (organizations), and they have production systems, consisting of work (production) units (as 
organizational units /systems/ consisting of people and facilities), as their subsystems.  

The modern, innovative Tauzović's General Concept (TGC) methodology of system problems solving 
(as well as those of operations management), which is obtained by research and verified through the business 
organizations management, can substantially be used for solving all (operations) problems within a business 
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organization as Tauzović’s Genetal Continuum (TGC). Systems concepts of (all-embracing)  management 
that are established, verified, developed and confirmed in a business, as well as in all other kinds of 
organizational (operations), systems, are an excellent basis for further modern development of practical-
theoretical management of all facets of (global) economy. 

All-embracing modern (systems) management, based on a strategic application of (modern) Total Quality 
Management (TQM) and Tauzović's General Concept (TGC), has a result not only the further development 
of existing ones, but also the establishment, verification, use and improvement of innovative practical-
theoretical and conceptual methodologies of managing modern systems, especially business operations as a 
special kind of systems. Even though modern management deals with operations management, or in broader 
sense processes of, open systems, it has substantially remained relatively closed (Tauzović 2012b). Through 
that kind of study, all-embracing (systems) management is usually studied, while its environment is taken 
into consideration as “given“, and there are no attempts to customize it or use it for management, which 
is the main reason for the underdevelopment of most systems concepts, as well as concepts of 
operations, management. 

2. TOTAL QUALITY MANAGEMENT (TQM)  
Modern application of TQM, as an integrated approach to systems management, has traditional management 
as its basis, using which it is possible to collect various types of (real) data turned into information and using 
which it is possible to use different levels of its support. The essential differences in the application of TQM 
are based on foundations from which comprehensive management starts and develops, not only of quality, 
but also of the overall system and its environment. Lately, especially when considering business 
management or business organizations management, the following elements are used, which can be 
contemporary displayed as: 1) Consumer Orientation (External and Internal Preparations – 1.P), 
External Planning and Leadership (Analysis – 2.A), Continuous Improvement and (Continuous) 
Education (Synthesis – 3.S) and Authorization of (Business) Employees and Teamwork (Control – 
4.C). However, the all-embracing (modern) approach to applying TQM, from the standpoint of its 
contemporary (systems) overall management, can be used as: 

1. Modern Systems Management Theory (MSMT), and 
2. Modern Systems Management Concepts (MSMC) (Tauzović 2002). 

1. TQM as a MSMT (whose main fields are Operations Research and Systems Management) provides 
processes and capabilities that are absent, but nevertheless essential to management. Achieving a well 
developed operations (as the fundamental and main component of a business) system is very important for 
each management, but in these systems the necessary skills for providing the quality of the process and 
product are usually missing, or new, innovative approaches (or attitudes) for achieving those skills are 
needed. In this case, the role of TQM is significantly greater, because the essence refers to the need to 
achieve the desired proficiency of an individual and systems in an organization in the areas where the 
usefulness of TQM is particularly emphasised. For these purposes, TGC can also be used. 

2. TQM as MSMC (as an expanded /or upgrade/ of MSMT), i.e. as an excellent harmony and revitalization 
of the comprehensive (operations and productive) production process (of products /goods, information, 
management and services/), results in customwrs’ satisfaction, gaining profits, market acceptance of the 
organization's competitiveness or service delivery in a specific area of (business activity of) market. In this 
case, individuals, teams or comphensive organization management usually operate effectively and 
efficiently and the philosophy of TQM, as its application, becomes very acceptable and necessary for 
achieving the competitiveness of an organization. Although this application of TQM is environmental, its 
successsful implementation can mainly be done internally, by using the TGC (as management application 
of Tauzović's General Concept) and with “some“ (neccessary) environmental help. The appropriate use of 
users' and managers' (employees') behaviour, as well as organizational culture results in the necessary and 
meaningful support to overall organization management. 

3. TAUZOVIĆ'S GENERAL CONCEPT (TGC) 
Modern systems approach and analysis of results obtained through all-embracing research carried out within 
the research project “Modern Management of Operations Systems” (Tauzović 1998), may lead to systems 
synthesis that components (or functions) of operations (organizational) systems may be globally – 
theoretically and practically – shown and studied in terms of certain areas of activities (as operations 
components or process subcomponents), namely: 1.P – Activities of (overall) preparations (1.1.Ep – External 
and 1.2.Ip – Internal), 2.A – Activities of analysis, 3.S – Activities of synthesis and 4.C – Activities of 
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control. A detailed research and systems analysis of such relations have lead to conclusion that this kind of 
relations may be used for theoretical and practical needs (of overall management) through:  

{  1.P – Activities of preparations (1.1.Ep – Activities of /overall/ needs /or requirements/ for the system 
existence /purpose/  

  1.2.Ip – Activities of system policies /opportunities, strategies or goal/)   
 2.A – Activities of system support (or inputs)    

 3.S – Activities of system supply (or transformation of inputs into outputs)   
 4.C – Activities of system improvement (/assessment / or outputs) } (Figures 1 and 2). 

This innovative (modern systems) management methodology, called Tauzović’s General Concept (in 
application Continuum – TGC), can be used to resolve system and all-embracing management problems, 
through subsequent use of the continuum of four sets: (i) cyclical, (ii) iterative, (iii) continuous and (iv) 
spiral activities in TGC, based on modern model of operations systems management consisting of, apart from 
working /and general/ environment, the other four levels: /1/ institutional (planning), /2/ strategic 
(organizing), /3/ operational (directing) and /4/ control (controlling) (Tauzović 1998). Such a management 
methodology can be divided into two parts: (i) inductive part – 1.P – Activities of preparations (1.1.Ep  

 1.2.Ip), and (ii) deductive part – 2.A – Activities of support, 3.S – Activities of supply and 4.C – 
Activities of assessment (  2.A  3.S  4.C ) (Figures 1 and 2).  
 

                                                 
 

        Figure 1: Theoretical Tauzović's General                      Figure 2: Practical Tauzović's General      
                          Continuum (TGCt)                              Continuum (TGCp)                                          
    

Through the application of the TGC, as modern (innovative) management methodology, it is possible to 
conditionally display it as a modern (i) theoretical (managerial – TGCt) (Figure 1) and (ii) practical 
(research– TGCp) (Figure 2). Various presentations (forms) of the TGC (TGCt and TGCp) are directed to a 
more acceptable understanding and monitoring of its use in all-embracing management (research and 
management /in a narrow sense/) of various types of modern operations systems. TGCp is usually used for 
research, while TGCt is used for systems or system parts management (in a narrow sense), as well as their 
levels. Such forms of overall systems management offer a good foundation for further initiation and general 
development of not only future management methodologies, but also operations (business) organizational  
performances (Tauzović 2012c).   

When it comes to all-embracing management, the TGC application may be considered, apart from the 
overall, in some specific contexts. It is applicable, besides (general) strategic (as theoretical or management) 
and (specific) operational (as practical or research) application, to each part or management level separately, 
and is even applicable to certain parts (activities) of each management level. In all cases of TGC application, 
the prior procedure refers to why and what should be done (as induction), and the subsequent one to how it 
should be done (as main part of deduction), which again becomes why and what should be done, etc.  

4. MODERN SYSTEMS MANAGEMENT 
The relatively short application of Tauzović's General Concept (TGC) has not only confirmed many existing 
solutions and solved some of the unsolved operations problems, but it has also discovered some lacks of 
earlier, traditional and advanced methodologies, not only in business systems, but also in other economic, as 
well as theoretical assumptions (Tauzović 2009). A particularly important result obtained by using TGC is 
the determination of the necessity of the existence of an operations systems of a (business) organization 
(originally defined as sets of extended /or upgrated/ operations of organizational functions understood in a 
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narrow, or production /operational/ sense). The need for existance of operations systems of an organization 
has also required complement or need to redefine and modernize the (traditional) hierarchy of (business) 
organizational systems (Tauzović 2009). The modern hierarchy of organization system, instead of traditional 
eight, has nine levels, with the additional level being an operations system, as the third level – between the 
second level (a production system) and the fourth level (business organizations), with separate business 
activities being the fifth level. 

Defining (modern /innovative/) management as a process of the effective and efficient union of 
operations (organizational) and management functions: (1) marketing (MA ), for purposes of 
planning ( PL), (2) resources operations organizing (RE  OR), (3) operations operations 
directing (understood in production, or narrow, sense – OP  DI), and (4) finance operations 
controlling (FI  CO) for geting prosperous competetiveness of organization (PR  CM).  The 
activities of (modern) management can be presented through the activities of Tauzović's General 
Continuum (TGC) – {  1. Preparations (P), 2. Analysis (A), 3. Synthesis (S) and 4. Control (C)  }, 
and in that way operations (organizational – marketing /MA/, resources /RE/, operations / OP/ and finance 
/FI/) determined by customers, and management (planning /PL/, organizing /OR/, directing /DI/ snd 
controlling /CO/) functions, determined by managers (empleyees) are effectively and efficiently united, 
for the purpose of prosperous competitiveness, for the security needs from consumers of the required 
product (goods, information, management and services). Therefore, organizational functions should, 
through management, be effectively and efficently brought into direct connection, i.e. unite the 1.1. why and 
the 1.2. what  in order to determine the 2. how much (quantity), when and where, 3. how and 4. for whom 
(for users and managers/ employees/) it needs to be done, which represents the Consumer Concept 
(Tauzović 2012c).   

Different forms of a general (modern) management methodology application called Tauzović's General 
Continuum (TGC) provide many opportunities of its use. Since, in a systems approach, the same goal can be 
achieved in different ways, the use of the TGC will be further analyzed only for systems management 
based on the parts that use the analogy between Mathematics (as an exact science) (  1.P /1.1.Ep –
 Mathematics   1.2.Ip – Applied Mathematics /  2.A – A special area of Applied Mathematics  3.S – 
Determination of general solution in a specific area  4.C – Determination of the particular /special/ 
solution in a specific area ) and Management (as a practical-conceptual /formal/ science) (  1.P / 1.1.Ep 
– Management   1.2.Ep – Systems Management Theory /as a practical theory/ which “raises” practical 
/real/ data to the theory level and represents the base of Systems Management Concepts)  2.A – Business 
systems  3.S – (Organizational /operations/) System design  4.C – Production of system products ). 
Analogous application of theoretical and practical TGC the systems management are performed by using its 
levels. Thus, the general management solution includes its design (determining the operations system), 
while the special (particular) management solutions involve the production of particular products (by 
using production system).  

In modern research and management, as well as development, of an operations system, a foundation for 
all related considerations is taken from the definited (general /strategic, designed, operations/ and particular 
/individual, operational, production/) quality of future products of the system, which would enable a system 
to have (general and specific) competitiveness within its environment. A detailed systems anaylsis has lead 
to the following conclusions: 
(1) managing the managerial levels: (i) of plannning should be based on suitable theories, (ii) of organizing 

on knowledge, (iii) the directing on information and (iv) controlling on data, and for managing an 
organziation and its environment, suitable concepts (as particular ideas, overviews, procedrues and 
beliefs /as well as their interrelations/ based on the appropriate theory and practice /experience/) are 
used, while  

(2) for researching the managerial levels of: (i) controlling real (practical) data must be used, (ii) the 
directing information (taken from the real data), (iii) organizing knowledge (expanded by the 
information from the real data) and (iv) planning theory (complemented by knowledge determined on 
the organizing level) (Tauzović 1998), while for reasearch of the organization and its environment 
concepts (based on practice /experiensce and suitable theory/) are used (Tauzović 2009).  
As a single unit, the strategic and operational management of (organizational /operations) systems – with 

its constituent parts, represent mutually cyclical, iterative, continuous and spiral continuum. Each part of 
their management gives a unique contribution to comprehensive preparation, decision making and 
implementation. In this way structured systems management enables, in a management process, for an open, 
complex, stochastic and dynamic system to reach the target system (needed to management) in which it is 
possible to make a unified decision in a more closed and simpler manner, and as close as possible to the 
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deterministic and static conditions (hence, the system) (Table 1 – Tauzović 2012d). In the process of such 
adaptation of a (modern) system for preparation, making and implementation of a decision in a business 
organization: 
(1)  at the planning (PL) or business level – (i) from general environment (general market), by using 

metaheuristic procedure, working environment (goal markets) is determined and (ii) open system, by 
using heuristics procedures, is adapted to possible closeness,  

(2) at the organizing (OR) or designing level – a more closed systems, by using simulation procedures, is 
presented as simple as possible,  

(3) at directing (DI) or contracting (products) level – simpler system, by using statistical procedures, is 
converted into the best possible deterministic system, and  

(4) at the controlling (CO) or (products) production level – such a deterministic system, by using 
(optimization) algorithms, is practically adapted or seen as much as statically as possible (Table 1) 
(Tauzović 2012d) .  

 
 
The types of decisions, the resources used in decision making and the types and areas of decision making are:   
(1)  for the planning (business) level – (i) external (environment) decisions are visionary (based on /strategic/ 

marketing as well), using concepts and metaintelligence, decision making is metaheuristic, while the area 
of decision making is visional forecasts, and (ii) internal decisions are indefinite, using theory and 
intelligence (including intuitiveness), decision making is heuristic, while the area of decision making is 
long-term forecast, 

(2)  for the organizing (designing) level – decisions are very stochastic, knowledge and intellectuality are 
used, decision making is simulation-based, while the area of decision making is short-term forecast,    

(3)  for directing (contracting) level – decisions are moderately stochastic, information and technical 
resources are used, decision making is statistics-based, while the area of decision making is short-term 
application, and  

(4) for the controlling (production) level – decisions are deterministic, data and natural resources are used, 
decision making is algorithmic (optimization), while the area of decision making is immediate 
application (Table 1) (Tauzović 2012d).  
As modern management can generally, and especially in (business) organziations, be divided into two 

parts: (i) strategic (s) and (ii) operational (o), as separate management units, strategic managament is 
achieved through planning (PL) based on strategic marketing (MA/s/) and design (including improvement), 
i.e. the organizing of operations (OO), while operational management is done through operations contracting 
(products – NO) based on operational marketing (MA/o/) and performing, i.e. operations (products – PO) 
controlling, thus through the use of already organized (planned and  improved) operations. In the planning 
(re-planning) of an (organization’s) operations (to meet the needs of general environment or /specific/ 
business activity, as general market), target or working, particular, parts (of a specific) business activity in 
general market are chosen, in which the organization participates (with products made through their 
comprehensive operations). When improving, an already existing organization is adjusted (as much as 
possible) to better achievement of its goals (target markets in working environment). Since target markets (as 
parts /of a specific/ business activity) are chosen from the general market (market of /specific/ business 
activity), the  target markets are the basis for an organization's activities. (Tauzović 2012a) (Figure 3). 
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Figure 3: Modern management of business organziations (from Tauzović, J. T. 2009) 
 

The management of individual parts of an organziation (whether strategic /as operations/ or operational 
/as production/) can lead to a clearer picture of its (overall) management. Since an organization can produce 
the greatest number of products (in a production system) from what (designed) operations of operations 
system allow, the most appropriate connections within management of the system's parts can be carried out 
through their offers (synthesis of the operations system /3.SOR/ and synthesis of the production system 
/3.SCO/) (Figure 3). Having this as a basis (using three-letter symbols, where the first repsresents an activity 
n the TGC /P: E –   external and I – internal, A, S, K/, and the other two the levels of management /PL, OR, 
DI, CO/), strategic (or operations) management is performed using the process:   1. PPL (1.1. EPL – 
Strategic needs /with strategic marketing – MA(s)/  1.2. IPL – Strategic policies /or Planning of business 
processes/)  2.AOR – Strategic /organization/ support /or Forming of organization/)  3.SOR – Strategic 
support /or Design production facilities/)  4.COR – Strategic assessment /or Continuous improvement/), by 
using the TGCt, while operations (or production) managemnent is performed using the process:  1.PDI 
(1.1.EDI – Operational neeeds /with operational marketing – MA(o)/   1.2. IDI – Operational policies 
/or Planning of production processes/)  2.ACO – Operational support (or Factories of production)  
3.SCO – Operational supply (or Production)  4.CCO –  Operational assessment (or Distribution of 
products) , ie. by using the TGCp (Figure 3). Although these two management parts can be viewed 
separately, (business) organizations management is done through the all-embracing process: 
                {  1.PPL  2.AOR  3.SOR (  4.COR  1.PPL  2.AOR  3. SOR)   

                (3.SCO  4.CCO  1.PDI  2.ACO) 3.SCO 4.CCO  PDI  } 
(Figure 3), where the needs to control specific management parts are indicated in (round) brackets. 

Symbolically viewing, incorporating strategic (operations) management supply (3.SOR) and operational 
(production) management supply (3.SCO) capabilities of operations and production system are brought into 
direct connection, as a unified whole (system) which can be viewed as static (of a determined structure) in the 
first case, and as dynamic (using process through such a structure) whole (the system), in the second case. 

5. MODERN SYSTEMS (BUSINESS-OPERATIONS) PERFORMANCE 
Since the role of operations is to participate into preparation, making and achieving the defined goals, 
including strategies, as effectively and efficiently as possible, the operations systems are responsible not only 
for achieving the productivity, and thus the profitability, of the organization (as interior operations 
performance), but also for achieving its competitiveness (as external operations performance /or their 
influence/). Although advance management could have accepted the possibility for both strategic and 
operational management to use the same performance systems (of measuring evaluation and improvement) 
in modern (innovative) management, different, mutually harmonized (analogue) performance systems are 
used (Tauzović 2012c), namely:  
1) for the strategic part, as design of the organization (operations systems), strategic system of operations 

performances should be implemented {  1. (1.1. General competitiveness (as operations)   1.2. 
General quality (as operations)  2. Productivity (directed to incomes /by choosing more appropriate 
target markets/)  3. Efficiency  4. Effectiveness } (Tauzović 2009) and 
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2) for operational part, as usage of operations systems for production of (certain) products, operational 
system of operations performances should be implemented {  1. (1.1. Individual /products/ 
competitiveness   1.2. Individual /products/ quality )  2. (Products) Costs  3. (Products) 
Production flexibility  4. Timeliness of product arrival (to goal market) } (Tauzović 1998). 

To determine the optimal strategic system of measures (of evaluation and improvement) operations 
performance, quality (intellectual) simulation is used (which uses a small number of data to determine a 
/relatively/ large amount of information) (according to Tauzović 2009), and for determining the optimal 
operational system of measures (of evaluation and improvement) performances, quantity (technical) 
simulation is used (which uses a great number of data to determine /relatively/ little information)  (Tauzović 
1983). Having strategic and operational system performance as the basis, organizational (business) system 
of operations performances is defined. It is {  1. (1.1. Competitiveness   1.2. Quality)  2. 
Profitability (based on Productivity)  3. Flexible Efficiency  4. Timeliness Effectiveness }. For all-
embracing preparations {  1. (1.1. Competitiveness   1.2 Quality) }, thus, for sufficient 
competitiveness, the necessary quality should be determined. For determining particular measures (of 
evaluation and improvement) of performance: (1.1.) Competitiveness (especially) requires concepts, (1.2.) 
Quality – theory, (2) Profitability (based on Productivity) – knowledge, (3) Flexible efficiency – 
information and (4) Timeliness Effectiveness – /real/ data. 

6. MODERN SYSTEMS CONCEPTS OF OPERATIONS MANAGEMENT  
Modern System Management Concepts (MSMC) substantially belong to the theoretical foundations of 
managing an organization, which have real, practical results achieved in the worldwide markets they 
participate in, as the basis. In order for new (practical) theories, as basis for concepts determining, to have 
practical usefulness, they need to be developed out of practice. The main reason for this state is that business 
operations systems, or the overall world of business operations, as well as their managers, frequently 
encounter unstructured problems which cannot be modeled, but they need to be managed. This is why the 
goal of managing business operations (and their organizations as well) usually becomes more of a 
compromise than an optimization, which leads to the reality that traditional, quantitative methods of 
mathematical programming can rarely be used in practical business. Modern researchers into business 
operations systems mainly use qualitative methods of computer simulation (as more mordern qualitative 
technoligies of Operations Research), which must be build on suitable logical techiques and tools obtained 
through practical research normally expressed through systems management concepts.   

6.1. Basic Systems Concepts  
In previous presentations, generally, through the TGC, the basic (or main) systems concepts for modern 
operations management were determined (or shown), the most significant of which are listed below in Table 2. 

 
Table 2: Linkages between the TGC and basic system, conceptual and consumer concepts, concepts of 

organizational function, management functions and (both internal and external) management  

              TGC 
 
Concepts 

1.(1.1.Exter. Prep.  1.2.Inter. Prep.) 2.Analysis 3.Synthesis 4.Control  
  {  1.(1.1.Needs  1.2.Policies) 2.Support 3.Supply 4.Assessment  } 

1.Systems 1.(1.1.Purpose  1.2.Goal) 2.Inputs 3.Transformation 4.Outputs  
2.Conceptual 
  2a. Management 
  2b. Research 

1.(1.1.Concepts  1.2.Theory) 2.Knowledge 3.Information 4.Data  
1.(1.1.Concepts  1.2.Data) 2.Information 3.Knowledge 4.Theory  

3.Organiz. func. 1.(1.1.Prosperity 1.2.Marketing) 2.Resources 3.Operations 4.Finance  
4.Manag. func. 1.(1.1.Competitiven. 1.2.Planning) 2.Organizing 3.Directing 4.Controlling  

5.Managerial 
   5a. Strat. Man. 
   5b. Oper. Man. 

1.(1.1.Competitiven.  1.2.Quality) 2.Productivity 3.Efficien. 4.Effectiven.  
1.(1.1.Gen. Com. 1.2.Gen. Qual.) 2.Profitability 3.Efficien. 4.Effectiven.  
1.(1.1.Indiv. Com. 1.2.Indiv. Qual.) 2.Costs 3.Flexibility 4.Timeliness  

6.Customers  1.(1.1.Why 1.2.What) 2.How much (When, Where) 3.How 4.For whom   
(Customers–Managers /Employees/)  
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6.2. Expanded Systems Concepts  
Combining basic systems concepts can result in obtaining their expanded forms. Therefore, combining: 

1) Organizational and management functions may lead to (the concepts), of the previously mentioned, 
modern definition of (organizational) system management. Therefore, modern management of 
organizational systems can be defined as the process of effectively and efficiently (based on systems 
approach) union of organizational (prosperity, marketing, resources, operations and finance) and 
managerial (competitiveness, planning, organization, directing and controlling) functions. This means 
that an organization can be prosperously competitive if it effectively and efficiently connects its 
organizational and managerial functions, i.e prosperity and competitiveness, marketing and 
planning, organizes resources, directs operations and controls finances. 

2) Managerial and conceptual concepts: 
2.1. of  management, the needs for (modern) management are obtained 
        (Competitive Concepts  Quality Theory)  
                               Productive Knowledge Efficient Information Effective Data .  
2.2. of research, the needs for (modern) research are obtained 
   (Competitive Concepts  Quality Data)  
                               Productive Information Efficient Knowledge Effective Theory .  

     3) Concepts of external and internal management, leads to the following: 
     (General and Individual Competition   General and Individual Quality)  
            Profitable Costs Efficient Flexibility Effective Timeliness.  

4) Consumer concepts and concepts of internal management, it is proved that the following links exist: 
      (Why – Competitiveness  What – Quality) How much, when, where – Costs  

How – Flexibility For whom – Timeliness (for consumers and managers/employees/) etc. 
Further examination of the managerial processes of an organization can also lead to modern complex 

systems (operations) concepts which have the conceptual Tauzović's General Continuum (TGCc) as a 
foundation (Tauzović 2009). 

7. CONCLUSION 
Modern application of TQM, from the standpoint of modern systems (all-embracing) management, is studied 
through: (1) Modern Systems Management Theory (MSMT) and (2) Modern Systems Management 
Concepts (MSMC). While systems theory is primarily focused on management of systems wholes, the 
essence of systems concepts of management is used to manage systems and their environments (with the 
necessary support from the systems wholes themselves). Since modern management does not only refer to 
management of the systems wholes, but also to management of systems environments, MSMC, even though 
essentially based on MSMT, are significantly different from it. The primary goal of the first one is to achieve 
competitiveness, while the primary goal of the second one is to achieve productivity (or contemporary, 
profitability) of all organizations, especially business ones. Even though competitiveness and productivity 
(profitability) are cause-and-effect connected, comprehensive researches into their approaches, contents, 
results and applications have to start from different demands. For productivity (profitability), they start from 
the demands of the whole (system), while competitiveness is based on the demands of environment hence 
narrow (working – target) and broad (general) market the organization participates in. A successful cause-
and-effect link can be established between productivity (as a result of using the MSMT) and competitiveness 
(as the result of using MSMC) in a business organization, but only if quality production (profitability) is 
skillfully „transformeed“ into the prosperous competitiveness of the business on the (global) business 
market.    

Having in mind the fact that Mathemetics is »a rich set of ideas« (shown axioms), futher systems 
research should be focused on its detailed application into modern systems management. This could, 
perhaps, lead to the cognition that the all-embracing Systems Management is »a rich system of concepts«, 
which would provide a good basis not only for modern overall management, but also the righ guidance for its 
futher development. 

In MSMC, why (modern) organizations exists should be the starting question, where the answer should 
be – so that they can be prosperously competitive (and managers /emplyees/ loyal and customers 
faithful), which means that modern management needs to provide the real things (what – quality /effective 
and timely/) and in the right way (how – profitably /efficiently and flexibly/). This means that only 
organziations that are prosperously competitive (why), i.e. timely effective (what) and flexibly efficient 
(how) can survive and be further developed (i.e. be prosperous) in business activities markets and in 
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/specific/ business market as well (Tauzović 2012c). Therefore, modern management of (business) 
organizations (operations), by using MSMC, should simultaneously ensure both prosperity and 
competitiveness of the organization.    
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Abstract: The actual design methods of structures under the influence of permanent, effective and climatic 
(wind, snow) loads, need an elastic behaviour of the structure and a static action of loads. The dynamic aspect 
of seismic action and inelastic behaviour of the structures affected by major earthquakes require specific 
design methods, governed by seismic design regulations. In Romania the field is covered by Seismic Design 
Code- part III –provision for seismic evaluation of Existing buildings, indicative P 100-3/2008. The article 
presents a calculation model of body A, building of Faculty of Land Reclamation and Environmental 
Engineering, Bucharest and also correlation and regression analysis of mathematical results to seismic 
evaluation of buildings, using MATHCAD PROFESSIONAL Software. 

Keywords: correlation function, regression function, seismic risk, seismic force. 

1. INTRODUCTION 
The case study presented below aims to establish seismic risk class of an existing building of reinforced 
concrete. The building selected for evaluation is body A of the Faculty of Land Reclamation and 
Environmental Engineering, University of Agronomical Sciences and Veterinary Medicine of Bucharest. The 
building is carried out between 1968 and 1970, has a resistance structure on reinforced concrete frames. 
Designed according to the design concepts of that period the building does not meet many of the 
requirements of current seismic design codes (Fig. 1). 

 

 
Fig.1: The building chosen for seismic assessment 

 

2. EXPERIMENT DESCRIPTION  
Specifying conditions on seismic site. The building selected for evaluation is located in Bucharest. 
According P100-1/2006, the area is characterized by a peak ground acceleration ag = 0.24g for design and 
control period (corner) of the response spectrum Tc = 1.6 sec. 

Normalized elastic response spectrum shape for horizontal acceleration of ground movement associated 
components for Bucharest is presented in Fig. 2. 

Building characteristic data. The Faculty of Land Reclamation and Environmental Engineering is located 
in the north of the town. In the same area are the Village Museum, Free Press House and Romexpo Pavilion. 
The building consists of three independent sections separated by expansion joints of about 50 mm. For 
example the evaluation of seismic body has been selected (Fig. 1). The assessed building consists of a 
ground floor and 4 levels with a total height of about 19 m. The non-structural walls are made for 
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compartmentalization of masonry, bricks being arranged in "American" system: two separate longitudinal 
lines with bricks put on their lateral side and, from time to time, bricks put across. The result is a wall with 
lower weight lower than the classic solution, having acceptable properties of thermal insulation, but 
mechanical and deformation properties much lower. The foundation is isolated type (reinforced bushings and 
plain concrete blocks) under the columns, associated with rectangular network of balancing beams under the 
masonry walls of the basement. The foundation layer is a brown-yellow dusty clay, plastic consistent, with a 
conventional pressure of 250 kPa at 2.00 m depth.  

 

 
Fig. 2: Normalized acceleration spectrum for. Tc = 1.60 s, according P100-1/2006 

 
Regarding the reinforcement of concrete frame elements it should be noted that they were designed under 

"Normative conditioning design construction in seismic regions": P13-1963. Given the limited knowledge of 
seismic engineering at the time, sectional effort design of beams and columns are associated with a shear 
force base of 4.5% weight of the building. In addition, compliance and reinforcement of concrete elements 
are strongly influenced by the requirements and design concepts of "gravity" system of STAS 1546-56. 
Thus, both plates and beams are reinforced in the "gravity" of straight and inclined bars. 

In terms of reinforcement the columns have identified 27 different sections. It is noted that the ends of the 
stirrups up columns is higher than the values specified in current seismic design standards. Structural elements 
are of B 200 concrete and smooth brand OL38.  Concrete quality, confirmed by a limited number of non-
destructive testing by sclerometry corresponds to a concrete class of C12/15. 

The level of knowledge. Based on the information presented above should determine the appropriate level 
of knowledge. P100-3/2008 defines three levels of knowledge 
- KL1: limited knowledge; 
- KL2: normal knowledge; 
- KL3: complete knowledge. Thus, the knowledge selected and allowed calculation method determines the 
value of confidence factor (CF). 

As for the construction analysed: (a) overall dimensions of the structure and the structural elements are 
available based on the original plans and the validity of such data was confirmed by random checks on the 
field, (b) the composition of structural elements, reinforcement details are known from an incomplete set of 
the original plans of execution and the validity was verified by limited field checking of the elements 
considered most important and (c) mechanical characteristics of materials are obtained from the 
specifications of the original project and are confirmed by limited field tests; it was agreed that appropriate 
knowledge level  is KL2: normal. 

According to table 4.1 of P100-3 is allowed "Any method of calculation, according to. P100-1: 2006 "and 
the trust factor that will be used to establish material characteristics of the existing structure is" CF = 1.20 ". 
Thus, for the calculation of structural capacity (checked against the requirements), the average values of 
resistance obtained by in-situ tests and the original design specifications fall in values of trust factors. 

Qualitative assessment of the structure. Determination of the indicator R1 by determining "the degree of 
fulfilment of conditions of seismic structure -R1" aims to establish the extent of compliance with general 
rules of structures, structural and non-structural elements that are stipulated by the current seismic design 
code P100-1: 2006. 

Body A of the F.I.F.I.M. building falls in seismic risk class RsIII - buildings which, under the effect of 
design earthquake, could have non-significant structural degradation but important non-structural 
degradation. 
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Table 1: R1 values associated seismic risk classes  
Seismic risk class 

I II III IV 
R1 values 

<30 30-60 61-90 91-100 
 
The degradation assessment. Determination of indicator R2. Assessment of degradation of the structural 

elements are quantified by calculating the value of "degree of structural damage -R2". Its determination is 
based on scores given in Table B.3 in Appendix B of the code P100-3, for different types of degradation 
identified. Other types of degradation can be considered further by a reduction factor R2. 

Following the evaluation results a "high degree of structural damage" R2 = 89 points. Seismic risk class 
associated factor score of R2 is determined according to table 2, which is a reproduction of table 8.2 P100-
3/2008 code: 

 
Table 2: R2 values associated seismic risk classes  

Seismic risk class 
I II III IV 

R2 values 
<40 40-70 71-90 91-100 

 
Thus, depending on the state of degradation of the resistance structure, Body A of the FIFIM building 

falls in seismic risk class RsIII, very close to the border with RsIV class of seismic risk. 
Analytical evaluation by calculation. Determination of R3. Assessment by calculation is a quantitative 

method which checks if the existing structures, damaged or not meet the requirements limit states considered 
in computing seismic action associated with them. The choice of seismic risk classes is based on the value 
obtained for the indicator "R3 - the degree of seismic structural insurance." 

The new code provides three P100-3/2008 seismic evaluation methodologies for assessing construction, 
defined by the conceptual level of refinement of calculation methods and level of detail of checking 
operations: 

1. Methodology Level 1 is a simplified methodology;  
2. Methodology Level 2 is commonly used methodology for the current type for ordinary construction; 
3. Methodology Level 3 uses the methodology of calculation methods for to nonlinear and complex 

construction or of particular importance when they are available the necessary data. Level 3 is the 
recommended methodology for the current type construction, due to higher degree of confidence provided by 
the method of investigation, when a classification based on risk group R3 coefficient is not obvious. The 
following is part of the assessment methodology that has been used for Level 1. 

According to a level P100-3/2008, methodology Level 1 can be applied for regular constructions of 
reinforced concrete, with or without filling masonry walls, up to three floors, located in seismic zones with 
values ag ≤ 0.12 g. However, for example, a level 1 methodology will be used as an exercise that allows a 
comparison with results of other two approaches. These efforts fall to acceptable and consistent efforts to 
obtain such insurance different values of the degree of structural seismic: RN3 values associated with axial 
forces and RV3 values with shear forces associated. To establish the value of normalized design acceleration 
is necessary to determine the fundamental period of vibration of the structure. This is estimated using one 
simplified equations: 

T=kTH3/4=0,007x193/4≈0,65 s      or       T=0,1xn=0,1x5 levels ≈ 0,50 s               (1) 

Since the height level of 3,80 m is significantly higher than the usual one for residential buildings or 
offices, and considering the relatively small cress section of columns, it was considered that the first equation 
provides a value closer to the real . The fundamental period corresponds to an acceleration normalized β = 
2.75 design. According to Table 6.1 of P100-3/2008 - methodology Level 1, for reinforced concrete 
structures the value of behaviour factor is q = 2.5. Since the analysed building has a capacity of over 200 
people on total exposed area, it should be of class II, characterized by an importance factor of 1.20. Since the 
surface of the current floor is of 690 squares meters, and the equivalent load is 1.10 t / m for this type of 
construction, results a total mass of approximately 3,800 t and an equivalent static seismic force of: 

                   (2) 

735



             (3)  

Simplified vertical distribution of seismic force is associated with a deformed linear equivalent. Follows: 
 
Table 3: Distribution of seismic force level 

Level Level table mi(t) High level 
Zi(m) 

Seismic force 
level Fi(kN) 

Share forces level 
”i” (kN) 

4 Floor 759 18.93 3341 3341 
3Floor  759 15.13 2671 6012 
2Floor 759 11.33 2000 8012 
1floor 759 7.53 1329 9341 

Ground floor 759 3.73 659 10000 
 

The Level 1 methodology consists in determination of the structural seismic insurance degree associated 
with shear forces in vertical elements using equation (8.1a) of P100-3/2008: 
 

                               (4) 

where: Vaverge  represents average tangential effort, calculated as the ratio of shear force level and total area of 
cross sections of columns at that level, vadm represents the reference admissible value for tangential unit 
effort in the vertical elements. According to Annex B of P100-3 vadm = 1.4 fctd, fctd is design tensile resistance 
of concrete. Thus fctd = 0.67 N/mm2 for concrete class C12/15 and considered a reliable factor of CF = 1.2 
and vadm = 0.93 N/mm2. For each level of the structure results following values of the structural seismic 
insurance degree associated with shear forces. 

 
Tabele 4: Distribution by level of the structural seismic insurance degree R3

V  
Level Share forces level 

”i” (kN) 
Total aria of 

columns 
AC(m2) 

Tangential effort 
averageVmed(N/mm

2) 

R3
V 

 

4 Floor 3341 6.67 0.50 0.74 
3Floor  6012 6.67 0.90 0.41 
2Floor 8012 7.71 1.04 0.36 
1floor 9341 8.58 1.09 0.34 

Ground floor 10000 9.84 1.02 0.37 
 

It is noted that due to changes in cross sections of columns the minimum structural seismic insurance 
degree is  recorded on the ground floor, where " R3

V "= 0.34". 

3. RESULTS AND SIGNIFICANCES 
Simple correlation refers to two variables X and Y. If Y acts on two or more c is called multiple correlation. 
Simple correlation can be positive (direct) or negative (reverse). In the first case, as X increases, increases 
also the average distribution of Y. Simple correlation is negative when the independent variable X values 
increase and decrease the average distribution of variable Y. Correlations can be highlighted by graphics or 
tables of correlation. Independent variable is chosen as a variable that can be measured easily and accurately. 
Characteristics are chosen as the dependent variables to be determined by the independent variables. The 
purpose of correlation analysis is to find an easier way to determine characteristics without direct 
measurements, but expressed by statistical relationships. In statistical terminology, the concept of correlation 
is sometimes, of very large interest, between quantitative and qualitative variables. Sometimes, the concept 
of correlation means only the relationships between quantitative variables (Armeanu, 2006). 

Graphs obtained are performed using MATHCAD PROFESSIONAL Software. These graphs are 
obtained by successive attempts looking at table 3 (distribution of seismic forces) and was established 
following the simple correlation between seismic force level considered variable Y and height level. In this 
case the function is a straight line regression and correlation ratio is rxy = 1which means that there is a very 
significant connection between the two variables. 
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Fig 3: The regression function graph of seismic force and height level 

 

 
Fig 4: The regression function graph of share force level and height level 

 
 

4. CONCLUSION 
For the final evaluation of structural safety of existing building needs to be done the consolidation of the 
results achieved in each stage of the evaluation process: 

1. In terms of qualitative assessment results a "degree of fulfilment of the terms of seismic structure" -  
R1 = 69.5 points corresponding to seismic risk class RsIII. 
2. In terms of assessing the state of degradation results a "high degree of structural damage" -  R2 = 89 
points corresponding to seismic risk class RsIII. 
3. In terms of analytical evaluation by calculation results the following values of the "structural seismic 
insurance degree" 
• The methodology level 1: R3 = 34% - CSR seismic risk class 
• The methodology level 2: R3 = 39% - RsII seismic risk class 
• The methodology level 3: a. linear static calculation: R3 = 46% - RsII seismic risk class; b. nonlinear 
dynamic calculation: R3 = 44% - RsII seismic risk class; conclusion: Resistance of body A, FIFIM 
building falls in seismic risk class RsII including construction that under the effect of design earthquake 
may suffer major structural degradation, but the loss of stability is unlikely.  
Therefore, it is mandatory to design a major intervention on the resistance structure in order to enhance 
the safety of the building. 
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Abstract: Process of globalization and contemporary management are based on assumption of global access 
to resources, similar business conditions and free competition. These questions are equally important for 
private and public sector. If public sector doesn’t pay attention about costs, and allocated budget funds 
aren’t used in rational way, these can lead to disruption of economic stability or decrease quality of services 
for the citizens. By applying Markov’s chain method dynamic model is created and simulation of human 
resources development can be conducted. This enables more precise planning and more efficient 
implementation of training for public sector employees, which can result in considerable budget savings.   

Keywords: Simulation, Optimization, Human Resources Management, Markov Chain. 

1. INTRODUCTION 
In a modern globalized world and during the period of the economic crisis, demands for efficient 
performance of the state apparatus are getting stronger. In most cases, the organizations and institutions in 
public sector haven’t successfully adapted and prepared for functioning and operations in reduced budgets 
environment. Public sector is often oversized, too bureaucratized, with outdated organizational structures and 
without clearly defined goals. Because of that, similar to private sector, attention should be focused on 
efficiency, effectiveness, and qualitative utilization of funding. If public sector doesn’t care enough about the 
costs, and if the available budget is not used rationally, it can consequently lead to disruption in economic 
stability or decline in the quality of services provided for the citizens.  

Public administration hires a large number of employees, whose salaries, training, and other expenses, 
represent a significant part of budget expenses. Bearing that in mind, public administration should be a 
symbol of rational manpower and material resources management, correct and precise planning, with 
balanced spending of budget resources. Manpower costs are characterized as a significant item in private 
companies and public sector management (often 70 % of costs are related to salaries, pension funds, 
trainings…) and possible savings contribute to reduction of budget costs, give positive example for other 
institutions and improve citizen’s perceptions about their state and government.  

2. CONTEMPORARY HUMAN RESOURCES MANAGEMENT 
Introduction of modern management principles in public sector, with usage of scientific methods, enables 
realization of basic functions with efficient use of resources. In that way, conditions for designing an optimal 
state apparatus are being made. In return, employees have the opportunity to develop, improve and progress, 
proportionally to their capabilities. 

Developed dynamic model makes construction of sustainable system possible. This system should be 
adjusted for needs and real resources, and is supposed to represent long term frame in which the interests of 
employees (who are achieving personal interests and developing careers), organizations (efficient 
functioning) and society (more quality services) are fulfilled. Model’s dynamic dimension opens a possibility 
for defining parameters which certain processes require in order to achieve desired condition. In that way 
corrective actions are possible, which in return set entire system in a state where efficient realizations of 
goals and proficient use of resources are ensured. Rational management of human and material resources 
will make savings possible, where extra funds can be redirected to other areas of citizen’s interests.  

2.1. Implementation of scientific methods 
Modern human resource management, beside traditional, implies the use of complementary methods from 
other areas. Markov’s Chain is well known method with widespread use in statistics, operational research 
and other fields. Calculations based on Markov’s process are applicable in economy, finance, healthcare 
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system, biology, genetics, ecology, agriculture etc. Markov’s model is appropriate for human resources 
management as a method through which processes of entrance (recruiting), change of status (career 
development) and departure from organization (retirement policy) are being described. It is also used for 
description of internal changes, evolution and movement of employees through organizational structure 
together with analyses of current state. An especially characteristic use can be found in modeling of 
processes within military systems which are hierarchically based and admission into the system, together 
with crossings from certain states and status (promotions) are clearly regulated and strictly controlled. 

3. CREATION OF DYNAMIC MODEL 
By applying Markov’s chain dynamic model is created and simulation of human resources development can 
be conducted. This model has allowed planning process through which is possible not only to analyze, but 
also to change transformational parameters in order to simulate and follow certain system changes and their 
effects. 

3.1. Implementation of dynamic model in defense system 
Analysis of ranks and internal promotion processes are very important because they show orderliness in 
ranking structure within hierarchical system. On the other hand, this regulation, with other parameters, 
indicates quality of elements for workplace positioning, organizational compatibility, and successfulness in 
employee’s career development and promotion system. In the developed dynamic model external processes 
which influence state of the system are defined. Such processes comprehend influx of employees, and 
departure processes through which people leave the system. Internal process based on promotion, retraining 
and other shifts of employees in the model are shown in the form of matrix: 
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In matrix A every element shows the probability of transit to state at the next moment t + 1. It means that 
element aij  illustrate transition probability of a system from state i to state j. The result of simulated model 
has vector shape, and shows a number of certain ranks in some period of time. Input parameter, which also 
has vector shape, represents a staff influx. In this calculation influx is constant, because it’s possible to 
control it with promotion system. Model also enables calculation with variable number of persons who enter 
the system. 

][*)()()( 1 ijt patdtr   (2) 

Where: 
r(t) - output structure by ranks in time period t,  
d(t)  - influx in time period t, 
a(t–1)  - state in human resources structure in previous, respectively (t-1) period, 
[pi,j ] - dynamic of structural development in planned period 
 

3.2. An example of implementation based on dynamic model  
Policy of human resource development within Armed Forces is strictly under jurisdiction of national 
authorities. Thus, there is no „defined” organization and structure of employees which is applicable for all 
states and armed forces. However, bearing in mind experiences, goals and tasks defined in defense sector, 
there are certain norms which different states, more or less, have applied in organization of their armies. In 
this regard, rank structure is „subject to” these norms. This mostly affects officer’s core which, although 
proportionally the smallest in relation to other categories, has the prevailing influence in leadership and 
command of armed forces. States have different policies and solutions considering officers career 
development but certain common characteristics can be found. It’s related to the percentage of higher ranks 
which are, because of their roles and positions, the most responsible for functioning of entire system. 
Because of that, structure and capabilities of higher ranking officers, among other things, represent the 
quality of defense sector organization and military human resource management. 
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Contemporary management, especially in the strict hierarchical organizations like the military, implies 
optimal organization with defined number of workplaces and limited number of managing positions. In this 
regard, planned development of human resources is needed in order to enable employees to progress in 
accordance with their capabilities and organizational requirements. For defense sector that means, among 
other things, precise definition of high ranking officers number together with planned selection and 
preparations of officers through additional courses and trainings needed for high position. Thus, in healthy 
competition environment, it’s possible to select the best candidates for the highest ranks and positions. In 
that way conditions for efficient management of defense sector are being made. Desired number of higher 
ranks should be defined in the accordance with needs and, at the same time, limited in a measure that the 
most capable candidates could be placed on the highest positions. In that way certain „degradation” and 
diminishment of defense capabilities are being avoided.  

Based on experiences and as a result of organizational changes, some standards about proportion of 
higher ranking officers exist. Those standards are often called „the rank pyramid“. One of models is quite 
strict concerning the number and percentage of higher ranks in regard to total number of officers and is 
shown on Figure 1. According to this model, only limited number of officers can be promoted to higher 
ranks, so after quality selection required number of personnel attends extra training followed their promotion 
to highest positions. In this way, unlike the system where almost all personnel is promoted, only the most 
capable are progressing, which means promotion of capabilities and results, while simultaneously costs for 
extra trainings are being reduced.  

Model envelops only ranks of majors, lieutenant colonels and colonels, which mostly contribute to 
irregular rank distribution. According to the model shown on Figure 1, optimal percentage of majors is 30%, 
lieutenant colonels 13% and colonels 4%, in regard to total officer’s number.  
 

 
Figure 1: Optimal distribution of higher ranks 

 
As an example for the model data about number of personnel and rank structure in the Armed Forces of 

Serbia and Montenegro in the period between 1995 and 2004 was used. Those figures were published in a 
joint project of Geneva Centre for Democratic Control of Armed Forces and Bonn International Centre for 
Conversion BICC (Demobilizing and Retraining for the Future The Armed Forces in Serbia and 
Montenegro). According to data published in DCAF and BICC analysis, rank structure at the beginning of 
observed period (1995-2004) wasn’t harmonized and varied from standard, expected values. There were 26% 
of officer in relation to total number of soldiers with very adverse percentage distribution of higher ranks.  

Numerals at the beginning and the end of designated period are shown in the table, and proportion of 
higher ranks related to total officers number are revealed in Figure 2 and Figure 3. 

 
 
 
 
 
 
 
 
 

  1995 2004 
Major 2.490 1.405
Lt.Col. 2.991 2.869

Col. 1.788 1.574
Sum of 
officers 13.253 9.672
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Figure 2: Rank distribution in 1995   Figure 3: Rank structure in 2004 

 
By 2004 numerous changes had been done, and certain number of officers left the system so their 

numbers shrunk by 27%, and share in total numbers was favorable by 20 %. However, higher rank structure 
remains inadequate because of even bigger percentage of lieutenant colonels and colonels. As result of the 
wrong promotion policy, at the end of observed period conditions were quite bad and far from desired 
distribution of higher ranks. 

Applying dynamic model, parameters for transformation of conditions were established: 
 
 

p(i,j)=  
 
 
 

Matrix parameters represent percentage of status changes within certain ranks in the observed moment. 
Therefore proportions of majors which will remain in the same status are 79%, while 13% changed status 
and were promoted to lieutenant colonels. Matrix doesn’t show 8% of majors who departed system and 
doesn’t play a part in further calculations. In the lieutenant colonels case, proportion of persons who remain 
in the same status is 91%, while 4% were promoted and 5% of those who exited system aren’t taken into 
account. According to the calculation, 90% of colonels remain in the same rank. What Matrix didn’t show is 
that 9% of colonels exited the system, and that 1% is promoted to higher rank, because these changes 
(departure from the system), similarly as exits of 8% of majors and 5% of lieutenant colonels doesn’t affect 
further calculations and obtained numerical values of the observed ranks. With those percentage (which are 
not disclosed) the sum of the rows is equal to 1. 

In order to harmonize rank structure, and optimize number of officers and higher ranks percentage in 
accordance with the Optimal distribution shown in Figure 1, using dynamic model, recalculations were 
made. After couple of iterations new parameters were established:  
 
 

p(i,j)=  
 
 
 

The results shows that percent of majors who will remain in the same status are 91%, while 5% changed 
status and were promoted to lieutenant colonels. In the lieutenant colonels case, proportion of persons who 
remain in the same status is 74%, while 3% were promoted. According to the calculation, 64% of colonels 
remain in the same rank and 1% colonels were promoted in higher rank. On the other hand the achievement 
of optimal stage become possible under the condition that 4% of majors, 23% of lieutenant colonels and 35% 
of colonels depart system. These departures from the system are not shown in the matrix because those 
changes don’t have influence in further calculations and obtained numerical values of the observed ranks.  

By applying new parameters, targeted state in rank percentage has been achieved (30% of majors, 13% of 
lieutenant colonels and 4% of colonels). Calculation was made in five cycles, in order that changes can be 
realized gradually and without large and fast jumps in numbers of officers.  
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4. CONCLUSION  
Based on the example of calculations and the usage of dynamic model, it is possible to plan and realize a 
policy for guiding officer’s careers together with their promotion and departure from the system in a better 
way. Similar model can be applied for employees in public administration. 

Model enables achievement of desired condition through more iteration, in order to avoid sudden changes 
which can influence organization’s capabilities. Pace of changes can be adjusted to available financial 
means. Obtained parameters give opportunity for planning and changes of regulations (laws, statutes, rules) 
at the beginning of the process, where these regulations prescribe procedures and conditions for promotion 
and departure from the system. Besides that, it’s also possible to plan appropriate financial means for 
necessary training and eventual employees retirement costs. 
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Abstract: This paper presents the extension of previously conducted research in the field of student burnout 
– the syndrome of emotional exhaustion, depersonalization or cynicism and reduced personal 
accomplishment. The objective was to investigate the risk of burnout among students and to analyze the 
relationship between field of study and year of study with three dimensions of burnout using the Maslach 
Burnout Inventory – Student Survey. The results show that there is a significant difference between 
management and IT students, but only on subscale of efficacy. When it comes to year of study, 62.5% of 
students who are at their final year of study are at risk of burnout and special attention should be given to 
second year students which are at high risk of burnout. 

Keywords: risk of burnout, high risk of burnout, students, field of study, year of study, Maslach Burnout 
Inventory – Student Survey (MBI – SS). 

1. INTRODUCTION 
Long term exposure to stressful situations may lead to burnout syndrome with significant consequences for 
caught up individuals. For that reason, there is extensive research in the literature regarding the problem of 
burnout, its prevention, reduction and elimination. Maslach defined burnout as ‘‘a psychological syndrome 
of emotional exhaustion, depersonalization, and reduced personal accomplishment’’ that occurs as a 
response to emotional and interpersonal stressors among individuals (Maslach & Goldberg, 1998; Schaufeli, 
Leiter, & Maslach, 2009). 

This phenomena is common in professions characterized by extensive contact and work with people 
(human services), like nurses, doctors, social workers, teachers, police officers, etc (Maslach & Goldberg, 
1998) and they are considered to be vulnerable groups prone to burnout. Although the accent is on these 
professions, later research has shown that burnout occurs in other work environments and students as well 
(Schaufeli, Leiter, & Maslach, 2009). 

There are multiple instruments for assessing burnout, but the most famous and most widely used is MBI - 
Maslach Burnout Inventory - MBI (Maslach & Jackson, 1981). MBI was originally created for human 
services in the health care system. Therefore, the first version of this instrument was MBI - Human Service 
Survey (MBI-HSS). Later on were developed the second version for educators– MBI - Educators Survey 
(MBI-ES), third more general version – MBI - General Survey (MBI-GS), and finally MBI – Student Survey 
(Maslach, Schaufeli & Leiter, 2001). The construct validity of MBI-SS has been recognized by previous 
researchers (Schaufeli, Martinez, Pinto, Salanova, & Bakker, 2002; Schaufeli & Salanova, 2007; Campos, 
Zucoloto, Bonafe, Jordani, & Maroco, 2011) through the confirmatory factor analysis. Coefficients of 
internal consistency (Cronbach’s alphas) have values above 0.70 (Schaufeli, Martinez, Pinto, Salanova, & 
Bakker, 2002). 

Three key dimensions of burnout syndrome are emotional exhaustion, cynicism and reduced professional 
efficiency (Maslach, Schaufeli, & Leiter, Job Burnout, 2001). Emotional exhaustion is the basic individual 
stressful component of burnout syndrome. It is the main characteristic of burnout and its most obvious 
manifestation (Maslach, Schaufeli & Leiter, 2001). Exhausted individuals feel emotionally and physically 
drained up, and unable to recover (Maslach & Leiter, 1997). Although it is the key element of burnout, it is 
not sufficient for description of this phenomena entirely (Maslach, Schaufeli, & Leiter, 2001). 

Cynicism, or depersonalization, is a negative, insensitive or restrained attitude towards other people. It is 
attempt to make distance between employee and service receivers, as it is easier for the person to provide the 
service when watching the receiver as an impersonal object. Distancing is most obvious reaction to 
exhaustion (Maslach, Schaufeli & Leiter, 2001). 

Reduced personal accomplishment, or experiencing personal failure, is connected to competencies and 
work achievement (Maslach, 2001). The feeling of ineffectiveness is also described as reduced productivity 
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or ability, low morale, withdrawal and inability to overcome obstacles. Employees with reduced personal 
accomplishment believe they are not able to do their jobs as well as they used to (Halbesleben & Buckley, 
2004). This dimension is also connected to depression and inability to overcome demands of work, and can 
be increased without social support and opportunities for professional development. This is self-evaluative 
component within the burnout syndrome (Maslach & Goldberg, 1998). 

There are many studies in the field of burnout syndrome among students (Adie & Wakefield, 2011; 
Divaris, Polychronopoulou, Taoufik, Katsaros, & Eliades, 2012; Galán, Sanmartín, Polo, & Giner, 2011; 
Pekmezovic, Popovic, Tepavcevic Kisic, Gazibara, & Paunic, 2011). This paper is the extension of 
previously conducted research by the authors. The first paper investigated relationship between gender and 
grade point average (GPA) with three dimensions of burnout (for more information, look in Nikodijević et 
al., 2012/64). This time the authors were examining the effects of field of study (management and IT) and 
year of study (second to final year) and the burnout dimensions. It appears there is limited research on 
these relationships, but those that exist were presented in results and discussion. 

2. METHOD 
The survey was conducted on 402 management and IT students from Faculty of Organizational Sciences, 
University of Belgrade in Serbia. Participation was voluntary and students were asked to fill the survey and 
provide socio-demographic and other characteristics of participants. Each student was assigned numerical 
code in order to ensure anonymity. From these students, 26 of them did not answer the entire questionnaire 
and were removed from the study. Convenient final sample of 376 students (93% response rate) consisted 
from equally distributed students of second to final year of studies. There were 159 male and 217 female 
participants. 

Maslach Burnout Inventory – Student Survey was used for this purpose as it is most widely used 
construct for assessing burnout. The construct consists of 15 items that represent three scales: exhaustion (5 
items), cynicism (4 items), and professional efficacy (6 items). Individual items are scored on a 7-point 
frequency rating scale ranging from 0 (never) to 6 (always) and students were asked to indicate how often 
they felt in a certain way (e.g. for exhaustion: “Studying or attending a class is really a strain for me”; for 
cynicism: “I doubt the significance of my academics”; and for professional efficacy: “I feel stimulated when 
I achieve my academic goals”). Questionnaires were distributed to participants during the winter term of 
2011/12 academic year at the end of lectures. They were informed about the aim of the study, but were not 
given any particular details. The researchers were not present in the classrooms at the time of filling the 
questionnaires and they collected them after completion. 

Reliability of MBI–SS was estimated through Cronbach alpha coefficient for internal consistency for all 
three dimensions of burnout. The coefficients were α=0.814 for exhaustion, α=0.868 for cynicism and 
α=0.773 for efficacy. Since internal reliability is assumed for correlation coefficients greater than 0.7 
(Cronbach, 1951), the results point out to a good internal consistency. Descriptive statistics was used to 
analyze the data (mean scores - M and standard deviation - SD). Afterwards, chi square test was used to 
identify differences in gender and GPA on the three dimensions of burnout and independence sample t-test 
was used to determine differences between two group means. Statistical significant results were assumed for 
p<0.05. SPSS version 20.0 was used for all analysis. 

3. RESULTS AND DISCUSSION 
Table 1 shows that 88 (23.4%) students had high score in exhaustion, 83 (22.1%) had high score in cynicism 
and 94 (25%) had low score in efficacy. Also, table 1 illustrates that 174 (46.3%) of total sample of students 
are at risk of burnout, and 78 (20.7%) are at high risk of burnout. There are no data regarding acceptable 
levels for risk of burnout, but it can be concluded that 46.3% is extremely high percentage, according to 
which almost every other student is at risk of burnout (Nikodijević et al., 2012/64). 
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Table 1: Burnout dimensions and number of students at risk of burnout (Nikodijević et al., 2012/64) 

Subscales Students 
Number % 

Exhaustion   
Low 106 28.2 

Moderate 182 48.4 
High 88 23.4 

Cynicism   
Low 125 33.2 

Moderate 168 44.7 
High 83 22.1 

Efficacy   
Low 94 25.0 

Moderate 189 50.3 
High 93 24.7 

Risk of burnouta 174 46.3 
High risk of 
burnoutb 78 20.7 

 

a Burnout - high score on emotional exhaustion or high score on cynicism or low score on efficacy 
b Burnout - high score on emotional exhaustion and high score on cynicism; or high score on emotional 
exhaustion аnd low score on efficacy; оr high score on cynicism and low score on efficacy; or high score on 
emotional exhaustion and high score cynicism аnd low score on efficacy 

 
Table 2: Differences in burnout risk between students of management and IT 

Subscales Field of study  
Management IT pb

Exhaustion    
Mean (SDa) 2.59(1.12) 2.42(1.05) 0.172 
High score, no(%) 50(27%) 38(19.9%) 0.068 
Cynicism    
Mean (SDa) 1.03(0.99) 1.08(0.96) 0.653 
High score, no(%) 40(21.6%) 43(22.5%) 0.985 
Efficacy    
Mean (SDa) 4.05(1.09) 3.81(1.01) 0.027 
Low score, no(%) 37(20.0%) 57(29.8%) 0.026 
Risk of burnout 81(43.8%) 93(48.7%) 0.340 
High risk of 
burnoutb 37(23.3%) 41(18.9%) 0.301 

aStandard Deviation 
bCorrelation is significant at p<0.05 or p<0.01 
 

Table 2 shows that 50 (27%) out of 88 students who had high score in exhaustion were management 
students and 38 (19.9%) were IT students. 40 (21.6%) out of 83 students who had high score in cynicism 
were management students and 43 (22.5%) were IT students. There is no significant difference on a burnout 
subscale of exhaustion and cynicism between management and IT students. 37 (20.0%) out of 94 students 
who had low score in efficacy were management students and 57 (29.8%) were IT students, so there is 
significant difference between these two fields of study on a efficacy subscale (p=0340). We found 
interesting that there are no significant differences between management and IT students neither in a group 
of students in risk of burnout nor in a group of students with high risk of burn out. We found no other studies 
of burnout examining these two fields of study, and the only similar research was conducted on sample of 
college music students by year in school, major, and primary instrument. Results of a multivariate analysis of 
variance revealed no statistically significant differences by selected major (Bernhard II, 2007). 

Table 3 shows that there is significant difference on exhaustion and efficiency subscale considering 
different years of study. Looking at exhaustion subscale it is shown that 8,3% of students at their final year 
of study have high score and that 38,3% of students in their second year have high score, meaning that 
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students at their second year are probably much more burdened with their obligations considering different 
tasks during their learning processes at Faculty. Another study established that students in second year of 
study were more prone to experiences of burnout (Ried, Motycka, Mobley, & Meldrum, 2006). On efficacy 
subscale, we have the situation where the lowest percentage of students having low score on efficacy 
subscale is at their fourth year of study (13.9%), while the highest is at their final year of study (55.6%). 

According to Serbian law, the final year of study is extended year where students do not have lectures but 
only the opportunity to take exams that they have deferred from previous years. So it is possible for students 
to finish their studies after fourth year. This is important because looking at risk of burnout there is a 
significant difference between years of study and the highest score have students that are at their final year of 
study (62.5%). Although there is no statistical difference between years of study in high risk of burnout, we 
believe that special attention should be given to second year students, because out of 46.8% of students that 
are in risk of burnout, 26.6% of them are in high risk of burnout which is very high and concerning 
percentage. A cross-sectional study in a sample Spanish medical students showed that pervasiveness of 
burnout risk was significantly higher in sixth-year compared with students in third year (Galán, Sanmartín, 
Polo, & Giner, 2011), which is congruent with our results. According to Santen et al, 2010, burnout peaks 
in the third year of medical school, with 42% of third year students experiencing burnout (Santen, 
Holt, Kemp, & Hemphill, 2010). 
 
Table 3: Differences in burnout risk between students by year of study 

Subscales Year of study  
Second Third Fourth Final pb 

Exhaustion      
Mean (SDa) 2.95(0.92) 2.66(1.09) 2.34(1.05) 1.99(1.06) 0.000 
High score, no(%) 36(38.3%) 23(26.1%) 23(18.9%) 6(8.3%) 0.000 
Cynicism      
Mean (SDa) 0.90(0.95) 0.94(0.91) 1.05(0.92) 1.39(1.09) 0.007 
High score, no(%) 19(20.2%) 18(20.5%) 24(19.7%) 22(30.6%) 0.100 
Efficacy      
Mean (SDa) 4.11(0.96) 3.87(1.11) 4.21(0.92) 3.26(1.06) 0.000 
Low score, no(%) 17(18.1%) 20(22.7%) 17(13.9%) 40(55.6%) 0.000 
Risk of burnout 44(46.8%) 41(46.6%) 44(36.1%) 45(62.5%) 0.005 
High risk of 
burnoutb 25(26.6%) 16(18.2%) 18 (14.8%) 19(26.4%) 0.095 

aStandard Deviation  
bCorrelation is significant at p<0.05 or p<0.01 
 

In our previous work (Nikodijević et al. 2012/64) we have shown that there is a significant difference 
between students with low GPA (grade below 8.00) and students with high GPAs (grades 8.01 or higher) on 
a cynicism and efficacy subscales. Students with low GPA had following results: 46 (27.2%) out of 83 
students had high score in cynicism and 61 (36.1%) out of 94 students had low score in efficacy. Especially 
important is the influence of efficiency on a students’ GPA for the total sample. There is no significant 
difference on a burnout subscale of exhaustion between students with low or high GPA. Detailed 
examinations of student GPAs found that students in risk of burnout have GPA of 8.11 and those that are not 
at risk have a GPA of 8.35. Therefore, there is a significant difference in GPAs between two groups of 
students (t (374) = 2, 385, p = 0,005). GPA of students with high risk of burnout is 8.04, while those who are 
not in this group have a GPA of 8.29. There is a significant difference between these two groups as well (t 
(374) = 2, 426, p = 0.016). 

As we found that 62.5% of students who are at their final year of studies are at risk of burnout and that 
there is important correlation between students with low GPA and risk of burnout, we examined how many 
students at their final year have low GPA. So we found that 36 out of 45 students have low GPA, which 
makes 80% of students that are in a risk of burnout are at their final year of study, and 73.3% (33 of 45) are 
IT students. 

As we mentioned above that special attention should be given to second year students, because 26.6% of 
students are in high risk of burnout. We found that there is a significant difference between students that are 
at their second year of study with low GPA and high GPA (p=0.044). Looking at the chart below and the 
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previous results we should pay particular attention on second year students who are IT students and have low 
GPA. 

 
 

Chart 1: Differences between second year students 
 

4. CONCLUSION 
Main results from this study show that there is a significant difference between management and IT students 
on burnout subscale of efficacy. Interesting is that looking at all three dimensions of burnout in risk of 
burnout and high risk of burnout, there is no significant difference between management and IT students, but 
there is a significant difference between years of study. With special attention second year students should be 
considered, especially the ones with low GPA studying IT. 

In the course of future research, the authors will analyze several other characteristics of students like 
source of financing (government budget or self-financing), employment status (unemployed, part-time 
workers and full-time workers), hometown, and amount of time dedicated to learning activities and class 
attendance. 
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Abstract: In many case-control studies, it is common to utilize paired data when treatments are being 
evaluated. To operate with sets of paired observations, well-known classical procedures such as the 
Wilcoxon signed-rank test and the paired t-test are widely used in statistical practice. Recently proposed 
empirical likelihood (EL) concepts for creating distribution-free approximations of powerful parametric 
likelihood ratios cause to develop efficient alternatives to the classical tests for paired data. The EL 
methodology is commonly presented via nonparametric likelihoods of cumulative distribution functions, 
whereas most powerful parametric tests have structures that consist of density functions. In this paper, we 
present the density-based EL ratio test for the equality of the marginal distributions when sampling from a 
bivariate population. We show that in various shift alternative cases the presented test is superior to the 
classical procedures that may break completely or are frequently inferior to the density-based EL ratio test, 
when non-constant shifts in the two-sample problem are in effect or data distributions are skewed.   

Keywords: Density-based empirical likelihood, Paired data, Paired t-test, Two-sample location problem, 
Wilcoxon test. 

1. INTRODUCTION 

Let ),,( 11 YX …, ),( nn YX  be a random sample from a bivariate population with a continuous joint distribution 
function ),( yxF and the marginal distributions ( ),  ( )X YF x F y of iX  and iY , respectively. The common 
statistical procedures for testing 0 : =0H   versus 1 : 0H    through the relationship )()(  xFxF YX  
are the paired t-test, the sign test and the Wilcoxon signed-rank test. These tests are based on only the n 
differences iii YXZ   (e.g., Fellingham and Stoker 1964, Bhattacharya et al. 1982). In this case, the 
classical procedures are proposed to test whether a distribution function of Z is symmetric about zero.  

The likelihood principle is arguably the most important concept for inference in parametric models (e.g., 
Lehmann and Romano 2005). Recently the likelihood approach has also been shown to be useful in 
nonparametric contexts. The empirical likelihood (EL) is one of a growing array of artificial or approximate 
likelihoods currently in use in statistics. The EL method for testing has been dealt with extensively in the 
literature (e.g., Owen 2001, Lazar 2003, Yu et al. 2010). Since to create an EL function the nonparametric 
likelihood   


n

i ii ZFZF
1

)()(  of a cumulative distribution function F should be considered, this EL 
technique is ‘distribution functions’-based. For example, the EL function can be presented in the form of 




n

i ip pL
1

, where the components nipi ,,1,   maximize the likelihood pL  provided that empirical 

constraints, based on nZZ ,,1  , are in effect (e.g., 1
1

 

n

i ip , 0
1

  i

n

i i Zp , where i

n

i i Zp1
 is an 

empirical form of EZ , under the hypothesis 0EZ ). Computation of the EL’s components nipi ,,1,   
is commonly a simple exercise in Lagrange multipliers.  

According to the Neyman-Person Lemma, a well-known fundamental result in statistical hypothesis 
testing, the likelihood ratios of densities can provide most powerful tests. Alternatively to the ‘distribution 
functions’-based EL methodology, Vexler and Gurevich (2010) and Gurevich and Vexler (2011) proposed to 
approximate the likelihood 

 ZZ  ),(  ,)( (n)(2))1()(11
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of a density function f deriving values of nff ,,1  that maximize fL and satisfy an empirical constraint 

related to 1)(  duuf . This density-based EL approach was applied to construct efficient goodness-of-fit 
tests, improving powerful well known statistics based on sample entropy (e.g., Vasicek 1976, Dudewicz and 
Van Der Meulen 1981).  

In this article we present a new exact test for the general two-sample problem of detecting shift 
alternatives in the bivariate data setting. The proposed distribution free test statistic approximates parametric 
likelihood ratios using an extension of the density-based EL methodology. Albers et al. (2001) pointed out 
that for many applications a simple constant shift in locations of alternative distributions is far from realistic. 
However, for example, in the cases when the variance of X differs from that of Y and the marginal 
distributions )(),( yFxF YX  are symmetric about an approximately same point, the standard procedures for 
testing )()( xFxF YX   may break completely. This is not the case for the presented EL-based test. We 
show that the proposed test is also efficient to detect nonconstant shift alternatives occurring in the two-
sample problem.  

The paper is organized as follows. In Section 2 we state the problem formally and describe the proposed 
method. In Section 3 we study operating characteristics of the suggested test concerning a significance level, 
asymptotic consistency and Monte Carlo power comparisons between the suggested test and classical 
procedures for various designs of data distributions. Our conclusions are presented in Section 4. 

2. STATEMENT OF THE PROBLEM AND THE METHOD  

Let nZZ ,,1   be independent identically distributed random variables with unknown distribution and 
density functions,  xF  and  xf , respectively, where i i iZ X Y   as mentioned in Section 1. In the formal 
context of hypotheses testing, we state the problem to test for the null hypothesis 

)(1)( :0 uFuFH  , for all  u .      (1)

versus   
)(1)( :1 uFuFH  , for some   u .  

The likelihood ratio of nZZ ,,1   is  
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where  ufH1
,  ufH0

 denote the density functions of Z under 1H  and 0H , respectively, 

(1) (2) ( )... nZ Z Z    are the order statistics based on the nZZ ,,1  , and 

 , ( ) ,  0,1,   1, ,
k kH j H jf f Z k j n    . To generate the nonparametric test for (1) we first estimate the values 

of
1, ,  1, ,H jf j n  . This is accomplished via maximizing the log-likelihood   

n

j jHf
1 ,1
log  provided that 

njf jH ,,1,,1
  satisfy an empirical constraint that is an empirical form of 1)(

1
 duufH (e.g., see Vexler 

and Gurevich (2010) for details). To formalize this constraint, we specify ( ) (1)jZ Z , if 1j  , and 

( ) ( )j nZ Z , if j n , and utilize the relationship 
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for all integer 
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m  , which appears in Proposition 2.1 of Vexler and Gurevich (2010). Since 
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when 0/ nm , as nm,  (e.g., Gurevich and Vexler 2011, Vexler et al. 2012).  

Let 
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HF  and 
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HF  denote estimators of 
0HF and 

1HF , respectively. Utilizing the approximate analog to the 
mean-value integration theorem, the empirical approximations 
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can be derived and applied to (3). While utilizing the empirical distribution function 
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 (  I  is the indicator function) in these approximations, we can record the empirical version of (3) in the 
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To define 
0

ˆ
HF , the distribution free estimation for a symmetric distribution with centre zero proposed by 

Schuster (1975) is applied: 
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with a Lagrange multiplier  . It is not difficult to obtain that 
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are the roots of the equation 
1,/ 0H jf    such that they satisfy (4). This implies that the empirical 

maximum likelihood approximation to the H1-likelihood 
1,1
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  can be presented as 
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Thus, the likelihood ratio (2) has the empirical form 
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This test statistic is the density-based empirical likelihood ratio having a structure similar to those of 
statistics based on sample entropy applied to test for goodness-of-fit (e.g., Vasicek 1976, Dudewicz and Van 
Der Meulen 1981, Vexler and Gurevich 2010). Although entropy-based tests are known to be very powerful 
there are difficulties when applying these tests in practice. The actual power of the entropy-based tests 
strongly depends on integer parameters involved in the related structure of the test statistic. For example, the 
distribution function of nmV  at (5) depends on m. Gurevich and Vexler (2011) and Vexler et al. (2013) 
outlined the considerations that are necessary in order to modify the test statistic (5) to be of the slightly 
modified form 
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Now to complete the construction of the test statistic, we note that 0/ nm  as nm, is a necessary 
assumption. In accordance with the constraints at (3) and (4), the requirement 0/ nm  as nm,  
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Finally, we present the new test statistic taking the form 
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0.5 1( ) ,  ( ) min( , / 2),   (0,1/4)a n n b n n n      , (here, in a similar manner to Canner (1975), we will 
arbitrarily define njm /1 , if 0 jm ). The condition on m as stated in (6) is necessary in order to 

facilitate the EL ratio test as an asymptotic power one procedure. The nV -test developed for hypothesis 
testing (1) is to reject the null hypothesis if  

 log nV C , (7)

whereC  is a test-threshold. It is shown in Section 3 within a Monte–Carlo study that the power of the test 
(7) is not associated significantly with values of (0,1/4)  under various alternatives. 

3. OPERATING CHARACTERISTICS OF THE SUGGESTED TEST 
In this Section we study the properties of the test defined at (7). 

3.1. Significance level of the test 

Since the test statistic nV  involves the indicator functions  I  and 
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where  x1  is an inverse function of the standard normal cumulative distribution function  x , the null 
distribution of the test statistic is independent of the distribution of observations 1, , nZ Z . This fact implies 

that      0 1, , ~ (0,1)log log
nH n X X Norm nP V C P V C   . Hence, the test (7) is exact and the corresponding 

critical values can be tabulated for fixed sample sizes.  

3.2. Consistency 
The consistency of the suggested test (7) is stated in the following proposition. 
Proposition 1. Let  xf  define a density function of the observations nZZ ,...,1  with the finite expectations 

  1log ZfE  and      11 5.05.0log ZfZfE  . Then 
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as n , for all  4/10   in the definition (6) of the statistic nV . 
It is clear that, under 0H  the ratio    1 1/ 1f Z f Z  , hence 
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Under the alternative 1H , we have  
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This implies that the test statistic   nVlog  is consistent. 

3.3. Power study 
In this subsection, we examine the powers of the considered test (7) in various cases using Monte Carlo 
simulations. We compare this test with the well-known statistical procedures, such as two-sided Wilcoxon 
signed-rank test and the two-sided paired t-test. The following Monte Carlo study was performed for different 
sample sizes and values of   in definition (6). In this Monte Carlo power study critical values of all considered 
tests were utilized to guarantee the type I error rate at 0.05 ( 0.05  ). The Monte Carlo experiments for 
investigating the power properties of the tests were repeated 25,000 times. The alternatives used in the Monte 
Carlo evaluations were chosen to represent the following situations: 1) constant shifts in location (e. g., 
X~N(0,1), Y~N(0.5,1)); 2) constant and nonconstant shifts (e.g., X~N(0,1), Y~N(0.5,22)); 3) nonconstant shifts 
(e.g., X~Beta(0.7,1), Y~Exp(2)); 4) skewed alternatives (e.g., X~LogN(1,1), Y~LogN(1,0.52)). Note that a 
constant shift in location often does not correspond to cases of practical applications (Albers et al. 2001). 
Results of the Monte Carlo experiments are partially presented in the following Table 1.  
 

Table 1: Monte Carlo Powers of the test (7) with different values of  , two-sided Wilcoxon signed rank test 
and paired Student's t-test; at α=0.05. 

FX FY n Suggested test (7) Wilcoxon test t-test 

       
   0.025 0.05 0.10 0.15   

N(0,1) N(0.5,1) 25 0.359 0.359 0.359 0.357 0.376 0.394 
  50 0.605 0.605 0.605 0.605 0.659 0.687 

N(0,1) N(0.5,22) 25 0.169 0.169 0.169 0.169 0.178 0.187 
  50 0.285 0.286 0.287 0.287 0.319 0.338 

χ2
df=6 LogN(0,32) 25 0.818 0.818 0.813 0.816 0.174 0.035 
  50 0.999 0.999 0.999 0.999 0.263 0.096 

Gamma(5,1) Gamma(1,5) 25 0.165 0.165 0.164 0.160 0.104 0.064 
  50 0.449 0.448 0.445 0.441 0.150 0.060 

Beta(0.7,1) Exp(2) 25 0.089 0.089 0.088 0.089 0.063 0.079 
  50 0.297 0.296 0.293 0.287 0.078 0.150 

LogN(1,1) LogN(1,0.52) 25 0.175 0.175 0.172 0.164 0.084 0.127 
  50 0.471 0.469 0.464 0.457 0.128 0.350 

U[1,2] LogN(0,1) 25 0.500 0.500 0.496 0.485 0.164 0.068 
  50 0.967 0.966 0.966 0.965 0.257 0.053 
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From Table 1 it turns out that power of the suggested test is robust to the various values of δ that appeared 
in the definition (6). Thus, for practical use, we recommend a value of  δ=0.1. When a constant shift is in 
effect, the new test demonstrates a relatively small power loss in comparison to Wilcoxon’s signed-rank test 
and the paired t-test (note that given normally distributed observations the paired t-test is expected to be most 
powerful). However, for other considered situations (nonconstant shifts, skewed alternatives) the new test 
clearly shows high and stable power as compared to the classical procedures. Thus, the suggested test is a 
reasonable alternative to existing nonparametric tests to carry out testing using paired data. 

4. CONCLUSION 
In this paper we introduced a general approach for constructing density based EL approximations to a 
Neyman-Pearson type parametric likelihood ratio test-statistic given paired data. We illustrated that an exact 
and robust nonparametric test derived this way has high and stable power over a variety of alternative 
distributions. The Monte Carlo study, presented in the paper, demonstrates that the suggested test is very 
efficient, even outperforming the standard procedures in many cases. We showed that when the underlying 
data are normally distributed and only a location shift is assumed under the alternative hypothesis, the 
suggested test has high power to detect differences in location, resulting in a relatively small power loss as 
compared to the classical two-sided Wilcoxon signed-rank test and the two-sided paired t-test. On the 
contrary, in the case of nonconstant location-shift and skewed alternatives the suggested test achieves a 
substantial power gain in comparison to the standard procedures. Therefore, the suggested test can be utilized 
as a very powerful tool in nonparametric statistical inference applied to two-sample problems based on 
paired data.  
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Abstract: Education is one of major human development indicators, and thus it is quite important to impose 
a way to measure educational development. This paper defines an educational development measurement 
based on a recently acknowledged statistical method, I-distance method, which combines a whole set of input 
parameters into one indicator suitable for comparative measurement and evaluation. Particularly, this paper 
evaluates educational development solely based on non-financial indicators. Special attention in this article 
is focused on the position and perspectives of Balkan countries, among the European educational 
development rankings. The Balkans are currently differently, but predominantly low ranked. They are still 
far away from meeting the EU development goals, and they have to improve all educational indicators in 
order to move up the ranking scale. Nonetheless, there are many fields with an open perspective to progress. 

Keywords: Educational development, Europe, ranking countries, I distance, the Balkans. 

1. INTRODUCTION 
The concept of development enables measuring the development of a country compared to other countries, 
as well as an economic, social, cultural or technological advancement of a country. The two most important 
ways of measuring development are economic development and human development. Economic 
development is a measure of a country's wealth and how it is generated (for example agriculture is 
considered less economically advanced then banking). 

Human development measures the access that society has to wealth, education, nutrition, health, culture, 
etc. Regarding this statement, education performs such a rudimentary influence on society. It has an 
important social role (McGrath 2012; Benkovic and Dobrota 2012), and is a major component of human 
development UNDP (2012). UNESCO (2013) sees education as key to human, social, and economic 
development, and promotes a sustainable world which values knowledge. Although education has a 
significant influence on life, the average education is not the same in different areas.  

This study attempts to investigate the position and perspectives of Balkan countries in the overall 
educational structure and development framework of European countries. The primer goal of the study is to 
evaluate countries according to their educational development using recently acknowledged statistical 
method, and to compare the results with the Education index (Education index 2012), an international 
Human Development Indicator (HDI). The Education index is based on a small number of criteria, and does 
not include such a detailed analysis as is presented in this paper. The second goal of the study is to define 
and evaluate the positions of the Balkans within this study, and to analyse their perspectives and give ideas 
for possible improvements.  

Research data were obtained from Eurostat (2013) that includes levels of educational development and 
structure, based on individual criteria. The main purpose of the study presented in this paper is to use these 
individual criteria to evaluate and rank countries according to their educational development, using the 
statistical I-distance method (Ivanovic 1977). This study aims to include all research parameters by 
combining them in an order to form a common indicator of educational structure. Therein, the I-distance 
method calculates an indicator that can represent a rank. In addition, this method is quite comprehensive, as 
it explains in detail the importance of the criteria the ranking is based upon. This research is an extension to a 
previous study where we have managed to infiltrate the financial indicators into the Educational evaluation 
rank that we have created, and also to emphasise and explain its importance, thus basing the indicator on 
both economic and human development. However, in order to obtain a more comparable image of the 
Balkan countries, we have dropped out financial indicators for the purpose of this analysis, and based our 
research on non-financial indicators instead.  

There had been a lot of research where the ranking of higher education institutions was considered to be 
of extreme importance to society (e.g., Merisotis 2002; Liu and Cheng 2005; Dill and Soo 2005; Brooks 
2005; Marginson and van der Wende 2006; Jeremic et al. 2011a; Rusu 2011; Jovanovic et al. 2012). 
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However, not so many evaluated and ranked countries according to educational development. There has been 
a research where authors Liu and Chang (2005) ranked countries by the number of universities that are 
among top 20, 100 200, 300, 400 and top 500 on the Academic Ranking of World Universities list (ARWU 
2012).  

The I-distance method is an approach for ranking entities, which has recently been used in several 
published papers (Jeremic and Radojicic 2010; Al-Lagilli et al. 2011; Jeremic et al. 2011a; Jeremic et al. 
2011b). Al-Lagilli et al. (2011) ranked EMR countries regarding their health system performance by 
applying the statistical I-distance method; the authors of this paper claimed that the method provided 
information on the input variables crucial for determining a country’s health system performance. Jeremic et 
al. (2011a) ranked higher education institutions and compared the results with the ARWU list; their results 
showed a significant correlation with the official ARWU list, as well as finding some inconsistencies 
concerning European universities. This paper is thus based on a metric that has recently been promoted as a 
very successful tool for evaluating and ranking entities. Pointing out to the problem of finding the best metric 
is precisely the reason for this paper to propose evaluating and ranking countries using the approach 
introduced by Ivanovic (1973) and recommended by Jeremic et al. (2011a). In addition, this paper compares 
this ranking to the ranking given by the Education index (2012), and investigates in detail the positions of the 
Balkans compared to other countries, giving an overall image of their opportunities in Europe. 

2. RESEARCH ISSUE 
United Nations (UNDP 2012) have defined the measurement of education development through the 
Education index, one of three equally important measures for the calculation of a country’s Human 
Development Indexes, as well as a summary measure of human development. The UN’s methodology of 
calculating the Education index, which had been used until 2010, combined the adult literacy rate (with a 
two-thirds weighting) and the primary, secondary, and tertiary gross enrolment ratio (with a one-third 
weighting). The UN’s new methodology now calculates the Education index by using the mean of years of 
schooling for adults aged 25 years and expected years of schooling for children of school entering age 
(UNDP 2012). The indicators are normalized using a minimum value of zero and maximum values are set to 
the actual observed maximum value of mean years of schooling from the countries in the time series. 
Expected years of schooling is maximized by its cap at 18 years. The education index is the geometric mean 
of two indices. 

Regardless of the calculation methodology, the Education index only combines two parameters. The issue 
addressed in this paper introduces improvement to the methodology used for countries’ rankings according 
to their educational structure and development. The hypothesis presented in this research paper is that this 
variety of evaluation can be more accurate when more than two parameters are used.  

The I-distance method is precisely what allows for the ranking of countries by taking many parameters 
into consideration. The main data source used in this research paper has been the set of joint UOE (UNESCO 
Institute of Statistics (UIS), OECD, Eurostat) questionnaires on education and other Eurostat-specific tables 
(Eurostat 2012). Comparable data, statistics and indicators on education for 30 countries are provided for the 
purposes of this study. The countries used include member states of the EU, and a set of Balkan countries 
that are not members of EU (see Section 4, Table 1).  

We based the ranking on eleven different criteria chosen to determine countries’ educational structure and 
development: 
 School Expectancy - Expected years of education over a lifetime (this type of estimate is accurate if 

current patterns of enrolment continue on the same trend in the future).  
 Pupils and students enrolled - Total percentage of people enrolled in the regular education system in each 

country. It covers all levels of education from primary education to postgraduate studies.  
 Participation rate of four-year-olds in education - Percentage of four-year-olds who are enrolled in 

education-oriented pre-primary institutions. 
 Tertiary education - Total percentage of people who are enrolled in tertiary education (including 

university and non-university studies) in the regular education system of each country.  
 The share of women among tertiary students - Percentage of women among all students in tertiary 

education, regardless of the field of education they are in.  
 Pupils learning English - Percentage of all pupils in upper secondary education who are learning English 

as a foreign language. It only covers general and not vocational education in countries where English is 
described as a foreign language in the curriculum or other official document relating to education in the 
country. 
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 Science and technology graduates tertiary (1000 of population) - New tertiary graduates in a calendar 
year, from both public and private institutions, who have completed their graduate and post graduate 
studies, as compared to the age group that corresponds to the typical graduation age in the majority of 
countries.  

 Life-long learning - Percentage of the adult population aged 25 to 64 participating in education and 
training. The information collected relates to all education or training whether or not relevant to the 
respondent's current or possible future job. 

 18-year-olds in education - Percentage of all 18-year-olds who are still in any kind of school (all ISCED 
levels). It gives an indication of the number of young people who have not abandoned their efforts to 
improve their skills through initial education and it includes both those who had a regular education 
career without any delays as well as those who are continuing even if they had to repeat some steps in 
the past. 

 Foreign languages learnt per pupil - Average number of foreign languages learned per pupil in secondary 
education. A foreign language is recognized as such in the curriculum or other official document relating 
to education in the country.  

 Total population having completed at least upper secondary education - The indicator shows the 
percentage of the adult population (25-64 years old) that has completed upper secondary education. The 
indicator aims to measure the share of the population that is likely to have the minimum necessary 
qualifications to actively participate in social and economic life. It should be noted that completion of 
upper secondary education can be achieved in European countries after varying lengths of study, 
according to different national educational systems. 

All these variables represent non-financial indicators of educational structure. Financial have not been 
taken into consideration in order to obtain a clearer image, more comparable with Education index. The data 
collected for this research are for the year 2010, and correspond to latter-day data on Eurostat. The 
evaluation measurement gained in the research has been compared to the Education index for the year 2010. 
The index lends a different perspective than the I-distance ranking, since it is calculated solely based on two 
indicators: mean years of schooling (of adults) and expected years of schooling (of children). These indexes 
have been included in the I-distance analysis through following indicators: School Expectancy, Pupils and 
students enrolled and Tertiary education. Other indicators have been included due to the revelation of better 
educational structure together with investments in future education development. This all makes I-distance 
rank to be more comprehensive and precise. 

3. METHODS 
The I-distance method used in this research provides the single synthesized indicator which is created upon 
the whole specific set of indicators. Ranking of specific entities is often performed in a way that can 
seriously affect the process of activities, such as taking exams, sports competitions, UN participation, 
University ranking, medicine selection and many other areas (Al-Lagilli et al. 2011; Ivanovic 1973; Ivanovic 
and Fanchette 1973; Jeremic, and Radojicic 2010; Jeremic et al. 2011a; Radojicic and Jeremic 2012b). 

I-distance is a metric distance in an n-dimensional space, which has recently made a significant 
breakthrough in a number of scientific achievements. It was originally proposed and defined by B. Ivanovic 
and has appeared in various publications since 1963 (Ivanovic 1973). A notable, striking affirmation of the 
method has been its use in University ranking (Jeremic et al. 2011a), and evaluating the socio-economic 
development of counties (Jeremic et al. 2012a).  

Ivanovic devised this method to rank countries according to their level of development based on several 
indicators. Many socio-economic development indicators were considered, but the problem was how to use 
all of them in order to calculate a single synthetic indicator, which will thereafter represent the rank. 

For a selected set of variables  1 2, ,...T
kX X X X  chosen to characterize the entities, the I-distance 

between the two entities  1 2, ,...r r r kre x x x  and  1 2, ,...s s s kse x x x  is defined as 
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    (1) 

where ( , )id r s is the distance between the values of variable iX  for re  and se , e.g. the discriminate effect, 

 ( , ) 1,...i ip isd r s x x i k    (2) 
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i  the standard deviation of iX , and .12... 1ji jr   is a partial coefficient of the correlation between iX  and 

jX ,  j i , (Ivanovic 1973; Jeremic et al. 2011d; Jeremic et al. 2012b). 
 

The construction of the I-distance is iterative; it is calculated through the following steps: 
 Calculate the value of the discriminate effect of the variable 1X  (the most significant variable which 

provides the largest amount of information on the phenomena that are to be ranked (Ivanovic 1977)) 
 Add the value of the discriminate effect of 2X  which is not covered by 1X  
 Add the value of the discriminate effect of 3X  which is not covered by 1X  and 2X  
 Repeat the procedure for all variables (Jeremic et al. 2011e; Maletic et al. 2012). 

 
Sometimes, it is not possible to achieve the same sign mark for all variables in all sets; as a result, a 

negative correlation coefficient and a negative coefficient of partial correlation may occur (Jeremic et al. 
2011b 2012; Dobrota et al. 2012). This makes the use of the square I-distance even more desirable. The 
square I-distance is given as: 
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The I-distance measurement is based on calculating the mutual distances between the entities being 
processed, whereupon they are compared to one another, so as to create a rank. In order to rank the entities 
(in this case, countries), it is necessary to have one entity fixed as a referent in the observing set using the I-
distance methodology. The entity with the minimum value for each indicator or a fictive maximum or 
average values entity can be set up as the referent entity. The ranking of entities in the set is based on the 
calculated distance from the referent entity (Jeremic et al. 2011c; Knezevic et al. 2012; Radojicic et al. 
2012a). 

4. RESULTS  
Results of our research are given in Table 1. When it comes to educational development, Finland, Sweden, 
Denmark, Lithuania, and Ireland take highest places in the ranking list. On the bottom of the list we find 
Portugal, Turkey, Cyprus, Malta, and Former Yugoslav Republic of Macedonia. The comparison of the 
Educational index and actual I-distance rankings for year 2010 is also given in Table 1 and Figure 1. 

Analysing the results, we notice that there are slight but obvious differences between the I-distance rank 
and the Education index rank, calculated according to UN methodology. This result is to be expected, taking 
into account that the ranks depend on the parameters included in the analysis and the applied methodology. 
Firstly, we have calculated a Spearman’s rho statistic, in order to compare ranking of countries, and the 
correlation is found to be significant with rs = 0.762, p < 0.001. So, if the I-distance ranking is compared to 
the Education index ranking, it can be concluded that the ranks are similar, but they do differ in certain 
positions and orders. Secondly, we have calculated the correlation between the I-distance value and the 
Education index, and fount that it is also significant, r = 0.678, p < 0.001. However, the I-distance rank can 
be considered far more precise than the Education index, since it is based on a larger number of indicators, 
which include educational structure and development perspectives. This allows for a more accurate image of 
positions and perspectives of certain countries within the ranking list. 
Main reason for choosing the I-distance method prior to another ranking method is its capability to establish 
the unique ordered set of input variables that can explain the very process of evaluation and ranking. To be 
more precise, method establishes the variables that are most important for measuring and evaluating the 
educational development of countries. Therein, a Pearson correlation test has been used to determine the 
significance of input variables. The correlation coefficient of each variable, with the I-distance value is 
presented in Table 2.  

The most significant variable for determining a country’s educational development is School expectancy, 
which represents the expected years of education over a lifetime. Its correlation with I-distance value is 0.75 
and it is significant at the 0.01 level (p < 0.01). This is one of the reasons why Finland, Sweden, and 
Denmark hold top positions in the ranking list. Expected years of education over a lifetime in these countries 
are over 19. Lithuania and Ireland follow, with school expectancy over 17 years. On the other hand, we find 
Turkey, Cyprus, Malta, and Former Yugoslav Republic of Macedonia at the bottom of this list with 
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approximately 15 years of average school expectancy, which refers to slightly above the primary school 
completed.  
 
Table 1: I-distance values, I-distance rank, Education index values, and Education index rank 
Country I–distance value I–distance rank Education index Education index rank
Finland 92.81 1 0.877 11 
Sweden 80.79 2 0.904 8 
Denmark 73.16 3 0.924 6 
Lithuania 68.73 4 0.883 9 
Ireland 63.2 5 0.963 1 
Estonia 61.59 6 0.916 7 
Poland 61.2 7 0.822 21 
Belgium 60.42 8 0.882 10 
Slovenia 57.41 9 0.933 2 

Latvia 56.9 10 0.873 14 
Czech Republic 55.94 11 0.924 6 
Netherlands 55.31 12 0.931 3 
United Kingdom 52.84 13 0.815 22 
Slovakia 52.74 14 0.875 12 
France 49.72 15 0.87 15 
Romania 47.46 16 0.831 20 

Greece 46.75 17 0.861 17 

Austria 46.61 18 0.858 18 
Germany 44.45 19 0.928 4 
Spain 43.05 20 0.874 13 
Italy 42.82 21 0.856 19 
Luxembourg 38.89 22 0.771 27 
Hungary 38.75 23 0.866 16 
Croatia 33.69 24 0.778 26 

Bulgaria 31.86 25 0.802 23 

Portugal 31.59 26 0.739 28 
Turkey 27.93 27 0.583 30 

Cyprus 27.21 28 0.798 24 
Malta 23.28 29 0.797 25 
Former Yugoslav  
Republic of Macedonia 

12.04 30 0.696 29 

 
Variables that follow are 18-year-olds in education, Science and technology graduates tertiary (1000 of 

population), Tertiary education, Life-long learning, Pupils learning English secondary, and Total population 
having completed at least upper secondary education. As mentioned before, this study particularly analyses 
the non-financial set of indicators that can be used to describe the educational development, in order to lose 
the influence of wealthier counties.  

Pupils and students enrolled, Share of women among tertiary students, and Four-year-olds in education 
Participation rate are variables that also slightly affect the evaluation process. On the other hand Pupils 
learning English has shown no significance in evaluating process.  
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Table 2: Correlation between input variables and I-distance scores 
 Variables Correlations 
School expectancy 0.750** 
18-year-olds in education (%) 0.714** 
Science and technology graduates tertiary (1000 of population) 0.675** 
Tertiary education (% of population) 0.626** 
Life-long learning (%) 0.607** 
Pupils learning English secondary (%) 0.563** 
Total population having completed at least upper secondary education 0.552** 
Pupils and students enrolled (% of population) 0.494** 
Share of women among tertiary students (%) 0.458* 
Four-year-olds in education Participation rate (%) 0.366* 
Foreign languages learnt per pupil 0.080 

 
Differences between the rankings are best shown in Figure 1. The biggest differences are to be found for 

Germany, which ranks 4th according to Education index, yet the I-distance method puts it in 19th place, and 
Poland which differently ranks 21st according to Education index ranking list, the I-distance ranking has 
raised it up to the 7th  position. In both cases, the main causes of the difference can be found in the variables 
School Expectancy, 18-year-olds in education, and Science and technology graduates tertiary. Germany's 
expected years of education over a lifetime is 17.9, and sience and technology graduates 14.8, which made it 
lose a significant ranking position in I-distance rank, compared to the Education index rank. Yet, Polands 
higher school expectancy and much greater number of 18 year olds in education cause rank improvement in 
I-distance over the Education index. This perspective proves the initial hypothesis, that the ranking can be 
even more accurate if more than two parameters are used. 

 

  
Figure 1: Differences between I-distance rank and Education index rank 

 
The main sight of this paper represents the analysis of positions and perspectives of Balkan countries 

within the educational development structure of European countries. The Balkans for which the data have 
been available are marked bold in Table 1. The paper actually attempts to answer the question: “What is the 
current state of educational development in Balkan?” We found that Balkan countries are differently, but 
predominantly low ranked, by both the I-distance and Education index rankings. Yet, we will focus on the 
results gained by I-distance considering its comprehensiveness and the recent significant breakthrough in 
scientific achievements.  

Slovenia is expectedly best ranked and it takes 9th place, by I-distance, which lowers it comparing to 2nd 
Education index ranking place. It is followed by Romania and Greece, taking 16th and 17th place respectively. 
Croatia, Bulgaria, Turkey, and TFYR Macedonia are beyond, taking 24th, 25th, 27th, and 30th place 
respectively. This can also be explained with the variables that are shown to be the most important in the 
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educational development measurement. Although the school expectancy is not quite high in Slovenia (15 
years), it has the highest percentage of 18 year olds in education (90.6), quite high number of science and 
technology graduates (14.8) and 5.66 per cent of population in tertiary education. For comparison, TFYR 
Macedonia, which has the lowest rank by both I-distance and Education index measurement, has average 
school expectancy 13.9 years, the percentage of 18 year olds in education is 57.3 (only 37.4 in Turkey), 
number of science and technology graduates per 1000 is 6.4 and only 3 per cent of population in tertiary 
education. 

The position of Greece is interesting since there has not been a change in a rank. Although it takes 17th 
place its school expectancy is highest among Balkan countries, 18.4 years. Yet there are only 66.5 per cent of 
18 year olds in education, and 12.8 science and technology graduates per 1000 of population. Romania has 
though slightly improved its rank and from 20th by Education index, came to 16th place by I-distance metrics. 
Its expected years of schooling is 17.38 and there are even 77.4 per cent of 18 year olds in education. Croatia 
and Bulgaria are holding the similar ranks, but are ranked quite low by both I-distance and Education index 
metrics. All in all, it is obvious that Balkan countries are overall still far from meeting EU development 
goals.  

5. CONCLUSION 
This paper briefly presented the results of a research that introduces a new perspective on the measurement 
of countries’ educational development, as implemented by using the I-distance method, and compares it with 
the already familiar Education index. As opposed to the Education index, which had included only two 
parameters into the calculation of an index - the mean of years of schooling and expected years of schooling, 
I-distance used the eleven non-financial indicators related to the education development and arranged them 
according to a specific order of importance, being able to reveal what variables are most relevant for 
measuring the education development level of countries. I-distance is proven to be very good measurement 
tool, since the Pearson correlation between the I-distance values and the Education index values is 
significant, r = 0.678, p<0.001.  

Education index may be found somewhat unrealistic and questionable; especially due to the fact that the 
United Nations reputes all countries with an Education index over 0.716 to be highly developed. Overall, the 
I-distance method resolves this problem, providing a more impartial image of the whole issue. The I-distance 
method could easily become a new “golden standard” in the days to come (Jeremic and Radojicic 2010). 

This paper was also able to perform a detailed analysis of position of Balkan countries in the European 
educational framework. The overall position of Balkan countries is low comparing to European averages. It 
is essential for lower-ranked countries to improve the most significant educational development indicators in 
order to improve their overall position in the ranking process, by identifying areas of high and low growth in 
education-related development. It is clear that the Balkans have a long road ahead of it in order to achieve 
European Union development goals and become a full member of the EU.  
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Abstract: The purpose of the paper is to econometrically exploit the characteristics of unemployment in 
Serbia upon the start of the 2008 economic crisis. The methodological framework is based on the cointegrated 
vector autoregressive model that consists of the following macroeconomic variables: unemployment rate, 
prices, nominal wages and nominal exchange rate. These variables are unit-root processes and their 
relationship is examined within the multivariate cointegrated time series set-up. Following the deductive 
modelling approach we reached the specification that explains unemployment rate by real wages. The results 
show the negative consequences of the economic crisis to the labour market, with an extremely high increase 
in the unemployment rate. Strong negative impact of real wages on unemployment rate is additionally 
confirmed by its dynamic effects throughout the impulse response function.   

Keywords: Cointegrated vector autoregressive model, impulse response function, real wages, unemployment 
rate 

1. INTRODUCTION 
Unemployment has always been considered as substantially important economic and political issue that 
society has to deal with. What is the cause of high unemployment rate? The reasons are numerous, but some 
of them could be highlighted as the most important, such as economic crisis that hits the whole economy and 
transition period (restructuring the economy from state and socio-owned to the market based).  

The transition period in Serbia has been followed by extremely high unemployment rates. In order to 
make a continuous progress and development it is necessary to reduce the unemployment and to increase the 
employment. Continuously high unemployment rates in Serbia have made labour market the one of the most 
popular topics among economists, politicians, academics, but also in a media and everyday life.  

There are a number of papers concerning long transition period in Serbia, world recession that had great 
effects on the Serbian economy, privatization, and also impact of those processes at the labour market. 
However, little work has been done on econometric modelling of unemployment rate and other 
macroeconomic variables especially over the last few years.  

The purpose of this paper is to present econometric results of estimating long-run relationship that 
explains unemployment rate in Serbia from 2008 on. The paper is structured as follows. Section 2 provides 
key characteristics of the labour market in Serbia in the period 2008-2011 and underlines the differences 
between unemployment trends in Serbia and other European countries. Section 3 contains the empirical 
results. They are derived starting from the four-variable system (prices, nominal wages, nominal exchange 
rate and unemployment rate) that finally reduces to the system between unemployment rate and real wages. 
Cointegrated vector autoregressive model is used as a methodological framework. Strong negative impact of 
real wages to unemployment rate has been detected by several cointegration approaches as well as by the 
impulse response function. Existing empirical results for other countries, both developed and developing, are 
presented in Section 4. Concluding remarks are summarized in Section 5.   

2. LABOUR MARKET IN SERBIA 
Trends at the labour market in Serbia are worse than in EU countries. Although the most developed 
European countries experienced an increase in their unemployment rates in the period of a huge recession, 
Serbia is one of the leaders in Europe. Activity rates and employment rates are less than in other countries, 
and consequently the unemployment rate is one of the highest in Europe. Table 1 gives information about the 
dynamic of indicators of the labour market in Serbia for the period 2008-2011. Both absolute and relative 
data are provided. The participation and employment rates are constantly decreasing, whilst the 
unemployment rate is increasing. 
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Table 1: Main indicators of labour market in Serbia in period 2008-2011, (aged 15+), annual data  
 Indicators/Years 2008 2009 2010 2011 
Number of persons employed 2,821,724 2,616,437 2,396,244 2,253,209 
Number of persons unemployed 445,383 502,982 568,723 671,143 
Number of active persons 3,267,107 3,119,419 2,964,967 2,924,352 
Employment rate 44.4% 41.2% 37.9% 35.8% 
Unemployment rate 13.5% 16.1% 19.2% 23% 
Participation rate 51.5% 49.1% 46.9% 46.4% 

Source: Statistical Office of Republic of Serbia, LFS, 2008-2011 
 
Figures 1 and 2 are presented in order to observe trends in unemployment rates in years of economic 

crisis (2008-2011) for both developed countries (US, Japan and EU27), and developing (Balkan) countries. 
 

 
Source: Euro Stat 
Note: Date for Serbia are downloaded from database of Statistical Office of Republic of Serbia  
Figure 1: The unemployment rate (in %) for EU27, EU17, US, Japan and Serbia, (period: 2008-2011) 
 

 
Source: Euro Stat and National Statistical Offices 
Note: Data for FYR of Macedonia in 2011 are from the last quarter; there are no data for Albania in 2011. 
Figure 2: The unemployment rate (in %) in Former Yugoslav Republics and countries in Balkan region, 

(period: 2008-2011) 
 
It can be seen that Serbia has substantially high unemployment rate. In the Figure 1 Serbia is compared 

with the EU average, the US and Japan. Traditionally Japan, as a highly developed country, has a low 
unemployment rate even in crisis periods (4-5%). In 2008 the United States had an unemployment rate of 
5.8%, but in the period of recession it peaked at 9.6%. Compared with EU, Japan and US (developed 
countries) Serbia has much higher rate of unemployment.  
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Mediterranean countries experienced a financial collapse and debtor crisis, with extremely high 
government debt and budget deficit. The debtor crisis had a great negative influence in the labour market.  
Spain has the highest rate of unemployment in the EU27, it is as high as that in Serbia. The rate of 
unemployment more than doubled in a four year period (from 6.3% to 14.4%) in Ireland. The top five 
countries with the highest unemployment rate in the EU27 in 2011 are Spain, Greece, Latvia, Lithuania, 
Ireland (21.7, 17.7, 15.4, 15.4 and 14.4, respectively). 

The most interesting observation is to inspect where Serbia stands in comparison with its neighbours 
(Figure 2). During period 2008-2011 FYR of Macedonia and Bosnia and Herzegovina had higher rates of 
unemployment than Serbia, between 31% and 34% and between 23% and 28%, respectively. The rate of 
unemployment in Montenegro was higher than in Serbia in the period 2008-2010, but in 2011 it was vice 
versa. Generally speaking Serbia has similar labour market characteristics to other Balkan countries, 
especially Former Yugoslav Republics.  

This was a short overview of trends in the unemployment rates in the 27 countries of the European Union, 
Japan, United States, Serbia and other Balkan countries. The rate of unemployment has an upward trend in 
all of those countries, with the highest rate of around 34% in FYR of Macedonia and the lowest in Norway of 
between 2.5% and 3.5%.  

It is not possible to distinguish clearly what the influence of the advanced stage of restructuring and 
privatisation is and how much the economic crisis has contributed to the reduction in employment and large 
increase in unemployment. The impact of the 2008 economic crisis in Serbia was mild in terms of output 
contraction (3% of GDP), but very severe in terms of job losses (Arandarenko, 2011). As in all socialistic 
countries, privatisation left many workers jobless, because they where technically redundant (private 
employers are not supposed to buy “social peace”). The expansion of the private sector proved insufficient to 
absorb the labour shedding caused by economic restructuring and privatisation (Arandarenko, 2011). A large 
number of redundancies due to privatization, refugees and internally displaced persons exerted a strong 
pressure on the labour market. Those categories generated a large labour supply relative to the weak labour 
demand (Bajec et al., 2008). Many of them couldn’t cope with the newest technology at the market. They 
were not prepared for new market conditions. At the time when a huge economic crisis hit the world, the 
transition period wasn’t over in Serbia. It continued in a crisis period too. That is the reason why it is 
difficult to find the marginal effects.  

Two relevant indicators of a labour market are long-term and youth unemployment. Long-term 
unemployment is defined as that which lasts one year and over. Two measures of long-term unemployment 
are used: (1) the long-term unemployment rate defined as a ratio of the number of persons unemployed in the 
long term to that of the active population, and (2) the ratio of number of persons unemployed in the long 
term to the number of persons unemployed. In Serbia more than two thirds of unemployed persons have been 
actively looking for a job for at least one year. Youth unemployment is defined as the number of persons 
unemployed aged between 15 and 24 as a percentage of the active population of the same age.  The youth 
unemployment rate in Serbia is one of the highest in Europe, 46.4% in 2010. In Serbia, about half of 
unemployed persons belong to the two youngest groups aged 15-24 and 25-34 (19.6% and 29.6% in 2010) 
(Krstić and Šoškić, 2012).  In the EU27 the youth unemployment rate was 21.4% in 2011. Spain has a high 
overall unemployment rate (the highest in the EU27), and also has an extremely high youth unemployment 
rate, 46.4% in 2011. At the same time, the rise of unemployment is resulting in growing poverty. According 
to data provided by the Labour and Social Policy Ministry, the number of welfare recipients in Serbia has 
climbed by one third since the beginning of the economic crisis, and estimates suggest that 1,300 new 
applicants are added to the list every month.  

When talking about the registered unemployment rate, we should not ignore the fact that there is a large 
influence by the informal sector in undeveloped and developing countries, and that data of the registered rate 
of unemployment possibly overestimates the real situation, and vice a versa, conversely the registered rate of 
employment is often underestimated. It is always difficult to collect data related to the informal sector, 
especially in surveys where people often do not answer questions truthfully. The Labour Force Survey (LFS) 
in Serbia is published twice a year, in April and October, while data comparable with EU standards have 
been available since 2008. Until 2008, LFS did not contain specific questions to unambiguously classify 
employment into two mutually exclusive categories – formal and informal employment (Arandarenko, 
2011).  The Serbian Statistical Office definition of informal employment covers following categories of 
workers: (a) workers employed in registered firm but with no written contract AND with no social 
contributions paid; (b) people employed in a private unregistered firm; (c) unpaid family workers. According 
to these estimates, employment in the informal economy in Serbia appears significant. Nearly 23 percent of 
total employment (aged 15 and over) was in the informal sector in October 2008, and this percentage 
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decreased to 17 percent in April 2012. It is interesting to note that informal employment decreased more than 
formal employment over the period of economic crisis (Krstić, 2012).  

3. ECONOMETRIC RESULTS  
Empirical results of modelling unemployment rate are summarized in two subsections. First, cointegration 
analysis is presented and estimated vector equilibrium correction model (VECM) is discussed. Second, 
dynamic responses of unemployment rate to unexpected structural shocks are reported in form of the impulse 
response function. Results are obtained using WinRats8.2 and Eviews6 software. 

3.1. COINTEGRATION IN SYSTEM FRAMEWORK 
We started with the four variable vector autoregressive (VAR) model with linear trend (t) included as a part 
of the cointegration space. The variables considered are: the unemployment rate (un), nominal wages (w), the 
consumer price index (cpi) and the nominal exchange rate (ex). Monthly observations in logs are used 
covering period: January, 2008 – December, 2011. Data on prices, wages and exchange rate are available 
from National Bank of Serbia. Monthly data on unemployment rate are constructed by us, such that the 
Chow-Lin disaggregation method (Chow and Lin, 1971) was applied on semi-annual data from LFS while 
taking into account monthly dynamics of unemployment rate officially reported by the Serbian Employment 
Office. Seasonally adjusted data are modelled.   

Since all variables are unit-root processes (Anić, 2012) their correlation is analyzed within the 
cointegrated VAR (CVAR) framework (Juselius, 2006). The application of the Johansen trace test (Johansen, 
1995) shows that cointegration exists. The result doesn’t change with the variation of the VAR order. The 
problem that arises in models with these variables is normalization. By default, the exchange rate should be 
normalized, which means that the model is much better in explaining it than the unemployment rate. Even if 
we do not use the default normalization, and normalize the unemployment rate that we are actually 
modelling, the results are difficult to interpret. Estimated coefficients are either unrealistically high or with 
an opposite sign.  

The model we focused on is the system that consists of unemployment rate, prices and wages. The 
inference of prices and wages is measured by real wages (rw) calculated as w-cpi. There is no cointegration 
between nominal wages and the consumer price index, since real wages are also unit-root processes.  

The main features of the CVAR model are summarized as follows: a) Number of lags is 4, b) System 
variables are unemployment rate and real wages, c) Deterministic components are unrestricted constant and 
trend restricted to be a part of cointegration space and d) Two impulse dummy variables are included. They 
are defined as: S1={1, for January 2009; 0, otherwise} and S2= {1, for January and June 2011; 0, 
otherwise}. 

The presence of one cointegrated vector and one common stochastic trend is detected by the Johansen 
trace test, as presented in Table 2.  

 
Table 2: Testing for cointegration 

Hypotheses  Eigenvalue Trace* C95%(p-r) p-value* 
H0:r=0 and p-r=2,  
H1: r>0 

0.451 27.332 25.731 0.030 

H0:r=1 and p-r=1,  
H1: r>1 

0.201 8.656 12.448 0.208 

Note: * denotes small sample correction of trace test and corresponding p-value. Number of cointegrated vectors is 
denoted by r, while p stands for the dimension of VAR system. C95%(p-r) denotes critical values taken from Dennis 
(2006). 

 
Only cointegrating vector is estimated as follows: 

t.rw.un tt 01708920  .                                                                                                      (1)  

It is depicted in Figure 3 while variables are shown in Figure 4. Evidently, estimated cointegration vector 
neutralized individual stochastic trends of variables.   

The presence of one cointegration relation is confirmed by the values of the corresponding roots derived 
under the restriction that one cointegration vector exists. Out of eight values that are associated with VAR of 
order four with two variables only one value is exactly one suggesting that system has one common 
stochastic trend (Table 3 and Figure 5). 
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Figure 3: Estimated cointegration vector (Note: Concentrated model stands for the long-run relation 

corrected for the short-run dynamics and dummy variables (cf. Juselius, 2006)) 
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Figure 4: Variables considered (in logs, seasonally adjusted) 

 
CVAR model provides additional analysis on testing for stationarity, exclusion from the cointegration 

space and for the weak exogeneity. Results reported in Table 4 show that both variables are unit-root 
processes while real wages appear to be weakly exogenous variable. The result of a unit-root presence in 
unemployment rate suggests hysteresis effect is detected. Given that real wages are weakly exogenous 
variable in respect to cointegration parameters, accumulated unexpected shocks in real wages are identified 
as a main source of non-stationarity in this bi-variate system. Therefore, extremely high persistence of 
unemployment rate is found to be due to negative consequences of economic crises represented by stochastic 
trend in real wages.   

 

Table 3: Roots of the companion matrix, in modulus 
Root 1 Root 2 Root 3 Root 4 Root 5 Root 6 Root 7 Root 8 
1.00 0.85 0.85 0.65 0.65 0.59 0.56 0.36 

 

 
Figure 5: Roots of the companion matrix 

Cointegrating relation for the full model version

Cointegration relation for the concentrated model 
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Table 4: Testing stationarity and weak exogeneity of unemployment rate and real wages 
 

    Testing stationarity (testing a unit cointegrating vector) 
Test-statistic )1(2  un rw 

10% critical value 2.71 3.23 14.66 
  Testing for weak exogeneity (testing a zero row in adjustment vector) 

Test-statistic )1(2  un rw 

10% critical value 2.71 12.09 1.39 
Note: Null hypothesis is respectively that each variable itself is stationary (testing for stationarity) and that each variable 
is weakly exogenous with respect to cointegration parameters (testing for weak exogeneity). Insignificant values at 10% 
are in bold. 
 

Estimated VECM stemming from CVAR specification reads as follows: 
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Note: t-ratios are in parentheses and  is the first difference operator. 

Model performs statistically well as confirmed by several multivariate and univariate tests that are 
presented in Table 5. 

Results imply that in the long run 1% change in real wages is associated with 0.89% change of opposite 
direction in unemployment rate. Thus, fall in real wages induces in the long-run an upward trend of 
unemployment rate and vice versa. According to the estimate of the adjustment coefficient in the equation 
for the first difference of unemployment rate (-0.367), its dynamics is adjusted each month by approximately 
one-third towards the long-run relation with real wages. However, short run dynamics of unemployment rate 
exclusively depends on its own lagged values. The presence of linear trend in cointegration vector captures 
the effects of those variables that are not explicitly modelled by our system.    
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Table 5: Univariate test statistics 
Equation 

for 
Mean Standard 

deviation 
Skewness Kurtosis Maximum Minimum 

tun  0.000 0.025 0.679 3.353 0.067 -0.039 

trw  0.000 0.014 -0.116 3.527 0.034 -0.033 
 ARCH(4) Normality R-squared 

tun  2.701 (0.61) 3.768 (0.15) 0.650 

trw  2.693 (0.61) 2.767 (0.25) 0.759 
Note: p-values are in parentheses. 

 
Multivariate test statistics  

Test for  Value p-value 
Autocorrelation of order 10 38.39 0.06 

Normality  3.32 0.51 
ARCH (2) 13.82 0.74 

Note: Autocorrelation is tested by the multivariate version of the Box-Ljung test. Normality is assessed by 
multivariate version of the Doornik-Hansen test (Juselius, 2006). 
 

The relationship between unemployment rate and real wages was reconsidered within the progressive 
LSE modelling approach (Mizon, 1995). Basically, it relies on the unrestricted form of VECM that enables 
direct estimation of cointegration parameters. Results reached are almost the same as the one reported above 
(Anić, 2012).     

3.2. DYNAMIC EFFECTS OF SHOCKS  
Having found the significant long-run influence of real wages to unemployment rate, it is of interest to assess 
how the impact of real wages shocks on unemployment rate evolves throughout time. These dynamic effects 
can be computed via the impulse response function and the forecast error variance decomposition calculated 
based on VECM reported in (2). Cholesky decomposition of the covariance matrix is employed using the 
ordering suggested by the weak exogeneity test results, i.e. there is one way exogeneity running from real 
wages to unemployment rate. The dynamic behaviour of responses of both variables to shock of one standard 
deviation in each of the variables is observed by the accumulated impulse response function depicted in 
Figure 6.     
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Figure 6: Accumulated Response to Cholesky One Standard Deviation Innovations 

 
The effects of the shock in unemployment rate appear to be negligible. On the other side, shock of one 

standard deviation in real wages has a long-lasting negative effect on the unemployment rate dynamics and a 
persistent positive impact of real wages. This finding supports cointegration results that accumulated 
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impulses in real wages represent common stochastic trend in the system with unemployment. Significant 
upward trend of unemployment rate has a stochastic (unit-root) nature due to effects of shocks that have 
reduced the level of real wages over the last few years.  

Finally, the dynamic pass-through effect of real wages to unemployment rate is calculated as a ratio of 
accumulated values of impulse response function for a given month in the equations for unemployment rate 
and real wages respectively (Table 6). Reaction of unemployment becomes sharper over time, such that pass-
through reduces from -0.23 (within half a year) to -0.74 (within a year), reaching its long-run value of -0.84 
for a three-year period. This estimate is close to the value of -0.89 from cointegration relation (1). 

       
Table 6: Dynamic pass-through from real wages to unemployment rate  
Months   6 9 12 18 24 30 36 
Estimate -0.23 -0.59 -0.74 -0.78 -0.81 -0.83 -0.84 

 
The results of the forecast error variance decomposition calculation are reported in Table 7 for different 

time horizons. It is indicated that variability of unemployment rate is in large portion explained by shocks in 
real wages when horizon longer than a year is considered. The contribution of real wages is estimated to be 
27% for 6 month period, but 63% and 81% for 12 and 36 months respectively.  On the other side, variability 
of real wages is almost all due to its own shocks.  

In order to check how robust results are the same computations are performed but with different ordering 
of variables. This has not changed significantly dynamic responses of both variables.  

 
Table 7: Forecast error variance decomposition of unemployment rate and real wages (%)  
 Unemployment rate Real wages 
Months Shock in  

unemployment rate 
Shock in real 
wages 

Shock in  
unemployment rate 

Shock in real 
wages 

6 73 27 2 98 
9 45 55 3 97 

12 37 63 4 96 
24 24 76 5 95 
30 21 79 5 95 
36 19 81 5 95 
 

4. RESULTS FOR OTHER COUNTRIES 
The relationship between unemployment rate and real wages has been investigated for many countries 
around the world. It has been noticed that wages are lower in the areas with higher unemployment. We will 
present some empirical findings for EU countries and ex-socialistic countries in the period undergoing 
transition, in order to see where Serbia stands in comparison with other countries. 

Blanchflower (2001) found that in period 1990-1997 the estimation of east European wage curves 
produces a local unemployment elasticity of  between -0.1 and -0.3. The paper studies the labour markets of 
23 transition countries from eastern and central Europe – Albania, Armenia, Belarus, Bulgaria, Croatia, 
Czech Republic, East Germany, Estonia, Georgia, Hungary, Kazakhstan, Kyrgyzstan, Latvia, Lithuania, 
Macedonia, Moldova, Poland, Romania, Russia, Slovakia, Slovenia, Ukraine and Yugoslavia. 

De Galdeano and Turunen (2005) estimated the elasticity of real wages with respect to local 
unemployment for the Euro area as well as for a number of Euro area countries and the United Kingdom in 
1994-2001. In the Euro area the estimated elasticity coefficient was between -0.158 and -0.110 in the period 
1994-2001. Among Euro area countries French wages show most and German wages least flexibility. 

Serbia has much lower estimated coefficient (around -0.9) comparing with both developed and 
developing countries. We may conclude that unemployment in Serbia is more responsive with respect to real 
wages than in other European countries. It is probably a consequence of enormous structural problems that 
have been cumulated during extremely long transition period in Serbia and negative trends caused by 
economic crises.  

5. CONCLUSION 
Paper contains empirical evidence of modelling unemployment rate in Serbia over the period 2008-2011. 
Cointegrated vector autoregressive model was employed. Results are summarized as follows.  
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First, stable long-run cointegration relationship has been detected between unemployment rate and real 
wages. It is estimated that 1% rise in real wages reduces unemployment rate in the long-run by 0.89%. 
Within this set-up it is found that real wages are weakly exogenous variable such that dynamics of 
unemployment is equilibrium corrected each month by approximately 37%.   

Second, dynamic responses of unemployment rate to innovations in real wages are estimated to be 
substantial as the impulse response function showed. This reaction becomes stronger over time such that 
estimated dynamic real wages pass-through ranges from -0.23 (half a year) to -0.84 (three years). Forecast 
error variance decomposition confirms dominant role of real wages in explaining variability of 
unemployment.  

High persistence of unemployment rate in Serbia over period considered is found to be due to 
accumulated unexpected shocks in real wages, being a common stochastic trend in bi-variate system. This 
highlights negative influence of economic crisis to unemployment is Serbia.  

We expect our key findings to be supported by further research that will be based on the sample extended 
with new data and inclusion of some additional macroeconomic variables.    
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Abstract: We present the analysis of a single-server semi-Markov queue under heavy-traffic assumptions. 
The inter-arrival times and the service times depend on a common Markov chain. The Laplace-Stiltjece 
Transform of the steady-state virtual waiting time is derived and used to obtain its limit distribution under 
heavy-traffic assumptions. The limit distribution of the virtual waiting time is exponential distribution.           

Keywords: M/G/1 queue, Dependence between arrival and service times, Virtual waiting time, Heavy traffic 
limit distribution of virtual waiting time.    

1. INTRODUCTION 
In the classical queueing theory the service times and the arrival processes are assumed to be independent. 
However,in many applications the independence assumption is too restrictive and recently several authors 
have considered more general models where this assumption is relaxed in some way (see Falin (1999), Adan 
and Kulkarni (2003), Dimitrov (2011)).In practical situations, a significant dependence has been observed. 
This happens, for example, when the arrival of a customer with a big service time discourages the next 
arrival. 

     We are examining a single-server semi-Markov queu.In this model the phenomenon of dependencies 
between successive service times and between inter-arrival times is allowed.In this paper we assume that the 
inter-arrival times and service times depend on a common Markov chain. This model was first introduced in 
Adan and Kulkarni (2003) where a survey of queueing models with dependence structure isincluded. This 
model generalizes the well-known / /1MAP G  queue by allowing dependencies between inter-arrival and 
service times. The model considered by Adan and Kulkarni (2003) is a genaralization of the / /1MAP G  
queue, by also allowing dependencies between successive service times and between inter-arrival and service 
times. 

The / /1MAP G  queue provide a powerful framework to model dependence between successive inter-
arrival times, but typically the service times are iid  and independent of the arrival process. The / /1MAP G  
construction is generalized to the batch Markovian Srrival Process (BMAP) to allow batch arrivals.The 
framework of the / /1BMAP G  queue can also be used to model dependence between inter-arrival times 
and service times as it is described in Lucantoni (1991). Combe and Boxma (1998) also used BMAP  arrival 
process for modeling of correlated queue.A queueing system with Markov dependent arrivals and 
withMarkov dependent service times are considered respectively in Pyke (1985) and Pestalozzi (1968). 
Combe (1994) considered dependence between inter-arrival and service times with Markovian arrival. A 
review of the early literature can be found in Bhat (1969). 

Fendick et  al  (1989) give a review of the various types of dependencies that exist in packet 
communication networks and their impact on system performance. Preliminary, there are three kinds of 
correlations that exist in real workloads: ( i ) correlations between consecutive inter-arrival times,( ii ) 
correlations between inter-arrival times and subsequent service requirments, ( iii ) correlations between 
consecutive service requirements.Examples of correlation in inter-arrival processes include Fendick et  .al  
(1989), Ghosh and Squillante (2004) and Squillante et  .al (2000), Irvani et  .al  (2004).Hunter (2005) 
examine the effect of dependencies in the arrival process on the steady queue length process.Examples of 
correlations in sequential swrvice times include Gupta et  .al (2010)/Li,K. et  .al  (2004) and Song et  .al . 
S_C Niu (1981) studied / /1M G  queueing system in which the service time required by a customer is 
dependent on the interarrival time between his arrival and that of his predecessor. Boxma and Combe (1993) 
and Borst et  .al  (1993) respectively considered two variants of a single-server queue in which the service 
time of each customer depend on the length of the preceding interarrival intervals. Whitt, WW. (1990) 
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investigated queues with service times and interarrival times depending linearly and randomly upon waiting 
times. The effect of correlation has also been carefully studied via simulation. 

In order to understand complex queueing systems and develop useful approximations for performance 
measures it is helpful to consider special limiting cases such as heavy-jraffic ( 1  ) for which the behavior 
can be analyzed exactly. Heavy-traffic results are useful for analyzing the waiting time..They also be used to 
check simulation results. Jacobs (1980) obtained heavy-traffic results for the waiting time in queues with 
sequences of ARMA  correlated negative-exponentially distributed inter-arrival and service times. Ghosh 
and Sequillente (2004) demonstrate the existence of dependencies between Web server arrival and service 
times and derived a heavy-traffic stochastis process limit for Web server performance. Our goal in this paper 
is to find the limit distribution of the steady-state virtual waiting time under heavy traffic assumptions. 

The paper is organized as follows. In section 2,we present the queueing model and some preliminary 
results. The virtual waiting time process is analyzed in Sectuion 3. We first derive the Laplas-Stiltjes 
Transform (LST) of the stady-state virtual waiting time and then the asymptotic behavior of the steady 
distribution of the virtual waiting time under heavy traffic assumptions.In Section 4 we present conclusions. 

2. QUEUEING MODEL   

We consider a single-server queue with FCFS discipline. We denote the time between the n -th and 1n  -th 
arrival nA  and the service time nS  of the n -th customer. The inter-arrival and service times are regulated by 
an irreducible discrete time Markov chain , 0nZ n   with state space { 0,1, 2 K } and transition probability 
matrix P .In this paper we will consider a semi-Markov dependence structure of the folloing type: 

 
1 1 1 1 0 1 0( , , | , ( , , ),0 1) ( , , , | )

(1 exp( ))
n n n n r r r

i ij j

P A x S y Z j Z i A S Z r n P A x S y Z j Z i

H y p x
             

  
 

Thus, at each instant of arriving the Markov chain jumps to i , and the distribution  ( )iH y  of service time 
depends on  the new state i . Then the next inter-arrival time is exponentialy distributed  with parameter 

j with probability  ijp  and the service time of that arrival customer will be with distribution function   

( )jH y . 

Note that  1nA  , nS  and 1nZ   are independent of the past given nZ . Further  we need some  notations. Let 

ih  be  the mean value  and 2ih  the  second moment of the service  time with distribution function ( )iH y . 

The vector column e  has n  ''ones“. The matrices  0 0
1 2, , , ,H H      are defined as follows: 

1 0 1( , )KH diag h h h  , 2 0 1( , ),KH diag h h h  0 1( , )Kdiag      , 0 0 0 0
0 1( , )Kdiag      , 

0 1( , )Kdiag      , 0 0 0 0
0 1( , ),Kdiag      where 0.i i   ,

0

,
K

i ij j
j

p 


 0 0

0

,
K

i ij j
j

p 



0 .i K  The  process ( )N t  is the number of arrivals up to time t , with (0) 0N  , and the continuous 
time Markov chain { ( ), 0},Z t t  where ( ){ ( ) , 0}.N tZ t Z t   The infinitezimal matrix Q  of the process 

( )Z t  is equal to  

Q P                                                                                                                                                       (1) 
and the stationary distribution π of the process ( )Z t  is a solution  to the equation 0Q   under the 
normalization  condition 1e  . The queueing system is stable if 

0 0

1.
K K

r rj j j
r j

p h 
 

                                                                                                                                         (2) 

Let us consider the set of linear equations 
1 1( )Qa P H e P H e    .                                                                                                                            (3) 

Since the stationary distribution   of the continuous Markov chain ( )Z t  is obviously orthogonal to the right 
hand side of (3), the set of equations (3) has  a  solution a . It is easy to show that the matrix || ||ijQ q  is 
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nonsingular and  (sea Section two in Falin (1999)) 1 1 2
01 02 0

0

( , )( , ) K
Kq q q A

  


 


 . We will introduce 

the matrix R  as follows :the first row and the first column are equal to zero vectors and all other elements 
forme  the matrix 1A . The variables 0 1 2, , Ka a a a  introduced in (3) (for 0 0a  ) could be obtained with 
the matrix R  as follows 

0 1 2 1 1( , , ) [( ) ]Ka a a a a R P H e P H e     .                                                                                          (4) 
It is easy to show that   the matrix QR  looks  as  follows : the first column is equal s to zero vector, the first 

row is equal to 1

0 0

(0, )K 
 

  ,and the rest–identity matrix. Thus for any vector 0 1( , )Kx x x x   we 

have 
0

0

x
xQR x 


  .                                                                                                                                             (5) 

3. VIRTUAL WAITING TIME  
In this section we will study the LST of the steady-state distribution of virtual waiting time and its limit 
distribution under heavy traffic assumption. Let ( )V t  denote the virtual waiting time of the customer having 
arrived at time t , and V  and EV  are the virtual waiting time and its mean value in steady 
state.respectively. We will study the asymptotic behavior of the steady-state distribution of virtual waiting 

time when 
0 0

1 0
K K

r rj j j
r j

p h  
 

    .We will consider the case when parameters of the system are fixed 

except  , and when   increases in such a way that 1
0 1 0( ) .p H e      

Theorem1. 
The mean steady state-virtual waiting time is given by the formula 

1
2 1(1 ) [ / 2 [ ] ]EV p H e P H I a pa         ,                                                                                  (6) 

where vector a  is a solution to the equation (3) and the probabilities ,0ip i K  , satisfy the 
equation 1 .pe    
Proof:  The process ( )V t  is not a Markov process, but the two dimentional process ( ) { ( ), ( )}t V t Z t   is 
already Markov process. We can consider its Kolmogorov forward equations as a powerful tool for analysis 
of this process 

 
0

0

( ) ( ) ( ),0 .
K K x

i ij j i i ji i y j
j o j

F x p F x p H x y d F y i K 
 

                                                                      (7) 

We need some notations
0

lim ( ( ) 0, ( ) ),i
t

p P V t Z t i


   0 1( , )Kp p p p  , o i K   

( )s 0 1( ( ), ( ) ( ))Ks s s    ,  
0

( ) exp( ) ( )i i is p sx dF x



   .Then the LST of the equations (7) are as 

follows 
0

( ) ( ) ,
K

i j ij i i i
j

s s s p h sp  


  0 i K  , or in the vector form 

( )[ ( )]s sI P H s sp     .                                                                                                                      (8) 
After some algebraic manipulations of   the  last  equation we get the equation  

( ) ( )[ ( ( )) ]s Q s P I H s sI sp      .                                                                                                      (9) 
Multiplying from the right both side of (9) by vector e  we get the following relation 

1( )[ ( ( )) ]pe s I P I H s s e     .                                                                                                              (10) 

Putting 0s   we   get  1[ ]pe I P H e   , or 
0 0 0

1
K K K

i r rj j j
i r j

p p h 
  

    . Now differentiating both 

side of (10)  with  respect to s  we have 
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( )[ ( ( )) / ] ( ) [ (( ( )) / )] 0d
s I P I H s s e s P I H s s e

ds
          and the next equality follows   from  

0s   

1 2[ ] / 2EV I P H e P H                                                                                                                      (11)             

because (0)EV    and 2[ ( ) ] / 2.d
H s I H

ds
   Multiplying  from the  right both sides of  (9) with 

vector a  is a solution to the equation (3) we get the equation  

1 1( )[( ) ] ( )[ ( ( )) / ]s P H e e P H e s s P I H s s I a spa          .                                                       (12)  
Differentiating both side of (12) with respect to s  at the point 0s   we have 

1 1 1[( ) ] [ ]EV P H e e P H e P H I a pa         .                                                                                 (13) 
By summing (11) and (13) we get the equation (6) and the proof of the theorem is completed. 
Theorem2. Under heavy traffic 

0 1 0 0 0
1 2 1 1(1 ) ( ) [ / 2 [ ( ) ] ] (1).EV P H e P H e P H P H e I a o               

Proof: If  1   then 1 0pe     and 0 1
1( )P H e    . Now, our theorem follows from Theorem1. 

We will consider stationary distribution of the process ( )t  under heavy traffic assumptions.                     
Theorem 3.Under heavy traffic assumptions  
a) random variables V  and are asymptotically independent ; 
b) random variable (1 )V  is asymptotically exponential with the mean  

0 1 0 0 0
1 2 1 1( ) [( ) / 2 [ ( ) ] ]M P H e P H e P H P H e I a          .    

 
Proof: While providing the proof, we shall use the same notations as in Section 2 and 3. At first we consider 
the equation (9)  ( ) ( )[ ( ( )) ]s Q s P I H s sI sp      . Multiplying both sides of equation (9) by vector 
e  and using 0Qe  , 1pe      we get 

( )[ ( ( )) ] 0s P I H s sI s      .                                                                                                            (14) 
Now, multiplying both side of equation (9) from the right with the matrix R ,  introduced in Section 1, and 
from equation (5) we get  

0 0( ) ( ) / ( )[ ( ( )) ]s s s P I H s sI R spR          .                                                                           (15) 
Replacing vector ( )s  from (15) in the right hand side of the equation (15) by the same vector ( )s  from 
(15) we have 

0 0( ) ( ( ) / )[ [ ( ( )) ] ] ( )s s I P I H s sI R sf s                                                                                   (16) 
where 

2( ) ( )[[ ( ( )) / ] ] [ [ ( ( )) ] ]f s s s P I H s s I R pR I P I H s sI R         .  
Putting vector ( )s  from (16) in (14) and using the fact that  1( ) 1I P H e        we can express  

0 ( )s  as follows  
1

0 0 1 2( ) ( )( ( ) ( ))s A s B s B s                                                                                                                      (17)  
where 

( ) ( )[ ( ( )) ]A s s sf s P I H s sI e     , 1 1( [ ( ( )) ] ( ( ) )B s P I H s sI e s P H s I H s            ,

2 ( ) [[ ( ( )) ] [ ( ( )) ]B s P I H s sI R P I H s sI e       
2 [ ( ( )) / ] [ ( ( )) / ] .s P I H s s I R P I H s s I e         Now, replacing s  by s  in (17) and   increases. 

in such a way that 0   or 0 1
1( )P H e    . It is obvious that when 0   

1( ( )) /I H s s H   , 2
1 2( ( ) ) / ( ) / 2H s I H s s H     .                                                               (18)             

From equations 
2( ) [1 ( )[ ( ( )) / ]]A s s sf s P I H s s I         , 1 1( [ ( ( )) ] ( ( ) )B s P I H s sI e s P H s I H s           , 

2 2
2 ( ) [ ( ( )) / ] [ ( ( )) / ]B s s P I H s s I R P I H s s I              and (17) follows 

1
0 00

lim ( ) (1 )s Ms


  


   , where 0 0 0

0 2 0 1 0 1( ( ) ) / 2 [ ( ) ] [ ( ) ] .M P H e P H I R P H I e             
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We will introduce a continuous Markov chain with infinitesimal matrix 0 0/Q Q  , the set of linear 
equations 

0 0
0 1 1( )Q x P H e e P H e    ,                                                                                                                  (19) 

Matrix 0R  analogous to matrix R .Obviously the set of equations (19) is equivalent to (3) and 
0 0

0, 1 0 1 1( ) [( ) ]Ka a a a R P H e P H e      because 0 0R R .Then 0
0 1[ ( ) ]R P H I     

0 0
0 1 1[ ( ) ]R P H e P H e e a      . 

    Thus 0 1 0 0 0
1 2 1 1( ) [ / 2 [ ( ) ] ]M P H e P H e P H P H e I a          . Finally, what follows from (15) 

and (17) is 

0 00 0
lim ( ) lim ( ) / .

1
s s

Ms 

     
 

 


 

Thus, the proof is completed. 

4. CONCLUSION 
In the present article we used direct probabilistic approach suggested in G. Falin and A.Falin (1999) to prove 
heavy-traffic limit theorems. It is based on “semi-explicit” formulas for the stationary distribution of the 
virtual waiting time and its mean value and gives a rigorous proof of the heavy traffic limit theorems 
directly for the desired characteristic. The key role in the proof of the heavy traffic limit theorem 2 was 
played by formulas (16) and (17) for the LST  s .These formulas contain the unique unknown term 

  ,f s  which vanishes under heavy traffic. The technique used in this paper to proof heavy traffic limit 
theorems can be applied to analyze more complex model such as fluid queues as well. The intensive work in 
this field is under way. 
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Abstract: In this paper we will study the influence of qualitative variables on the unit root tests for stationarity.
For the linear regressions involved the implied assumption is that they are not influenced by such qualitative
variables. For this reason, after we have introduced such variables, we check first if we can remove some of
them from the model.

The considered qualitative variables are according the corresponding coefficient (the intercept, the coefficient
of Xt−1 and the coefficient of t), and on the different groups built tacking into account the characteristics of the
time moments.

Keywords: Qualitative variables, Dickey-Fuller, ARIMA, GDP, homogeneity.

1. INTRODUCTION

In the general case a time series can be decomposed in three parts [1, 3, 5]: the trend, the sesonal component
and the stationary component. If there is no sesonnal component, a method to estimate and remove the trend is
the moving average. The moving average of order q is

m̂t =

q
∑

j=−q
Xt+ j

2 ·q+1
. (1)

In [1] there are considered Xt = X1 for t < 1, and Xt = Xn for t > n, and in [3] and [5] there are computed
only the values for which q < t ≤ n−q, hence all the terms in the above relation exist in the time series.

A criterion to choose q used in [3] is the minimum variance of Xt− m̂t .
If the above time series Xt contains also a seasonal component, having the period s, then we remove first this

component as follows.
Consider two cases: s = 2 · q+ 1 and s = 2 · q. In the first case we estimate m̂t according (1), and in the

second case we estimate

m̂t =

Xt−q+Xt+q

2 +
q−1
∑

j=−q+1
Xt+ j

2 ·q
. (2)

Next we compute the average yk of Xk+ js− m̂k+ js for q < k + js ≤ n− q, and from here the seasonal
component

{
ĉk = yk for k = 1,s
ĉk = ĉk−s for k > s . (3)

The time series X̃t = Xt− ĉt has no more seasonal component, and we apply (1) (with another q) for removing
the trend. Obviously, the criterion to choose s and q1 is the minimum variance of the obtained stationary time
series [3].

Another method to separate the three components is the differenciating method [1, 3, 5]. We denote first

{
∆Xt = Xt−Xt−1
∆sXt = Xt−Xt−s

, (4)
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where s is the number of seasons.
The above operator ∆ is the difference operator, and the operator ∆s is the seasonal difference operator, with

the period s. If the time series Xt has a seasonal component with the period s, then there exists ns > 0 such that

Yt = ∆
ns
s Xt (5)

has no seasonal component. Otherwise, consider Yt = Xt . If the time series Yt has trend, then there exists d > 0
such that

Zt = ∆
dYt (6)

is stationary. Analogous to the case of lack of seasonal component, if Yt has no trend we have Zt = Yt .

I Definition 1. The time series Xt without seasonal component is ARIMA(p,d,q) if the time series Yt = ∆dXt
is ARMA(p,q).

The exponential smoothing is another method to obtain a stationary time series [1, 3, 5]. Starting from the
initial time series Xt and from the real number a ∈ (0,1), we define

{
m̂1 = X1
m̂t = a ·Xt +(1−a) · m̂t−1 for t > 1 . (7)

From here we obtain for t > 1 by computations

m̂t = (1−a)t−1 X1 +
t−2

∑
j=0

a(1−a) j Xt− j. (8)

We notice that the decrease of the coefficients of Xt , Xt−1,..., X2 is exponential, and this justifies the name of
exponential smoothing.

The criterion for choosing a is such that

t

∑
j=1

(Xt− m̂t)
2 (9)

is minimum [3].
To decide between time series models, we use unit root tests. One of them is the Dickey—Fuller test [3]. For

this, consider the models

Xt = αXt−1 +at , with |α|< 1 (10a)
Xt = Xt−1 +at (10b)
Xt = αXt−1 +β+at , with |α|< 1,β 6= 0 (10c)
Xt = Xt−1 +β+at , with β 6= 0 (10d)
Xt = αXt−1 +β+ γt +at , with |α|< 1,γ 6= 0 (10e)
Xt = Xt−1 +β+ γt +at , with γ 6= 0 (10f)

The above models (10b), (10d) and (10 f ) are stationary in differences, and the time series of these types
are made stationary by differentiating. The models (10c) and (10e) are trend-stationary, and the time series
according these models are made stationary by identification and removing trend (moving average, or exponential
smoothing).

For the Dickey—Fuller test we group first into pairs the model (10a) with the model (10b), the model (10c)
with the model (10d), and the model (10e) with the model (10 f ). We obtain
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∆Xt = ΦXt−1 +at (11a)
∆Xt = ΦXt−1 +β+at (11b)
∆Xt = ΦXt−1 +β+ γt +at (11c)

In fact the Dickey—Fuller test contains three sub-tests. We test first the signification of the coefficients for
the linear regression model (11c), but for Φ the test must be left-sided: H0 : Φ = 0, and H1 : Φ < 0.

If after the first signification test it results that Φ is significant, it results that the right model from (10) is
(10e) if γ is significant (the autoregressive model with temporal trend), (10c) if γ is not significant, but β is
significant (the autoregressive model with drift), and, if the other two parameters are not significant, we accept
the model (10a) (the autoregressive model).

If in the first test Φ is not significant, we proceed to test the signification of the coefficients of the regression
model (11b). If Φ becomes significant, then we choose between the models (10c) and (10a), depending on the
signification of β. Otherwise, we do the last test, namely the test for signification of Φ in the model (11a).

If in the last test Φ is significant, we accept the model (10a). Otherwise (if Φ is not significant in all the
three tests), we accept the model (10 f ) if γ was significant in the first test (random walk with drift and trend),
(10d) if γ was not significant in the first test, but β was significant in the second test (random walk with drift),
respectively (10b) if γ was not significant in the first test, and β was not significant in the second test (random
walk).

We cannot use the Student test for the signification of Φ, β or γ. This, because if Φ = 0 or γ 6= 0 Xt is not
stationary, for any values of β, hence the common rules of statistical inference (particulary, the Student test)
cannot be applied [3]. Dickey and Fuller have estimated by the Monte Carlo method the critical values (instead
of the quantiles of Student distribution) with which we have to compare the computed Student statistics for Φ,
in the cases of different sizes of time series.

For the qualitative explanatory variables, in [3] there is presented the problem of the dependence of income
in terms of number of school years, for m groups. There are obtained the two linear regressions

Y = a( j)
0 +a1X , (12)

where a( j)
0 is the intercept for the group j.

Considering the dummy variables

D j =

{
1 for the group j+1
0 otherwise , j = 1,m−1 (13)

it is obtained the linear regression

Y = a(1)
0 +

m−1

∑
j=1

(
a( j+1)

0 −a( j)
0

)
D j +a1X . (14)

In the same manner there are considered the seasonal data. In this case the number of groups is the number
of seasons.

In the above cases the slope is common, and the intercept differs from a group to another. If the slope differs,
we denote by D j,0 the above dummy variables, and the other qualitative explanatory variables are

D j,1 =

{
X for the group j+1
0 otherwise , j = 1,m−1. (15)

Finally we obtain the linear regression

Y = a(1)
0 +

m−1

∑
j=1

(
a( j+1)

0 −a( j)
0

)
D j,0 +a(1)1 X +

m−1

∑
j=1

(
a( j+1)

1 −a( j)
1

)
D j,1. (16)

In [4] there are forecasted 17 economic variables by simulation of three scenarios for the period 2010-2014.
The computational assumptions for the first one (base scenario) are the following:
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1. A preasure on nominal revenues, either in the private or in the budgetary sector, remains significant. The
index of expected disposable income ranges between 1.06 and 1.085.

2. After the elaboration of the 2005 version of the elaboration of the 2005 version of the macromodel,
some factors infered and negatively influenced the global return of the Romanian economy. This impact
was accentueted during the crisis. Therefore the equation for the total factor productivity, and for the
unemployment rate were corrected for all the years of the economic crises. In the case of gross fixed
capital formation the correction was for the first two years of the period.

3. The international financial crisis will pass into a moderate global recovery. The parameters concerning the
world trade index in real terms and world trade deflator are considered as slowly ascending series, and the
short term interest rate is constant.

4. It is expected that the capital flows will increase. This comes from portofolio investments or the net
tranfers from abroad, and from a rising degree of absorption of the European structural and cohesion
funds.

5. The general consolidated budget is conceived under stability of taxation. Therefore the ratio of direct
taxes to GDP, the ratio of other budget revenues to GDP and the ratio of VAT to gross value added are
constant.

6. The annual index of broad money (IM2) is projected to exceed slightly the similar index of expected
disposable income (IYd), which allows a reduction in interest rates.

7. The rate of tangible fixed assets depreciation is mentained at constant level of 0.075.

For the second scenario (the worsened scenario W1Sc), which generally mentains the assumptions of base
scenario, it assumes that the domestic situation (institutional reforms, fiscal systems, etc.) does not allow a
significant improvement of the business environment. Consequently, in addition to the base scenario there are
considered the following assumptions:

1. The capital inflows are more limited, and this concerns the foreign direct and portofolio investments,
current account net transfers and structural European funds.

2. The relationship for total factor productivity is also penalized by slightly increase negative correction
coefficients.

3. NBR policy remains able to mentain the exchange rate of RON in a narrow band of fluctuation.

The third scenario (the worsened scenario W2Sc) is derived from the previous one, but it tries to compress
the inflation by more restrictive income, monetary and budget expenditure policies. The additional assumptions
are as follows:

1. A slower increase in expected disposable income is taken into account.
2. The exogeneous coefficients regarding government transfers and other public expenditures are also reduced

in comparison with the other two scenarios.
3. The broad money supply is projected at lower levels.

2. THE TEST FOR IDENTITY OF COEFFICIENTS OF QUALITATIVE VARIABLES

In this section we consider not only one set of coefficients Φ, β and γ in (11): we have gr groups and we
consider a set of above mentioned coefficients for each group.

A test for identity of some expectation is the Tukey test [2]. Consider m independent samples having the
distributions N

(
µi,σ

2
)
, having the same size, n.

The Tukey test checks with the first degree error ε the null hypothesis H0 : µ1 = µ2 = ...= µm against the
alternative hypothesis H1: there exist i 6= j such that µi 6= µ j.

Consider an unbiased estimator of σ2 based uppon r degrees of freedom, and we denote it by S2. We compute
the statistics

q =
Xmax−Xmin

S ·
√

2
n

, (17)

where Xmax and Xmin are the maximum, respectively minimum expectation of the above m samples.
It is proved [2] that the q has the Student distribution with r degrees of freedom. Therefore we accept the

null hypothesis if and only if q < tr; ε

2
, where tr; ε

2
is the quantile of the error ε

2 of the Student distribution with r
degrees of freedom.
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I Remark ([2]). The denominator from (17) ,S ·
√

2
n , is in fact the estimator of the standard deviation of the

numerator, Xmax−Xmin, with r degrees of freedom. Therefore the Tukey test can be performed also in the case
of different variances σ2

i . It is enough to consider the same degrees of freedom, r, and the statistics becomes

q = max
i, j=1,m

|X i−X j|√
S2

i +S2
j
, where X i and S2

i are the estimators of the expectation and of the variance of the component i,

the last one being computed with r degrees of freedom.
If we want to check if some regression coefficients are equal, with given first degree error ε, we consider the

formula for the variance-covariance matrix of the vector of coefficients, Â [3]:

Var
(

Â
)
= σ

2
u (X

′X)
−1

, (18)

where σ2
u is the estimator of the variance of errors. The number of degrees of freedom (for residues and

coefficients) is n− k−1, where n is the size of data and k is the number of explanatory variables. Therefore the
Tukey q−statistics becomes

q = max
i, j=1,m

∣∣X i−X j
∣∣√

S2
i +S2

j −2 ·Ci, j

, (19)

where X i and S2
i are the estimators of the expectation and of the variance of the coefficient Ai, and Ci, j is the

covariance of the coefficients Ai and A j. Of course, the above maximum range only for the pairs (i, j) such that,
according to null hypothesis, we have Ai = A j, and the number of degrees of freedom is also n− k−1.

Therefore for common regression coefficients we compare the above q−statistics with the quantile tn−k−1; ε

2
.

We accept the null hypothesis of identical coefficients if and only if q < tn−k−1; ε

2
. This test can be performed not

only to check if one group of coefficients has a single value. We can check for instance if the coefficients of X1,
X2 and X3 are identical, and in the same time the coefficients of X3 and X4 are identical, but the coefficients of
X1 and X3 are not necessary identical.

The regression coefficients can be considered also for qualitative/ dummy explanatory variables. The
conditions that have to be fulfilled are the mutual independence of Yt and of Xit . Therefore in the time series case
we cannot use the Student distribution for testing the identity of coefficients, for the same reasons we cannot use
it for unit root tests.

More exactly, consider the equation (11). The set of parameters (Φ,β,γ) is replaced by gr sets (Φi,βi,γi)i=1,gr
corresponding to gr groups. The qualitative variables are

 Xt−1;i
Di
ti

=

 Xt−1
1
t

 (20)

for the group i, and the corresponding set of coefficients is

 Φi
βi
γi

.

The gr groups are built taking into account the time period (the moment belongs to the economic crisis or
not, or, for trimestrial or monthly data, to a given trimester or month).

For each test from the Dikey—Fuller methodology mentioned in introduction, each involved signification
test is preceded by homogeneity tests as follows:

1. First we test the total homogeneity: the involved parameter has the same value for all groups.
2. If the total homogeneity fails, we remove a component using the minmax criterion: if we remove a

component, the corresponding statistics for identity of the retained coefficients is minimum.
3. If for a partial homogeneity test we accept the null hypothesis, we stop, considering the retained coefficients

having the same value. Otherwise, we continue with the above minmax technique, until it remains only
one coefficient, or we accept the identity for some coefficients.

Because we cannot use the Student quantile, we generate 1000 sets of parameters such that each of them
is uniform in an interval containing zero: if the alternative is that the parameter is less than zero (as for Φ),
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the interval is (−1,0). If the alternative is 6= 0 (as for γ and β), the interval is (−1,1). We generate also the
variance of et in the interval (0,1). Of course, for identity between some parameters we do not generate all the
coefficients: we generate only one coefficient for each group of equal coefficients. For each set of parameters
we generate 10000 such models.

We compute for each model the q−statistics, we order the 10000000 q−statistics. Because we use also
the absolute value, the quantile is the value from the position 10000000(1− ε) instead those from the position
10000000

(
1− ε

2

)
.

The parameters for each of the above models are generated uniform on the interval (−1,1) for β and γ

coefficients, on the interval (−1,0) for Φ coefficients, respectively on the interval (0,1) for the variance of the
errors. The errors are generated as normal variables wis the expectation zero and the variance generated before.
The methods to generate the above random variables, and methods to solve optimization problems are presented
in [6]. From the methods to generate normal variables presented in the above book, we choose the Box—Muler
method, because it is the most rapid.

For signification we use the standard Dickey—Fuller test if after the homogeneity test we conclude that
we have only one group for all coefficients. Otherwise we estimate the quantiles by simulation, and we use
two-sided tests. Even for Φ, due to the existence of several groups, we can have positive values.

3. APPLICATION

Consider the yearly data of GDP in the period 1990-2011. The data are from [7]. The three periods are
1990-2000, 2001-2007 and 2008-2011 (the economic crisis) inclusive.

In the case of pure data we obtain first, using our C++ program, the regression

∆Xt = 20.79444D1−108.38084D2−269.04604D3−0.84321X̃t−1;1−0.22976X̃t−1;2−0.55302X̃t−1;3 +

1.28323t̃1 +10.08695t̃2 +17.93309t̃3.

The variance of the residues is σ2
u = 24.05647, and the q−statistics using the mentioned minmax technique

are 2.51044 (obtained for the first two periods, years 1990—2008) and 1.02822 (obtained for the last two
periods, years 2001—2011) for γ, 1.59709 (obtained for the first two periods) and 0.62695 (obtained for the
first and the last period, years 1990—2001 and 2008—2011) for Φ, respectively 3.23053 (obtained for the first
two periods) and 0.85615 (obtained for the the last two periods) for β.

We order the above q-statistics, and we obtain the following sequence of tests:

1. Φi = Φ, γi = γ and βi = β.
2. Φi = Φ, γi = γ and β2 = β3.
3. Φi = Φ, γ2 = γ3 and β2 = β3.
4. γ2 = γ3, β2 = β3 and Φ1 = Φ3.
5. Possible different γi, β2 = β3 and Φ1 = Φ3.
6. Possible different γi and βi, and Φ1 = Φ3.

Comparing to the quantiles from Table 1, we accept the null hypothesis in the case of the first test, with the
threshold of 5%1. Therefore we do not proceed to do the other five tests.

Table 1: The quantiles for the homogeneity tests in the case of first degree error being 10%, 5%, 2.5%,
respectively 1%.

Model Test Quantiles
10% 5% 2.5% 1%

III Φi = Φ, βi = β and γi = γ 3.25943 3.82568 4.39094 5.17224
II βi = β and Φi = Φ 2.35455 2.71764 3.06432 3.49962
II βi = β and Φ1 = Φ2 2.35467 2.72891 3.08986 3.55251
II β1 = β2 and Φ1 = Φ2 2.02454 2.40515 2.76983 3.22623
I Φi = Φ 1.93702 2.27258 2.58109 2.97614
I Φ1 = Φ3 1.49849 1.83887 2.1422 2.53485

1 The statistics 3.23053 is significant neither for 10%, because the quantile is in this case 3.25943
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For the equation (11b) we obtain the regression

∆Xt = 13.85923D1 +3.43493D2 +209.915D3−0.40747X̃t−1;1 +0.22203X̃t−1;2−1.24332X̃t−1;3.

The variance of residues is σ2
u = 52.55795, and the lists of q-statistics is 6.15478 (obtained for the last two

periods) and 1.43677 (obtained for the first two periods) for Φ, respectively 5.07655 (obtained for the last two
periods) and 0.65238 (obtained for the first two periods) for β.

We order the above q-statistics, and we obtain the following sequence of tests:

1. βi = β and Φi = Φ.
2. βi = β and Φ1 = Φ2.
3. Φ1 = Φ2 and β1 = β2.
4. Possible different Φi, and β1 = β2.

In the case of the first test we reject the null hypothesis for 5%, because 6.15478 > 2.71764. The same
thing we can say about the second test, because 5.07655 > 2.72891. We notice that the above statistics are also
significant for 1%.

In the case of the third test, we accept the null hypothesis for 5%, because 1.43677 < 2.40515. The statistics
is significant neither for 10%.

For the equation (11a) we obtain the regression

∆Xt =−0.004X̃t−1;1 +0.25366X̃t−1;2−0.05185X̃t−1;3.

The variance of residues is σ2
u = 126.32111, and the list of q-statistics is 5.34024 (obtained for the last two

periods) and 0.44964 (obtained for the first and the last period).
We test first if all the values of Φi are identical, and we reject the null hypothesis for 5%, because 3.34599 >

2.27258, and the statistics is also significant for 1%.
Next we test first if Φ1 = Φ3, and we accept the null hypothesis for 5%, because 0.28173 < 1.83887. The

statistics is neither significant for 10%.
In the case of logarithmic data, we obtain first the regression

∆Xt = 2.55954D1 +1.07965D2 +0.59702D3−0.79454X̃t−1;1−1.34646X̃t−1;2−0.53005X̃t−1;3 +

0.03795t̃1 +0.33396t̃2 +0.105t̃3.

The variance of the residues is σ2
u = 0.00582, and the list of q−statistics is 1.6956 (obtained for the first two

periods) and 0.6333 (obtained for the first and the last period) for γ, 0.74806 (obtained for the first two periods)
and 0.30465 (obtained for the first and the last period) for Φ, respectively 1.82297 (obtained for the first two
periods) and 0.07644 (obtained for the last two periods) for β.

We order the above q-statistics, and we obtain the following sequence of tests:

1. Φi = Φ, γi = γ and βi = β.
2. Φi = Φ, γi = γ and β2 = β3.
3. Φi = Φ, γ1 = γ3 and β2 = β3.
4. γ1 = γ3, Φ1 = Φ3 and β2 = β3.
5. Possible different γi, Φ1 = Φ3 and β2 = β3.
6. Possible different γi and Φi, and β2 = β3.

Because the statistics 1.82297 is less than the same quantile of 5% from the case of pure data, we accept
also the null hypothesis of total homogeneity. We accept also the null hypothesis for the threshold of 10%, as
for pure data.

For the equation (11b) we obtain the regression

∆Xt = 1.30746D1 +0.13816D2 +6.445D3−0.37205X̃t−1;1 +0.02095X̃t−1;2−1.25707X̃t−1;3.

The variance of residues is σ2
u = 0.01384, and the lists of q-statistics is 1.88925 (obtained for the last two

periods) and 1.25023 (obtained for the first and the third period) for Φ, respectively 1.81271 (obtained for the
last two periods) and 1.30958 (obtained for the first two periods) for β.

We order the above q-statistics, and we obtain the following sequence of tests:
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1. βi = β and Φi = Φ.
2. βi = β and Φ1 = Φ3.
3. β1 = β2 and Φ1 = Φ3.
4. Possible different βi, and Φ1 = Φ3.

For the first test we accept the null hypothesis for 5%, and the statistics of 1.88925 is neither significant for
10%.

For the equation (11a) we obtain the regression

∆Xt = 0.00051X̃t−1;1 +0.0523X̃t−1;2−0.00739X̃t−1;3.

The variance of residues is σ2
u = 0.01636, and the list of q-statistics is 3.32351 (obtained for the first two

periods) and 0.43747 (obtained for the first and the last period).
For this model we perform the same test and we have the same conclusions and significance levels as in the

case of pure data.
In the following we will test the signification of coefficients considering the resulting homogeneity. In the

case of pure data, we test first the signification of the model

∆Xt = β+ΦXt−1 + γt.

We obtain

∆Xt =−6.20162−0.20553Xt−1 +2.51461t,

and the variance of residues is 246.8959. The Dickey—Fuller statistics are −0.085175 for β, −1.73753 for Φ,
and 2.34101 for γ.

In this case we perform the standard Dickey—Fuller test, model (11c). It results that Φ is not significant for
5%, because −1.73753 >−3.6 for n = 25, and the threshold decrease with n. The same thing we can say about
the threshold for 10% and n = 25, −3.24.

Next we test the signification of parameters for the model

∆Xt = β1,2D1,2 +β3D3 +Φ1,2X̃t−1;1,2 +Φ3X̃t−1;3.

We obtain

∆Xt =−7.99486D1,2 +209.915D3 +0.31148X̃t−1;1,2−1.24332X̃t−1;3,

and the variance of residues is 69.76394. The statistics are −2.31095 for β1,2, 4.53263 for β3, 5.96962 for Φ1,2,
and −2.86293 for Φ3.

For the right-sided signification of Φ1,2 we have to compare the statistics 5.96962 with the 5% quantile,
which is 0.87408. It results that Φ1,2 is right-significant, hence the model is exploding for the period before
crisis. The statistics is significant also for 1%, when the quantile is 1.6717. For Φ3, we compare the statistics of
−2.86293 with the 5% threshold, −1.54511. The statistics is also significant for 1%. Therefore the series is
exploding before crisis, and stationary during it.

The above quantiles are listed in Table 2. We do not need now to check the significance of β coefficients, but
we can conclude, using the two-sided thresholds from Table 3, that β1,2 is significant for 10%, but it is not for at
most 5% error. β3 results to be significant, even for 1%.
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Table 2: The quantiles for the one-sided signification tests for Φ in the case of first degree error being 10%, 5%,
2.5%, respectively 1%.

Quantiles
Model Test 10% 5% 2.5% 1%

Left-sided Right-sided Left-sided Right-sided Left-sided Right-sided Left-sided Right-sided
II Φ1 = Φ2 = 0, -2.30614 0.47384 -2.7102 0.87408 -3.07123 1.22858 -3.51806 1.6717

β1 = β2

Φ1 = Φ2,

II β1 = β2, -1.18335 0.62469 -1.54511 1.04062 -1.87267 1.46114 -2.29839 2.14064
Φ3 = 0

I Φ1 = Φ3 = 0 -1.5439 1.13348 -1.92707 1.55075 -2.27791 1.93551 -2.69031 2.42289

I Φ1 = Φ3 -1.4381 1.18241 -1.782 1.60629 -2.09037 1.996 -2.46236 2.51302
Φ2 = 0

Table 3: The quantiles for the two-sided signification tests for β in the case of first degree error being 10%, 5%,
2.5%, respectively 1%, Model II.

Test Quantiles
10% 5% 2.5% 1%

β1 = β2 = 0,Φ1 = Φ2 2.02645 2.40952 2.76976 3.21575
β1 = β2,Φ1 = Φ2,β3 = 0 1.83231 2.20667 2.54475 2.9877

Finally, we test the signification of parameters for the model

∆Xt = Φ1,3X̃t−1;1,3 +Φ2X̃t−1;2.

We obtain

∆Xt =−0.04605X̃t−1;1,3 +0.25366X̃t−1;2,

and the variance of residues is 119.69177. The statistics are −1.36267 for Φ1,3, and 5.97619 for Φ2.
Comparing to the 5% thresholds, we conclude that Φ1,3 is not significant, even for 10%, and Φ2 is significant

even for 1%. Therefore the GDP series is random walk for the periods 1990—2001 and 2008—2011, and
exploding during the economic increasing period, 2001—2008.

In the case of logarithmic data, we test first the signification of the model

∆Xt = β+ΦXt−1 + γt.

We obtain

∆Xt = 0.82185−0.29444Xt−1 +0.03963t,

and the variance of residues is 0.01863. The Dickey—Fuller statistics are 2.60596 for β, −2.76856 for Φ, and
3.34774 for γ. We have again −2.76856 >−3.24, hence Φ is significant neither for 10%.

Next we test the signification of parameters for the model

∆Xt = β+ΦXt−1.

We obtain

∆Xt =−0.04464+0.02941Xt−1,

and the variance of residues is 0.02864. The statistics are −0.19983 for β, and 0.53683 for Φ.
Because Φ > 0, it results that it is not significant from the Dickey—Fuller test point of view.
Finally, we test the signification of parameters for the model
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∆Xt = Φ1,3X̃t−1;1,3 +Φ2X̃t−1;2.

We obtain

∆Xt =−0.00242X̃t−1;1,3 +0.0523X̃t−1;2,

and the variance of residues is 0.01565. The statistics are −0.28404 for Φ1,3, and 4.84361 for Φ2.
Comparing to the 5% thresholds, we rich to the same conclusions as in the case of the pure data.

4. CONCLUSIONS

In this paper we have study the way we can group data only from the point of view of stationarizing time series.
Two groups that have identical coefficients can be stationarized together, using the same scheme. An open
problem is to extend the study for stationary data. More exactly, to test if two groups have the same AR and/ or
MA coefficients, and/ or the same variance of white noise.

After we will make the groups after the homogeneity tests, considering also the ARMA structure and the
variances of the white noises, we can build the scenarios of forecast depending on the group such that the future
value Xn+1 belongs to.

We notice that the logarithmic data are more homogeneous than the pure data. The explanation could be
that the differences between values decrease if we apply logarithms. Moreover, for instance an exploding time
serries becomes random walk by logarithm.

For only one sequential criterion to group the time moments we have made copies for the common years
2001 and 2008. The same thing we can do for several sequential criteria: we make only one sequential criterion,
considering all the separation years from the considered criteria.

An open problem is to study the homogeneity for one or more seasonal criteria. If it is one criterion, we
change the signification of groups. For instance, if we consider trimestrial data, T1 has the following new
signification: Xt is in T 1, and Xt−1 is in T 4, and so on. If we have several periodic criteria, we make only one,
with one period equal to the highest common factor of the periods.

More difficult is the case when we have several criteria sequential and periodical. Of course, as we have
mentioned above, we can reduce the problem to the case of two criteria: one sequential, and one periodical.
This reduced case is also an open problem.

For the standard significance level of 5% we notice that in the case of the model (11b) we accept identical
coefficients for the two periods before the economic crisis. Therfore the economic crisis is separated. In the
case of the model (11a) we have another separation: we accept identical Φ coefficients for the first and last
periods, and the separated period is those from the middle (2001—2008), of the economic increase.

The identity of coefficients for two periods (first two in the case of model II, first and third in the case of
model I) does not mean that we have the same time series. It means that we can use the same stationarising
method (differences). The obtained stationary time series can be different.
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Abstract: Paper presents the scientific publication productivity registered in Web of Science (WoS) 

databases in two fields of science: Mathematics and Physics, for authors from the countries of South East 

Europe (SEE).Using Revealed Publication Advantage (RPA) indicator calculated for SEE countries, policy 

makers could get insight to the scientific publication productivity in these two scientific fields in SEE 

countries compared to the world average. The scientific output in Mathematics and Physics from the SEE 

region represents majority of the overall scientific output in every particular country in this region. The 

scientific output in Mathematics and Physics from the SEE region is comparable with those of other research 

groups in the world. When analyzing Web of Science publications by field of research, Mathematics 

represents 2.1% of the total worldwide scientific production while Physics accounts for 8.8%, giving a total 

of 10.9% for Physics and Mathematics combined – over 1,547,187 publications in the period 2005-2010. In 

South East Europe, Mathematics is 3.5% of the total scientific production, while Physics is 9.6% - bringing 

the total for Physics and Mathematics to 13.1%. 

Keywords: Scientific publication productivity, Web of Science, Revealed Publication Advantage (RPA) 

indicator, South East Europe (SEE), Mathematics, Physics. 

1. INTRODUCTION 

The Web of Science (WoS) is powerful set of scientific bibliographic databases which enable detailed 

analysis of scientific publication productivity such as performance and research capacity of individual 

researchers, research teams, institutions and national research systems in specific fields of sciences or in 

science in total. These is additional benefit and service that WoS offers in parallel to its primary objective 

which is to facilitate researchers with easy literature search and access to publications of interest. Web of 

Science as an online academic citation index is provided by Thomson Reuters. It contains three citation 

indexes subscribed since 1996, two section of the conference proceedings subscribed since 2001 and two 

sections of the journal citations report subscribed since 2006. Multidisciplinary content covers more than 

12,000 journals with the highest impact worldwide, including Open Access journals and over 150,000 

conference proceedings.  

The analysis of scientific publication productivity is the part of the activities undertaken by Science and 

Technology Policy Research Centre of "Mihajlo Pupin" Institute in order to support decision making process 

in governance of science and technology (S&T). Within this work the scientific publication production 

registered in the WoS databases in the areas of Mathematics and Physics is analysed for the countries of 

South East Europe (SEE). This information only gives the insight to the balance which exists between these 

scientific fields in the SEE countries compared to the world average, and also reveals which group of 

sciences is dominant in each country. In order to understand the specific focus on R&D specialization in one 

country or region, the concept of relative specialization is developed, based on the concept of economic 

specialization which was initially introduced in trade theory by the so-called "Balassa index" of "Revealed 

Comparative Advantage" (RCA) (Balassa, 1965). The indicator, constructed in analogy to the RCA, is so-

called "Revealed Patent/Publication Advantage" (RPA), and represents the concept behind the relative 

specialization used in this paper (Peter, V., & Bruno, N., 2010). This paper presents key findings of analysis 

of the scientific publication productivity of researchers from South East European countries in the areas of 

Mathematics and Physics compared to world average using RPA indicator which allows the assessment of 

the relative position of an S&T field in a specific country while eliminating size effects. 
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One of the key hypotheses of the authors of this paper is that in the South Eastern Europe there is a 

critical mass of researchers that offer the significant potential and capacity for fundamental and applied 

research. This is in particular valid for two fields of sciences: Mathematics and Physics. 

 

2. METHODOLOGY 

The number of methodologies, methods and techniques are developed for the purpose of analysis of 

scientific research publication productivity and research capacity of individual researchers, research teams, 

institutions and national research systems (Kutlaca, 2001). In order to understand the specific focus on R&D 

specialization in one country or region, the concept of relative specialization is developed, based on the 

concept of economic specialization which was initially introduced in trade theory. Balassa (1965) introduced 

the so-called "Balassa index" of "Revealed Comparative Advantage" (RCA) which measures the relative 

export performance by a country and industry, defined as a country's share of world exports of a product, 

divided by its share of total world exports. Revealed comparative advantage indices (RCA) use the trade 

pattern to identify the sectors in which an economy has a comparative advantage, by comparing the country 

of interest’s trade profile with the world average. It defines the pattern in comparative advantage by using the 

trade flows. Since this pattern in comparative advantage is revealed by the observed pattern of trade flows, it 

is therefore called 'revealed comparative advantage'. This RCA indicator has also found a place in innovation 

economics, for example, by analyzing a country's shares in patents by patent classes (measuring 

technological specialization) and publication shares by fields and countries (scientific specialization) 

compared to global numbers. Constructed in analogy to the RCA, indicator is therefore entitled "Revealed 

Patent/Publication Advantage" (RPA), and it represents the concept behind the relative specialization used in 

this paper. However, while trade in goods is connected to economies’ comparative advantages, the RPA is 

not a direct measure of economic comparative advantage, as patents and publications are of a different nature 

than a tradable product. Patents and publications incorporate knowledge; the RPA thus reveals changes in the 

stock of technological/scientific knowledge in a given period or between periods. Technological and 

scientific knowledge are both cumulative, although older knowledge often becomes obsolete; therefore, the 

RPA does not measure the stock of technological knowledge but rather gains or losses (Peter, V., & Bruno, 

N., 2010). The use of these indicators leads to so-called 'relative specialization profiles' or 'matrices' which 

provide information about a country's relative performance, and relative comparative advantage. 

The RCA index is defined as the ratio of two shares. The numerator is the share of a country’s total 

exports of the commodity of interest in its total exports. The denominator is share of world exports of the 

same commodity in total world exports. RCA takes a value between zero and positive infinity. A country is 

said to have a revealed comparative advantage if the value exceeds unity. A country therefore has a revealed 

comparative advantage only in those products for which its market share of world exports is above its 

average share of world exports. Interpretation of the Balassa Index (BI) could be threefold: (1) index 

provides a demarcation between countries that reveal a comparative advantage in a particular sector and 

those countries that do not; (2) it quantifies the sector-specific degree of comparative advantage enjoyed by 

one country with respect to any other country or set of countries; and (3) the index generates possible cross-

country (with respect to a sector) or cross-sector (inside a country) rankings, ordered according to the 

specific value of BI. 

As a parameter to determine relative publication specialization, the Revealed Publication Advantage 

(RPA) according to Balassa’s formula has the following definition: 

 

 (1) 

 

with Pk,i indicating the amount of publications of country k in the S&T field i. The logarithmic 

transformation centres the data around zero and the hyperbolic tangent multiplied by 100, limits the RPA 

values to a range of +100 to -100. Positive values for S&T field i point to the fact that the field has a higher 

weight in the portfolio of the country than its weight in the world (all publications from all countries taken 

together). Negative values indicate specialization of P below the average, respectively. Values around zero – 

negative as well as positive – are distinguished from a positive or negative specialization and labelled 'as 
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expected' or 'world average'. The RPA indicator allows the assessment of the relative position of an S&T 

field in a specific country while eliminating size effects. The size of the field and the size of the country are 

standardized in this indicator, as relative shares are used. Therefore, it is possible to directly compare 

countries and fields. However, the standardization itself is highly affected by low absolute numbers, which 

means by random effects. Therefore, the profiles of countries with low absolute totals require carefully 

interpretation (Peter & Bruno, 2010). 

Specialization indices are of interest for policy makers as they appear to show strengths and weaknesses 

clearly. However, any interpretation needs to take several factors into account: a positive (or negative) 

specialization in a given S&T field i for country k does not suggest whether this country plays an important 

role in this field or not, since size effects (small or big absolute number of publications) have been 

eliminated. In short, while the calculation method used reveals 'comparative advantages' of countries, the 

degree of comparative advantage cannot be deduced from the analyses: any policy conclusion, let alone 

policy initiative, needs to take account of information on absolute figures and trends. Therefore, it is more 

appropriate for policy analysis and conclusions to compare like with like – i.e., countries of relatively similar 

economic size, or to have a look at a particular technology and focus on the main competitors (Peter & 

Bruno, 2010). 

For more than 40 years, the Institute for Scientific Information (now part of Thomson Reuters), produced 

the only available database making possible citation analysis - Web of Science (WoS). In 2004 Elsevier has 

launched its own bibliographic database - Scopus. With over 19,000 titles from more than 5,000 international 

publishers, SciVerse Scopus offers researchers a quick, easy and comprehensive resource to support their 

research needs in the scientific, technical, medical and social sciences fields and, more recently, also in the 

arts and humanities. It has about 49 million records including: 19,500 peer-reviewed journals (including 

1,900 Open Access journals), 400 trade publications, 360 book series, “Articles-in-Press” from over 3,850 

journals (http://www.info.sciverse.com/scopus/scopus-in-detail/facts).  

Comparison of citation databases has been the subject of a variety of studies using various bodies of 

research, and applied to various academic disciplines and subspecialties (Bergman, 2012).  There are 

numerous studies that investigate WoS and Scopus advantages and disadvantages in terms of their depth of 

coverage, ease of use, scientific fields, etc. These two online citation databases complement each other as 

neither resource is all inclusive. Those who perform bibliometric analysis and comparisons of countries and 

fields of science must choose the data source on the basis of their individual needs. Since the aim of this 

study is to explore scientific productivity in two fields of science – Mathematics and Physics, Web of 

Science is more suitable for this kind of analysis. WoS classifies articles in more than 250 categories, while 

Scopus has only 27 scientific fields, so WoS enables more detailed insight in scientific fields Mathematics 

and Physics.  

Following above methodological instructions, the total number of publications for all observed SEE 

countries in two selected scientific fields was obtained by summing up all the publications in subject area 

subcategories in each of the main subject areas, acquired through the search in WoS database (Table 2). The 

ratio between this number of publications in scientific fields and total number of publications for the country 

was compared with the same ratio regarding world publication data. 

 

3. RESULTS AND DISCUSSION 

The search results obtained for the complete publication output (Pk,i) for the SEE countries (k) for the period 

from 2005 to 2010 has been summarized for the two scientific fields: Mathematics and Physics and given in 

Table 1a and 1b. In table 2 same calculations are presented as totals for selected areas of Mathematics and 

Physics for SEE region, totals for Western Balkan countries (WBC) and for world total, as well as for 

Austria as country bordering the SEE region, rather developed and member of EU, in order to be used as 

benchmark for countries in the SEE region. 

The appropriate RPAs calculated from the data in Tables 1 and 2 as described in chapter on methodology 

used in this paper are given in the Tables 3 and 4 for selected fields of sciences and for all SEE countries 

(Table 3) and regions (Table 4) studied. 
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Table 1: Publication output (Pk,i) in SEE countries in selected fields of science, 2005-2010. 
Web of science category AL CRO MAC MNE SER BG GR HU RO SI TU 

Mathematics applied 6 453 84 17 950 434 1540 921 2957 549 2459 

Mathematics 8 456 30 24 704 360 932 1538 2028 695 1817 

Mathematics interdisciplinary applications 0 140 21 5 179 78 517 195 489 226 770 

Statistics probability 0 30 16 1 70 30 506 215 114 57 426 

Logic 0 0 0 0 4 0 0 0 3 1 3 

Sum mathematics 14 1079 151 47 1907 902 3495 2869 5591 1528 5475 

Sum mathematics (%) 1.2% 3.2% 2.4% 4.2% 5.4% 3.3% 2.5% 4.0% 6.6% 4.4% 2.4% 

Physics applied 45 317 105 28 726 1461 2628 1187 3631 644 2730 

Physics multidisciplinary 41 371 63 46 697 817 1678 1049 2019 636 2018 

Optics 0 176 48 1 427 908 1278 596 2574 198 1485 

Physics condensed matter 3 263 35 10 362 516 1352 1064 1205 534 1706 

Astronomy astrophysics 5 234 7 6 415 379 1319 777 263 282 720 

Physics atomic molecular chemical 3 259 54 3 309 304 696 1114 394 297 499 

Physics particles fields 3 243 4 43 162 378 1012 516 472 417 562 

Physics mathematical 0 92 25 4 223 186 642 440 540 232 925 

Physics nuclear 4 284 11 3 82 300 415 620 628 111 624 

Crystallography 5 167 10 5 101 151 221 197 304 135 1376 

Spectroscopy 5 128 23 2 102 183 329 371 245 208 583 

Physics fluids plasmas 0 42 21 2 163 140 321 250 193 151 219 

Acoustics 0 32 2 4 44 23 327 38 100 60 516 

Microscopy 0 7 2 2 46 11 41 29 18 28 32 

Sum physics 114 2615 410 159 3859 5757 12259 8248 12586 3933 13995 

Sum physics (%) 9.9% 7.7% 6.6% 14.1% 11.0% 21.2% 8.7% 11.5% 14.9% 11.3% 6.2% 

Sum mathematics+physics (%) 11.2% 10.9% 9.0% 18.3% 16.4% 24.5% 11.1% 15.5% 21.5% 15.6% 8.6% 

Sum 1146 33995 6242 1124 35176 27201 141592 71693 84353 34934 227281 

Source: Data extracted from ISI Web of Science, May 2012. 
Legend: AL - Albania; CRO - Croatia; MAC - The Former Yugoslav Republic of Macedonia; MNE - Montenegro; 

SER - Serbia; BG - Bulgaria. 

 

Table 2: Publication output (Pk,i) in selected fields of science, 2005-2010. 
Web of science category World SEE WBC Austria 

Mathematics applied 144193 10402 1542 1667 

Mathematics 126176 8626 1256 1248 

Mathematics interdisciplinary applications 44710 2632 357 427 

Statistics probability 51537 1466 118 516 

Logic 159 11 4 4 

Sum mathematics 366775 23137 3277 3862 

Sum mathematics (%) 2.1% 3.5% 4.0% 2.6% 

Physics applied 360330 13523 1242 2648 

Physics multidisciplinary 197569 9462 1245 1803 

Optics 234660 7736 697 1475 

Physics condensed matter 175345 7058 681 2024 

Astronomy astrophysics 115938 4412 672 1653 

Physics atomic molecular chemical 89900 3962 658 1251 

Physics particles fields 70589 3821 464 734 

Physics mathematical 63013 3314 349 580 

Physics nuclear 40852 3086 388 451 

Crystallography 60294 2673 289 369 

Spectroscopy 46815 2181 262 549 

Physics fluids plasmas 45508 1512 238 259 

Acoustics 39334 1146 82 235 

Microscopy 7040 217 58 159 

Sum physics 1547187 64103 7325 14190 

Sum physics (%) 8.8% 9.6% 9.0% 9.6% 

Sum mathematics+physics (%) 10.9% 13.1% 13.0% 12.3% 

Sum 17549649 668384 81330 147239 

Source: Data extracted from ISI Web of Science, May 2012. 
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Table 3: RPA indicator for SEE countries in selected fields of science, 2005-2010. 
Web of science category AL CRO MAC MNE SER GR HU RO SI TU GR 

Mathematics applied -42.2 6.6 44.9 45.7 54.4 58.1 27.3 41.9 89.6 57.1 58.1 

Mathematics -2.9 25.4 55.4 -38.2 79.6 54.4 -8.8 79.8 83.6 76.9 54.4 

Mathematics interdisciplinary applications  25.0 44.6 27.1 50.6 11.8 34.5 6.5 67.6 73.1 11.8 

Statistics probability  -98.3 -83.4 -13.5 -83.2 -75.3 19.4 2.1 -65.0 -52.8 -75.3 

Logic         87.8 81.8  

Sum mathematics -49.1 3.6 39.5 14.5 60.0 43.1 16.5 57.1 81.9 62.8 43.1 

Physics applied 57.1 -85.4 -65.8 -19.7 19.1 74.5 -10.1 -21.2 62.9 -10.7 74.5 

Physics multidisciplinary 82.0 -39.6 -3.1 -10.9 85.9 75.4 5.1 25.6 63.8 44.7 75.4 

Optics  -8.0 -73.9 -50.3 -99.1 72.3 -37.4 -44.2 67.8 -69.5 72.3 

Physics condensed matter -87.2 -90.8 -25.0 -52.1 -11.6 56.6 -4.5 37.6 34.3 40.1 56.6 

Astronomy astrophysics -39.3 -91.7 4.1 -94.4 -21.0 63.3 33.1 45.8 -63.6 19.8 63.3 

Physics atomic molecular chemical -58.6 44.1 37.7 48.1 -57.3 65.3 -4.1 80.4 -9.2 46.7 65.3 

Physics particles fields -40.5 -45.3 51.9 -95.0 97.8 84.5 51.9 52.4 31.9 79.6 84.5 

Physics mathematical  -74.6 -27.5 10.9 -0.9 56.8 22.9 49.0 52.1 54.8 56.8 

Physics nuclear 38.4 -63.7 85.6 -27.1 13.6 91.5 22.6 86.5 82.2 30.1 91.5 

Crystallography 23.5 -98.7 34.3 -64.3 25.3 44.6 -65.8 -22.0 4.8 11.7 44.6 

Spectroscopy 45.6 -91.9 33.2 31.2 -38.4 72.8 -13.7 58.0 8.5 66.6 72.8 

Physics fluids plasmas  5.6 -63.0 25.5 -36.0 59.5 -13.4 28.8 -12.5 47.1 59.5 

Acoustics   -70.0 -96.0 43.2 -75.1 3.0 -89.4 -56.3 -26.0 -75.1 

Microscopy  -36.3 -58.3 -22.1 90.3 0.8 -31.5 0.8 -55.9 59.9 0.8 

Sum physics 12.0 -57.1 -13.6 -28.6 44.0 70.4 -1.8 26.0 48.2 24.0 70.4 

Sum mathematics+physics (%) 2.4 -44.3 -0.4 -19.1 47.7 66.9 2.0 33.8 59.2 34.5 66.9 

Sum 1146 3647 33995 6242 1124 27201 141592 71693 84353 34934 27201 

Legend: AL - Albania; CRO - Croatia; MAC - The Former Yugoslav Republic of Macedonia; MNE - Montenegro; 

SER - Serbia; BG - Bulgaria. 

 

 

Table 4: RPA indicator for selected fields of science, 2005-2010. 

Web of science category SEE WBC Austria 

Mathematics applied 56.4 68.4 31.0 

Mathematics 52.6 64.4 16.3 

Mathematics interdisciplinary applications 41.0 49.6 12.9 

Statistics probability -28.4 -60.8 17.5 

Logic 53.5 93.4  

Sum mathematics 46.6 57.6 22.3 

Physics applied -1.5 -28.8 -13.2 

Physics multidisciplinary 22.5 29.8 8.4 

Optics -14.3 -41.8 -28.1 

Physics condensed matter 5.5 -17.5 30.9 

Astronomy astrophysics -0.1 22.0 48.6 

Physics atomic molecular chemical 14.5 42.8 46.7 

Physics particles fields 33.8 33.6 21.1 

Physics mathematical 31.2 17.6 9.2 

Physics nuclear 59.5 61.5 26.8 

Crystallography 15.1 3.4 -30.5 

Spectroscopy 19.9 18.6 32.3 

Physics fluids plasmas -13.6 12.0 -37.0 

Acoustics -26.2 -66.3 -32.7 

Microscopy -20.8 51.9 75.7 

Sum physics 8.4 2.1 8.9 

Sum mathematics+physics 17.8 17.7 11.7 

Sum 56.4 68.4 147239 
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Comparing publication productivity in the field of Mathematical sciences we can conclude the following: 

� Mathematics applied: above the world average are Croatia, FYR of Macedonia, Montenegro, Serbia, 

Bulgaria, Greece, Hungary, Romania, Slovenia and Turkey - only Albania is under the world average 

in SEE region in this field of science! In total, the whole SEE region, as well as the WBC region, are 

above the world average, even more than researchers in this field in Austria are performing; 

� Mathematics: above the world average are Croatia, FYR of Macedonia, Serbia, Bulgaria, Greece, 

Romania, Slovenia and Turkey. In total, the whole SEE region, as well as the WBC region, are above 

the world average, even more than researchers in this field in Austria are performing; 

� Mathematics interdisciplinary applications: above the world average are Croatia, FYR of Macedonia, 

Montenegro, Serbia, Bulgaria, Greece, Hungary, Romania, Slovenia and Turkey - only there are no 

publications in this field from Albania! In total, the whole SEE region, as well as the WBC region, 

are above the world average, even more than researchers in this field in Austria are performing; 

� Statistics probability: above the world average are only Hungary and Romania. In total, the whole 

SEE region, as well as the WBC region, are under the world average, even performing rather less 

efficient than researchers in this field in Austria; 

Considering all sub fields of Mathematics in total, above the world average are Croatia, FYR of 

Macedonia, Montenegro, Serbia, Bulgaria, Greece, Hungary, Romania, Slovenia and Turkey - only Albania 

is under the world average in SEE region in this field of science! In total, the whole SEE region, as well as 

the WBC region, is above the world average, even more than researchers in this field in Austria are 

performing. 

Comparing publication productivity in the field of Physical sciences we can conclude the following: 

� Physics applied: above the world average are Albania, Serbia, Bulgaria, Greece, and Slovenia. In 

total, the whole SEE region, as well as the WBC region, are under the world average, even 

performing less efficient than researchers in this field in Austria; 

� Physics multidisciplinary: above the world average are Albania, Croatia, FYR of Macedonia, 

Montenegro, Serbia, Bulgaria, Greece, Hungary, Romania, Slovenia and Turkey. In total, the whole 

SEE region, as well as the WBC region, are above the world average, even more than researchers in 

this field in Austria are performing; 

� Optics: above the world average are Greece and Slovenia only. In total, the whole SEE region, as well 

as the WBC region, are above the world average, but still better performing than researchers in this 

field in Austria; 

� Physics condensed matter: above the world average are Bulgaria, Greece, Romania, Slovenia and 

Turkey. In total, the whole SEE region, as well as the WBC region, are above the world average, even 

more than researchers in this field in Austria are performing less efficient than researchers in this field 

in Austria; 

� Astronomy astrophysics: above the world average are FYR of Macedonia, Bulgaria, Greece, 

Hungary, Romania, and Turkey. In total, the whole SEE region is around the world average, and the 

WBC region is above the world average. Both SEE and WBC regions are performing less efficient 

than researchers in this field in Austria; 

� Physics atomic molecular chemical: above the world average are Croatia, FYR of Macedonia, 

Montenegro, Bulgaria, Greece, Romania, and Turkey. In total, the whole SEE region, as well as the 

WBC region, are above the world average, but still performing less efficient than researchers in this 

field in Austria; 

� Physics particles fields: above the world average are FYR of Macedonia, Serbia, Bulgaria, Greece, 

Hungary, Romania, Slovenia and Turkey. In total, the whole SEE region, as well as the WBC region, 

are above the world average, even more than researchers in this field in Austria are performing; 

� Physics mathematical: above the world average are Montenegro, Bulgaria, Greece, Hungary, 

Romania, Slovenia and Turkey. In total, the whole SEE region, as well as the WBC region, are above 

the world average, even more than researchers in this field in Austria are performing; 

� Physics nuclear: above the world average are Albania, FYR of Macedonia, Serbia, Bulgaria, Greece, 

Hungary, Romania, Slovenia and Turkey. In total, the whole SEE region, as well as the WBC region, 

are above the world average, even more than researchers in this field in Austria are performing; 

� Crystallography: above the world average are Albania, Croatia, FYR of Macedonia, Montenegro, 

Serbia, Bulgaria, Greece, Slovenia and Turkey. In total, the whole SEE region, as well as the WBC 

region, are above the world average, even more than researchers in this field in Austria are 

performing; 
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� Spectroscopy: above the world average are Albania, FYR of Macedonia, Montenegro, Bulgaria, 

Greece, Romania, Slovenia and Turkey. In total, the whole SEE region, as well as the WBC region, 

are above the world average, but still performing less efficient than researchers in this field in 

Austria; 

� Physics fluids plasmas: above the world average are Croatia, Montenegro, Bulgaria, Greece, 

Romania, and Turkey. In total, the whole SEE region is under the world average, and the WBC 

region is above the world average; but still both regions are better performing than researchers in this 

field in Austria; 

� Acoustics: above the world average are Serbia and Hungary only. In total, the whole SEE region, as 

well as the WBC region, are under the world average, and the researchers in this field in Austria are 

performing equally; 

� Microscopy: above the world average are Serbia, Bulgaria, Greece, Romania, and Turkey. In total, 

the whole SEE region is under the world average, and the WBC region is above the world average but 

still performing less efficient than researchers in this field in Austria. 

Considering all sub fields of physics in total, above the world average are Albania, Serbia, Bulgaria, 

Greece, Romania, Slovenia and Turkey. In total, the whole SEE region, as well as the WBC region, is above 

the world average, but still performing less efficient than researchers in this field in Austria. 

Considering all sub fields of mathematics and physics in total, above the world average are Albania, 

Serbia, Bulgaria, Greece, Hungary, Romania, Slovenia and Turkey. In total, the whole SEE region, as well as 

the WBC region, is above the world average, even more than researchers in this fields of sciences in Austria 

are performing. 

Based on publication output data from this paper, field-specific excellence can be identified in broader 

regions where highly cited papers were published. Visualisation methods of spatial scientometrics allow 

revealing regions of excellence around the world using computer programs that are freely available 

(Bornmann and Waltman, 2011). 

4. CONCLUDING REMARKS 

The scientific output from Mathematics and Physics from the SEE region is comparable with those of others 

research groups in the world. When analyzing Web of Science publications by field of research, Mathematics 

represents 2.1% of the total worldwide scientific production while Physics accounts for 8.8%, giving a total 

of 10.9% for Physics and Mathematics combined – over 1,547,187 publications in the period 2005-2010. In 

South East Europe (Albania, Croatia, FYR of Macedonia, Montenegro, Serbia, Bulgaria, Greece, Hungary, 

Romania, Slovenia and Turkey), Mathematics is 3.5% of the total scientific production, while Physics is 

9.6% - bringing the total for Physics and Mathematics to 13.1%. This is 2.2% better than the worldwide 

average, with 87,240 publications published by the authors from the SEE compared to 668,384 publications 

in the whole world in the period 2005-2010. 4.5% of global scientific production in the fields of Mathematics 

and Physics comes from these 11 countries.  

The scientific output from Mathematics and Physics from the SEE region represents majority of the 

overall scientific output in every particular country in this region, varies from app. one out of ten (in Albania, 

Croatia, FYR of Macedonia, Greece and Turkey) to one out of 4 scientific publications (in Montenegro, 

Serbia, Slovenia, Hungary, Bulgaria and Romania). When analyzing Web of Science publications by field of 

research, Mathematics represents the following share of the overall scientific output in SEE countries in the 

period 2005-2012: 1.2% in Albania, 3.2% in Croatia, 2.4% in FYR of Macedonia, 4.2% in Montenegro, 

5.4% in Serbia, 3.3% in Bulgaria, 2.5% in Greece, 4.0% in Hungary, 6.6% in Romania, 4.4% in Slovenia and 

2.4% in Turkey. Physics represents the following share of the overall scientific output in SEE countries in 

the period 2005-2012: 9.9% in Albania, 7.7% in Croatia, 6.6% in FYR of Macedonia, 14.1% in Montenegro, 

11.0% in Serbia, 21.2% in Bulgaria, 8.7% in Greece, 11.5% in Hungary, 14.9% in Romania, 11.3% in 

Slovenia and 6.2% in Turkey. The total for Physics and Mathematics represent the following share of the 

overall scientific output in SEE countries in the period 2005-2012: 11.2% in Albania, 10.9% in Croatia, 9.0% 

in FYR of Macedonia, 18.3% in Montenegro, 16.4% in Serbia, 24.5% in Bulgaria, 11.1% in Greece, 15.5% 

in Hungary, 21.5% in Romania, 15.6% in Slovenia and 8.6% in Turkey. 
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Abstract: Good working and managing of a company depends on good decisions made by managers and 
employees. Decision-making process is going to be effective if statistical methods are applied. Using the  
statistical methods , available  information  and data, specific models and control cards can be made , which 
are going to be evaluated and tested, and this will help in decision- making process. Precisely this prompted 
us to conduct research in some Macedonian companies in order to determinate how often statistical methods 
are applied in decision making process. The research was conducted in companies from different industries 
and managers of different age, gender and education level. The sample is random and it is not 
representative. In Macedonia 40 companies were investigated. 

Keywords: statistical methods, application and use. 

1. INTRODUCTION 

Statistical thinking and implementation of statistical methods takes more important role in the management 
of companies nowadays. Statistics are essential in business because using them is profitable ; without profit 
business is almost road to nowhere. Every business plan starts with a detailed exploration of the environment 
and the actions are mostly based on statistical data, which may affect the final decision. In order to maintain 
optimal stability of the process,  making continuous improvements,  to survive and prosper, the company  
management should know and use certain tools and methods in quality management. Without the use of 
specific tools and methods, no organization can be successful even though it works. Without use oo this tools 
amd methods,  orhanizations  can not  continuously improve and go down the road of business excellence of 
its system, its processes and products and / or services. For all these activities, it is necessary to recognize 
and properly use statistical methods. The task of leadership is to recognize the importance of statistical tools 
and methods of quality management and proper application, to achieve specific improvements in 
performance. 

The application of statistical tools should be practiced in every company. It is known that 95% of the 
company's problems can be solved using basic tools. Without statistical analysis (analysis of quality in the 
process) there will be no effective work / management, and there will be no positive results. The application 
of statistical methods in companies requires: 1 - understanding the need, 2-training, 3-using suitable software 
users.  

The aim of our research is the application of statistical methods in decision-making process in part of the 
Macedonian companies. 

The subject of the research in this paper is to determine which statistical methods (simple and advanced) 
are applied in companies and to what extent the application of statistical methods depends on the activity of 
enterprises.  As well to examine the impact of demographic characteristics of managers and departments in 
which they operate on the application of statistical methods. 

2. METHODOLOGY  
The research was conducted from 1-st of January to 30-th of  March, 2013. The research was conducted 
electronically and in printed form.  The questionnaire was sent to 100 companies in Macedonia  selected by 
random choice from a database of certain areas from Internet. The questionnaire is correctly completed and 
delivered by 40 companies.  Questionnaire was made in accordance with the defined object and purpose of 
the research. The questionnaire contains 21 questions related to the use of statistical methods in companies. 
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During the research quantitative and qualitative methods were used. The survey was conducted using 
quantitative method with managers of companies and afterwards statistical processing of the questionnaire 
was done. The qualitative approach in the analysis of data obtained from the questionnaire was applied, 
depending on the individual characteristics of managers. 

The answers in the questionnaire were processed quantitatively with statistical methods, through direct 
collating data and using statistical application, with the tabular calculator Microsoft Excel. During the 
statistical data processing Pearson x2-test was applied, statistical data was processed, ranked and also 
comparative analysis of the processed data was made. 

3. RESULTS AND DISCUSSION  

3.1. Characteristics of companies in the research 
In the survey 40 companies from Macedonia were included , selected by random choice. 

Most of the companies which were interviewed (Figure 1.) were from manufacturing, wholesale and 
retail. Then financial brokerage companies were covered including banks, insurance companies, the 
construction companies and  travel agencies. Also a few companies from agriculture and forestry, mining 
and non-economic sector, health, education were included. 
 

  
Figure 1: General characteristics of companies 

 

3.2. Characteristics of managers in the research  
This section analyzed the usual demographic characteristics of managers from enterprises: gender, age, 
education and work experience, also specific characteristics about the job: workplace and sector or 
department where they work.      

From the charts that are illustrated, we can concluded that  most managers (70%) are men with higher 
education (90%), and 50% of them are from 30 to 40 years old. 

There are a few managers who have acquired higher education - the degree of Master,  10% of 
respondents, 40% of managers are with work experience up to 5 years, while 25% of  managers have work 
experience over 10 years.   

3.3. The use of statistical methods in companies 
There are sectors that are traditionally focused on using quantitative methods such as: planning and analyse, 
sales, production and control (Shimichevich,V. 2007).  
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        2.1.Gender of managers                             2.2. Education of managers 

 

   
                2.3. Age of managers                    2.4. Work experience of managers 

Figure 2: Demographic characteristics of managers in the sample 
 

Most managers who use statistical methods work in planning sectors, manufacturing sectors, procurement 
and control, and cost control. Statistical data are mostly used by the head of planning and analysis, 
production and finance, while marketing managers use fewer statistical data methods . On the question ,,How 
much statistical methods are used in companies”, most managers (45%) answered that they use statistical 
methods partially, but one third of respondents said that they permanently  use them (Figure 3).  

 

 
Figure 3: Application and use of statistical methods 

 
In terms of statistical thinking of managers, many of the respondents about 45% (Table 4.) consider  that 

further statistical education is needed  and that this will help in the use of statistical methods during their 
work and decision making process.  

Only 30% of respondents were known about statistical methods, and a quarter believe that they do not 
need additional statistical education and training. 
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Таble 1: Statistical thinking of managers for further statistical education 
Statistical thinking of managers for further 
statistical education 

Number of companies % 

Training is needed 18 45 
Statistical methods are known 12 30 
No additional training is needed 10 25 
Total  40 100 

 
The respondents were interviewed about the type of  statistical methods they know and are used in their 

companies. The majority of respondents know and use basic statistical methods (descriptive statistics) - 
graphs, arithmetic average, median and standard deviation. Fewer respondents know about linear trend, 
regression analysis, hypothesis testing, control cards, etc.  
 
Table 2: Knowledge of selected statistical methods 

Knowledge of selected statistical methods Number of companies % 
Graphs 35 26 
Arithmetic average 25 19 
Median 22 17 
Standard deviation 18 14 
Linear trend 7 5 
Hypothesis testing 10 8 
Control cards 6 4 
Regression analysis 9 7 

 
Table 3: Using of selected statistical methods 

Using of selected statistical methods Number of companies % 
Graphs 25 30 
Arithmetic average 15 18 
Median 11 13 
Standard deviation 9 11 
Hypothesis testing 8 9 
Linear trend 5 6 
Control cards 5 6 
Regression analysis 6 7 

 
For the purposes of the research, statistical methods are divided into basic and advanced methods: 
 basic statistical methods: graphs, arithmetic average, median, standard deviation 
 advanced statistical methods: linear trend, hypothesis testing, control cards, six sigma and regression 

analysis 
The answers of respondents for using of statistical methods (basic and advanced) in their work are 

presented in the Figure 4. 
 

  
 

Figure 4: Using the basic and advanced statistical methods in the companies 
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The graph shows that most of the companies apply and use only basic statistical methods (57% of 
companies), basic and advanced statistical methods are used in 20% of companies, while 23% of companies 
do not use any statistical method. 

About the degree of significance of the statistical methods in performing their work during  decision 
making process, statistical thinking of managers, and the importance of statistical methods in their 
businesses, following results were obtained: 

 

 
 

Figure 5: Statistical thinking of managers about the degree of significance of statistical methods and 
techniques for decision making in the company 

 
42% of managers considered that statistical methods and techniques are important in decision making 

process. The fact that 12% of the managers considered that statistical methods are not important in process of 
decision making is worrying. 

In order to determine whether the application of statistical methods in the company depends on its activity 
we have used Pearson 2  test. 
 
Table 4: Using of statistical methods in relation to the activities of the company  

 
Activity 

Basic methods Basic and 
advanced methods 

Do not use any 
method 

 
Total 

Industrial   8 6 1 15 
Service 15 2 8 25 
Total 23 8 9 40 

 
The obtained results show that industrial companies more often use statistical methods than service 

companies and  a small number of them do not use statistical methods, compared with the service companies 
whose number is .  

Industrial companies use basic and advanced methods as musch as basic methods compared with the 
service companies which  use them  very rarley. Service companies mostly use basic statistical methods. 

The resulting value of X2 is 7,55 is greater than spreadsheet value of 5.991, with 2 degrees of freedom 
and significance level of 0,05 (X2 = 7,55, p-value = 0,05). This result shows that there is interdependence 
between the variables examined, or differences are significant, because the obtained frequencies differ from 
the expected frequencies.  

We may conclude that the alternative hypothesis is accepted, and that there is a statistically significant 
difference in the use of statistical methods depending on whether there are industrial or service companies. 
These results are expected, knowing that industrial companies have a greater need for the use of statistical 
methods, because of their important role in quality control.   

While the resulting value of the contingency coefficient C, which indicates the strength (height) the 
connection is 0,40 (C = 0,40) indicates that the dependent modality of examined variables is relatively weak. 

The relationship between demographic characteristics of the managers  and the application of statistical 
methods in the company was evaluated . The data from the survey are presented in the following table. 
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Table 5: Using statistical methods in terms of characteristics of managers 
 
 

Basic methods Basic and 
advanced methods 

Do not use any 
method 

 
Total 

Gender  
15 

 
10 

 
3 

 
28 Male 

Female 10 1 1 12 
Total 25 11 4 40 

Age  
10 

 
15 

 
5 

 
30 From 20-40 years  

From 40-60 years 8 1 1 10 
Total 18 16 6 40 

Education  
1 

 
3 

 
0 

 
4 Masters 

Higher Education 18 7 11 36 
Total 19 10 11 40 

Working 
experience 

 
9 

 
6 

 
1 

 
16 

To 5 years 
Over 5 years 15 2 7 24 
Total 24 8 8 40 
Number of years 

at current 
managing position 

 
10 

 
10 

 
6 

 
26 

To 2 years 
From 2-10 years 11 3 0 14 
Total  21 13 6 40 

 
According to the survey, demographic characteristics or gender of managers has no  significant impact on 

the use of statistical methods. Male managers use more basic and advanced statistical methods, in 
comparison of female managers who use them  less. The resulted value of X2 = 3,53 and p-value = 0,05, 
indicating that there is no statistically significant dependence between the use of statistical methods and 
gender of managers. This shows us that the tested variables are interdependent, and the differences are not 
significant, because the obtained frequencies did not deviate much from the expected. The resulting value of 
the contingency coefficient C, which indicates the strength (height) the connection is 0,28 (C = 0,28) 
indicates that the dependent modality of examined variables is very weak.  

In terms of the age of managers who use statistical methods was obtained value of X2 = 6,83 and p-value 
= 0,05, which is greater than the spreadsheet value X2 = 5,991, and shows us that there is a statistically 
significant relationship between the application of statistical methods and the age of the managers. The 
value of the contingency coefficient C is 0,38 (C = 0,38) indicates that the dependent modality is weak.  

For the application of statistical methods in terms of the level of education of managers is received value 
of X2 = 6,14 and p-value = 0,05. So these two variables, namely the use of statistical methods and the level 
of education of managers are statistically significantly related. The value of the contingency coefficient C is 
0,36 (C = 0,36) which  means that dependent modality is weak.  

For the application of statistical methods in terms of the level of work experience of managers is received 
value of X2 = 6,67 which is larger than the value of the spreadsheet value X2, and p-value = 0.05 (threshold 
of significance of 5%). So work experience of managers has a statistically significant impact on the 
application of statistical methods in the companies. The value of the contingency coefficient C is 0,38 (C = 
0,38) means that dependent modality is weak.  

Regarding the use of statistical software in their work, most managers use Excel, while other softwares 
that are listed in the questionnaire, such as SAS, SPSS, Statistics, Mintab are not used by the managers, 
because they need additional training. 

The results obtained from the mangers about the  role of statistical thinking and  the benefits of the 
implementation of statistical methods and techniques showed: 60% of them responded that they are 
increasing the quality of the product, while 45% of them are thinking that the introduction of statistical 
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methods will contribute to improve the control at managers, 55% of managers responded that companies will 
increase the efficiency of the process.  

The application of statistical methods helps the managers for making the right decisions based on facts, so 
managers are required to have basic knowledge of statistical methods and statistical thinking. 

The frequent causes for not using the statistical methods and techniques are the high cost of the 
implementation, the time required for implementation and the lack of knowledge.  

4. CONCLUSION 
The aim of the research was to investigate the use and application of the statistical methods in Macedonian 
companies. 

This research has shown that most managers know statistical methods but generally use basic statistical 
methods (descriptive statistics). Statistical methods are used in many manufacturing companies, in relation of 
the service companies. 

Industrial companies use basic and advanced statistical methods while service companies  use more basic 
statistical methods. Some managers believe that the statistical methods are important, other that they are 
important part of their work in making decisions. Regarding the characteristics of the managers, there is no 
statistically significant difference in the use of statistical methods depending on whether is it male or female.  
In examining whether there is statistical significance of the use of statistical methods in relation to the age of 
the managers, the level of the education and work experience it is confirmed the hypothesis that there is 
statistical significance. In terms of statistical software managers often use Excel in their work. Sectors in 
which statistical methods are most used in companies are: sector for planning and analysis, manufacturing 
and less service sector and sector for supply and control. As a key factor for the successful introduction of 
statistical methods more managers deemed that is necessary training and software for statistical processing of 
the obtained data.  

The opinion of most managers is that the introduction of statistical methods will increase the product 
quality, and control to the work process, increasing the efficiency of the process and all that will help in 
making right decisions at work. The research on the application of statistical methods in Macedonian 
companies is rare, and it can be concluded that this paper is a good platform for further research into 
participation the quality of decision-making foundation.  
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Abstract: Although, forecasting is a widely researched area and a common practice in business life, this is 
the first attempt to report and discuss the sales forecasting practices in companies operating in Albania. The 
purposes of this research were to investigate the sales forecasting practices under different working 
conditions and to identify the most prevalent forecasting areas where improvements are required for 
enhancing the overall forecasting performance. The research showed that companies operating in Albania 
heavily rely on subjective methods, developed based on an independent approach, without cross-functional 
integration, and mainly for short-term time horizons. Forecasting software and hardware are not used in 
sales forecasting and no training is provided towards improving practitioners forecasting skills. 

Keywords: Sales forecasting, Subjective methods, Companies 

1. INTRODUCTION 
Today, as business environment has become complex and more competitive, for companies in order to plan 
ahead, even for the next day, they need to forecast. Forecasting is the beginning step for the whole planning 
and control process of numerous functions of a company like production, purchasing, marketing, supply and 
finance. The development of sales forecasting has become a prerequisite for successful management of all 
companies, regardless of industry or company’s activity the necessity for effective forecasting in order to 
identify market opportunities, enhance customer satisfaction, improve channel relationships, manage 
inventory investments, improve operations, allocate resources, schedule more efficient production, and plan 
future financial and capital requirements is increasing (Moon et al., 2003). Forecasting is crucial for 
production planning, sales force planning, setting advertising appropriations, estimating cash flow, assessing 
the need for diversification, and in considering the general position of the company in the future (Smith et 
al., 1996). Several surveys regarding sales forecasting practices are conducted during the last decades 
(Mentzer and Cox, 1984; Sparkes and McHugh, 1984; Dalrymple, 1987; Sanders and Manrodt, 1994; 
Mentzer and Kahn, 1995; Duran and Flores, 1998; Mady, 2000; Klassen and Flores, 2001; McCarthy et al., 
2006). These studies had as a focus the use of forecasting techniques in the planning process and the 
importance of forecasting, as an integral function, in both strategic and tactical planning.  

The purpose of this paper is to describe and analyze the sales forecasting practices under different 
working conditions in Albania. The paper unfolds as follows. First the research method of the survey is 
described. Then, the empirical findings are presented, followed by the evaluation of the generated forecasting 
findings in Albania. Τhe conclusions of the paper constitute the final section. 

2. METHODOLOGY 
Data on forecasting practices were gathered from companies operating in Albania. A four-page questionnaire 
was compiled to provide a better understanding of forecasting practices. The questionnaire design included 
different types of research questions in order to collect information and real data on forecasting management 
practices, specific forecasting techniques used, practices and company demographics. This questionnaire was 
designed in that manner to provide the necessary quantitative data to calculate the participants’ opinions 
statistically. The main objective was to examine questions such as who does the forecasting, how often do 
they conduct forecasts, what techniques are used and how frequently, which forecasting tools are utilized, 
and which are the likely results from forecast-related training. The survey was sent electronically, by post or 
personally to 130 companies. A sample size of 73 companies, operating in different cities of Albania, 
participated in this research. This provided a response rate of 56.15 percent. This response rate of usable 
surveys was deemed acceptable in comparison with Mentzer and Kahn’s study which showed a response rate 
of 43 percent (Mentzer and Kahn, 1995) and the work of Mady (2000) which had a response rate of 76 
percent.  
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3. RESULTS AND DISCUSSION 
3.1. Demographics 
The companies that responded to the survey provided a varied sample of different sizes across multiple 
industries. The annual sales volume of responding companies varied from 7 million to 250 million. 
Nonetheless, the median annual turnover was 45 million, indicating that the study may be biased toward 
smaller companies.  Regarding the type of business the majority of the responses came from manufacturing 
companies. The sample distribution by business, shown in Table 1, reflects the businesses’ activity 
composition of the overall economy of Albania, where manufacturing businesses dominate the economy 
(INSTAT, 2013). 
 
Table 1: Sample distribution by business 
Economic activity No. of companies Percentage (%) 

Production 3 4.1 

Manufacturing 24 32.9 

Construction 10 13.7 

Retail 4 5.5 

Tourism 10 13.7 

Telecommunications 1 1.4 

Consumer Service 12 16.4 

Financial Services 8 11.0 

Other 1 1.4 

Total 73 100 

 
3.2 Age of firms 
Regarding to the age of companies, the representative companies tended to be relatively mature as 48% of 
them reported that they were between 11 – 20 years old. The distinction of age is very important concerning 
forecasting practices, in general mature companies use different forecasting techniques from younger 
companies (Chase, 2009). That is, mainly because younger companies operate in less developed situations 
regarding their products and market (Smith et al., 1996). Companies’ age are shown in Table 2. 
 
Table 2: Age of companies 
Age of company (years) No. of companies Percentage (%) 

0 – 5 7 9.6 

6 – 10 28 38.4 

11 – 20 35 47.9 

>20 3 4.1 

Total 73 100 

3.3. Forecasting management 

3.3.1. Sales forecasting responsibility and development 
The data presented in Table 3 show that Sales Department is primarily responsible for the sales forecasting 
process. The remaining companies of the sample reported that responsible for the overall function of the 
sales forecasting is with the Marketing Department, followed by the CEO or the owner of the company. 
These findings agree reasonably well with the findings of the study of Klassen and Flores (2001), where the 
Canadian firms reported sales and marketing as the main responsible for developing the final forecast and the 
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CEO followed with 10%. The reason why companies operating in Albania support this approach may be the 
fact that the sales and marketing department should prepare sales forecasts since they are closer to the 
customers and thus posses more relevant forecasting information. 
 
Table 3: Sales forecasting responsibility 

Sales Forecasting Responsibility 

 No. of companies Percentage (%) 
Owner 7 9.6 

Chief Executive Officer (CEO) 10 13.7 

Sales Department 32 43.8 

Marketing Department 16 21.9 

Operations Department 2 2.7 

Logistics Department 4 5.5 

Finance Department 2 2.7 

Special Department 0 0 

Other 0 0 

Total 73 100 

 
Concerning the approach adopted for preparing sales forecast, more than half of the companies reported 

that the sales forecasts are prepared by one person in cooperation with the member of its department (e.g. 
sales director with sales department). The remaining respondents answered that sales forecasts function is a 
result of team work of several members of the company, collectively, through a documented process.  It 
should be noted from other studies that, companies which want to maintain high levels of forecasting 
effectiveness tend to integrate different functions of the company into the forecasting process (Mentzer et al., 
1999; Moon et al., 2003). Companies should recognize that forecasting is not an independent process, but 
rather interdependent with business plan. Inaccuracies in sales forecasting result in cost difficulties, either 
excess inventories or lost sales. Companies in order to attain accurate sales forecasts need to encourage a 
team based forecasting process (Kahn and Mentzer, 1994). Forecasts derived by information from multiple 
department perspectives avoid biases and increase forecasting accuracy. Greater people involvement from 
different functional areas in the forecasting process adds significant knowledge and capabilities towards an 
objective sales forecasting process. (Kahn and Mentzer, 1994; Smith et al.,1996; McCarthy et al., 2006). 

3.3.2. Purpose and use of sales forecast 
The results of the survey, see Table 4, show a diversity of uses of sales forecasts for companies operating in 
Albania. Responses varied, in order of importance: Budgeting; Production Planning; Sales Quotas; Market 
Planning; and Production Scheduling. The approach of using the sales forecasts for preparing the budgets 
and production planning is mainly a result of short-term forecasting. Generally, companies that forecast sales 
in the short run, tend do use the sales forecasts for budgeting and operations planning. In the contrary, 
companies that rely heavily in long-term forecasting, use the sales forecasts mainly for market planning and 
capital investments (Dalrymple, 1987).  

 
Table 4: Sales forecasting uses 
Uses of Sales Forecasting No. of companies Percentage (%) 

Budgets  22 30.1 

Market Planning 12 16.4 

Production Planning 19 26 

Sales Quotas 15 20.5 

Production Scheduling 5 6.8 

Other 0 0 

Total 73 100 
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3.3.3. Sales forecasting timeframe 
The data survey in Figure 1, indicate that the sales forecasting horizon used by the majority of the 
representative companies is no more than a year. The frequency of forecasting indicates how often a 
company forecasts the market. In the present, rapidly changing environment frequent forecasting is a 
necessity for companies in order to be competitive. According to Smith et al. (1996) the longer the time 
horizon of the forecast, the greater the chance that established patterns and relationships will change, thereby 
invalidating forecasts. The longer the time period that one company forecasts, the greater the likelihood of 
unforeseen environmental changes. 

 

 
Figure 1: Sales forecasting timeframe 

 

3.3.4. Sales forecasting methods 
Respondent companies were asked to indicate their usage of ten forecasting techniques. Table 5 exhibits 
sales forecasting methods used by representative companies and the frequency with which each method is 
used. As expected, subjective techniques had a higher degree of utilization than quantitative techniques. The 
first observation of the results is that the two most frequently used forecasting techniques were jury of 
executive opinion and sales force composite. Of the quantitative methods moving average was the most 
utilized. Exponential smoothing was occasionally used, while surprisingly, regression analysis was very little 
utilized. 
 
Table 5: Sales forecasting methods 

Methods 
% of companies 
who never use 

% of companies who 
occasionally use 

% of companies 
who often use 

% of companies 
who always use

Subjective     

Jury of Executive Opinion (Top – Down 
Approach) 

1.2% 37.3% 2.3% 22.2% 

Sales Force Composite (Bottom – Up Approach) 0 10.5 0 15.3 
Combination of Top – Down and Bottom – Up 
Approach 

5.2 0 11.1 5.4 

The Naive Method 5.8 8.1 0 7.2 
The Delphi Method 22.6 1.2 0 0 
Other 0 2.1 0 0 

Quantitative     
Moving Average 15.2 0.7 12 0.7 
Exponential Smoothing 32.4 8.9 2.3 0 
Regression Analysis 42.1 1.2 0 0 
Econometric Models 50.2 0 0 0 
Box - Jenkins 62.8 0 0 0 
Other 0 0 0 0 

 
Although the hesitancy to use complex quantitative methods may not increase forecast accuracy, their 

extensive use of subjective methods might have serious implications on forecast accuracy (Wacker and 
Sprague, 1998). Companies’ reliance on subjective techniques suggests that managers or other employees 
involved in the forecasting process are not familiar with quantitative methods, lack statistical skills or are not 
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convinced that these methods are more effective and accurate. On the other hand, a large portion of 
forecasting literature points to the drawbacks of qualitative methods and discouraging the use of judgment in 
forecasting, mainly because of the information processing limitations and biases in human decision making. 
Based on the results of this study, the factor contributing most to the low usage of quantitative methods may 
be the relative simplicity of some subjective methods. The more sophisticated the technique the lower the 
level of usage (Sanders and Manrodt, 1994; Mady, 2000). Despite the development and refinement of 
sophisticated forecasting techniques, their implementing progress in practice is disappointing for as much as 
company managers continue to produce forecasts judgmentally or rely on simple quantitative models such as 
moving average. 

3.3.5. Sales forecasting tools 
Directly related to the use of forecasting techniques, supplementary considerations in forecasting 
management are the tools used to support sales forecasting function. These tools consist on computer and 
electronic hardware and software combinations used to develop, analyze and communicate sales forecasts 
within the company. This evidence suggests that managers in Albanian firms heavily rely on simple 
spreadsheet programs (Excel) and hand work to support the sales forecasting function. It is argued that the 
use of computer and information technology can improve forecasting process mainly because these systems 
provide access to a large amount of quantitative information and relevant data. 

3.3.6. Training and sales forecasting 
The main objective of the last research questions of the survey was to identify the correlation between sales 
forecasting quality and training programs. Eighty one percent of the respondents stated that no training was 
provided by their companies to improve sales forecasting quality and effectiveness.  Considering the small 
number of representative companies (19%) that offer training programs toward improved sales forecasting 
practices and accuracy the respondents were further asked if they would welcome such training. A great 
number of the respondents, consisting 89% of the entire sample, reported that would welcome a training 
program regarding sales forecasting practices improvements. In addition, 71% of the respondents asserted 
that training will greatly improve the results and operation of their company. While, 62% of the respondents 
believed that sales forecasting quality was important for their company’s success and this would offer a 
sustainable advantage over its competitors. 

4. CONCLUSION 
This survey revealed the major drawbacks of sales forecasting practices in companies operating in Albania. 
The results show that in most of the companies the Sales and Marketing Department are responsible for the 
overall forecasting process. As also, for the majority of the respondent companies sales forecasts were 
mostly a result of team work by the Sales or Marketing Department. Sales forecasting utilization – related 
data revealed that the most common uses of sales forecasts were for budgeting and production planning. No 
long term sales forecasting is applied in their companies. The use of subjective methods is the dominant 
forecasting techniques used more frequently. Jury of executive opinion and sales composite were the two 
most utilized techniques. As the tools assisting the sales forecasting process are recognized as crucial to 
improve forecasting accuracy, it was revealed that the predominant tools of sales forecasting in Albanian 
companies are simple spreadsheet program (MS Office Excel) or simple handwork. No training is provided 
towards an improved sales forecasting process albeit most of the respondents believed that this would 
improve company’s operation and financial results, as well as would provide the company with a significant 
advantage over its competitors. 
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